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VANISHING RELAXATION TIME LIMIT OF THE
JORDAN-MOORE-GIBSON-THOMPSON WAVE EQUATION
WITH NEUMANN AND ABSORBING BOUNDARY
CONDITIONS

BARBARA KALTENBACHER AND VANJA NIKOLIC

ABSTRACT. We study the Jordan—-Moore—Gibson—-Thompson (JMGT) equation,
a third order in time wave equation that models nonlinear sound propagation, in
the practically relevant setting of Neumann and absorbing boundary conditions.
In the analysis, we pay special attention to dependencies on the coefficient 7 of
the third order time derivative that plays the physical role of relaxation time. We
establish local in time well-posedness and derive energy bounds that can be made
independent of 7 under appropriate conditions. This fact allows us to pass to the
limit 7 — 0 and recover solutions of a classical model in nonlinear acoustics, the
Westervelt equation, as singular limits of solutions to the JMGT equation.

1. INTRODUCTION

Driven by applications, particularly of high-intensity ultrasound [17, 29, 30], the
field of modeling and analysis of nonlinear acoustics has recently found much in-
terest. In this paper, we analyze a nonlinear third order in time acoustic wave
equation that has been put forward in [9, 8] and studied, along with its lineariza-
tion, in [2, 12, 13, 14, 19, 20, 22, 23, 26].

1.1. Problem setting and modeling. A classical model of nonlinear sound prop-
agation is the Westervelt equation [2§]

(1.1) b — DY — 5Py = k()7

where ¢ > 0 is the speed of sound, § > 0 the diffusivity of sound, k£ a parameter
quantifying the nonlinearity of the equation, and ) the acoustic velocity potential.
Acoustic potential is related to the acoustic particle velocity ¢ via ¥ = —V1, and
to the acoustic pressure p via p = pgy, where pg denotes the mean mass density.

To overcome the infinite signal speed paradox which is unnatural in wave propa-
gation, Fourier’s law is replaced in the derivation of acoustic models by the Maxwell-
Cattaneo law; cf. [9]. This action leads to a third order in time equation containing
the (finite) relaxation time as a parameter 7:

(1.2) Tt + P — AP — bAY = k(4hr)7,
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known as the Jordan-Moore-Gibson-Thompson equation (of Westervelt type, i.e.,
containing no gradient nonlinearities), where

(1.3) b=6+71c2.

In nonlinear acoustics, excitation is commonly achieved by an array of piezoelectric
transducers; see [16]. We thus employ inhomogeneous Neumann conditions

o

on I
on some surface I'. The wave equations will be considered in a bounded C'! domain
Q, with I' C 09, motivated from the point of view of applications by the need
to restrict attention (as well as numerical computations) to a certain domain of
interest even though wave propagation in reality occurs in free space. Working on
a bounded domain is also crucial from an analysis point of view since it enables the
use of certain embedding results that would not be valid on unbounded domains.

This reasoning necessitates the use of appropriate boundary conditions to avoid
spurious reflections of the outgoing waves on the boundary of the domain of interest
), which we here do by imposing linear absorbing boundary conditions on the rest
of the boundary

W _ Y =0Q\T

ain - —51/115 on - \ )
where § > 0 is a fixed positive coefficient; see [25] and the references therein. More-
over, we confine ourselves to the setting of homogeneous initial conditions, which
is practically relevant in applications such as lithotripsy [30]. The results can be
extended to nonhomogeneous initial conditions in a straightforward manner.

Some of the first steps into well-posedness and long-time behavior of the West-
ervelt equation have been made in a joint paper [10] by Irena Lasiecka and one of
the authors of this paper. One of her key observations that enabled this analysis
was the fact that (1.1) can be formulated as a second-order strongly damped wave
equation

(1.4) (1 — 2k )y — A% — §AY; =0 in Q x (0,7)

with a nonlinear coefficient (1 —2k1);) of the second time derivative. The positivity
and non-degeneracy of this factor is crucial for the mathematical analysis as well as
for the physical validity of the model.

The strong damping term —§A; allows to estimate the L>°(0,T; H?(2)) norm
of ¢; and therewith, by virtue of the embedding H?(2) — L*>(Q), to guarantee
nondegeneracy of (1.4) for small initial and boundary data. As a downside, this
term renders the equation parabolic — its linearization gives rise to an analytic
semigroup [10] and to maximal parabolic regularity [24] — and thus leads to the
infinite speed of propagation. An analogous reformulation can be done for the
JMGT equation

(1.5) T + (1 — 2k)hy — A —bAY; =0 in Q x (0,7T),

where additional challenges arise due to the appearance of a third order in time
derivative. As desired from a physical point of view, this term counteracts the
strong damping and mathematically leads to a loss of analyticity of the semigroup
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as well as maximal parabolic regularity; see [12, Remark 1.3], [23, Subsection 6.2.1],
and [21].

1.1.1. A relaxed JMGT equation. As an alternative to enforcing non-degeneracy
by means of higher order estimates, we also introduce a relaxation of the JMGT
equation for which we will prove existence of a less regular solution:

(1.6) st + h(e)hy — AP — bAY; = 0in Q x (0,T),
where the function h € C°(R) is assumed to be bounded:
(1.7) a<h(s)<w@ VseR.

Such an approach to modeling is often taken, e.g., in the analysis of predictive tumor
models to control the triple product terms while having H' regular solutions; see [6].
In practice, we might choose the function h as

h(s) =1 — min{—1, max{1, 2ks}}
since h(¢y) = 1 — 2kt a.e. if 2k |9t oo x0,m)) < 1-

1.1.2. Linearized JMGT equation. To establish well-posedness of (1.5) and (1.6),
we also study the following linearization of these equations:

(1.8) TPse + o, )by — EAY — bAYy = f(x,t) in Q x (0,T),

which is sometimes called the Stokes—Moore-Gibson-Thompson (SMGT) equa-
tion [1].

We note that this paper is a follow-up to [14], where we have studied the JMGT
equation and its singular limit as 7 — 0 in the simpler setting of homogeneous
Dirichlet boundary conditions. The purpose of the present paper is to treat the
practically relevant situation of Neumann and absorbing boundary conditions, which
indeed turns out to require different energy estimates, as well as additional consid-
erations concerning higher spatial regularity of solutions ¥y (t) € H*(Q) for s > %
with the possibly mixed boundary conditions. The latter is crucial for avoiding
degeneracy, i.e., guaranteeing positivity of the coefficient 1 — 2k, in (1.5), via the
embedding H*(Q2) — L>°(Q2). As an alternative to the high spatial regularity en-
forced for this purpose in previous publications on (1.4), (1.5), and other models of
nonlinear acoustics, we also consider the relaxed version (1.6), for which we estab-
lish well-posedness with weaker spatial regularity.

The remainder of this paper is organized as follows. We first investigate the
pure Neumann-case setting I' = 0€2. To this end, in Section 2, we analyze the
linearized equation (1.8) on three different levels of assumptions and regularity
results. Firstly, assuming o € L® without any sign condition and f € L?, which
gives well-posedness with H! regularity in space and a 7-dependent energy bound.
Secondly, assuming additionally « to be positive and bounded away from zero,
which renders the energy bound 7-independent. The third case includes additional
stronger regularity assumptions on f and «, which yields H? regularity in space, as
needed to guarantee non-degeneracy, with a 7-independent energy bound.

For the nonlinear models under consideration here, we correspondingly show well-
posedness of the relaxed JMGT equation (1.6) in a low regularity regime without
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sign condition on A (Section 3) and of the original JMGT equation (1.5) in a higher
regularity setting with a strictly positive coefficient (1 — 2kv;) (Section 4). The
latter goes with a 7-independent bound, which allows us to pass to the limit as
7 — 0 in Section 5 and recover the classical Westervelt equation (1.4) as a singular
limit of JMGT. The final Section 6 deals with the situation of absorbing boundary
conditions, i.e., the case when meas(9Q \ T") > 0.

1.1.3. Notation. The time interval and the spatial domain are often omitted for
notational simplicity when writing norms; for example, || - || Lrr« denotes the norm
on LP(0,T;L%(Q)). We denote the L*(Q) inner product by (-,-)z2 and the L?(f)
norm as well as the absolute value by | - |.

2. ANALYSIS OF THE LINEARIZED JMGT EQUATION

We next focus on the analysis of the linearized JMGT equation (1.8) comple-
mented with inhomogeneous Neumann data and zero initial conditions.

2.1. H! regularity with a 7-dependent bound. We begin by proving existence
of an H! regular solution of (1.8). Note that here we do not impose any restrictions
on the sign of the coefficient a. However, as a downside, the bounds we will derive
on the solution will not be uniform with respect to 7.

Theorem 2.1. Let ¢?, b, 7 > 0, and let T > 0. Assume that
o o€ L>(0,T;L>(%)),
o f € L?0,T;L*Q)),
e g€ H*0,T; H-'/2(I)),
® (9,9t)|t=0 = (0,0) (compatibility with inital data).

Then there exists a unique weak solution v of the problem

T + ax, )by — A — bAYy = f(z,t)  in Q x (0,7),

(2.1) ?;s =g onD x(0,7),

(¥, ¥t ) = (0,0,0)  in Q x {0},

in the weak (H')* sense that satisfies
e WhHe(0; T; HY(Q)) n W2(0,T; L*(Q)) N H3(0,T; H(Q)*).
Furthermore, the solution fullfils the estimate
U2 garnye + Tl 2o o + [0

<C(a,T, T)(HgH{Q/VI,OOH—IN + ng‘/”?{lH—l/z + HfH%QL?)'

The constant above is given by
C(a,1,T)
(2.3) = C1 (Hlleliere +T* +1)
x exp (Ca(+ + Fllallpeor~ + 1+ T)T) (1 +7)

where C1, Cy > 0 do not depend on 1,T, or «.

(2.2)
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Proof. We conduct the proof by employing Galerkin approximations in space and
compactness arguments; cf. [3, 27].

Existence of a solution. Let {w;};cn denote the eigenfunctions of the Neumann-
Laplacian operator —A:

—Aw =M w in Q,
2.4
24) 4 onr.
on
Then {w; };en can be normalized to form an orthogonal basis of H(£2) and to be
orthonormal with respect to the L?(2) scalar product.

We fix n € N and introduce V,, = span{ws,...,w,}. Our approximate solution
is given by

(2.5) Y t) = Y &(twi(x),
=1

where & : (0,7) - R, i € {1,...,n}. We then consider the following approximation
of the original problem

(T9ik + ity &) g2 + (VY™ + bV, V) 2
= (fa ¢)L2 + (C2g + bgtv ¢)L2(F)7
for every ¢ € V,, pointwise a.e. in (0,7),

(1™(0),9¢(0), ¢73(0)) = (0,0,0).

(2.6)

Let I" = [Iij]7 M" = [Mi]‘], K" = [KZ’]‘], c" = [Cij]y and F" = [Fl], where

I = (wi,wj) 2 = 6ij, Mij(t) = (awi, wj) 2,
(2.7) KZ = (Vuw;, ij)LQv
Fin = (f, wi)LZ + (029 + bgt> wi)LQ(F)7

and 0;; denotes the Kronecker delta. By introducing " = [&; ... &,)7, problem (2.6)
can be rewritten as a system of ordinary differential equations:

(2.8) {ﬂ el + Mg+ DKM + KN = (1),

(£"(0),£(0), £::(0)) = (0,0,0).

Existence of a solution & € H3(0,T;,) of (2.8) can be then obtained from standard
theory of ODEs; cf. [27, Chapter 1]. Therefore, problem (2.6) has a solution 9" €
H3(0,Ty; V).

Energy estimate. We next want to derive a bound for " that is uniform with
respect to n. To this end, we add the term (¢}, ¢) to both sides of (2.6), test the
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problem with ¢ = 97}, and integrate over (0,¢) to obtain

St 72 + 5IVOr ()72 + [vP(1)]7:
[ [ vwr Ve aots| + ol aliys
a9l e + 1l el o e

+ /(629 + bgy)yy dads,
r

<c?

(2.9)

since 97'(0) = 15(0) = 0. To simplify the notation, we have omitted the argument
(s) under the time integral and employed the abbreviation L?L? for L?(0,t; L?(12)).
We can further estimate the terms on the right-hand side in (2.9) as follows

| 9ene)- Vo) do = Ve Iy

t
//V@b”-vqudajds
0 Q
< AV ()| 12 [VYR (1) 12 + VYR 222

We estimate the boundary integral by first integrating by parts with respect to time
and then employing Holder’s inequality and the trace theorem:

t
/0 /F(czg+bgt)w§5 daxds
t
— / (Pg(t) + bge ()67 (1) dar — / / (g + bge )l dads
I 0 I

<1eg(t) + bge(t)| g-1/2Cer |07 () | 1 + €2 ge + bgeell 2 172 Corl[97 | 211

We note that the regularity assumption on g4 is introduced since we do not want
to involve the H! norm of 9}, in the estimates. After employing these bounds in
(2.9) as well as Young’s e-inequality with ¢ € {b/8,1/2,1/4}, we arrive at

SR O + 3IVer Oz + [ (]2
IV D32 + §IVF DI + EVOOP + 510717 e
+ (U ez ) [95lI72 e + 51l 72ge
+Cplc?g(t) + bge (1) [}/ + 3107 (1) 72
+ O 2129 (t) + bgr ()] 710 + § IV (D)7
+3(Cer)? 12 ge + bguell 32 -1/2 + 51017241
Since ¥™(0) = 0, we can further estimate the first term on the right-hand side as
VY™ ()2 < VTV 22,

a.e. in time. Then an application of Gronwall’s inequality to (2.10) and taking a
supremum over (0,7},) leads to

Tt oo 2 + IV o p2 + 107 17 12

<C(a,T, T)(”g”%/yl,ooH—m + Hgt”i{lel/z +[1f117222);

C2 = 62

(2.10)

(2.11)
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where the constant is given by
(2.12) C(a,7,T) = Crexp(Ca(% + L||a||poore + 1+ T)T)(1 + 7),
and C1, Cy > 0 do not depend on 7 or n. Since the right-hand side of (2.11) does
not depend on T, we are allowed to extend the existence interval to (0,7").

Note that the (weak) 7 dependence of the constant (2.12) via the factor 1+ 7
results from the 7 dependence of b according to (1.3), while the left hand side of

the equation is not affected by this due to the fact that b > § holds for all 7 > 0.
Morover, we can obtain a bound on the third time derivative of ¥™ by noting

that
‘/ /ﬂ/)tttfdxds

(el ool o2 + VY™ | 22 + DIV | 212
+ Ifllz2ze + 129 + bgell 2 gr—1/2) 1€l L2
for all £ € L2(0,T; H'(£2)). By also taking into account (2.11), it follows that

(2.13)

||Vl 2 ey
<C(a, 7, T)(lgllwroe 172 + Nlgell g 172 + 1 F £2L2),
where the constant is given by
Cla,7,T) =C1 (L) pwore + T +1)
x exp(Ca(L + Lo g + 1+ T)T)(1 + 7).
We can then combine estimates (2.14) and (2.11) to get
P2 gy + IR g2+ IV R g2+ 67 2o o

SC(O&,T, T)(Hg”%/[/l,oonlm + HgtH?qu71/2 + ”fH%2L2)7

where the constant is given by (2.3) and Cy, C2 > 0 do not depend on 7 or n.
Since the right-hand side of (2.15) is independent of n, we can find a subsequence,
denoted again by {¢"},en, and a function 1 such that

¢Z€t — ¢ttt Weakly n L2 (O, T’ (HI(Q))*)’
iy — Py weakly-x in L*°(0, T LQ(Q))’
P — 1Py weakly-x in L*(0,T; Hl(Q))

It is then straightforward to show that 1 solves (2.1) and fulfills the estimate (2.2);
cf. [14]. O

(2.14)

(2.15)

2.2. H' regularity with a 7-independent bound. We next prove a modification
of the previous result on H' regularity with a bound on the solution that is uniform
with respect to 7 in a bounded interval (0,7].

Theorem 2.2. Let the assumption of Theorem 2.2 hold and assume additionally
that for some fixed 7 > 0, 7 € (0,7, as well as that

(2.16) Ja>0: a(t)>a ae inQx(0,7).
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Then the solution of (2.21) satisfies the estimate
T el T2y + TNl Zoo 2 + 10l Z2 e + 100700 g
<O(T)Iglfyro0 172 + gt Fra 12 + 1f 72 12),
where the constant is given by
C(T) = C3 (1 + T?)exp(Ca(1 + T)T)(1 + 7),
and C3, Cqy > 0 do not depend on 7,T, or «.

(2.17)

Proof. The proof follows analogously to the proof of Theorem 2.1. However, in case
the condition (2.16) holds, estimate (2.9) can be replaced by

TG (OIE + allvillzo e + 5IVEE (072 + 47 (1)1
t

/ /Vw" - Vpy; deds
0 JQ

el CATETRY A VR o BRI (A PRV

+ /(629 + bgy)g; dads,
r

<c?

(2.18)

from which we can derive (2.17) after some standard manipulations, first in a dis-
crete setting before passing to the limit. O

2.3. H? regularity with 7—independent bound. To be able to later show well-
posedness for the JMGT equation (1.5), we need H? regularity of the solution to the
linearized equation (1.8). We therefore also prove a higher-order regularity result
with an energy estimate that has a 7-independent right-hand side. To this end, we
first define an appropriate extension of the Neumann boundary data to the interior.

Extension of the inhomogeneous boundary data. Following [1, 11], for h €
H#(T'), we introduce the harmonic extension operator N : h +— v, where v solves

—Av+v =0 in €,
(2.19) % =h onlI =099,
which for negative s we interpret in the variational sense
(Vu, V) + (v,¢) = (h,¢) for every ¢ € H(Q).
It is known that the operator N is a linear bounded mapping

(2.20) N : H3(09) — H*3/2(Q),

for s € R; see [11, 18]. In the upcoming proof, we will employ the particular
cases s = —1/2 and s = 1/2 and denote the norm of N in both cases by Cy.
Furthermore, since we extend time-dependent Neumann data g to the interior, we
apply the mapping N pointwise a.e. in time and denote the resulting operator by
N again, i.e., (Ng)(t) := Ng(t). We note that due to the linearity of NV, it holds
that 9y (Ng)(t) = (Nge)(t).
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We study the following initial-boundary value problem for 1) = ) — Ng with
homogeneous boundary data:
T + atpy — AP — DAY,
= f—7Ngu — aNgy + c2ANg+bANg; in Q x (0,7),

g—;ﬁ:o onI'x (0,7),

L (¥, ¢0, %) = (0,0,0)  in Q x {0},

provided that the compatibility conditions between the function g and initial data
stated below hold.

(2.21)

Theorem 2.3. Let 2, b > 0, 7 € (0,7), for some T > 0, and let T > 0. Assume

that
e ac XYW :=L1%0,T;WH3(Q)N L>(Q)) ,
e Ja>0:a(t)>a ae inx(0,7T),
o f€ HY0,T;L*N)),

IVal|poers < @/ (6Cp 1),
e g€ H3(0,T3 H-1/2(1)) 0 WLe(0, T3 HY2(T)),
(9, 9t> 91t) lt=0 = (0,0, 0).
Then there exists a unique weak solution 1 of the problem (2.1) such that
ve XWi= Whe(0,T; H(Q)) n W (0; T; H(Q))
NH?(0,T; L*(Q)).

Moreover, the solution fullfils the estimate

72|l L2z + Tl l|F o0
+ el Fpn + | = Al 702
<C(a,T) (72l gseel 32 pr-1s2 + TGl 5 o0 12 + 119032 pr—1/2
+ 11gell? o prije + N F I p2)-

(2.22)

The constant above is given by
C(a,T) = Cs (|l Zoe e + [Vallfops +1)
x exp (Co (||ef|iooroe + [|ValFoors + 1+ T+ T T) (1 +7),
where C5, Cg > 0 do not depend on n or .

Proof. The proof follows along the lines of [14, Theorem 4.1] by employing Galerkin
approximations in space of the solution ¢ to (2.21) and compactness arguments,
but with a modification of energy estimates due to the new terms related to the
extension operator. The solution of the original problem (2.1) is obtained afterwards
as ¢ =19+ Ng.

We use the eigenfunctions {w; };en of the homogeneous Neumann-Laplacian as
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the basis of HZ(Q) := {v € H*(Q) % = 0 on I'} and an orthonormal basis of
L?(2); cf. [5]. The Galerkin approximation 1™ of 1 is defined by

(Tlﬁgft + O”Z}gfa ¢)L2 + (C2vz/;n + bV’QE?, V(;S)LQ

(2.23) ,
=(f—7Ngwt — aNgy + c"ANg+bANg, ¢) 2,

for every ¢ € V,, pointwise a.e. in (0,7, with (1)™(0),7(0), 7% (0)) = (0,0,0). As
before, the existence of a solution " € H3(0,T;V,) for the semi-discretization of
the problem in V,, = span{wy,...,w,} follows from the standard ODE existence
theory; see, for example, [27, Chapter 1]. We focus our attention on deriving the
crucial energy estimate.

Energy estimate. We note that ¢ = —A% belongs to V;, since ¢ is a linear
combination of eigenfunctions of the Laplacian. Testing the semi-discrete problem
with ¢ = —A¢}, and integrating over (0,t), where ¢t < T, yields the energy identity

5IVOROP + IVaVilTa. + 51 — Ay (D)
== /:(&?tva,v@zgf)Lst
(2.24) + /Ot (—TNgttt — aNgy + ANg+ bANg, —Azﬁg)ﬂ ds
- & (A0, BT W)+ [ (A, - AG) , ds

(PO~ 0) 1~ [ (fr=b0) 2 ds

Compared to the higher-regularity result with Dirichlet data [14, Theorem 4.1],
the main difference in deriving the energy estimates arises due to the appearance
of integrals involving the extension of the inhomogeneous boundary data. We can
estimate these terms in (2.24) as follows

t
/ /(TNgttt + aNgy) Ay dads
0 Jr

¢
== / / (TVNgut + aVNgy + NguVa) - Viby, deds
0 JQ

<TIVNguell 202Vl 122 + |l oo Lo | VN guel| 212V i 122
+ INgetll 2| Vel oo sl Vbl 22

We recall that we can employ the fact that N € L(H~Y/2(T); H'(Q)) to further
estimate the N-terms. Since g(t), g:(t) € H'/2(Q), (2.19) holds in an L?(f) sense



JORDAN-MOORE-GIBSON-THOMPSON EQUATION 11

for Ng and Ng;. We therefore find that
t
- / / (c>ANg + bAN g;) AYL dzds
0 JO

t
= —/ /(C2Ng+bNgt)A¢Z dzds
0 JQ

< (AIVNgllrzr2 + b[VNgill zor2) |Vl e

By applying Hoélder’s inequality to treat the rest of the terms in (2.24) and the
properties of the mapping N, we arrive at the estimate

SIVOROP + allVigllTe e + 51— Avi()?

<[IVall o rallofillLos VORI L2 2 + | = APt 2] = AP (H)] 2
+ - AP 2z + (1 fllzeer2] = AP @) L2 + | fell 2 p2ll =AY 2re
+ 7CNgete | 212 I V08l Lo 2 + el oo oo On Nl gtel| L2 172 Vil 2 2
+ O 1sONllgeell 2172 Vel oo s V3 L2 12
+ ON (A gll p2pr-12 + Ol gell p2pr-172)I[Vii ] 1212

We further estimate the right-hand side with the help of Young’s e-inequality for
e € {b/8,1/2,e0} and the standard embedding results to obtain

SIVOROP + 5 = AUP ) + a| Vi 72,
gCHl,Lﬁ||VO‘HL°°L3||1EE&H%§H1
+ 2 = A" (0)[F2 + ¢l = MG (1) + | — MY 112
+ 3 e e + §1 = AU B2 + 511 fel T2 + 51 = AP T2p
+ 520l VORI 12 + 15 OX (P ge0ell2 -1/ + Il Foe pocllgatl|32 gy -1/2)
+ ﬁCJQV (Cgll,Lﬁ”gtt”i2H71/2Hva”%wL3 + C4||9||%2H71/2 + b2||9t||%2H71/2) .
The term || — A" (t)|/ ;2 can be bounded as follows
(2.25) | = A" || peo 2 < V| = AP | 212,
since ¥"™(0) = 0. Altogether, we get
SIVOROI: + (@~ 5e0) [VEiil7z2 + 5 — AU (1)
SCHl,LGHVO‘HLOOL3||1Z}Z&H%§H1
+ 25T = AGPI 20 + Nl = AG 132
(226) 31 PBoza + G ilags + 3l = AT 20
+ 15 O% (T 9eetl T2y 12 + et Foe oo 92t 72 -1/2)
+ ﬁ(CHl,LGCN)QHgtt|’%2H71/2HVOZH%OOL?)

+ ﬁcjzv (04“9”%25171/2 + b2\|gtH%2H,1/2) .
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Note that we need a 1y term in the L? spatial norm on the left-hand side in (2.26)
to be able to employ Gronwall’s inequality. We thus also have to test our problem
with 7} and use an estimate analogous to (2.18):

TIeR0ITe + allPilliz 2 + 5IVOP(OIL + 47 ()72

t
/ /an - Vp, dods
0 JQ
+ o e Il vore + I f 122l 22

where f = f —7Ngys — aNgy + c2Ng + bNg;. Moreover, we have the bound on
(CHE

(2.27) <c?

T”"EQ&tHL%LQ
<lle¥itlrare + Al = A |22 + bl = AP ar2 + 1 f 2222
from which, after also employing (2.25), we infer that
A
<2l|alFoe oo 05172 2 + 2(PT + 0)| = A} 72, + 201 F1IF 22
= LeoLee 1%t L2 12 tllp2r? L2L2

We choose g9 = a/6, add (2.26) and (2.28) to (2.27), apply Gronwall’s inequality
to the resulting estimate, and then take the supremum over ¢t € (0,7},), to get the
estimate

(2.28)

T2t e + TR T 2 + TV o 2

(2.29) +logl e + 1| = AP T o 2

<C(a,T) (T2||9ttt||i2H—1/2 + HgHisz—lm + ”f”%[lm)-
The constant above is given by
C(a,T) = Cs (lallfoe oo + I Valfapas +1)

x exp (Cs ([lallieopoe + [Vl Goors + 14+ T +T*)T) (1 +7),
where Cs, C's > 0 do not depend on n or 7. Note that the factor 147 in the constant
above comes from the 7 dependence of b according to (1.3). Since the right-hand
side of (2.29) does not depend on T,,, we are allowed to extend the existence interval
to (0,7).

Thanks to the derived estimate (2.29), there exists a subsequence, denoted again
by {¢"}nen, and a function v such that
Yy — e weakly in L*(0,T; L*(9)),
Gpy — . weakly-x in L=(0,T; H'(2)),
Y — 1)y weakly-% in L>(0,T; H*(Q)).
It can be shown analogously to [14, Theorem 4.1] that ¢ € X" solves (2.21) and
that estimate (2.29) holds with ¥" replaced by 1.
We then obtain 1) = ¢ + Ng as the solution to (2.1) that satisfies (2.22). Note

that we can conclude that ¢ = 1)+ Ng € W1°(0,T; H%(Q)) since we assumed that
g € Whe°(0,T; HY/2(I)). O
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3. EXISTENCE OF SOLUTIONS FOR THE RELAXED JMGT EQUATION

We next show existence of solutions for the relaxed JMGT equation (1.6) with
7 > 0 by relying on Schauder’s fixed-point theorem.

Theorem 3.1. Let ¢, b, k, 7 > 0, and let T > 0. Assume that the function
h € C°(R) satisfies

(1.7) a<h(s) <@ VseR,
and that g € H?(0,T; H-'/2(T)) with (g, g¢)|+=0 = (0,0). Moreover, let
”g”%yl,oonl/z + Hgt”?quﬂ/z <o
Then for sufficiently small o, there exists a solution 1 of the problem
Tue + h() by — AY — bAY, =0 in Q x (0,T),

(3.1) g—;’f =g onlx(0,7),
(Y, Yy, ) = (0,0,0)  in Q x {0},
in the weak (H')* sense such that
Y e X =Whee0,T; HY(Q)) nW2(0,T; L*(Q)) N H3(0,T; H' (Q)*),
and the following estimate holds

T2 @eellT2 gy + TIutl oo 2 + (98] 200 g

<CT)lgly o 172 + 19l r172)-

Proof. We introduce the mapping F : v — 1, where v € B

(3.2)

B={ve X: 7°\vul oy + TlveelFoo 2 + 02l T < M

(v, v, vie)le=0 = (0,0,0)},
and v solves
(3.3) TPse + (V)b — 2 A — Ay = 0 in Q x (0,T),

in the weak sense with inhomogeneous Neumann conditions and zero initial condi-
tions. We note that the set B is non-empty, weakly—* compact, and convex, and
that the mapping F is well-defined thanks to Theorem 2.1.

We can achieve that F(B) C B for sufficiently small g. Indeed, let v € B. Then,
on account of Theorem 2.1 and estimate (2.2) for f = 0, we know that

T2l T2y + TI0utl oo 2 + [98]1 700 g

<O T) (9l 100 172 + 1931 57-172)-
From here it follows that ¢ € B when p is sufficiently small so that C(7,T)o < M
holds.

Weak* continuity. We want to show that F : B — B is weak* continuous. Let
{v"}nen C B be a sequence that weakly* converges to v in X. Denote ¢ = F(v™) €
B and ¢ = F(v) € B. Thanks to the uniform bound provided by Theorem 2.1 and
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standard compactness results, there exists a subsequence, that we do not relabel,
and a function ¢ € B such that

Yy — oue weakly in L*(0,T; (H'())%),

Yl — oy weakly-x in L°°(0,T; L*(Q)),

Y — ¢;  weakly-+ in L>(0,T; HY(Q)).
Note that by continuity of h, we have h(v"™) — h(v) a.e. in Q x (0,7). It is then
straightforward to check that ¢ solves (3.3), from which it follows that ¢ = 1 since
1) is the unique solution. We then conclude by a subsequence-subsequence argument
that {F(v")}nen converges weakly—x to ).

The statement now follows by employing Schauder’s fixed-point theorem; cf. [4].
O

Remark 3.2. Let v, 0@ € B and (V) = FuV), @ = Fu®) ¢ B. The
difference ¢ = ¢ — (@ then solves
(B4) o+ Aoy — A — by = —(h(v)) — h(vf?))By)

in the weak sense with zero boundary and initial data. To show contractivity of
the mapping F, we would need higher regularity of solutions that would — together
with Lipschitz continuity of A with constant L — allow for the right hand side of
(3.4) to be estimated as

35)  [(h@™M) = )P ere < Ll = o2 | oo pallo P 21

This is not possible with the lower order energy estimate from Theorem 2.2, but
will be enabled by Theorem 2.3 in the next section.

Remark 3.3. In case the condition (1.7) is replaced by a non-degeneracy condition:
(3.6) 0<a<h(s)<a, VseR,
it can be shown by relying on Theorem 2.2 that the bound (2.2) is uniform with
respect to 7.

4. WELL-POSEDNESS OF THE JMG'T EQUATION

Based on the higher-order regularity result of Theorem 2.3, we can now use
a contraction principle to prove well-posedness of the JMGT equation (1.5) with
7 > 0, as well as an energy bound that is uniform in 7.

Theorem 4.1. Let ¢?, b, 7 > 0, and let T > 0, k € R. Assume that g €
H3(0,T; H-Y2(I')) n Whe°(0,T; H/2(T)) with (g, gt git ) li—0 = (0,0,0), and that
||g||%)[/1,ooH1/2 + HgH?{zHﬂ/z + T||gtt”iooH71/2 + 7'2||gttt||2L2H71/2 <o

Then for sufficiently small o, there exists a unique solution v of the problem

T¢ttt + (1 — 2k7/]t)¢tt — C2A1/J — bAl/}t =0 in ) x (0, T),

(4.1) g—;ﬁ =g onl x(0,7),

(1/),1%, wtt) = (0, 0, 0) i QX {0},
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in the strong L? sense that satisfies
Y e X =Whe(0,T; H*(Q)) nW(0,T; H'(Q)) N H3(0,T; L*(Q))
and the estimate
Wl Loe + TVl Foo g + 1eelFo g + 1| = Aoy oo 12
(4.2) <OT) (19l oo v + 19125172 + Tl gl o 12
+ T2”9ttt\|izg—1/2)-

Proof. The proof goes along the lines of the proof of Theorem 3.1, with the obvious
modifications of topologies according to the stronger energies enabled by Theorem
2.3, as well as a contraction argument in place of Schauder’s fixed-point theorem.
We again use the fixed-point operator F from the proof of Theorem 3.1 with the
particular choice h(z) =1 — 2kz and show that it is a self-mapping on the set

B={ve X :7|lvu|Fore + Tlvee Foo g

(4.3) ot Fepn + Il = Avel[fe 2 < M,
(v, ve, v ) [e=0 = (0,0,0)},

with M chosen appropriately, provided that o is sufficiently small.

F is a self-mapping. For proving that F is a self-mapping, we use Theorem 2.3
in place of Theorem 2.1, where we choose o« = 1 — 2kv; for v € B. This additionally
requires to prove smallness of ||1 — a||f~p in order to establish non-degeneracy
with a uniform constant o and of ||Val| 3. We first note that

loellzors < (= +id) ™ e (VT loall 2 + 1| = Avel o2 )

< T\ loulBag + | - Avrl2e e

where (—A +1id) is equipped with homogeneous Neumann boundary conditions on
. In other words, for v € L%(Q), z = (—A +id) v solves
—Az4+z=v in €,
0
a—; =0 onTI.

Therefore, it holds that
H]. - aHLooLoo = 2‘k| ||UtHLooLoo S 2|:IC|CH27L0<>C(T, Q)V M,
IVallpeors = 2|k[ ||Voy[| Lo s < 2|k|Cn s C(T, )V M.

Using energy estimate (2.22) for the linearized JMGT equation with f = 0 and
choosing p and M sufficiently small yields F(v) € B.

F is contractive. For proving contractivity, we can directly make use of estimate
(3.5) in Remark 3.2 with L = 2|k|, and the result on H' regularity with 7 inde-
pendent energy bound Theorem 2.2, as well as the fact that by the already shown
self-mapping property of F, we have that () = F(v(®)) € B. This provides us
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with the bound Hng ) lr2rs < C’Is}l 4V M, which by possibly decreasing M yields
contractivity of F in the norm induced by the energy of Theorem 2.2:

oll| == \/7'2”Uttt”%2(H1)* + TlveelF o2 + 0l 22 + [[08]]7 o0 -

B is closed. Closedness of B with respect to this norm can be seen as follows. For

any sequence (¢y)r € N C B converging with respect to ||| - ||| with limit ¢, we have
1ok 1112 = 72 veel 22 + 7ol Eoo prr + loellZo g+ 1 = Avell e 2 < M.
Indeed, due to the imposed homogeneous initial conditions, |||| - |||| defines

a norm equivalent to the norm on X := H?3(0,T;L*(Q)) N W2>°(0,T; H(Q)) N
Whee(0,T; H?(2)), which is the dual of a separable space. Hence (¢); € N has a
subsequence that converges in the weak* topology of X to some ¢ that by weak*
semicontinuity of the norm lies in B. By uniqueness of limits v has to coincide with
1 and therefore lies in B.

Altogether, this yields unique existence of a fixed point of F, i.e., of a solution
o (4.1) in B. O

Remark 4.2. Compared to [13], where a pressure formulation of the JMGT

TPt + pu — 2 Ap — bAp = k(p)7,
along with homogeneous Dirichlet boundary conditions is considered, and also re-
sults on global existence and exponential decay are provided, we here focus on
local in time well-posedness only, but extend the setting to inhomogeneous Neu-
mann and absorbing boundary conditions. Due to the differences in formulation
(pressure versus velocity potential) and energy estimates also the outcome of the
local results in [13] and Theorem 4.1 here slightly differ. [13, Theorem 1.4] states
p € W22(0,T; L?(2)) N WHee(0,T; HE(2)) N L0, T; H?(2) N HL(Y)) for suffi-
ciently small initial data (p(0),p:(0), p(0)) € (H?(2) N HE(Q)) x HE () x L*(Q).

5. SINGULAR LIMIT FOR VANISHING RELAXATION TIME

We now study the limiting behavior of solutions 1" to the JMGT equation (1.5)
as the relexation time 7 tends to zero. Our goal is to prove convergence in a certain
sense to a solution v of the Westervelt equation (1.4).

A crucial prerequisite for this purpose is the fact that the energy estimate in
Theorem (4.1) holds uniformly with respect to 7 and that the bound p on the data
can be chosen independently of 7 € (0, 7] for any fixed 7 > 0. This will provide us
with a uniform bound for the 7-independent part of the energy. In other words, we
will derive a uniform bound on [|¢)7|| gw, where

XW = {ve H*0,T; H'(Q)) nWh>(0,T; H*(Q)) : v(0) = 0, v4(0) = 0}.

Note that the initial conditions imposed in the definition of XW are well-defined
in an H%(Q) and H'(Q) sense, respectively, since X" embeds continuously into
C(0,T; H?(Q2))NC*(0,T; H(2)). Therewith, the T-independent part of the energy

defines a norm on X

lellsw = \/lvelZagmn + | — Avile o
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Theorem 5.1. Letc?, b, T > 0,7 > 0, and k € R. Then there exists o > 0 such that
for all g € H3(0,T; H-Y2(T)) n W12°(0,T; HY2(I")) that satisfy (g, gs, get)|i—0 =
(0,0,0) and

193100 a2+ N90 52 12+ TGl T oo gy 172 + T2l Guael Zo gy -1s2 < 04
the family (Y7)rc,7 of solutions to (4.1) according to Theorem 4.1 converges
weakly-x in XV to a solution v € XV of (1.4) with homogeneous initial condi-
tions 1¥(0) = 0, 1(0) = 0, and Neumann boundary conditions g—’fl’]p =g.

Proof. The proof is similar to the one of [14, Theorem 7.1], but based on different
energy estimates.

Uniform boundedness of ||¢)7|| gw according to Theorem 4.1 implies existence of
a sequence 7¢ \, 0, and an element 1) € X" such that ¢ := ™ satisfies

Y, — Yy weakly in L2(0,T; (H'(Q))),
Yt — 1)y weakly-x in L>(0,T; H?(Q)),

y4
%in‘r — g%}‘p weakly—+ in L(0, T; (H~/*(T))) N L*(0,T; H/2(T)).

Therewith, %fh“ = g, and using the fact that ¢* solves (1.5), we get, for by = h—t
and any v € C§°(0,7; C§°(2))
T
/ / <1Ztt — AN — AP, — k(q[)ﬁ%) v dadt
0 Jo
r n ~ ~
= / /g;(wﬁtt—CQAwf—5A¢gt—T£wftt_T£CQAwgt>dedt
0

T

+k / /Q (e + f)esvp dadt
0

-0 as {— oo,

due to the above limits and uniform boundedness of ¥ in X",
A subsequence-subsequence argument, together with uniqueness of the solution
to (1.4) according to results in, e.g., [10, 24| yields convergence of the whole family

(V7 )re0,7) O
6. ABSORBING BOUNDARY CONDITIONS

In this section, we consider extension of our results to the problem with absorbing
boundary conditions

(Tt + (1 — 2k)) g — AY —bAY; =0 in Q x (0,T),

oy
6.1) % =g onl x(0,7),
% = —57,1% on X x (O7T)a

(Y, Yy, ) = (0,0,0)  in Q x {0},
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where 5 > 0. We will comment on all the changes and additions that have to be
made and state the corresponding mixed Neumann—absorbing boundary condition
versions of the results obtained so far for pure Neumann boundary conditions.

In the proof of well-posedness of the linearized equation with H' spatial regular-
ity, the corresponding semidiscrete initial-boundary value problem becomes

(T9f + atit, ) g2 + (VY™ + VY, V) 2
+(EBYP + 0B, ) L2(x)

(6.2) = (f,®)r2 + (*g + by, ?)r2(r),

for every ¢ € V,, pointwise a.e. in (0,7,

L (1£7(0),9£(0), ¢(0)) = (0,0,0),

where the choice of the basis functions w; is again determined by (2.4); i.e., with
homogeneous Neumann conditions only on part of the boundary and no conditions
on the rest. This still allows for an orthonormal basis of L?(f2), which is a — not
necessarily orthogonal, but this is not needed — basis of H'() such that their
Dirichlet traces trsw; form a basis of L?(X); cf. [25].

As a consequence of the fact that absorbing boundary conditions extract energy
through the boundary in order to avoid spurious reflections, we get additional energy
terms on the left hand side of the energy estimates. More precisely, the terms

t
128 /O ey 2 sy ds + bBJtrsf (1) 2oy
arise in (2.9), (2.10), (2.18),

+A B trstpil Ze L2y + OISV 17 L2 sy
in (2.11), (2.15), and

+E Blltrsul|Te o (ny + 08I trs el Foc L2 xy
in (2.2), (2.17), (2.22), (3.2), (4.2), while the higher order energy identity (2.24)

remains unchanged.
Therewith, Theorems 2.1, 2.2, and 3.1 immediately carry over as follows.
Theorem 6.1. Let ¢, b, 3, 7> 0, and let T > 0. Assume that
o o€ L>(0,T; L>(2)),
o f € L*0,T;L*(9)),
® gc H2<O7T7 H71/2(F))7 (g7gt)‘t:0 = (070)
Then there exists a unique weak solution v of the problem

T¢ttt + Oé(l’, t)wtt — C2A1ﬂ — bAwt = f(.i[), t) mn X (O, T),

oy
63) g—n =g onlx(0,7),
O — g onSx(07)

\(Tﬁ, wttht) = (0, 0, 0) mn QX {0},
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in the weak (H')* sense that satisfies
e Wheo(0; T; HH(Q)) N W2(0,T; L*(Q)) N H*(0,T; H' (Q)*).
Furthermore, the solution fullfils the estimate
Pl 22y + TGl 2o gz + 16002 e
+ Bt Fe sy + 0Bl tr el e 2 (s
<O, T)(lglfy100 gr-172 + 96l 1 172 + 1f 172 12)-
The constant above is given by
C(a,7,T)
=C1 (ZllalFore +T? + 1) exp(Ca(2 + Lo Loere + 14+ T)T)(1 + 7),
where C1, Cy > 0 do not depend on 7,71, or a.

Theorem 6.2. Let the assumption of Theorem 2.2 hold and assume additionally
that for some fized 7 > 0, 7 € (0,7,

(6.4) Ja>0: aft)>a ae inQx(0,T).
Then the solution of (6.3) satisfies the estimate
T el T2y + Tl 7o o + [l Fo e + [0l oo g
+ Blltruell o pacsy + 0BItrvel|F s pos,
<C(a,rT, T)(ngyz/vl,oonl/z + ||9tH?qu—1/2 + [ f11722),
where the constant is given by
Cla,7,T) = C3 (1 + T?)exp(Ca(1 + T)T)(1 +7),

and Cs, Cqy > 0 do not depend on 7,T, or «.

Theorem 6.3. Let ¢, b, 3, 7> 0, k € R, and let T > 0. Assume that the function
h € C(R) satisfies (1.7), and that g € H?(0,T; H='/2(T")) with (g, g¢)|t=0 = (0,0).
Moreover, let

193100 12+ 192l 71 12 < 0
Then for sufficiently small o, there exists a solution v of the problem
(T + h(Ye )by — AP —bAY =0 in Q x (0,T),
o

g—n =g onDlx(0,7),
% =—pYy  on X x(0,7),

(¢awta wtt) = (Oa Oa 0) in €1 X {0}7
in the weak (H')* sense that satisfies

Y e Whe(0; 75 H' (Q)) N W>(0,T; L*(Q)) 0 H3(0, T; H' (2)*),
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and the estimate
7_2||7/}tttH%2(H1)* + 7'H¢tt‘|%ooL2 + H@bt”%wm
+ Blltr el Tepasy + 0Bl trell7 e 2 s

<C(r,T)lglyr 172 + 19l r-172)-

Extension of the boundary data. To extend the higher-regularity results of
Theorems 2.3, 4.1, and 5.1, we impose the additional compatibility condition g|sr =
0 on the interface between the two boundary parts I" and 3; in other words, we
assume that g € Hé/ 2(1“). We redefine the extension operator N as Nh = v, where
v solves

—Av+v=0 in Q,

@—B— h ODF
on 10 ondQ\T,

with h € H*(9Q) for all s € [0, 3), provided that h € Hé/z(F); cf. [7, Corollary
1.4.4.5.]. Thus we still have boundedness of N as an operator H~'/2(T") — H'(Q)
and as H/2(I') — H*2+3(Q) for s € [0, 3).

On the other hand, we will also need an L?(Q) estimate on Ngyy. Therefore, we
define v = Nh by duality for h € H3/2 i.e.,

(v, =A¢ + @) = —(h, &) p—s/2(1), 13/2(1)

for every ¢ € H%(Q), g—i\ag = 0, which yields boundedness of N : H=3/?(") —
L2(9).

A crucial point in the analysis is the fact that in a mixed Neumann—absorbing
boundary condition setting, we cannot conclude anymore H? regularity in space of
some function v from L? boundedness of —Av + v. Nevertheless, we can achieve
sufficient regularity of ¢, to obtain an embedding into L°°(2), as required for guar-
anteeing non-degeneracy, along the lines of the proof of [15, Theorem 1].

Theorem 6.4. Let 2, b >0, 7 € (0,7), and let T > 0. Assume that
e ac XV = 10,T;W3(Q) N L>®(Q)) N Wh>(0,T; L3()) ,
e Ja>0:a(t)>a ae inQx(0,7T),

fe H'(0,T; T2(@)),

IVl poors < a/ (6Cy 1s),

o g€ H40,T; H-3/2(T")) N H3(0, T; H-Y/(T")) N H2(0, T; Hy/*(T")),
b (97 gt gtt)‘tZO = (07 0, O)
Then there erists a unique weak solution ¥ of the problem (6.3) that satisfies

b€ W0, T; HY/24(Q) n W2 (0,T; H' () 1 H(0,T: L*(%))
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for any s € |0, %) Moreover, the solution fulfills the estimate

72|l L2z + Tl We |3 00 g
+ el Zep + | — A2 2
+ Czﬁ””%t”%n?(m + 0Bt |7 £2(xy)

<C(e, T) (9ell31 gare + 191573 5r—172 + T2 Geeel 51 p—1/2
+ TQHQttttH%?H—S/? + 1 f 5 2)-
The constant above is given by
C(a, T) =Cs (|al|fpoo + [IVall7ops + 1)
xexp (Co (3o + IV 2eps + 1+ T+ T T) (1 +7),
where Cs, Cg > 0 do not depend on n or .

Proof. We highlight here the main differences to the proof of Theorem 2.3, which
consist in obtaining an energy estimate that provides us with enough regularity of
trnty. We choose {w; };en again as eigenfunctions of the homogeneous Neumann-
Laplacian (2.4) and consider Galerkin approximations in V,, = span{wy,...w,} of

the difference ¥ = 9 — Ng. We thus obtain the semi-discrete problem
(T8t + iy, @) 2 + (VY™ +0VYY, V) 2
+(PBYP + DAY, ) L2 (v
(6.5) = (f,9) 2 — (BNgi + bBN gy, d) 12(5),

for every ¢ € V,, pointwise a.e. in (0,7),
. (@Z_Jn(())v @Z_J?(O)v Y,Z_J,Q(O)) = (0,0,0),
where f = f — TNgu; — aNgy + *ANg + bANg;.

Higher-order estimate. Due to the regularity assumptions on g, f and a, we can
conclude that problem (6.5) has a solution " € H*(0,T;V;,). We are thus allowed
to differentiate (6.5) with respect to time and also consider the following problem
(Tf + afly, @) 12 + (VPP + bV + afy, V) 2
+(EBYR + bBYE, @) 12(s)
= (ft, )12 — (¢*BNgu + bBN giut, d) 12(x),
for every ¢ € V,, pointwise a.e. in (0,7,

(6.6)

where ft = f; — TN guu — aNgus — e N gy + AN g; +bAN gys. Above we have used
the fact that % vanishes on ¥. We note first that by testing (6.5) with —Ay,
and vf}, we can derive the following estimate

T il 7o e + IO e 12 + TIVOG oo 12 + 195172 1

o = AT 2o o+ Bl 2 oy + BIVatrser(8) B,

<C(a,T) (TQHQtttt”%QHam + T2||gttt”%2H—1/2 + Hg“%QHfl/Q
+ 11 2),
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where the additional terms on ¥ arise due to integration by parts of the 7 and «
term with respect to space.

We then test (6.6) with v%,. After integration by parts of the ¢? term, which
also removes the c2BNg; term on X, as well as integration by parts with respect to
time of the remaining term on X, we obtain

t
Sl (1) 22 + SV ()2, + /0 Vi (#)[32 ds + Bltrsty ()]s
t t
= [ e = iy = A7) 12 05 = [ 68N g ) )
¢ n 2 r " 2 Tn|2
<4 [ Va0 s+ 1= oty = CAT 3y,
+ bﬁgﬁ (‘|V¢§||%§L2 + ||1Etnt||2L§L2) + LB?T ||trENgttt||%2H71/2(Z)
+ 5 (IVERORe + BiOF:) +b82CEtrsNau® 125,

where the terms [[trsNgullp2-1/2(x) and |trsNgu(t)|g-1/2(x) can be further es-
timated by means of the mapping properties of N, continuity of the embedding
L*(X) — H~Y2(%), and the trace theorem. In the limit as n — oo, we arrive at
the energy estimate

T QuilFoo 2 + IVitll7 00 2 + bssell72 2 + HtrElEtH%OOLQ(E)
<) (1 + Nl ) WDal3 s + et gy-s2) + 1A% 22
a3 o+ 1 el 222+ gtael3agaso + Ngiel3omgas2)-
From here we obtain the estimate for ¢ = ¢ + Ng:
TVl Foo 2 + Vi3 00 2 + 1toreell72 2 + ”trzlﬁtH%wLZ(E)
<) (U + ol e o) Wl Z s + g2 gg-172)
05 A + Wuloe s + 1ulaz
+ 72 g2 50 + N gete|Fo g1/ + HgttHQLqum).

The right-hand side can be further estimated by means of Gronwall’s inequalities
and the other energy estimates.

H?3/2%5(Q) regularity. Now we are ready to adopt the argument from the proof
of [15, Theorem 1] as follows. Since z := —A + 1) satisfies the ODE

2 (t) = —%Z(t) + H(f () — T (t) — au(t) + by (t) + (1))

in a pointwise almost every sense with respect to space, we can use the common
variation of constants formula to write

() =1 /0 =5 U= (£(s) — rehuus(s) — atbu(s) + bibu(s) + 2(s)) ds.
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Hence we have that

2(t) = 5 (f(t) — T0ue(t) — oy (t) + bebe(t) + Fp(t))

t
2 c2

-5 0 eiT(tis)(f(S) — Tt (S) — by () + bape(s) + 02¢(s)) ds
= f(t),

where f € L>(0,T; L*(Q)), provided f € L>(0,T; L?(92)). We now consider this
as a pointwise in time elliptic PDE for ¢ := 9(¢), equipped with the boundary
conditions resulting from (6.1),

AP+ =f(t) in Q

_Ja()onT
t) = {—ﬂwtt(t) on Y.

(6.9)

asS

QD‘QJ
S
Qe

We note that the Neumann data §(t) in general is not an element of H'/2(9$2) even
though the functions g;(t), 1 (t) exhibit H'/? regularity on the respective boundary
parts, the latter due to the trace theorem and our energy estimate. Global H'/2
regularity of the Neumann data would require continuity over the interface between
I' and ¥. Nevertheless, it can be shown (see the appendix of [15]), that §(¢) lies in
H*(9Q) for all 0 < s < § and that

19(0) m=90) < C7 (19¢() s (r) + Bltrstby ()| s (s))
holds; see [7, Corollary 1.4.4.5.] and [15, Appendix]. Hence, elliptic regularity for
the Neumann problem (6.9) yields

%t oo prsrz+s < Csllgll oo ms (o)
< C7Cs(llgtll oo s ry + Blltrsthee(t) | Lo s ()
< C7Cs([|gell oo s (ry + B[t oo 1)

which can be further estimated by the previous and the additional energy estimates.
O

By relying on the results of Theorem 6.2, Theorems 4.1 and 5.1 can be extended
in a straightforward manner. Note that we only need the case f =0, a =1 — 2k
of estimate (6.8), since contractivity is already established in a weaker norm.

Theorem 6.5. Let ¢, b, 3, 7 > 0, k € R, and let T > 0. Assume that g €
H4<07T; H73/2(F)) N H3(07Ta H71/2(F)) ﬂHz(OaTv Hé/z(r))7 with (gmgtagtt)’t:O =
(0,0,0), and that

”gtH?_IlHl/Q + HgHi]3H—1/2 + 7—2Hgttt”§{1H—1/2 + TzHgttttH%2H73/2 <o

Then for sufficiently small o, there exists a unique solution ¥ of (6.1) in the weak
(HY)* sense that satisfies

Y € Wh(0; T3 HY2H(9Q)) W2 (0,T; H' () N H3(0, T; LX()
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for any s € (0, %), and the estimate
Tl oo + Tl Foo gt + 10etl T2 g + | = Al| 7o 12
+ CQﬁHtTWtH%?B(E) + bﬁ”tr%”%ww(z)

<C(T) (HgtH%oon + H9H12L12Hfl/2 + THgttH%ooHﬂ/g
+72”gtttH%2H—1/2 + 72Hgtttt‘|%2H—3/2) .

Theorem 6.6. Let ¢, b, 3, T >0, 7> 0, and k € R. Then there exist 0 > 0 such
that for all g € H4(0,T; H=3/2(T')) N H3(0,T; H=Y/2(T')) N H2(0,T; Hy/*(T")), that
satisfy (g, gt, git)|t=0 = (0,0,0) and

196l 72 gz + 1958 pr—1/2 + 72N gttl 372 -1z < 04

for any s € (0, %), the family (V7)rc(0,7) of solutions to (6.1) according to Theorem
6.5 converges weakly-x in

XW = {ve H*0,T; H{(Q)) n WH2(0,T; H*?*%(Q)) : v(0) = 0, v,(0) = 0}
to a solution ) € X" of (1.4) with homogeneous initial conditions ¥ (0) = 0, 1;(0) =

0, and mized Neumann — absorbing boundary conditions g%h =g, %E = —Biy.
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