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CONTROLLABILITY OF A LINEAR SYSTEM WITH
PERSISTENT MEMORY VIA BOUNDARY TRACTION

LUCIANO PANDOLFI

ABSTRACT. We consider a linear viscoelastic system of Maxwell-Boltzmann type.
Hence, viscosity contributes a memory term to the elastic equation. The system
is controlled via the traction exerted on a part I'y of the boundary of the body.
We prove that if the associated elastic system (i.e. the elastic system without
memory) is exactly controllable then the viscoelastic system is exactly control-
lable too. This is similar to the known result when the boundary deformation is
controlled, but the proof is far more delicate since controllability under boundary
traction corresponds to the fact that a certain sequence of functions is a Riesz-
Fisher sequence, but not a Riesz sequence as when the deformation is controlled.

1. INTRODUCTION

The deformation of a class of viscoelastic materials is described by the following
equation’

(1.1) w” = Aw + bw + /Ot K(t—s)w(s) ds

with suitable initial and boundary conditions, as described below. In this equation,
w = w(z,t), r € Q (a bounded region of R with C? boundary), the apex denotes
time derivatives, i.e. w” = wy and A is the Laplacian in the space variable z. Note
that we write w = w(t) = w(x,t) as more convenient.

We use 7 and 71 to denote the traces on I' = 92 of a function and, respectively,
of its normal derivative.

Eq. (1.1) is supplemented with initial and boundary conditions:

{'yow:() on Iy

J— / —
(1.2) w(0) =wp, w'(0)=wy, ~viw = f = control on I'y .

The associated wave equation to Eq. (1.1) is
(1.3) W' = Au

with the same initial and boundary conditions as w.
We shall be consistent in the use of w and u to denote the solutions respectively
of the controlled equations (1.1) and (1.3). When needed, in order to stress the
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'obtained using the MacCamy trick, described for example in [15], from the system w’” =
Aw + fot N(t — s)Aw(s) ds.
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dependence on f we write wy or uy. We shall also need to examine uncontrolled
systems, i.e. f = 0. In this case we use respectively ¢ and ¢ in the place of w and
U.

We are going to study controllability (in the space discussed below) under the
action of square integrable controls. More precisely, we are going to prove that
controllability of the associated wave equation can be lifted to the system with
memory. This fact is similar to the corresponding property when the control acts
in the Dirichlet boundary condition, but the proof is more delicate for a reason we
shall see below.

The assumptions in this paper are as follows:

(1) I'yp and I'; are relatively open subsets of I' = 92 such that I'yUT'; = 092 and
ToNTy = 0 in order to avoid the difficulties examined in [3]. We assume
also T'g # 0.

(2) The memory kernel K (t) is continuous.

(3) we define:

To =2 inf {sup |z — x0|} .
zoeR? Lz

(4) the part T'; of the boundary is chosen in such a way that Theorems 1.1
and 1.2 below hold. The existence of I'y with this property has been proved
in [8, 6], after the preliminary results in [12]. We don’t need to describe
the geometric properties of I'y which are used to prove controllability since
the idea in this paper is as follows: the already estabilished property of
controllability of the associated wave equation is inherited by the equation
with memory.

Among the many results in [8], we single out the following one which deals with
square integrable controls (see also [6, Theorems 4.8 and 6.19] for the control time
To):

Theorem 1.1. Let
Hi () ={pcH'(Q): vp=00nTy}.

When 'y is a suitable part of 0X), for every T > Ty and for every wg, &€ in H%O(Q)
and every wy, n in L*(Q) there exists a control f € L*(0,T;L*(T'1)) such that
up(T) =&, uy(T) =n (u is the solution of (1.8) with the initial/boundary conditions
as in (1.2)).

This result has to be properly interpreted, as explained below in Sect. 2, since
(uy(t), us(t)) does not evolve in Hi, (Q) x L*(Q) (unless dim © = 1).

We recall also the following result on controllability of the system with memory,

but controlled via the deformation, i.e. with control in the Dirichlet boundary
condition (see [15, 16, 17]):

Theorem 1.2. Let us consider Eq. (1.1) but now the boundary condition is
(1.4) Yow(z,t) =0 on Iy, Yow(z,t) = f(z,t) on I'1.

Let T > Ty and let T'y be as in Theorem 1.1. For every wg, & in L*(Q) and every
wy, n in H-1(Q) there exists a control f € L* (0,T; L*(I'1)) such that ws(T) = &,



CONTROLLABILITY VIA TRACTION-SYSTEMS WITH MEMORY 67

w}(T) = n (here w solves (1.1) with the initial conditions w(0) = wo, w'(0) = w1
and the boundary conditions (1.4)).

Remark 1.3. We note:

e Theorem 1.2 holds in particular if b = 0 and K = 0, i.e. it holds for
the associated wave equation (1.3) controlled by the boundary deformation
(see [6, Theorem 6.5]).

e we repeat that it is possible to choose I'g and I'y so that both the theo-
rems 1.1 and 1.2 hold.

e when the deformation, instead of the traction is controlled, as in Theo-
rem 1.2, the computation of wy(T") and w(T) is not a difficulty, since in

this case (w(t),w'(t)) € C ([0,T]; L*(Q) x H1(Q)).
The result we are going to prove is:

Theorem 1.4. Let K be continuous, T > Ty and let I'g and I'1 be such that both
the theorems 1.1 and 1.2 hold. For every wy, & in H%O(Q) and every wy, n in L*(Q)

there exists a control f € L? (0,T; L*(T'1)) such that wg(T) =&, wi(T) = 1.

Remark 1.5. As usual when proving controllability, we can assume null initial
conditions: wg = 0, w; = 0. This will be done in this paper.

The definition of wy(T") and w}(T) is explained in Sect. 3 since, similar to the

solution of the wave equation, (wy(t),w)(t)) does not evolve in H%O () x L2(%).
This observation does not apply to the case dim{) = 1. In this case controllability
has been studied in [13].

The organization of the paper is as follows. We need to be very precise on the
definition of the operators which are involved in the analysis of controllability of
the associated wave equation. This is done in Sect. 2. The solutions and the
corresponding operators for the system with memory are introduced in Sect. 3 while
controllability is proved in Sect. 4. Notations are in Sect 1.1.

1.1. Notations and operators. We introduce the following notation:
{p€ H*(Q) : vop=0o0nTy} if « >1/2
ngz (Q): HO{(Q) if a € (0,1/2)
0 /
(HF_OQ(Q)) if o <0a#—1/2
(the case w = £1/2 is not encountered in this paper).
We introduce the operator A in L?(Q):

(1.5) domA={¢peHE : mp=0o0onTy} Ap = A

(note that the condition ¢ € H%O does not impose conditions to the normal deriva-
tives 1 on I'g). The operator A is selfadjoint negative with compact resolvent
(regularity of 0f is crucial for this property, see [4]) and it is boundedly invertible
since I'g # (. Let {¢,(x)} be an orthonormal basis of L?(£2) whose elements are
eigenvectors of A:

Apn () = —pinpn(@) .
Note that the eigenvalues are not simple in general, but have finite multiplicity.
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We introduce
QAL | A — At
I
In fact, the operator A generates a Cp-group of operators.
It turns out that (see [8, Sect. 2.1])
dom A = Hy, ().

Finally we introduce the operator G € £ (L*(I'1), L*(22))

u=Gf <— (Au—Oand{’youzo onF0>

At

A=i(=A)"? . Ryt) = R_(t) =

mu=f only

It is known that G takes values in HgéQ(Q) C dom (—A)3/Y=¢ (¢ > 0) which
is compactly embedded in L?(f2). In particular we have im G C dom A (see [10,
p. 195]). Furthermore we note (see [8, Lemma 3.2]):

(1.6) —G"Ap = Y09y, for every ¢ € dom A.

2. PRELIMINARIES ON THE WAVE EQUATION

Here we report known properties on the wave equation with Neumann boundary

conditions (see [7, 9]). We consider the wave equation

u(0) =ug, u(0)=1u
(2.1) u'=Au+F, You = 0 on Iy

yiu = f onI'y.
We assume F € L? (O,T; L2(Q)), felL? (O,T; L2(F1)) for every T > 0. It is known
that there exists a € (0,1) such that for every (uo,u1) € Hp (£2) X HIE“O_I(Q) prob-
lem (2.1) admits a unique solution v € C ([0,T]; HE (Q2)) N C! ([O,T];Hﬁ‘o_l(Q))
and the transformation (ug,u1, F, f) — wu is continuous in the specified spaces. It
is known that we can take a = (3/5) — € (any € > 0); in particular o > 1/2 and so
1 — a < 1/2). The values of o can be improved for special geometries but in any
case it will be av < 1, unless dimQ =1 (see [9] and [11, p. 739-740]).

We need also an additional information on the special case f = 0. If f =0 then
it turns out that? the map (wog, wy, F) — ¢:

Hp, (Q) x L*(Q) x L* (0,T; L*()) ~ C ([0, T; Ht, () N C* (0, T]; L*(2))

is linear and continuous.
We shall use the following representation of the solutions, from [7]:

(2.2) w(t) = Ry(t)yup + A 'R_(t)us + A" /t R_(t —s)F(s)ds
0
- A/o R_(t —s)Gf(s) ds

2recall that the solution in this case is denoted ¢ instead of wu.
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and so
(2.3) '(t) = AR_(t)uo + Ry (t)us + /Ot Ry(t—s)F(s)ds

t
- A/ Ru(t— 8)Gf(s) ds
0
We repeat:
imG C HY?() C H () =dom A so that AG € £ (L*(T1), L3(Q)) .
An integration by parts (justified in [14]) shows:

Lemma 2.1. Let ug = 0, uy = 0, F = 0 and f € C*([0,T];L*(I'1)). Then
(u,u') € C([0,T]; Hf, (Q) x L*(Q)) and

t
us(t) = GI(0) = Ro(0GF0) = [ Rit=9)Gr(5)ds
(2.4) Wy (t) = —AR_( / _(t—s)Gf'(s) ds

so that t — <u]c(t),u’f(t)> eC ([O,T];H%O(Q) x L*(Q2)) .

Hence, when f € C' we can define both the maps

{ A fe (W), (T)  L?(0,T; L*(Iy) ) x L(Q),

es {4 )~
A f e (Au(T),d/(T)) L? (o,T,L2 Iy)) — ><L2(Q).

These maps (with values in the spaces specified in (2.
is square integrable since in this case the function (u(¢
space. We prove:

5)) cannot be defined if f
),u'(t)) evolves in a larger

Theorem 2.2. The maps A and A on L2 (0,T;L*(T1)) to respectively H%O(Q) X
L3() and to L*(Q) x L%(Q), originally defined when f is smooth, are closable.

Proof. 1t is sufficient that we prove closability of A since A is bounded and bound-
edly invertible from H%O () to L?(Q).

Let f, — 0 in L?*(0,7;L*T1)), and f, € C*([0,T];L*(1)) so that
(ug, (T),u, (T)) € HE, () x L*(Q) is well defined.

The sequence { (uy, (T), u, (T)) } in general does not converge in Hy, () x L*(Q).
We must prove that if it converges then it converges to 0. We consider the sequence
{uy,(T)} of the first components. The sequence of the velocities is treated analo-
gously.

Let uy, (T) — y € H%O (©2) (the convergence is in the norm of H%O(Q)) We
noted already that f +— wus(T) is continuous from L? (O,T; Lz(Fl)) to the larger
space Hp (), and so uy, (T) — 0 in Hp (Q); The space Hllo (©) is continuously
embedded in Hp, () and so we see that uy, (T) — y in HE (£2) too. And so it must
be y = 0. O
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This result allows to extend A and A as closed operators to a certain dense
subspace F of L? (O,T; L2(F1)): f € F when there exists a sequence of smooth
functions f,, which converges to f and such that {Af,} is convergent in H%O(Q) X
L2(Q). The limit is by definition Af (the operator A is defined similarly).

The extension is unique since smooth controls are dense in L? (0, T; L* (I‘l)) and
of course the vector Af € H%O(Q) x L?(2) does not depend on the chosen approxi-
mating sequence.

Definition 2.3. From now on, A and A will denote these closed extensions of the
operators in (2.5), originally defined for smooth f.

The result in Theorem 1.1 (reported from [8, 6]) states that the operators A and
A (defined on F) are surjective for every T > Tp.

We need the computation of the adjoints, and it is sufficient that we compute [\*,
which is closed and has dense domain, since A is closed. So we can compute the
adjoint in a dense subset of its domain, and then extend with the maximal closed
extension (see [5, p. 167]). Moreover, the computation of the adjoint can be done

by restricting A to C! functions f which are zero for ¢t = 0 and for ¢t = T'. Then,
from (2.4), we have

T T
u(T) = —/ R (T - 5)Gf'(s), u'(T) = —A/ R_(T — 5)Gf'(s) ds.
0 0
Let &, n belong to dom A . Then (see also [8, Lemma 3.3]):
(2.6) A (&n) = -G*A[RL(T - s)6 + AT'R_(T — 5) (An)] .

H(T—s)

For example we compute
T
(2.7) /QAu(T)n de = —/Q [.A/O R (T —s)Gf'(s) ds] n dz
T
= —/ () [G* AR (T — s)n] dT ds
0o Jry

_ _/OT/Ff(s)G*AR_(T—s)n dr ds.

The right hand side is a continuous function of f € L? (0, T; L2(F1)). Hence, this
equality proves that if 7 € dom A then (0,7) belongs to the domain of the adjoint.
We rewrite (2.7) as

T
(2.8) /QAu(T)n dz = —/0 A f(s) [GFA(AT'R_(T — 5)An)] dT' ds.
Analogously

T
(2.9) /Q (T)E dg = — /0 [ 166 AR(T = ¢ ar as.

We sum (2.8) and (2.9) and we get the equality (2.6).
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Using (1.6), formula (2.6) is easily interpreted: ¢(t) in (2.6) solves

v B , B Yo =0 onT

Hence, when &, 1 belong to dom A then A*(¢£,n) = —G*A¢ = 70¢|F1. And so

(€,m) € dom A* when there exists a sequence of smooth elements (&Y, 7") such
that

(&m) =lim(¢N, ") in L2(Q) x L*(Q)
lim A*(¢N, ) = lim [-G* AN (-)] exists in L? (0,T; L*(I'1))
(here ¢V solves (2.10) with data £V and n").
By definition A*(&,7n) = lim A*(¢V, ).
Now we recall that (£,7) € dom A* when the function
F (A (Em)) r2)xr2 (@)

is continuous on L? (0,T; L*(I'1)). Looking at (2.8) and using imG C dom A we
see that

/QnAu(T) dr = /OT/Q(AGf) AR_(T — s)n dz ds

is a continuous function of f € L? (0,T;L?*(T'1)) when n € dom A. Treating (2.9)
analogously we get the first statement in the next lemma:
Lemma 2.4. Let £ € dom A and n € dom A then:

(1) (£,1) € dom A* = dom A*.

(2) The transformation (€,n) — A*(€,n) restricted to H%O(Q) X H%O(Q) =
dom A x dom A is continuous from Hy, (Q) x H} () (with the product H'-
norm) to L? (O,T; LQ(FI)).

Proof. The first statement was noted already.
The proof of the second statement is as follows: Let {(¢¥,7")} € dom A x dom A
and let

€% = Ellaoma =05 1lm™ = nllaoma = 0.
We know from the first statement that (£,7) € dom A*. We must prove that

NliIE A* (N nN) = A*(&,m) in the norm of L2 (0,T;L*(Ty)) .
—+00

Note from (2.6):
A (N N) = —=G*A [R(T — 5)€Y + R_(T — s)n™]
= —G"A[R4(T —s) (A(SN) +R_(T-s) (AnN)] :

The condition (fN N ) — (§,7n) in dom A x dom A is equivalent to the condition
(AN, AnN) — (AL, An) in L2(Q) x L2(2) (here we use 0 € p(A), i.e. Ty # () and
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G* A is continuous on L?(Q). So,
m AT (S nY) = —GTA[RA(T = $)&" + R(T = s)n" ]

== lim G*A R (T — s) (AEY) + R_(T — s) (An™)]

= —G*A[R4(T — 8) A& + R_(T — ). Ay = A*(&,1).
0

Remark 2.5. The second statement of the lemma can be interpreted as follows:
the map (§,7) — Y0¢(-) (defined as a transformation on dom A x dom A with values
in L? (0,7 L*(I"1))) admits a continuous extension to dom A x dom A.

2.1. Fourier expansions. We shall need the expansion of A and A* in series of
the ¢, the orthonormal basis of L%(2) we already fixed, whose elements are eigen-
functions of A.

In order to find an expansion of A we write

+o0o
u(w,t) = Z Pn(@)un ()
n=1
and it is easily seen that u,(t) solves
" __ 2
Up, = — U + / Yownf dT
I
so that

1 t
wnlt) = - /0 [ Oupnsinuns) £ T ) dr s,
n 1

t
w0 = [ [ Gupweosps) fla.T = s) ar ds.

It follows that

(211) Af= izson(x) (/ ' || Gupwsinps) o7 =0 ar )

(/OT /Fl (Yo cos pps) f(x, T — s) dT’ d8>]

and the domain of A (i.e. also that of A) is the set of the functions f € L2 (0,T;L*(Ty))
such that the elements in the bracket constitute an [? sequence. This statement has
to be precisely justified from the definition of the operators, and the justification is
as follows. Let {fX} be a sequence of smooth functions, f% — f € domA. Then
({af} and {a,} are the brackets in (2.11), computed with X and f)

+oo +oo
AfE = Z Son(x)afl{ —Af= Z Pn () o, -
n=1 n=1
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Using the fact that {¢,} is an orthonormal sequence, we see that {aX } and {d,}
belong to I? and {afl{} — {a,} in [2. In particular for every n we have
K

an = lim o« .

K—+o00
From (2.11) (with f in the place of f) we see that

{an} = {(/OT /Fl (Yown Sin fins) f(z, T — ) dT d5> |
</0T /Fl (Yo cos i) f(z, T — s) dT ds>} c 2

(and conversely). It is convenient to introduce the following operator M:
L?(0,T; L*(I'y)) — I

Mf: {/OT/Fl (VOSOnCOSMnS)f(x?T_S) dr’ ds

T
+i/ / (Yon sin pins) f(z, T — s) dT ds}
0 I

— {/OT /m (vopne®®) f(x,T — s) dT ds} :

The operator M, which is the moment operator of the control problem for the wave
equation, is surjective since the system is controllable. Unfortunately, it is not
continuous and so we cannot conclude that the sequence {yocpnei“"t} is a Riesz se-
quence in L? (O, T; L? (Fl)), as it is the case for the analogous sequence encountered
when the deformation (instead of the traction) is controlled. When the moment
operator is (non continuous but) surjective the sequence {fyogpnei“"t} is said to be
a Riesz-Fisher sequence (see [18]) and of course this property is equivalent to the
adjoint A* being coercive. So now we expand the adjoint operator A*. Let (with

{&a} € {ma} €1?)

—+00 “+o00 “+o00
€= &upn(@),  N= nupn(x) sothat An= nnen(z).
n=1 n=1 n=1

The representation of the solution ¢ of (2.10) is
+oo

(2.12)  ¢(x,1) = Y @n() [€n OS pint + 1 Sin piy1]
n=1

N
= li]{fn E:I ©n () [€n €OS pint + Ny, sin pipt] .
n—

We observe that
N N
§N = an@n(x) ; 77N = Znn¢n(x)
n=1 n=1
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both belong to dom A and can be used in the definition of A*. So, from (2.6) with
T — s replaced by ¢,

Mz

= h (—G*App(x)) [&n cOS pint + Ny sin pt] -

n:l

we have that (£,7) € dom A* when the limit exists in L2 (0,T;L*(T1)) and then

N
(2.13) A*(&,n) = hj{fn; —G* App () [€n cOS pint + Ny Sin g t]

- Z G*ASOn [fn COS fint + 1)y Sin ,Unt] :

Furthermore we note:

Lemma 2.6. Let (¢,1) € dom A*. The series

+o00
Z (G*App(z)) [g" sin punt — M cos tnt
Hn H

n=1 n

belongs to H* (O,T; L2(F1)) and the convergence of the series is in this space.

Proof. The convergence of the series is clear from Lemma 2.4, since the series cor-
respond to (—A_ln,A_lﬁ) € dom A*. The formal termwise computation of the
derivative gives the series of (&,7) which converges in the space L? (O,T ; LQ(Fl)),

since (£,7) € dom A* by assumption. So, the series belongs to H' (0,73 L*(I'y))
and the partial sums converge in this space. O

3. THE SOLUTION OF THE SYSTEM WITH PERSISTENT MEMORY

We define the solutions of the problem (1.1)-(1.2) and of the corresponding prob-
lem for ¢, when f = 0. In order to have a unified treatement, we assume that the
initial conditions for w are possibly non zero, as in (1.2): w(0) = wp, w'(0) = w;.
Then, formally solving the wave equation (1.1) perturbed by the affine term

F(t) = bw(t) + /0 K(t —s)w(s) ds

- w(t) = u(t) + A~ / t—s[ /Ks—r )dr} ds
W /R+t—s [ /Ks—r )dr] ds

u(t) = Ry (Hywo + A R_(t)wy — A/Ot R_(t—s)Gf(s)ds
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solves the associated wave equation with the same initial and boundary data. Note
that the equation of w’'(t), i.e. the second line in (3.1), can also be written

(3.2) w'(t)=u/(t)+ A" [R(t)bwo + /Ot R_(t — s)K(s)wg ds]

+ A /R (t—s) [bw /Ks—r )dr] ds.

We noted that u € C ([0,T]; Hg, (Q2)) N C* ([0,T];Hﬁ;1(9)> for @ > 0 small
enough. So, from [11, p. 739-740], we have also (o > 0 small)

(ug,uf) € C ([O,T];dom (A)* x (dom (.A)l_a)/) :

The Volterra integral operators in (3.1) leave these spaces invariant. So we have
also, for o € (0,1) small enough,

(w,w') € C ([O,T];dom (A)* x (dom (.A)l_o‘),>

(continuous dependence on wy, wi and f).

We repeat that in order to get this property we use a > 0 small, in particular
a < 1 and so (w(t),w'(t)) does not evolve in H%O(Q) x L*(Q).

When f = 0 we get the solution ¢ which evolves in the same spaces as the
solution ¢ of the associated wave equation according to the regularity of the initial
conditions.

Now we define the operators Ay and [\V, which are analogous to the operators
A and A.

When f € D(I" x (0,7)) the following definition makes sense:

Avf = (w(T),w'(T)) € Hp, (Q) x L*(2),
Avf = (Aw(T),w'(T)) € L*(Q) x L*(Q).
As in Theorem 2.2, we can see that these operators are closable and by defini-

tion their closures are the operators Ay and AV used in the following definition of
controllability.

Definition 3.1. Controllability of the system with memory is surjectivity of Ay
from L? (0,T; L*(I'y)) to H%O(Q) x L%(Q). Equivalently, the system with memory
is controllable when Ay is surjective from L2 (0,7 L*(I'1)) to L*(2) x L*(12).

We note:

Lemma 3.2. The following properties hold:

(1) the operators A and Ay have the same domain (and so also A and Ay have
the same domain).

(2) The operators (Ay — A) and (AV — A) are compact from L* (0,T; L*(I'1))
to, respectively, H%O(Q) x L?(Q) and to L*(Q) x L*(Q).

(3) the operators A* and Aj, have the same domain (and so also A* and /A\f/
have the same domain).
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Proof. We see from (3.1) and (3.2) that (here wg = 0, w; = 0)
(3.3) Avf=Af+Kf

where
Kf= (A_1/OTR_(T—3) [bwf(s)Jr/:K(s—r)wf(r) dr] ds,

At /OT R_(T —s) [bw}(s) + /OSK(S — r)w(r) dr] ds) .

We noted that the transformation f +— (wf,w}) is linear continuous from

L?(0,T;L*(I'1)) to C ([O,T];domA‘“ X (domAl_O‘),> for a number a € (0,1).
Hence f — K f is linear continuous and compact from L? (0,T; L*(T'1)) to H%O(Q) X

L?(€2), since A1 is a compact operator. The statements in the items 1 and 2 follow.
The statement in item 3 follows since A}, = Ay + K* and K* is continuous. [

Remark 3.3. Note that here we used compactness of the resolvent of A.

It follows from Lemma 2.4 that dom Aj, = dom f\*v O dom A x dom A.

Now we compute the adjoint and its expansions in series of the eigenvectors {¢y, }.

In order to compute the adjoints we can again assume f € D (I'; x (0,7)) and &,
n smooth. Formulas (2.6) and (2.10) and the representation (3.3) suggest that we
consider

t
(3.4) " =AY+ by + / K(t—s)y(s) ds
0
with initial and boundary conditions
(3.5) P(0)=¢&, P(0)=An, i =0o0nTy,yp=0o0nT.

We assume that &, n have finite expansions in series of the eigenfunctions ¢, and
we compute f\*‘}(f,n) in this case. Then we extend to the domain of the minimal
closure of the operator.

We multiply both the sides of (1.1) with (T — t) and we integrate on Q x [0, T.
We integrate by parts in time and space and (using w(0) = 0, w'(0) = 0) we get the
equality:

T
(3.6) /O /F (votb(x, T — 8)) f(z, 5) dT ds:/Qﬁw () dx—i—/Q(An)w(T) dz

= ((Aw(T),w'(T)) , (1, €)) r2()x L2(9) -
So,

(3.7) A (&m) =70 (T — ) = ~G"AY(T — )
provided that 9 solves (3.4) with conditions (3.5) and (&,n) € L?(Q2) x L?(Q2) are
smooth, for example if they have finite Fourier expansions.

We computed f\*v with smooth data but adjoint operators are closed and A’{/ is
the closed extension obtained as follows: the elements of dom A* are those (£,7) for
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which {—G*A@ZJN}, computed with smooth initial conditions (¢V,n") — (&,n), is
L? (0,T; L*(T'y))-convergent and the limit is by definition [\}'}({, n).

The computation of A*, defined on L*(€2) x (H{, (Q))/ is similar, but we don’t
need the details.

We repeat that as approximating sequences {(EN ,nN )} we can use sequences
whose elements have finite expansions in series of the eigenfunctions ¢,,, but the
definition of the operators does not depend on the special sequence used.

Remark 3.4. The equality A*V (&,m) = v (T'—-) holds if £, n have finite Fourier ex-
pansions. It holds also if they belong to dom A since in this case ¢ € C ([0, T]; dom A)
and, as we noted, 7y is continuous on dom A.

Finally we need the expansion of ¢ in series of the eigenfunctions ¢,,. We consider
the solution of (3.4) with conditions (3.5). As & € L?(Q), An € (dom A)" we have

+00 +oo
= Zgn()on(x) ) An(z) = Zﬂnnn%(ﬂﬂ) ) {&n}, {m} € 2.
n=1 n=1

Hence:

+o00
= Z ‘pn(x)"vbn (t)

. / K (t — 8)n(s) ds
wn(o) =&, w;(()) = UnMn -

So we have the following Volterra integral equation for i, (¢):

(3‘8) T/Jn(t) - gn COS fint + 1y, Sin ,U«n( )

vl [bwn o [ G = ) ar] sinun(t - 9 s,

Hence we have the following equality if (£,7) € dom f\"{, (we replace T' — s with ¢):

rfme)]

= hm Z G*A@n wn(t) = Z (_G*Agpn(x» wn(t)

n=1

(3.9) AL(&n) = lim

(convergence in L? (0,T; L*(T'1))).
Finally, also the analogous of the last statement in Lemma 2.4 holds, with anal-
ogous proof:

Lemma 3.5. The map (€,7) — A*(&, 1) restricted to dom A x dom A = H%O(Q) X
H%O(Q) (as a map with value in L? (0,T;L*(T'1))) is continuous.
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Remark 3.6. Gronwall inequality applied to (3.8) shows that for every T' > 0 there
exists M = My such that for every t € [0,7] and every n we have

on (£)] < M (1€l 2y + 101l 20)) -

The number M does not depend on n.

4. THE PROOF THAT THE SYSTEM WITH MEMORY IS CONTROLLABLE

Let us put
Ry =im Ay, ]:szimf\v
The fact that A is surjective and A — Ay is compact implies

Lemma 4.1. Ry and Ry are closed with finite codimension (respectively in H%O(Q) X
L2(Q) and in L*(Q) x L*(Q)).

Hence, in order to prove controllability it is sufficient to prove approrimate con-
trollability i.e. that the subspace Ry is dense in Hllo () x L?(2), or that Ry is

L7l X
dense in L%(Q) x L?(Q). We prove [RV} =0, i.e. we prove that if Aj,({,1) =0

then (¢,7n) = 0.
Using (3.9) we see that A} (£,7) = 0 is the condition

+o0o
(4.1) Z (G*Apy(x)) n(t) =0 (convergence in L? (0,T; L*(T'1))) .
n=1
Our goal is the proof that condition (4.1) implies £ = 0, n = 0.
The proof relies on the following corollary to Theorem 1.2. Note that in this
corollary the space H}(£2), and not H%O(Q), is used:

Corollary 4.2. Let T > Ty and let I'y and I'y be as in Theorem 1.2. Let
solve (3.4) with conditions

Y(0) =0 € Hy(Q), ¢'(0) =41 € L*(Q), { 3?5 - 8 on 51: "

Then (t) = 0 and so also 1Yy =0, ¥ = 0.
The proof is in [15, 16, 17].

Remark 4.3. The assumptions on ¢ in Corollary 4.2 is the condition that (£, 7)
annihilates the reachable set (in L?(Q)x H~!(€)) when the square integrable control
acts on the deformation (i.e. in the Dirichlet boundary condition). It is also true
that (when T' > Tj) the converse implication holds, thanks to a compactness/unicity
argument, but we are not going to use the converse implication.

Furthermore, we shall use the following result, whose proof is postponed:

Lemma 4.4. Let T > Ty. If (€,n) € L*(Q) x L*(Q) and (¢,n) L Ry then (€,n) €
dom A x dom A.
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Granted this result, it is easy to see that £ =0 and n =0 if ({,n) L Ry. In fact,
Eq. (3.4) has now initial conditions 9(0) = £ € H%O(Q) (improved to ¢ € HE(Q)
below) and ¢/(0) = An € L*(€). Hence ¢ evolves in Hf (Q2) and satisfies the
following boundary conditions:

7Y =0onTy from (3.5)
v =0 on 'y orthogonality condition

v =0 on Iy from (3.5).

(4.2)

These properties are the conditions that (£,.An) annihilates the reachable set in
L2(2) x H1(Q) of the control system (1.1) with square integrable control in the
Dirichlet boundary condition, see Remark 4.3.

Theorem 1.2 implies (via Corollary 4.2) o9 = £ = 0, ¢ = An = 0 and so
R 1
[RV] = 0, as we wished to prove.

In fact, there are two points to clarify:
e if (¢, An) annihilates the reachable set in L%(Q) x H~1(Q) of the system
controlled via the Dirichlet boundary condition then it must be £ € HJ (),
i.e. it must be v& = 0 on the entire I' = 0. Instead, we know from
Lemma 4.4 that £ € dom A = H%O (©). The property v = 0 on the entire
boundary of 2 follows since ¥ (t) — (0) = ¢ in H%O (€2), hence in the norm
of H'(Q). We use again continuity of the trace g from H!(2) to L?(9) and
Yot (t) = 0 on 0 (from (4.2)). Passing to the limit we get 0 = 491 (0) = Y&
on 0).
e the orthogonality condition (4.1) has been written (Yo%)
Lemma 4.4 and Remark 3.4.
In conclusion, in order to complete the proof of Theorem 1./ we must prove

Lemma 4.4. The proof relies on the following result, whose proof is similar to the
proof of Lemma 3.4 in [15]. It is reported for completeness.

= 0 thanks to

|F1

Lemma 4.5. Let K be a Hilbert space and let {uy} be a sequence of real numbers.
Assume that {k;new"t} is a Riesz-Fisher sequence in L*(0,T; K) and that {a,} € I?
s a sequence of complex numbers such that

H(t) =Y ankne™' € H' ([0,T + h]; K) h>0.
Then, {unan} € 12

Proof. We know from [2, Proposition IX.3]: let H € H*(0, T+hg; K) and 0 < h < hg
then there exists C' = C(H) > 0 independent of h such that

ettnh _ 1

+o0 '
(4.3) Z anunihe”‘"tkn <C.
o Hn,

2 2
_ ‘H(t—i—h)—H(t)
)

LQ(O,T;K L2 (0,T;K)

The proof in this reference is for real valued functions, but it is easily adapted to
Hilbert valued functions.

Using the fact that {e“‘"tkn} is a Riesz-Fisher sequence in L?(0,T; K) we see
that
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2

+00 ipnh 2 oo iunh
e —1 1 etnit — 1 .
Z O n n < mi Zanﬂnihewntkn
n=1 Hn 0 n=1 Hn L2 (0,T;K)
2
_L H(t+h)— H(t) < Cmo.
mo h L2(0T:K)

The last equality holds for h “small”, say if |h| < ho/2.
We fix any sg > 0 and we note that

es — 1 2 coss —1\2 sins\? 1
=—-) + > — for 0 < s < sg.
S S S 2

Then we have, for every h € (0, ho/2),

2

= itmh 1 C
2 Jonnl® €23 fonin = | <200
n<so/h n=1 Hin 0
So, {anpn} € I? as wanted. O

The proof of Lemma 4.4 and so of Theorem 1.4. We introduce the following nota-
tions:

t
f(*O)*g:g’ f(*l)*g:f*g:/of(ts)g(s)ds,

f(*”) xg=fx* (f(*(”_l)) * g) k, = G*A¢, € L2(F1) ,
Sy = sin pyt, Ch = coS pnt, E,, = et

The right hand side of (3.8) is

1
ﬁ/—’ Hn

Remark 4.6 (On the notations). We use ¢, = ¢, () to denote the eigenfunctions
of A while ¢,, = ¢, (t) denotes the function in (4.4), which is the n-th component
of the solution ¢ = ¢(z,t) of (2.10),

+o0
P(x,t) = Z ©n (@) Pn(t)
n=1
(see (2.12)). Note also that for simplicity we write kj, in the place of G* Ay, since
we shall use Lemma 4.5.

It is convenient to rewrite (4.4) in the form

1 n - . n
(45) 1/}71 = ann + EnE—n +H7 (bSn + K * Sn) *wn Cp = ng .

én Gn
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N steps of the Picard iteration give the following formula for ,,(t):

1 1 . 1 }
(4.6) Y = én + EGn ¥+ o+ /TNG%N) * O + M“G”(NH) 1y .

n

‘We introduce the notations
Z/:Z\{O}7 fep = —fln k_p = kn, c_p =&

In order to prove Lemma 4.4 we must prove that ¢, = &,/pun, {¢n} € 1?2 (Z').
Using (4.6), the condition of orthogonality (4.1) can be written as follows:

400 N
1
47) D knEn()en+ Y ka | Y 08+ K 5] % b,
nez’ n=1 k=1 "'

+o0
1 *
S IR SR

n=1

The reasons why it is correct to distribute the series as above, provided that N is
large enough, are as follows:

e the series (4.1) converges in L? (0,T; L*(I')) since (£,n) € dom A};

e the series on the right side of (4.7) converges if N is sufficiently large, since:
— the sequence {1, (t)} is bounded on [0, 7], see Remark 3.6.
— there exists a contant C, which depends on 2 such that (see [1])

(4.8) lknllz2y = oenllze@y < C¥tin -

— tn > en'/? where d = dimQ, see [4] and note that we denoted —pu2
the eigenvalues. Note that the (piecewise) regularity of 02 is crucial
for this estimate (see [4]).
Thanks to this property, this series even converges to a C' function,
provided that N is large enough.
e The first series on the left of (4.7) converges in L* (0,77 L*(I'1)), since
(&,m) € dom A}, = dom A*.

From now on, the number N of the steps of the Picard iteration is fixed, so large
that the series on the right side of (4.7) converges to a Ct function. We prove that
the intermediate series can be distributed on its addenda, and converges to an H*
function. The critical case is the case kK = 1. Using

t 1 t
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it is easily seen that

+o00 1
> kn— [bSn + K % Sp] % 6

n=1 n

Zk [ ﬂ +st I
i

DN |

—l—K*(—i—).

In fact, the series in converges since Zjl'ool 5" pn and Z:O? Z” wn belong to
dom A, hence to dom A* (this is the first statement in Lemma 2.4). So, from
Lemma 2.6, it converges to an H'(0,7T; L?(T")) function because we are using (£, 7) €
dom A*. For a stronger reason also the series converges to an H' function too.
In fact, {n,/u2} are the Fourier coefficients of an element in dom A% = dom A. And
so, the last term, which is the convolution of K with an H'-function, is of class H'
too.

The terms with k > 2 are treated analogously.

Hence, >, ez knEn(t)cn, € H' (0,75 L*(T'1)) and we know that {k,E,(t)} is a
Riesz-Fisher sequence in this space. Hence,

= {¢.} € *(Z)

from Lemma 4.5. This is the result we wanted to achieve, see the statement of
Lemma 4.4, and completes the proof of controllability.
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