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study the GNS inequalities in a “standard domain” Ω, which is either the full or
half-space Rn, or a Lipschitz bounded domain. More specifically, they establish in
these domains inequalities of the type

(1.2) ∥f∥W r,q(Ω) ≲ ∥f∥θW s1,p1 (Ω)∥f∥
1−θ
W s2,p2 (Ω),

for suitable values of the various parameters.
Suppose that we want a “Nash inequality” of the type

(1.3) (

∫
Ω
|ϕ|2dx)

n+2
n ≤ An

∫
Ω
|∇ϕ|2dx · (

∫
Ω
|ϕ|dx)

4
n ,

where Ω ⫋ Rn, and An may depend on Ω.Of course it fails if no additional conditions
are imposed (for example, a constant function in a bounded domain). In [4] this
inequality is derived from (1.2) when Ω is a bounded Lipschitz domain and ϕ = 0
on ∂Ω (in a trace sense).

The purpose of this paper is to establish (1.3) in domains that are not necessarily
bounded. We label the imposed boundary condition as “weak Dirichlet” (Defini-
tion 2.1). In particular, we shall not require that the functions vanish everywhere
on ∂Ω.

We derive two different estimates for n ≥ 3 (see Theorems 2.2, 2.3). Only the
second is valid in the case n = 2. The one-dimensional case is stated in Theorem 2.4.

2. Extended from of the Nash inequality

In the following definition, we let ej be the unit vector in the direction of the xj
axis, 1 ≤ j ≤ n, and denote by lj(y) the line y + tej , t ∈ R.

Definition 2.1. Let ϕ be an integrable , Lipschitz function defined on Ω. We
say that ϕ satisfies the weak Dirichlet condition if for every point y ∈ Ω and any
j ∈ {1, 2, ..., n} , there exists a point z ∈ lj(y) ∩ Ω, such that

(i) ϕ(z) = 0.
(ii) The open segment {ty + (1− t)z, t ∈ (0, 1)} is contained in Ω.

This definition is modified in an obvious way if z is the “point at infinity”, namely,
if the full half line {y + tej , t ∈ (−∞, 0)} ⊆ Ω, then lim

t→−∞
ϕ(y + tej) = 0.

Here are a few examples, where we take the plane (n = 2) for simplicity.

• Let Ω be the unit disk , then ϕ satisfies the weak Dirichlet condition if it
vanishes on two orthogonal diameters.

• Let Ω be the upper half of the disk, then ϕ satisfies the weak Dirichlet
condition if it vanishes on the curved part (|x| = 1) of the boundary.

• Let Ω ⊆ R2 be a bounded domain with a smooth boundary and let ψ ∈
C3(Ω). Assume that ∇ψ vanishes on ∂Ω and let ϕ = ∂2

∂x∂yψ. Then ϕ satisfies

the weak Dirichlet condition. Indeed, ϕ(x, y) has zero mean value on every
horizontal or vertical line, so it must vanish at a point on such a line.

Notation. We designate by ∥ϕ∥p the Lp(Ω) norm, 1 ≤ p ≤ ∞. The set Ω will be
understood from the context.
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Theorem 2.2. Let Ω ⊆ Rn, n ≥ 3, be a domain and let ϕ ∈ C1(Ω) satisfy the weak
Dirichlet condition. Then

(2.1)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An

∫
Ω
|∇ϕ|2dx ·

(∫
Ω
|ϕ|dx

) 4
n
,

where An =
(
2(n−1)
n−2

)2
, and, in particular, it does not depend on Ω.

Proof. Since ϕ can be replaced by |ϕ|, there is no loss of generality in assuming
ϕ ≥ 0.

The proof is actually a slight modification of the basic Gagliardo-Nirenberg-
Sobolev inequality [6, Section 5.6, Theorem 1]. We bring it here for the convenience
of the reader, and also because the inequality (2.3) below will be needed in the next
theorem.

it is easily seen that if ψ ∈ C1(Ω) satisfies the weak Dirichlet condition, then

(2.2)

∫
Ω
|ψ(x)|

n
n−1dx ≤

(∫
Ω
|∇ψ(x)|dx

) n
n−1

.

Indeed, this follows by integrating the derivative ∂xjψ on the segment of lj(x) con-
necting a point x ∈ Ω to a zero point of ψ.

Let ϕ be as in the statement and let ψ = ϕq
n−1
n , with q > 1 to be selected.

Applying (2.2) , we have

(2.3)

∫
Ω
ϕ(x)qdx ≤

(q(n− 1)

n

) n
n−1

(∫
Ω
ϕ

q(n−1)−n
n |∇ϕ|dx

) n
n−1

.

Thus, by the Cauchy-Schwarz inequality,
(2.4)∫

Ω
ϕ(x)qdx ≤

(q(n− 1)

n

) n
n−1

(∫
Ω
ϕ(x)2

q(n−1)−n
n dx

) n
2(n−1) ·

(∫
Ω
|∇ϕ|2dx

) n
2(n−1)

.

Taking q = 2n
n−2 we get,

(2.5)
(∫

Ω
ϕ(x)

2n
n−2dx

)n−2
n ≤

(2(n− 1)

n− 2

)2
∫
Ω
|∇ϕ|2dx.

Using the interpolation inequality

∥g∥2 ≤ ∥g∥
n

n+2
2n
n−2

∥g∥
2

n+2

1 ,

the last estimate yields

(2.6) ∥ϕ∥2 ≤
(2(n− 1)

n− 2

) n
n+2 ∥ϕ∥

2
n+2

1 · ∥∇ϕ∥
n

n+2

2 ,

which is exactly (2.1). □
The case n = 2 is included in the following theorem.

Theorem 2.3. Let Let Ω ⊆ Rn, n ≥ 2, be a domain and let ϕ ∈ C1(Ω) satisfy the
weak Dirichlet condition in Ω. Then

(2.7) ∥ϕ∥22 ≤
2n− 1

n
∥ϕ∥1∥∇ϕ∥n.
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Proof. As in the previous proof, we may assume ϕ ≥ 0. Applying Hölder’s inequality
to (2.3) yields

(2.8)

∫
Ω
ϕ(x)qdx ≤

(q(n− 1)

n

) n
n−1

(∫
Ω
ϕ(x)

q(n−1)−n
n−1 dx

)
·
(∫

Ω
|∇ϕ|ndx

) 1
n−1

.

Taking q = 2n−1
n−1 we get

(2.9) ∥ϕ∥ 2n−1
n−1

≤
(2n− 1

n

) n
2n−1 ∥ϕ∥

n−1
2n−1

1 ∥∇ϕ∥
n

2n−1
n .

Invoking the interpolation inequality

∥g∥2 ≤ ∥g∥
2n−1
2n

2n−1
n−1

∥g∥
1
2n
1 ,

we infer from (2.9) that

(2.10) ∥ϕ∥2 ≤
(2n− 1

n

) 1
2 ∥ϕ∥

n−1
2n

1 ∥∇ϕ∥
1
2
n∥ϕ∥

1
2n
1 ,

which is precisely (2.7).
□

Finally, the one-dimensional case is given in the following theorem.

Theorem 2.4. [The 1-D Nash Inequality] Let Ω ⊆ R, be an open set and let
ϕ ∈ C1(Ω).

Suppose that ϕ(x0) = 0 for some x0 ∈ Ω.
Then,

(2.11) ∥ϕ∥32 ≤ 2∥ϕ∥21∥ϕ′∥2.

Proof. We have

∥ϕ∥2∞ ≤ ∥(ϕ2)′∥1 ≤ 2∥ϕ∥2∥ϕ′∥2,
hence

∥ϕ∥4∞ ≤ 4∥ϕ∥22∥ϕ′∥22.
Since

∥ϕ∥22 = ∥ϕ2∥1 ≤ ∥ϕ∥1∥ϕ∥∞,
we have

∥ϕ∥3∞ ≤ 4∥ϕ∥1∥ϕ′∥22,
so that

∥ϕ∥62 ≤ ∥ϕ∥31∥ϕ∥3∞ ≤ 4∥ϕ∥41∥ϕ′∥22,
as asserted. □

Remark 2.5. Obviously, the “best constant” in the above estimates cannot be
smaller than that obtained in [5] for the case of the full space. However, for more
general domains Ω ⊆ Rn, it is not clear if the best constant actually depends on Ω.
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3. Application to the linearized stokes system

Consider the equation

(3.1)
−∆ϕ+ (u · ∇)ϕ = f

∇ · u = 0,

in a bounded smooth domain Ω ⊆ Rn, n ≥ 2, subject to the boundary condition

(3.2) ϕ = 0, on ∂Ω.

It is assumed that u is a given smooth vectorfield. This is the well-known linearized
Stokes problem. In addition, it plays a central role in the study of the explosion
problem in a flow [3].

Assume first that

(3.3) f ∈ Lp(Ω), p >
n

2
.

By standard elliptic estimates ϕ ∈W 2,p(Ω) ⊆ L∞(Ω), so ∥ϕ∥∞ can be estimated in
terms of ∥f∥p. From the general theory such an estimate depends on the velocity
field u. However, it was shown in [3, Lemma 1.3] that in the case at hand (namely,
Equation (3.1)) one has , if p > n

2

(3.4) ∥ϕ∥∞ ≤ C∥f∥p,
where C > 0 is independent of u.

Next consider the case 1 < p ≤ n
2 . In what follows we focus on estimates that are

independent of u.
Multiplying Equation (3.1) by ϕ and integrating by parts we have

(3.5)

∫
Ω

|∇ϕ|2dx ≤ ∥f∥p∥ϕ∥p′ , p′ =
p

p− 1
.

On the other hand, the Sobolev embedding theorem implies that

(3.6) ∥ϕ∥q ≤ C∥∇ϕ∥2,
1

q
=

1

2
− 1

n

(take any q <∞ if n = 2).
Here and below C > 0 denotes various constants depending on Ω, but not on u.
Thus, in conjunction with (3.5) we get

(3.7) ∥ϕ∥q ≤ C∥f∥
1
2
p ∥ϕ∥

1
2
p′ , p′ =

p

p− 1
,

1

q
=

1

2
− 1

n
.

If 2n
n+2 ≤ p ≤ n

2 then 1 < p′ ≤ q hence

∥ϕ∥p′ ≤ C∥ϕ∥q.
The estimate (3.7) now entails

(3.8) ∥ϕ∥q ≤ C∥f∥p,
2n

n+ 2
≤ p ≤ n

2
.

In contrast to (3.4), the estimate (3.8) contains little information about the “size”
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of |ϕ|. As an attempt to get a better idea of this size, note that
∥ϕ∥22
∥ϕ∥1 ≤ ∥ϕ∥∞. Thus

∥ϕ∥22
∥ϕ∥1 can serve as such a measure.

In the following theorem we establish a result in this direction. It implies that

the ratio
∥ϕ∥22
∥ϕ∥1 can be large (for some vectorfield u) only if ∥ϕ∥2 gets small. In other

words, the ratio can be large only if |ϕ| is everywhere small except for “narrow sharp
spikes”.

Theorem 3.1. Let n ≥ 3, 2n
n+2 ≤ p ≤ n

2 , and assume that ϕ is a bounded Lipschitz

continuous solution to (3.1)-(3.2) with f ∈ Lp(Ω).
Then there exists a constant C = C(Ω, p) (in particular, independent of u), such

that

(3.9) ∥ϕ∥
n−2
2

2

∥ϕ∥22
∥ϕ∥1

≤ C∥f∥
n
2
p .

Proof. We use the form of the Nash inequality as given in Theorem 2.2.

(3.10)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An

∫
Ω
|∇ϕ|2dx ·

(∫
Ω
|ϕ|dx

) 4
n
,

where An =
(
2(n−1)
n−2

)2
.

Incorporating (3.5) we get

(3.11)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An∥f∥p∥ϕ∥p′ ·

(∫
Ω
|ϕ|dx

) 4
n
.

Noting that p′ ≤ q we use repeatedly the estimates (see (3.6))

∥ϕ∥p′ ≤ C1∥ϕ∥q, ∥ϕ∥q ≤ C2∥∇ϕ∥2,
and then again (3.5). Thus

(3.12)

(∫
Ω
|ϕ|2dx

)n+2
n ≤ AnC1∥f∥p∥ϕ∥q ·

(∫
Ω
|ϕ|dx

) 4
n

≤ AnC1C2∥f∥p∥∇ϕ∥2 ·
(∫

Ω
|ϕ|dx

) 4
n

≤ AnC1C2∥f∥p
(
∥f∥p∥ϕ∥p′

) 1
2 ·

(∫
Ω
|ϕ|dx

) 4
n

≤ AnC
3
2
1 C2∥f∥p

(
∥f∥p∥ϕ∥q

) 1
2 ·

(∫
Ω
|ϕ|dx

) 4
n

≤ An(C1C2)
3
2 ∥f∥p

(
∥f∥p∥∇ϕ∥2

) 1
2 ·

(∫
Ω
|ϕ|dx

) 4
n
.

By induction, it follows that for k = 3, 4, . . .

(3.13)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An(C1C2)

2−2−k∥f∥2−2−k

p ∥∇ϕ∥2−k

2

(∫
Ω
|ϕ|dx

) 4
n
.

Taking the limit as k → ∞ we get

(3.14)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An(C1C2)

2∥f∥2p
(∫

Ω
|ϕ|dx

) 4
n
.
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This estimate can be rewritten as

(3.15) ∥ϕ∥
2(n−2)

n
2

(∥ϕ∥22
∥ϕ∥1

) 4
n ≤ An(C1C2)

2∥f∥2p,

which is (3.9). □

In the following theorem we obtain an estimate for ∥ϕ∥∞, valid for all p > 1. It
is independent of u , but depends on the size of the subset where ϕ is “sufficiently
large”.

Theorem 3.2. Let n ≥ 2, p > 1, and assume that ϕ is a bounded Lipschitz contin-
uous solution to (3.1)-(3.2) with f ∈ Lp(Ω).

Let

Ω1 =

{
x ∈ Ω, |ϕ(x)| ≥ 1

2
∥ϕ∥∞

}
,

and assume that |Ω1| ≥ δ|Ω| (|B| is the Lebesgue measure of B) for some δ ∈ (0, 1).
Then there exists a constant C = C(Ω, p, δ) (in particular, independent of u),

such that the solution ϕ satisfies

(3.16) ∥ϕ∥∞ ≤ C∥f∥p.

Proof. We use the form of the Nash inequality as given in Theorems 2.2, 2.3 , valid
for any Lipschitz continuous ϕ that vanishes on ∂Ω.

(3.17)
(∫

Ω
|ϕ|2dx

)n+2
n ≤ An

∫
Ω
|∇ϕ|2dx ·

(∫
Ω
|ϕ|dx

) 4
n
,

where An =
(
2(n−1)
n−2

)2
, n ≥ 3 and A2 =

3
2 .

Incorporating the estimate (3.5) in (3.17) we get as in (3.11)(∫
Ω
|ϕ|2dx

)n+2
n ≤ An∥ϕ∥

4
n
1 ∥f∥p∥ϕ∥p′ .

By assumption |Ω1| ≥ δ|Ω| so using the trivial estimate ∥ϕ∥r ≤ ∥ϕ∥∞|Ω|
1
r , the

last estimate yields(δ
4
∥ϕ∥2∞|Ω|

)n+2
n ≤ An|Ω|

4
n
+ p−1

p ∥f∥p∥ϕ∥
1+ 4

n∞ ,

hence

(3.18) ∥ϕ∥∞ ≤ 1

δ
4

n+2
n An|Ω|

2
n
− 1

p ∥f∥p.

□

As a corollary, we show that the “blow-up” set of a sequence of solutions is
necessarily small.

Corollary 3.3. Fix p > 1 and let {uk}∞k=1 be a sequence of divergence-free vector-
fields. Let {fk}∞k=1 ⊆ Lp(Ω) be a uniformly bounded sequence: sup

k=1,2,...
∥fk∥p < ∞.
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Let {ϕk}∞k=1 be the corresponding sequence of bounded Lipschitz continuous solutions
to (3.1)-(3.2). Suppose that

∥ϕk∥∞ ↑ ∞.

Let

Ω1,k =

{
x ∈ Ω, |ϕk(x)| ≥

1

2
∥ϕk∥∞

}
, k = 1, 2, . . .

Then

(3.19) lim
k→∞

|Ω1,k| = 0.

Proof. Suppose to the contrary that (3.19) does not hold. Then there exists a δ > 0
and a subsequence (without changing notation) such that

|Ω1,k| ≥ δ|Ω|.
This is a contradiction in view of (3.18) and the assumption that ∥ϕk∥∞ ↑ ∞. □
Remark 3.4. Observe that we could modify the definition Ω1,k =
{x ∈ Ω, |ϕk(x)| ≥ ϵ∥ϕk∥∞} for any ϵ > 0 without changing the conclusion (3.19).
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