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ABSTRACT. We present some new results concerning perturbation theory for
positive solutions of second-order linear elliptic operators, including further study
of the equivalence of positive minimal Green functions and the validity of a
Liouville comparison principle for nonsymmetric operators.

1. INTRODUCTION

Let M be a smooth, connected, and noncompact Riemannian manifold of dimen-
sion N > 2. We consider a second-order elliptic operator P with real coefficients in
the divergence form

(1.1) Pu := —div|A(x)Vu + uE(az)] +b(x) - Vu+ c(z)u r e M.

More precisely, let m > 0 be a strictly positive measurable function in M such that
m and m~! are bounded on any compact subset of M, and denote dm := m(z)dx,
where dz is the Riemannian volume form of M (which is just the Lebesgue measure
in the case of Schrédinger operators on domains of RY).

We denote by T, M and T'M the tangent space to M at x € M and the tangent
bundle, respectively. Let End(7, M) and End(T'M) be the set of endomorphisms in
T, M and the corresponding bundle, respectively. The gradient with respect to the
Riemannian metric is denoted by V, and —div is the formal adjoint of the gradient
with respect to the measure dm. The inner product and the induced norm on 7'M
are denoted by (X,Y) and |X]|, respectively, where X, Y € T'M.

We assume that A is a symmetric measurable section on M of End(7T'M) such
that for any compact set K in M there exists a positive constant Ax > 1 satisfying

(1.2) AEP < 1Ef = (A@)E,€) < Ak[¢)? Vo € K and (z,&) € TM.

We also assume that the coefficients b and b are measurable vector fields in M of
class L}, (M) and c is a measurable function in M of class Lfo/ C2 (M) for some p > N.
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We denote by P* the formal adjoint operator of P on its natural space L?(M,dm).
When P is in divergence form (1.1) and b = b, then the operator

(1.3) Pu = —div [(AVu+ub)] +b- Vu + cu,

is symmetric in the space L?(M,dm). Throughout the paper, we call this setting
the symmetric case. We note that if P is symmetric and b is smooth enough, then
P is in fact a Schrodinger-type operator of the form

(1.4) Pu = —div(AVu) + cu,
where ¢ = ¢ — div b.

By a solution v of the equation Pu = 0, we mean v € Wllof(M) that satisfies the
equation in the weak sense. Subsolutions and supersolutions are defined similarly.

Denote the cone of all positive solutions of the equation Pu = 0in M by Cp(M).
Let V be a real valued potential. The generalized principal eigenvalue of the operator

P and a potential V € LI (M), ¢ > N/2, is defined by

loc
Mo(P,V, M) :=sup{A €R | Cp_xv (M) # 0}.

We say that P is nonnegative in M (and we denote it by P > 0 in M) if A\g :=
Ao(P,1, M) > 0, where 1 is the constant function on M taking at any point x € M

the value 1. Throughout the paper we always assume that A\g > 0, that is, P > 0
in M.

The main purpose of the paper is to present some new results concerning per-
turbation theory of the cone Cp(M). Perturbation theory of positive solutions was
studied extensively in the past few decades. S. Agmon in [1, 2] studied positivity
and decay properties of solutions of second-order elliptic equations using the notion
of Agmon ground state. His results turned out to be highly influential in the study of
the structure of Cp(M) and its behaviour under certain types of perturbations (the
so-called criticality theory). Without any claim of completeness, we refer to some
relevant papers studying criticality theory [3, 4, 14, 17, 18, 19, 22, 23, 24, 26, 30|
and references therein.

The perturbation that we consider here is of the form Py := P— AV, where P > 0
in M, x e Rand V € LL (M), ¢ > N/2. We study, in particular, the maximal
interval such that the Green function of P, is equivalent to the Green function
of P, certain classes of ‘big’ and ‘small’ perturbations, compactness properties of
weighted Green operators for certain classes of ‘small’ weights, and a new Liouville

comparison principle for nonsymmetric operators. See Section 3 for more details.

The outline of our paper is as follows. In Section 2 we recall some definitions and
basic known results concerning criticality theory, and in Section 3 we discuss the
problems that we study in the present paper. Section 4 is devoted to our results
concerning the equivalence of positive minimal Green functions of second-order el-
liptic operators under nonnegative perturbation. In Section 5 we prove that optimal
Hardy-weights are h-big perturbations in the sense of [14], while in Section 6 we
present a large family of ‘small’ Hardy-weights W, given by a simple explicit for-
mula, such that P—W), is positive-critical. In Section 7 we prove that for symmetric
operators, the assumption of finite torsional rigidity implies that the spectrum of P
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on L?(M,dm) is discrete. Section 8 is devoted to a Liouville comparison principle
for nonsymmetric, nonnegative, elliptic operators. We conclude our paper in Sec-
tion 9 where we apply perturbation theory to study the asymptotic of the positive
minimal Green function of the shifted Laplace-Beltrami operator on the hyperbolic
space HY.

2. PRELIMINARIES

In the present section we fix our setting and notation, and recall some basic
definitions and results concerning criticality theory.

Let M be a smooth, connected, and noncompact Riemannian manifold of dimen-
sion N > 2, and P an elliptic operator of the form (1.1). Throughout the paper we
use the following notation.

e We denote by oo the ideal point which is added to M to obtain the one-point
compactification of M.

e We write X; €@ X» if the set Xy is open in M, the set X is compact and
E C Xo.

e Let g1, g2 be two positive functions defined in a domain D. We say that g1
is equivalent to go in D (and use the notation g; =< g in D) if there exists
a positive constant C' such that

Clga(z) < g1(z) < Cgo(a) for all x € D.

e We fix a compact exhaustion of M, i.e., a sequence of smooth relatively
compact domains in M such that M; # (), M; € M;;1 and Use My = M.
We denote M := M\ M.

e We denote the restriction of a function f: M — Rto A C M by f[a.

We first recall the definitions of critical and subcritical operators and of a ground
state (for more details on criticality theory, see [18, 19, 22, 23, 24] and references
therein).

Definition 2.1. Let K € M. We say that u € Cp(M \ K) is a positive solution
of the operator P of minimal growth in a neighborhood of infinity in M, if for any
compact set K € K1 € M with a smooth boundary and any positive supersolution
v of the equation Pw =01in M \ Ky, v € C((M \ K1) UOK), the inequality u < wv
on 0K implies that u < v in M \ Kj.

A positive solution u € Cp(M) which has minimal growth in a neighborhood of
infinity in M is called the (Agmon) ground state of P in M (see [2]).

Definition 2.2. The operator P is said to be critical in M if P admits a ground
state in M. The operator P is called subcritical in M if P > 0 in M but P is not
critical in M. If P 2 0 in M, then P is said to be supercritical in M.

If W e L (M;R;) with ¢ > N/2 is a nonzero nonnegative potential, then

P — AW is subcritical for every A € (—oo, \g(P, W, M)), and supercritical for A >
Xo(P, W, M). Furthermore, if P is critical in M, then A\o(P, W, M) = 0.

Remark 2.3. Let P > 0 in M. It is well known that the operator P is critical in
M if and only if the equation Pu = 0 in M has a unique (up to a multiplicative
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constant) positive supersolution (see [19, 22]). In particular, if P is critical in M,
then dim Cp(M) = 1. Further, in the critical case, the unique positive supersolution
(up to a multiplicative positive constant) is a ground state of P in M.

On the other hand, P is subcritical in M if and only if P admits a (unique)
positive minimal Green function Gy (z,y) in M. Moreover, for any fixed y € M,
the function G¥ (-, ) is a positive solution of minimal growth in a neighborhood of
infinity in M. Since, G¥. (z,y) = G¥ (y,z), it follows that P is critical (respectively,
subcritical) in M if and only if P* is critical (respectively, subcritical) in M.

Remark 2.4. In the critical case there exists a (sign-changing) Green function
which is bounded above by the corresponding ground state away from the singular-
ity, see [11].

Definition 2.5. 1. We say that W 2 0 is a Hardy-weight of P in M if P—W >0
in M.

2. Assume that W 2 0 is a Hardy-weight of P in M, and that P — W is critical
in M. Let ¢ and ¢* be the ground states of P — W and P* — W, respectively. The
operator P — W is said to be null-critical (respectively, positive-critical) in M with
respect to W if ¢p¢* ¢ LY(M, Wdz) (respectively, po* € L*(M, Wdzx)).

Fix a potential V € LL (M;R), where ¢ > N/2. Set S := S, U Sp, where

loc

Si:=8(P,V,;M)={teR:P—tV is subcritical in M},
So:=S0(P,V,M)={teR: P —tV is critical in M}.

Then S is a closed interval and Sy C 95 [24]. Moreover, if V' has compact support in
M, then Sg = 0S. In particular, subcriticality is stable under compact perturbation,
i.e., if P is subcritical and V is a nonzero potential with compact support in M,
then there exists € > 0 such that P — eV is subcritical for |e| < g¢ (see [23, 24]).

The above stability property of subcritical operators and other positivity proper-
ties are preserved under a larger (and in fact maximal) class of potentials V' called
small perturbations [23]. We recall below the definition of small perturbation and
other types of perturbations by a potential V' and discuss briefly some of their
properties.

Definition 2.6 ([19, 23]). Let P be a subcritical operator in M and let V € L{ (M)
for some ¢ > N/2 be a real valued potential. We say that V' is a small (semismall)
perturbation of P in M if

- { . /M* Gy(x,z)yV(Z)\Gy(z,y)dm<z)}_ 0

n=oo | zyeMy Gy(xv y)

M M d
lim sup/ G (xO’Z)W](\jHGP (z,y)dm(2) =0, where xg € M is fixed|.
0\ ye M J M Gp (70, y)

Definition 2.7. We say that V is a G-(semi)bounded perturbation of P in M if
there exists a positive constant Cj such that
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GM (2, 2)|V (2)|GY (2, ) dm(2)

2.1 Cy := sup < 00,
@1) S5 ¥(a.y)
GM V(z)|GM d
sup/ p (20,2)| ](V'[Z)‘ p (2,9)dm(z) < 0o, where zg € M is fixed |.
yeM J M Gp (230, y)

Remark 2.8. A small perturbation is semismall and G-bounded [19]. On the
other hand, if V' is G-bounded perturbation of P in M, and f is an arbitrary
bounded function vanishing at infinity in Q (i.e. with respect of the one-point
compactification of M), then clearly, fV is a small perturbation of P in M.

Definition 2.9. Let P;, i = 1,2 be two subcritical operators in M. We say that the
Green functions G% (x,y) and GJ\Pé (x,y) are equivalent (respectively, semiequivalent)

if G]‘P{ = G% on M x M\ {(z,x) : x € M} (respectively, if for a fixed y € M, we
have G, (+,y) < G, (- y) on M\ {y}).

In the sequel we use the notation
E.=E (P,V,M):={tcR|G¥ v =G¥ on M x M\ {(z,z):z € M},

SE, =SE{(P,V,M):= {t e R|G}¥ ,,, is semiequivalent to G¥}.

Remark 2.10. Clearly, £y C S;. It is known that if the operator P is subcritical
and V is a small perturbation of P in M, then £y = S, 05 = Sy, and the corre-
sponding ground states are equivalent to G (z,z¢) in M \ B(xo,¢) for sufficiently
small € > 0.

On the other hand, If V' is a G-bounded perturbation of P in M, then G¥ =
GY¥ .y, on M x M\ {(z,z) : = € M} provided [¢| is small enough [19, 22, 23].
Furthermore, if G¥ (z,y) and G _,(z,y) are equivalent and V' has a definite sign,

then V is a G-bounded perturbation of P in M. Moreover, in this case, E is an
open half-line which is contained in S; \ {\o} [24, Corollary 3.6].

Finally, we discuss sufficient conditions for the compactness of the following
weighted Green operators with weight W > 0 in certain weighted LP spaces, where
1 <p<oo. Let

(2.2a) Gf(z) = /M G (2, )W () (9)dm(y),

(2.2b) GO f(y) = /M G (2, y)W (@) f(x)dm(z).

Let ¢ and (]3 be a pair of two positive continuous functions on M, and set
LP(¢p) := LP(M, (¢p)dm),  LP($p) := LP(M, (¢p)Pdm),

where

(2.3) Gp =0 L OWRH)YP, Gy = ¢ oW )P,
We have
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Theorem 2.11 ([28]). Let P be a subcritical operator in M. Assume that W > 0
is a semismall perturbation of P* and P in M, and let Ao := \o(P, W, M). Then

(1) The operator P — N\gW s positive-critical with respect to W, that is,
(2.4) | W @)t dm(a) < .

where ¢ and (5 denote the ground states of P — A\oW and P* — MW, respec-
tively. Moreover, \g = ||QHE;(¢F) >0 for any 1 < p < oco.

(2) for any 1 < p < oo, the integral operators G and G® defined in (2.2) are
compact on LP(¢,) and Lp(ép), respectively.

(3) For 1 < p < oo, the spectrum of ger(¢p) contains 0, and besides, consists
of at most a sequence of eigenvalues of finite multiplicity which has no point
of accumulation except 0. )

(4) For any 1 <p < oo, ¢ (respectively, ¢) is the unique nonnegative eigenfunc-
tion of the operator Glpe(g,) (respectively, G© [Lp(q;p)). The corresponding
eigenvalue v = (\g) ™! is simple.

(5) The spectrum of GlLr(g,) is p-independent for all 1 < p < oo, and we have

0€ 0 (Glure) = (911u5,) © B(0.000) ).

(6) Suppose further that P is symmetric. Let ¢ be the k-th (weighted) eigen-
function in L?>(M,Wdm) (counting multiplicity). Then for each k > 1, the
quotient of the eigenfunctions ¢ /¢ is bounded in M and has a continuous
extension up to the Martin boundary of the pair (M, P).

Remark 2.12. We would like to point out that criticality theory, and in particular
the results of this paper, are also valid for the class of classical solutions of locally
uniformly elliptic operators of the form
N

(2.5) Lu = — Z a”(2)9;05u + b(z) - Vu + c(x)u,

i,j=1
with real and locally Holder continuous coefficients, and for the class of strong so-
lutions of locally uniformly elliptic operators of the form (2.5) with locally bounded
coefficients (provided that the formal adjoint operator also satisfies the same as-
sumptions), see [22, 23, 24, 26, 30] and references therein. Nevertheless, for the
sake of clarity, we prefer to present our results only for operators in divergence form
(1.1) and weak solutions.

3. AIMS AND OBJECTIVES
In this section we present the problems that we study in our paper.

3.1. Maximal interval of equivalence. The following problem was posed in [24,
Conjecture 3.7], see also [26, Example 8.6] for a counterexample.

Problem 3.1. Suppose that P is subcritical in M of the form (1.1), and assume
that W > 0 is a G-bounded perturbation of P in M. Is it true that

By =5 \{o}?
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In Section 4 we provide a positive answer to the above question if P is symmetric
and its positive minimal Green function satisfies the quasimetric property. See also
Lemma 6.2, where we prove that SE; = Sy \{\g} for a certain family of nonnegative
G-semibounded perturbations of a subcritical operator P in M.

3.2. h-big perturbation. Next, we discuss a class of perturbations known as h-big
perturbations. This notion was introduced by A. Grigor’yan and W. Hansen in [14]
for the case when P = —A, and later it was generalized by M. Murata (see [20, 21])
for elliptic operators of the form (1.1).

Definition 3.2. Suppose that P of the form (1.1) is subcritical in M. Let h be a
positive supersolution of the equation
Pu=0 in M.
We say that a nonnegative potential W is a h-big in M if there is no function
satisfying
(P+W)y=0 in M and 0 <v < h in a neighborohood of infinity in M.
Otherwise, W is said to be non-h-big.

Remark 3.3. It is evident from the definition of h-big perturbation that it gener-
alizes the following Liouville property for Schrodinger equation [13]:

Let M be a smooth, noncompact Riemannian manifold M and let W # 0 be a
smooth nonnegative potential on M. We say that the operator —A + W satisfies
the Liouwille property if

(3.1) (=-A4+W)u=0 in M, and 0 <u € L=(M),
implies u = 0.
Clearly (see for example [13]), if W = 0 has a compact support the above Liouville

property holds true if and only if P := —A is critical in M (in other word, M is
parabolic). On the other hand, if P = —A is subcritical in M and

/ G (z,y)W (y) dm(y) < oo,
M

then the Liouville property does not hold [13, 14]. Moreover, it follows from [26,
Proposition 3.4] that if P is a subcritical operator in M of the form (1.1), and
h € Cp(M), then W 2 0 is non-h-big if

/M G¥ (2, 9)W (y)h(y) dm(y) < oc.

For a given subcritical operator P of the form (1.1) there is a natural class of
weights satisfying A\o(P, W, M) > 0, which are ‘big’ in a certain sense.

Definition 3.4 ([9]). We say that W = 0 is an optimal-Hardy weight for P in M
if the following three properties hold:

e Criticality: P — W is critical in M, and let ¢ and ¢* be the corresponding
ground states of P — W and P* — W.

e Optimality at infinity: forany A > land K € M, P—AW #0in M\ K.

e Null-criticality with respect to W: ¢o* & L'(M, Wdm).
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Remark 3.5. It follows from Theorem 3.4 of the recent paper [16] that if the
operator P — W is null-critical in M with respect to W, then W is also optimal at
infinity.

The following theorem is a version of [9, Theorem 4.12] (cf. the discussion
therein).

Theorem 3.6. Let P be a subcritical operator in M and let GAP/[ (z,y) be its minimal
positive Green function. Let u € Cp(M) satisfy

(3.2) lim CF (&:9)

=0
T—00 u(aj) ’

where oo is the ideal point in the one-point compactification of M.
Let ¢ = 0 be a compactly supported smooth function, and consider its Green
potential

Gofe) = [ ¥ (@ )o(s) amiv)
Then
P(/G
(3.3) w o PG
VGosu
is an optimal Hardy-weight for P in M. Moreover,

v o (54

We omit the proof of Theorem 3.6 since it can be obtained by a slight modification
of the proof of [9, Theorem 4.12].
In Section 5, we discuss the following problem.

2

in M \ supp ¢.

A(z)

Problem 3.7. Study the h-bigness property of optimal Hardy-weights W given by
Theorem 3.6.

3.3. Critical Hardy-weights. An important feature of classical Hardy-weights W
is the knowledge of the best Hardy constant. In other words, for such Hardy-weights
the value of A\o(P, W, M) is known (in contrary to the case of a general weight).
We note that the problem of finding a critical potential for a given subcritical
operator was studied in [29, Section 5]. The answer obtained there relies on solving
a nontrivial auxiliary variational problem. Moreover, this variational approach is
obviously restricted to symmetric subcritical operators.

In Section 6 we prove for any subcritical operator P of the form (1.1), the exis-
tence of a large family of critical Hardy-weights which are given by a simple explicit
formula. More precisely, we present a family of ‘small’ Hardy-weights W), such that
each W, is a semismall perturbation of P in M, and P —W, is positive-critical with
respect to W,. In particular, \o(P, W,,, M) = 1. Recall that optimal Hardy-weights
W given by Theorem 3.6 are h-big and P — W is null-critical with respect to W.
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3.4. Liouville comparison principle. Next, we recall a Liouville comparison
principle for nonnegative Schrodinger-type operators.

Theorem 3.8 ([27, Theorem 1.7]). Let N > 1 and M be a noncompact connected
N-dimensional Riemannian manifold. Consider two Schrodinger operators defined
on M of the form (1.4), that is,

P; = —div(4;V) +V; j=0,1,
such that A; satisfy (1.2), and V; € LL (M;R) for some q > N/2, where j =0, 1.

loc
Suppose that the following assumptions hold true:
(1) The operator Py is critical in M. Denote by ® be its ground state.
(2) Py is nonnegative in M, and there exists a real function ¥ € HL (M) such
that U # 0, and PyW < 0 in M, where uy(z) := max{0, u(x)}.
(3) The following inequality holds:

(U )2 (2)Ag(z) < CP?(x) Ay () a.e. in M,

where C' > 0 is a positive constant, and the matrix inequality A < B means
that B — A is a positive semi-definite matriz.

Then the operator Py is critical in M and ¥ is its ground state.

We note that in Theorem 3.8 there is no assumption on the difference of the given
potentials V;. In [27, Problem 5] the author proposed to generalize Theorem 3.8 to
the case of nonsymmetric elliptic operators of the form (1.1) with the same (or even
with comparable) principal parts. In a recent paper [5], the authors gave a partial
answer to the above problem using a probabilistic approach along with criticality
theory under some assumptions on the difference of the given potentials.

In Section 8, we prove another version of Liouville comparison principle for non-
symmetric nonnegative operators. In particular, we provide a quantitative bound
on the difference of the given potentials in terms of a certain Hardy-weight to guar-
antee the validity of a Liouville comparison principle. Moreover, in contrast to [5,
Theorem 2.3] which holds in RY, our result holds in any noncompact Riemannian
manifold. We refer to Theorem 8.1 for more details.

4. MAXIMAL INTERVAL OF EQUIVALENCE OF GREEN FUNCTIONS

In the present section we provide a partial answer to Problem 3.1 concerning G-
bounded perturbations under the quasimetric assumption. This property of Green
functions has been considered previously by several authors, for example in [10, 15,
26].

Definition 4.1. A quasimetric kernel K on a measure space (M, i) is a measurable
function from M x M — (0, oc] such that the following conditions hold.

(1) The kernel K is symmetric : K(x,y) = K(y,x) for all z,y € M.

(2) The function d := 1/K satisfies the quasi-triangle inequality
(4.1) d(z,y) < Cld(z, 2) +d(z,y))  Vo,y,z € M,

for some C' > 0, called the quasimetric constant for K.
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Remark 4.2. Using Ptolemy inequality [10, Lemma 2.2], it follows that if G¥ is
a quasimetric kernel in the sense of Definition 4.1, then it satisfies the quasimetric
inequality of [26, Lemma 7.1]. Therefore, in this case and in light of [26, Lemma 7.1],
if W is G-semibounded perturbation, then W is in fact, G-bounded perturbation.

We are now in a position to state the main result of the present section. We have

Theorem 4.3. Let P be a second-order, symmetric, subcritical elliptic operator of
the form (1.3) defined on noncompact Riemannian manifold M, and let 0 S W €
L (M), with ¢ > N/2 be a G-semibounded perturbation of P in M.

loc
Assume further that G%[ is a quasimetric kernel. Then

G =a¥ v on M x M
for all e < \g = \o(P, W, M). Moreover,
Ey =51\ {Ao}.

Before proving Theorem 4.3, we recall some general results concerning the equiv-
alence of Green functions. We start with the following lemma.

Lemma 4.4 ([19, 22, 23]). Let P be a second-order, subcritical elliptic operator
of the form (1.1) defined on noncompact Riemannian manifold M, and let V €
Ll (M;R) with ¢ > N/2 be a G-bounded perturbation (that is, the 3G-inequality

loc

(2.1) holds true).
Then P — eV 1s subcritical and

(4.2) G =G¥ ., onMxM
for all |e| < (2Co)~L. In particular, Ao :== \o(P,V, M) > 0.
Proof. Consider the iterated Green kernel

. G (x,y) i=0,
(4.3) G\ (z,y) == i
fM G(z,2)V(2)Gp (z,y)dm(z) i>1.

Then it follows from the hypothesis and an induction argument that
G (@.9)| < (CoY'GH (z.v).
where Cj is given by (2.1). Hence,

e .
2l
i=0

provided |e| < Cy'. Fix |e| < Cy'. Using a standard elliptic argument, it follow
that the Neumann series

GP (z,y),

W0 | <
6P| < T

Hp(a,y) = Y _ G (a,y)
=0

converges locally uniformly in M \ {y} to a Green function of (P — eV)u = 0.
Moreover, for || < C;!, the positive minimal Green function GY c|v| exists, and
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by the minimality of the Green function it satisfies

1

0 < Gl (z,y) < T=1eCo

G¥ (2,9).
Hence, GAP{ .y exists, and by the generalized maximum principle we obtain

(4‘4) 0< GAP/[—EV('T’y) < Gg—|e||V|(xvy) Gg(x’ y)

< -
- 1—|€|Co

Using resolvent equation [23, Lemma 2.4]

GY oy (ey) = GY(a,y) + e /M Gp_ev (2, 2)V(2)GY (2,9) dim(2),

we obtain
le|Co

M
1_ |€|COGP (-'E,y)

G (z,y) < GE oy (z,y) +

Hence, for |e| < (2Cp)~! we have

1 —2|6|Co

mGg(%?/) < Gy (z,y).

Hence, the lemma follows. O

We recall a lemma regarding the convergence of the Neumann series of the iterated
Green functions in the case of a perturbation by a potential W with a definite sign.

Lemma 4.5 (Lemma 3.1, [26]). Let P be a second-order, subcritical elliptic operator
of the form (1.1) defined on noncompact Riemannian manifold M, and let W €
L{ (M;R), with ¢ > N/2 be a nonzero, nonnegative potential such that Ny :=

loc

Mo(P,V,M) > 0. Then

(4.5) / GM(z, 2)W (2)GM (2,y) dm(z) < oo,

M
and for every 0 < e < )Xo, the Newmann series Y .=, eiGg)(x,y) converges to
GM v (z,y) in the compact-open topology.

Proof of Theorem 4.3. In light of Remark 4.2 we may assume that W is a G-
bounded perturbation.

Clearly, E is an open set. Indeed, if A € E, then W is G-bounded perturbation
of P — AW, and by Lemma 4.4, there exists g > 0 such that (A —eg, A +¢e0) C Et
(see also [24, Corollary 3.6]). In particular, Ao & E.

Next, We claim that GAP4 = G%[_aw for all € < Cal.
It follows from Lemma 4.4 that GY¥ =< GM _;. for all |e| < (2C)~L. Moreover,
by the generalized maximum principle, if €1 < g9 < Ag, then

(4'6) G%—slw < Gy—SQW'
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Therefore, Gg < Gé\g/l_aw for all 0 < e < Ag. On the other hand, for 0 < ¢ < 00—17
we have by (4.4) that

1
(4.7) GY <GPy < 1—756’0(;%
Fix ¢ > 0, and let
Go =G} G =aM S —
0= M Ptew VEYr YT 2 1/(200)

In light of [24, Theorem 3.4] and (4.7), we obtain
Go = Giaw < G < (G1)*(Go)' ™ < 2°(GE)* Gy
Therefore,
Gpiew < GY < 229°Gp, .

Hence, GY _,, < GM for all ¢ < Oy 1.

Let Ey :=sup E;. Thus, 0 < C’O_1 < Ey < Ag. We claim that Eg = )\g. Suppose
to the contrary, that there exists 6 > 0 such that Ey+d < Ao, i.e., (Ep+9)/Ao < 1.

Set dW := W (z)dm(z), and define the iterated kernel

, (Eo +6) G} (x,9) i=0,
K(l)(:v,y) = }
Jor G¥ (2, 2) KD (2,9) AW (2) i > 1,

and an operator T : L?>(M, dW) — L*(M, dW) by

Tf(z) = (Ey +0) /M G (2,9) () AW (1),

We claim that T is well defined and ||T'|[z2(ps, awy < 1.

Let u be a positive supersolution of (P — X\gW)u = 0. Then it follows from [24]
that

(B +9) [ G < BEIUD,
M Ao
and
(B +9) [ u(@)GH (a,y) () < LU
M Ao
Therefore, by Schur’s test we obtain
Ey+9
T\ L2, awy < 2 <1l
Define
(4.8) =Y (Eo+0) KW (z,y) = (Eo+8) GP. gy ysyw (%, ),
=0

which is well defined by Lemma 4.5.
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Hence, T is a bounded linear integral operator on L?(M,dW), with a quasimetric
kernel K and with a norm strictly less than 1. Consequently, [10, Theorem 1.1]
implies that

o1 KD (2,y) Oy KM (2)

(4.9) e 06w KO(z,y) < H(z,y) <e «P6n KO(zy),

for some positive constants C7 and Cs.
Therefore, (4.9) and (4.8) immediately imply

oKW (ay)
Now, observe that
KW(z,y) 1 .y y
KO (z,y) N GY(z,y) /M Gp (2, 2)W(2)Gp (2,y) dm(z) < Cp.

Hence, (4.10) yields

Gﬁ‘o”(x,y) < Gy_(EOM)W(fE,?/) < CGAP/[(!T,?/%

where C' is a positive constant. This contradicts the maximality of Ey. Hence,
Ey = Xo. O

Remark 4.6. The validity of the conjecture £ = Sy \ {\o}, for a general nonneg-
ative G-bounded perturbation W of operator P of the form (1.1) remains open (cf.
[24, Conjecture 3.7] and [26, Example 8.6]).

5. OPTIMAL HARDY-WEIGHTS AND A-BIGNESS

In the present section we study the h-bigness of optimal Hardy-weights W > 0
given by Theorem 3.6. Recall that G-bounded perturbations are non-h-big [19].
We note that under the conditions of Theorem 3.6, the operator Py := P — AW is
subcritical in M for all A < 1. We have

Theorem 5.1. Consider the operator Py := P — AW, and assume that

o The operator P is subcritical, and let Gy be a Green potential with respect
to P, with a compactly supported smooth density ¢.

o There exists a positive solution u of the equation Pv = 0 in M satisfying
(3.2).

o W is the corresponding optimal Hardy-weight given by (3.3).

e 0 <A<, and set at == (11— N)/2.

Then AW is hy-big perturbations for the positive Py-supersolutions
hy = u(liai)(qu)ai.

Proof. Let K := supp¢. Since A = 4oy (1l — ay), it follows that hy are indeed
positive Py-supersolutions in M, which are positive solutions of the equation Py\v =
0in M\ K (see [24, Theorem 3.1]).

Let vy be nonnegative solutions of Pw = (Py + AW)w = 0 in M satisfying
0 < wv4 < hg. Suppose that v+ > 0. So,

19 +(29)"
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By our assumption, lim,_, ., 5((;?)) = 0, therefore, lim, Cijéig) = 0. Consequently,
lim @) _ g
z—o0 u(x)

In light of [9, Proposition 6.1], we conclude vy are positive solutions of the equation
Pw = 0 in M of minimal growth in a neighborhood of infinity in M. Hence vt
are ground states, and P is critical in M, a contradiction. Hence, we conclude
v+ = 0. Il

Remark 5.2. 1. Since near infinity in M we have
<G¢<x>>“+ g <G¢<x>>“
u(zx) — \ u(x) ’
it is enough to prove that AW is h_-big perturbation.

2. Fix zp € M. We may consider the punctured manifold M* := M \ {xo}, and
let u is a positive solution of the equation Pw = 0 in M, and G(z) := G¥ (z,z)
satisfying (3.2). Let

W)= ]wog <G<w>>

u(z)

2

in M\ {z0}.

A(z)
As in the proof of Theorem 5.1, it follows that for 0 < A < 1, the potential AW is
h_-big perturbations for h_ := u1=2=)(G)*-.

6. CRITICAL HARDY-WEIGHTS

Throughout the present section we assume that P is a subcritical operator in M of
the form (1.1). We fix a positive Radon measure p on M with a ‘nice’ nonnegative
density p(xz). We denote du = p(z)dm, and we assume that the corresponding
Green potential G, is finite. That is, we assume that for some x € M (and therefore,
for any z € M)

(6.1) Gule) = [ G (e.m)iuty) < oc.

A sufficient condition for (6.1) to hold is obviously, the existence of £ > 1, and a pos-
itive (super)solution ¢* of the equation P*u = 0 in M} such that ¢* € LT (M}, dp).
Set

Since PG\, = p, it follows that the Green potential G, is a positive solution of
the equation (P — W,)u =0 in M, so, Ag := A\o(P, W, M) > 1. Moreover, since

(6.2) /M G (2, Y)W, (y) Goy) dm(y) = Gulz) Vo € M,

it follows that G, is a positive invariant solution of the equation (P — W, )u =0 in
M (see [24, 28] and references therein).

Without loss of generality, we assume that 0 € M, and we denote G(z) :=
GY(2,0). Since PG =0 in M \ {0}, and G has minimal growth at infinity in M, it
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follows that for a given Green potential G, and for € > 0 small enough, there exists
a positive constant C' such that

G(z) < CGy(x) Ve € M\ B(0,¢).

On the other hand, let V,(x) := p(x)/G(x) in M. The following lemma charac-
terizes Green potentials that are comparable (near infinity in M) to G (see [26,
Corollary 4.7]).

Lemma 6.1. There exists a positive constant C' > 0 such that
(6.3) C'G,(z) <Gx) VzeM
if and only if V,, is a G-semibounded perturbation of P* in M.

Moreover, in this case, we have V,, < W), near infinity in M, and in particular,
W, is a G-semibounded perturbation of P* in M.

In addition, the convex set of all positive solutions v of the equation P*u = 0 in
M satisfying v(0) = 1 is a bounded set in L'(M,dpu).

Proof. Assume first that V), is a G-semibounded perturbation of P* in M. Then

Guo) = [ 6l <x7y>g({;))a<y>dm<y> -

| ¥ @G amy) < €6 voe M
and (6.3) holds.
On the other hand, suppose that (6.3) holds. Consequently,

04 [ GHEpVCH dmy) = Gule) £ CG() Ve e M

Therefore,, V, is a G-semibounded perturbation of P* in M. In particular, in this
case we have G, < G near infinity. This in turn, obviously implies that V,, < W,
near infinity.

In addition, by (6.4) we have

/ wdu@) = / G (2 )Vuly)G ) dm(y) <C Vo e M.
M M

G (z,0) Gla)
Therefore, the last assertion of the lemma follows from Fatou’s lemma and the
Martin representation theorem. ]

The following lemma gives, in particular, a positive answer to Problem 3.1 for
the class of nonnegative G-semibounded perturbations of the form W,.

Lemma 6.2. Suppose that (6.3) holds true, then P — W, is positive-critical in M
with respect to Wy, and G, is its ground state. Moreover,

SE+(P7 W,uaM) = S+(Pa W,LHM) = (_007)‘0(P1 W,LHM)) = (_007 1)
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Proof. Recall that G, is a positive solution of the equation (P — W,)u = 0 in M.
On the other hand, by our assumption G, < G near infinity in M. Note that any
positive supersolution v of the equation (P — W,)u = 0 near infinity in M is a
positive supersolution of the equation Pu = 0 in this neighborhood, while G is a
positive solution of Pu = 0 of minimal growth near infinity.
Consequently,
G, <CG < C near infinity in M.

Therefore, G, is a ground state of the equation (P — W,)u =0 in M, and P — W,
is critical in M. Consequently, for any 0 < o < 1 and ¢ > 0 sufficiently small, we
have

G =GP, (,0) =Gy in M\B(0,e).

Furthermore, in light of [24, Corollary 3.6], G =< Gy_awu(',O) also for any a < 0.
So, SEL(P,W,,,M) = 8,(P,W,,M) = (—00,1).

Moreover, since P — W, is critical in M, we have that P* — W, is also critical in
M. Denote by ulj its ground state. In particular, “Z is a positive invariant solution
of the corresponding equation [24, Theorem 2.1]. Therefore,

/MGM(x)WM(x)u; (x)dm(z) = /MG(m)WM(x)u;(x)dm(:v) :u; (0) < oo.
Hence, P — W, is positive-critical in M with respect to W,,. Il
Lemma 6.3. For k > 2, let xi be a smooth function on M such that
0<xk(@) <1, inM  xplm ,=0, Xklavp=1,

where { My} is an exhaustion of M (see Section 2). Denote by pi(x) := xi(x)p(zx).
Assume further that

=0.

oo M}

: Guk
(6.5) Jm H G

Then W, is a semismall perturbation of the operator P* in M, and for any 1 < p <
oo the integral operator

G./() == [ GY @) W,lo) () dm)
is compact on LP(¢,), where
(6.6) ¢p = G (G W) /P,

Suppose in addition that P is a symmetric operator on L*(M, W, (z)dm) with a
core Cg°(M), Let {(¢r, Ax)} 5o be the set of the corresponding pairs of eigenfunc-
tions and eigenvalues (counting multiplicity), where po := G, and N\g = 1. Then
for every k > 1 there exists a positive constant Cy such that

(6.7) lor(@)] < Crpo(x) i M.

Furthermore, the function ok /po has a continuous extension 1y up to the Martin
boundary OM M of P in M.
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Proof. Assumption (6.5) implies

GY (W, )G miy) = [ G () £ Gy amy)
M M u(y)

<[ ¥t a,m)dnt) = CGuw) < <Gla) Ve ey,
M Gu(y)

Consequently, W, is a semismall perturbation of the operator P* in M. Therefore,
Theorem 2.11 implies that for any 1 < p < oo the integral operator G, f(x) is com-
pact on LP(¢,), and its spectrum is p-independent and contained in the closed unit
disk. More precisely, the spectrum contains 0, and besides, consists of at most a
sequence of eigenvalues of finite multiplicity which has no point of accumulation ex-
cept 0. Moreover, ¢g = G/, is the unique nonnegative eigenfunction of the operator
Gulrr(g,)- Furthermore, the corresponding eigenvalue A\g = 1 is simple.

The statement concerning the symmetric case follows from Theorem 2.11. We
note that by [28], the continuous extension v of ¢ /p satisfies for & > 1

Gl&) = (@o(€) N /MK%z,om(z)w(z)dm(z):
Mo Jyg KN (2, W (2) i (=) dm(2)

Jar K3 (2, OW(2)o(2) dm(z)

where K3 (-,¢) is the Martin kernel of P in M with a pole at ¢ € M M, and 1y is
the corresponding continuous extension of G, /G. O

(6.8) Ve € oM M,

Remark 6.4. If =1 and (6.1) is satisfied, then G is called the torsion function
(see for example, [7] and references therein). In a recent paper [6], D. N. Arnold,
G. David, M. Filoche, D. Jerison and S. Mayboroda, considered the potential
W1 = 1/G; (which they called the effective potential) associated with a Schrodinger
operator L in a bounded Lipschitz domain M C RY. They showed a remarkable
connection between the Neumann eigenfunctions of L and the torsion function Gy
(which they call the landscape function) by proving that W; acts as an effective
potential that governs the exponential decay of these eigenfunctions and delivers
information on the distribution of eigenvalues near the bottom of the spectrum.

7. FINITE TORSIONAL RIGIDITY

Throughout the present section we assume that P is subcritical, symmetric op-
erator on L?(M,dm) of the form (1.3). Without loss of generality, we assume that
0 € M, and we denote G(z) := G¥(x,0). In addition, we assume that Green
potential G is finite and satisfies G1 € L*(M,dm). In other words,

Gi(x) = /M G¥(z,y)dm(y) < co, and T(M):= /M Gi(x)dm(z) < oc.

We recall that G (respectively, T (M)) is called the torsion function (respectively,
torsional rigidity) with respect to the operator P and the measure dm. Note that
if G1 < G, then the finiteness of the torsion function G is clearly equivalent to the
finiteness of torsional rigidity 7'(M).
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Following [7], we have

Lemma 7.1. Let P be a symmetric subcritical operator in M with finite torsional
rigidity. Assume further that there exists a function

¢:(0,00) = (0,00)
such that kf\f(x,y,t), the positive minimal heat kernel of P in (M,dm), satisfies
(7.1) EM(z,y,t) <c(t)  Vt>0,z,y€ M.
Then the spectrum of P on L*(M,dm) is discrete.
Suppose further that there exists 5 > 0 and ¢ > 0 such that
c(t) < emin{t~N2 782y w0,
Then there exists a positive function C : Ry — Ry such that
(7.2) N = min{C(A)T (M) 2/ FH2R2/ 052, O (NyT (M) (N HR/ DL
where {Aj}?io is the increasing sequence of the eigenvalues of P (counting multi-
plicity).
Proof. Since

Gi() = /M /0 kY (2, y, H)dt dm,

by Tonelli’s theorem, it follows that for any 0 < o < 1, we have
T(M)=(1- a)/ dt/ KM (z,y, (1 — a)t) dm(y) dm(z).
0 MxM
In light of (7.1) and the semigroup property, we have

T(M)>(1 — a) /0 “e(at)) /M/Ae}” (2,1, (1 — )k (2, y, at)dm (y)dm()

(73) =(1-a) /O 7 (e(at)) Mt /M KM (2, 3, 1) dm().

It follows that the heat operator l{:f\g/[ is trace class. So, for each t > 0 we have
o0
/ KM (z, 2, t) dm(z) = Zexp(—)\jt) < 00,
M ,
7=0

where {);} is the nonincreasing sequence of all the eigenvalues of P (counting
multiplicity). In particular, P has a discrete L?(M, dm)-spectrum.
Estimate (7.2) is obtained as in [7, Theorem 2]. Indeed, by (7.3) we have

—a)@! Ooa 5/2ooe_>‘jt —a)(®)7Yy ooa Bl2e=Aitqt.
T(M)> (1 - )@ /Ou) S et (1 - a)(@ J/O(t) at

=0
Recall that

X L(y+1)
4% _
/0 te ™™ dt = R
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Hence, for o := /(8 + 2), we obtain (7.2) with C(f) given by

B/(B+2) /9T 2)/9)\ 2/(6+2)
oy = B0 (T2 .

8. LIOUVILLE COMPARISON PRINCIPLE

c

The present section is devoted to the study of Liouville comparison principle for
nonsymmetric elliptic operators. The following theorem should be compared with
Theorem 3.8 and [5, Theorem 2.3].

Theorem 8.1. Let M be a smooth, noncompact, connected manifold of dimension
N. Consider two operators

Py =Ly —Vj k=12,
where each Ly, is of the form (1.1), and Vi, € LY (M;R), where p > N/2. Let

loc

V(z) = max{Vi(z), Va(x)}. Suppose that there exists K| € K € M such that
L1 =Ly in M\ K1, and P, >0 in M \ Ky, fork=1,2.

Let Gy, be a positive supersolution of the equation Pyu =0 in M \ K;, such that
Gy is a positive solution of the equation Pyu = 0 in M \ K of minimal growth at
infinity in M, where k = 1,2. Suppose that

V1 — V2 1 G1
(8.1) ‘2| <W:= 1 ‘Vlog <G2>
Then B
(a) L1 =V >0in M\ K.
(b) Assume further the that the following assumptions hold true:
(1) The operator Py is critical in M, and let ® € Cp, (M) be its ground state.

2
in M\ K.

A

(2) P, > 0 in M, and there exists a real function ¥ € Wlif(M) such that
U, #£0and LY <0 in M.
(3) The following inequality holds:
v, <Co in M.
Then the operator Ps is critical in M and W is its ground state. In particular, the

equation Pov = 0 admits a unique positive supersolution in M. Moreover, ¥ =< ®
in M.

Proof. The proof relies on criticality theory, the supersolution construction [9], and
on the well known “maximal e-trick”. We denote the restriction of the operators
Ly on M\ K; by L.

(a) We note that U := (G1G2)"/? is a positive solution of the equation

(8.2) (z-(m;v?>—w>v—o in M\ K,

where W is given in (8.1). Since

:V1+V2+’V1*Vz|
2 2 ’

V = max{Vi(z), Va(z)}
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assumption (8.1) implies that U is a positive supersolution of the equation (£ —
V)u>0in M\ K;. Hence, L—V >0in M \ K.

(b) Let G be a positive solution of the equation (£L—V)u = 0 in M\ K of minimal
growth at infinity in M. Then by the generalized maximum principle and the fact
that G1 has minimal growth at infinity in M we have that

(8.3) G1 < C1G < CoU = Co(G1G2)? in M\ K.

Hence, G1 < C3G> in M\ K.
Since ® < CG1 in M\ K, and G2 has minimal growth at infinity in M for P, we
have that for any positive supersolution f of the equation Pou = 0 in M we have

(8.4) U, <CP®<CCGL <CCC3Gy <Cyf inM\K.

Define
g0 = max{e: e¥(z) < f(x) Yo e M}.

In light of (8.4), it follows that €9 > 0 is well defined, and hence, w(z) := f(x) —
eo¥(z) is a nonnegative supersolution of the equation Pyv =0 in M.

By the strong maximum principle, either w > 0 or w = 0 in M. Let us assume
that w > 0. Then by replacing f with w and repeating the above argument, we
conclude that there exists ¢ > 0 such that f — (9 +6)¥ > 0, which contradicts the
maximality of €g. Hence, w = 0 in M, which in turns implies that

U(x) =V, =¢of(x) >0 Ve e M.

Since f is an arbitrary positive supersolution of Pou = 0 in M, it follows that P»
is critical in M and WV is its ground state. The assertion ¥ =< ® in M follows now
from (8.4) since ¥(z) = U4 > 0 in M and G is a positive solution of the equation
Pyu =0 in M \ K of minimal growth at infinity in M. g

Remark 8.2. Under the assumptions of Theorem 8.1, it follows that the positive
minimal Green functions of Py in M \ K, where k = 1,2, are semiequivalent. More-
over, (8.3) implies that these Green functions are also semiequivalent to the positive
minimal Green function of £ —V in M \ K. We note that using [25, Theorem 4.3]
it follows that under the assumptions of Theorem 8.1, the operators £, — V might
be supercritical in M.

The following example demonstrates that inequality (8.1) might not hold and
still the Liouville comparison principle holds true.

Example 8.3. Let P, = —A, V; = 01in R2. Then it is well known that P; is critical
and 1 is the corresponding ground state. Let P» = —A — V5 be nonnegative in R?,
where V5 € L>®°(R?) is a radially symmetric potential that satisfies

(8.5) Vao(z) = \rc/\IZ in R?\ B(0,1),

where A < 0 be any real number. A straightforward computation yields Ga(x) :=
2|7V~ is positive solution in R2\ B(0,1) of minimal growth at infinity in R? for
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P». Also Gi(z) = 1 is a positive solution of minimal growth at infinity in R? for Py,
2

S0, G1 # G4 near infinity. Note that
G
= \val i
2 o224z~ 4| % <G2)

V=V A A 1
Vi—Va|  |A] - AL 1
On the other hand, the Liouville comparison principle (Theorem 3.8) applies for
the above P; and P, since these operators are symmetric. In particular, if the
equation Pou = 0 in M admits a nonzero, nonnegative, bounded subsolution, then
P, is critical in M.

Next, we slightly modify the above example by adding a drift term to the Lapla-
cian.

Example 8.4. Consider the operator

Pr=—-A-b

XBOY 5 i R?
T bl
.

and V4 = 0, where r := |z|, b is a negative constant, and XB(0,1)* is the indicator
function of B(0,1)* := R?\ B(0,1). Then P, is critical in R?, with a ground state
equals 1. Let

Pyi= —A—pXBOD 5y

r
where Vo € L>(R?) satisfies (8.5), such that P, > 0 in R2. Then as before we easily
find that Go(z) := |z|("b=V¥*=40/2 is a positive solution in B(0,1)* of minimal
growth at infinity in R? for P,. Also, G1(x) = 1 is a positive solution of minimal
growth at infinity in R? for Pj, so, G # G near infinity. We note that for |z| > 1

we have
1 G Iy
“Vlog (21| = AL 1+ 2 )
4W°ng> i 8ep (VT

This immediately yields as before
G\ |?
Vi —
o8 <G2>

Vi-val _ A1
2 2|z ~ 4

On the other hand, Theorem 2.14 applies for the above P; and P, since the

operator P is symmetric in L?(R?, dm), where

o v

dx if z € B(0,1),

lz|bdz  if z € R2\ B(0,1).
In particular, if the equation Pou = 0 in M admits a nonzero, nonnegative, bounded
subsolution, then P, is critical in M.

dm = m(z)dx := {

9. GREEN FUNCTION ESTIMATE ON THE HYPERBOLIC SPACE

As an application of our results, we study the behaviour of the positive minimal
Green function of the shifted Laplacian on HY, the real hyperbolic space. For
a different approach, see [12, Proposition 7.2]. It is well known that a Cartan-
Hadamard manifold M whose sectional curvatures is bounded above by a strictly
negative constant satisfies the Poincaré inequality, or in other words, the bottom
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of the L?-spectrum of the Laplace-Beltrami on M is strictly positive. The most
important example of such a manifold is H'V. Let Ay~ denote the Laplace-Beltrami
operator on the hyperbolic space, then the generalized principal eigenvalue of —Agn
is given by
(N —1)?

1 .
Moreover, by using explicit bounds for the heat kernel on HY (see e.g. [8]) one can
show that the nonnegative operator

AO(_A]HINa 17 HN) =

(N —1)?
4
admits a positive minimal Green function (for N > 2). In other words, P is sub-
critical in HY.
Fix 29 € HY, and let G(z) := G@ZHN (x,20). For 0 < A <1, let

P = —AHN —

O<a_-<1/2<a;<1

be the roots of the equation A = 4a(1 — «). Using the supersolution construction
[9], it follows that G+ are solutions of the equation

(—Agny — AW)G** =0 in HY \ {z0}, where W := —

The asymptotic of W is given by the following lemma.

Lemma 9.1. Let N > 2 and r := d(z,z¢). Then W (r) satisfies
(N-1)?  (N=1)°
1 N+l ©

Proof. For the hyperbolic space HY, the Green function of the Laplace-Beltrami
operator is given by

W(r) = +o0(e™?) asr — oo.

G(z) = G(r) = /Oo(sinh s)~ (N1 g,
We have '
(sinh s)~ (V=D = 9N—1e=(N=1)s(1 _ o=25)=(N—1),
Therefore, r — oo yields
(sinhr)~(N7H = 2V (e_(N_l)r + (N = 1)e” W+ 4 O(e—(N+1)T)> )

Furthermore, as »r — oo we have

/OEsinh s)_(N_l)ds:QN_l[le—(N—l)T+ N - 16—(N+1)r+ 0(6—(N+1)r):| ‘
r N-—-1 N+1

Hence, as » — oo we have

1 [ (sinh r)~2(N-1) ] O (N-1)2 (N-1)3

Wi(r)=- ™2 4 o(e™?).
) 4 (froo(sinhs)*(Nfl)ds)2 4 N+1 ™)
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Now we state the following perturbative result.
Theorem 9.2. Let N > 2 and 0 < A < 1. Then there holds

N N a
(9.1) GﬂjAHN_A(N?Q (z,20) = GE4 aw (@, 20) < GO (2)

in HY \ B(zo,1), where A = 4oy (1 —ay) and 1/2 < a+ < 1.
Proof. Recall that G@XHN* ww (@, o) is a positive solution of minimal growth at
infinity of the equation (—Agy — AW)v = 0 in HY. On the other hand,
. G (r)
Jm Go—(r)

Therefore, [9, Proposition 6.1] implies that G+ is also a positive solution of minimal
growth at infinity of the equation (—Ag~y — AW )v = 0 in HY.

Thus,

N .
GEAyaw(@,z0) = G (x)  in HY\ B(xp, 1).
Hence, it remains to prove that

N N .
GE_HA =2 (@ 20) < GEA v (@, zo)  in HY\ B(ao, 1).
H 4

Note that for r — oo, we have

N —1)2 N —1)3
)\W(T)—)\( T ) :)\(N+1)e2r
Consequently, Remark 2.10 implies that it suffices to show that W(r) =e ¥ 4
o(e™?7) is a small perturbation of the operator
(N —1)?
4

+o(e™?).

Py = —Agy — ) in HY.
We follow the approach of Ancona [3, corollary 6.1]. Let us choose ®(r) :=
e~ (2797 with 0 < & < 1. Then it follows

(9.2) im ) o,

r—00 W(’I”)

Moreover, ® is nonnegative, nonincreasing and fooo ®(r)dr < oo. Therefore, by [3,
Theorem 1], we conclude

HN _ ~HN . N N
(9.3) Gp, < GP)‘+q>(r)1HN\B(zO,R) in H" x H

for large R. Consequently, (9.3) and arguments given in [22, 23] implies that ® is a
G-bounded perturbation of Py in HYV.

Hence, it follows from (9.2) that W is a small perturbation for Py. In particular,
by Remark 2.10 we have

Gh <Gy o inHY xHV\ {(2,2) | 2 € HV}.

Thus, (9.1) follows. O
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