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GLOBAL SOLUTION OF THE INITIAL VALUE PROBLEM FOR
THE FOCUSING DAVEY-STEWARTSON II SYSTEM

EVGENY LAKSHTANOV AND BORIS VAINBERG

ABSTRACT. We consider the two dimensional focusing Davey-Stewartson 1T sys-
tem and construct the global solution of the Cauchy problem for a dense in L?(C)
set of initial data. We do not assume that the initial data is small. So, the so-
lutions may have singularities. We show that the blow-up may occur only on a
real analytic variety and the variety is bounded in each strip ¢t < 7'

1. INTRODUCTION

Let qo(2), z=x+iy, (z,y)€R?, be a compactly supported (or fast decaying) suffi-
ciently smooth function. Consider the two dimensional focusing Davey-Stewartson
IT (DSII) system of equations for unknown functions ¢ = q(z,t), ¢ = ¢(z,t), (z,y) €
R2, t>0:

Q= 2iqy — 49(P — ),
dp = 0|q]?,
(1.1) q(2,0) = qo(2).

A smooth, decaying in z at infinity solution of (1.1) exists for all t > 0 if qg is
small enough, [1,3,20-22]. We will call this solution classical. If g is not small,
the solution was constructed locally in our previous work [14] via the IST (inverse
scattering transform) using the -method that has been generalized in [16], [12], [13]
to the case when Faddeev type exceptional points may be present. The solution
was obtained in a neighbourhood of any point (2o, tg) for generic initial data gg that
depend on the point. The main objectives of this article are to obtain the solution
for an arbitrary initial data from a specific set and to get the global solution defined
in the whole space, including a description of the set where the solution blows up.
It will be shown that the latter set is a real analytic variety that is bounded in every
strip0 <t <T.

Let us recall that the focusing DSII equation may have a finite time blow-up
(e.g., [17]). While the uniqueness is known for smooth (in some sense) solutions, see
[8], [9], one has to be careful with the definition of the solution that has singularities.
We understand these solutions in the following sense. Let us multiply the initial
data go by a positive parameter a € (0,1]. We will show that the classical solution

2010 Mathematics Subject Classification. 37TK15, 35G55.
Key words and phrases. Davey-Stewartson system, 0-method, Dirac equation, exceptional point,
inverse problem.
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that exists when a < 1 allows an analytic continuation into a complex neighborhood
of (0,1], and this analytic continuation will be used to single out the solution with
singularities when ¢ = 1. The main statement of the present paper is given in
Theorem 2.2 of Section 2.

Let us mention some recent articles on DSII: [11], [18], [19].

2. THE SOLUTION OF THE CAUCHY PROBLEM, MAIN RESULTS
Let go(z) € L?(C). Denote

(2.1) Qo(z) = ( _qg(z) QO(()z) > e

Let 0 = % = % 8% + i%), and let the 2 x 2 matrix ¥ (-, k), k € C, be a solution

of the following problem for the Dirac equation in C :

(2.2) gf = Qo, (z, k:)e*igz/2 =1, z— .
The corresponding generalized Lippmann-Schwinger equation has the following form:
(2.3) U(z, k) = =21 4 /(CG(z — 2 K)Qo(2) (2 k)do s,

1 eiF2/2

where G(z,k) = -4——, do. = da’dy’. Here and below we use the same notation
for functional spaces, irrespectively of whether those are the spaces of matrix-valued
or scalar-valued functions. After the substitution,

(2.4) (2 k) = 0z, k)e ™™ 2 (k) 10, 2 o0,
equation (2.3) takes the form

1 eﬁR(Ez) o,
(25) peu) = 1+~ [ St o,

and becomes Fredholm in L4(C), g > 2, after the additional substitution v = pu— I
(see, e.g., [15, lemma 5.3]).

Solutions v of (2.3) are called the generalized scattering solutions, and the values
of k such that the homogeneous equation (2.5) has a non-trivial solution are called
exceptional points. The set of exceptional points will be denoted by £. Thus the
scattering solution may not exist if k£ € £. Note that the operator in equation (2.5)
is not analytic in k£, and £ C C may contain one-dimensional components. There are
no exceptional points in a neighborhood of infinity (e.g., [20, lemma 2.8], [2, lemma
C]). Let us choose A > 1 and ko € C such that all the exceptional points are
contained in the disk

(2.6) D={keC:0< |kl <A},

and kg belongs to the same disc D and is not exceptional.
The generalized scattering data (an analogue of the scattering amplitude in the
standard scattering problem) are defined by the following integral (when the integral
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converges)

(2.7) ho(s, k) = (27];_)2/(36_2'@/2620(2)1/}(2, k)do., s € C, k€ C\E.

In fact, from the Green formula, it follows that hg can be determined without using
the potential @y or the solution 1 of the Dirac equation (2.2) if the Dirichlet data
at 0 are known for the solution of (2.2) in a bounded region € containing the
support of Qo:
—1
2.8 ho(s, k) = —
(28) ofs:K) = o
Note that hg is continuous when k ¢ D under minimal assumptions on @ [20], [21],
and moreover,

(2.9) ho = ho(s, k) € C*°  when |k| > A

/ eii@’ﬂ@(z, k)dz, c€C, k&E.
00

if @) is bounded and decays faster then any power at infinity. This follows from the
fact that (2.5) admits differentiation in z and k when k ¢ D.

The inverse problem (recovery of Q when hg is given) was solved using —method
in [1], [20-22] when the potential is small enough to guarantee the absence of ex-
ceptional points. When £ # @, the inverse problem was solved in a generic sense
in [13]. The latter results were applied in [14] to construct solutions of the focusing
DSII system. Let us recall some results obtained in [14].

Consider the space

(2.10) B = {u e L(C\D) ﬂC(D)} , 5>2,

where C(D) is the space of analytic functions in D with the norm |ju|| = supp |u|.
Here and below, we use the same space notation for matrices as for their entries.
Let operator T, : B® — B®, s > 2, be defined as follows:

1 N d
T.(k) = — /C\D ()2 (TR (s, 6)

T c—k
1 dg

2‘ 1 1 - Z'(CE"F?Z)/in/HO
(211) o LS e )
e J—< _
elle—s )Z/2¢_(§/)HdC] [Lng/]:] h(s',<)dd,
S — RO

where do. = dsrdsy, z € C, ¢ € B®, ¢~ is the boundary trace of ¢ from the interior
of D, C is the operator of complex conjugation, II°M is the off-diagonal part of a
matrix M, II?M is the diagonal part. Let us specify the logarithmic function in
(2.12). Let us shift the coordinates in C and move the origin to the point ¢’ € dD.
Then we rotate the plane in such a way that the direction of the x-axis is defined by
the vector from ¢’ to —¢’. Then |arg(¢’—3<)| < 7/2, ¢’ # <, and |arg(s/ —ko)| < 7/2,
i.e.,

=g
arg =———

S —Ro
This defines the values of the logarithmic function uniquely.

<7, <,c€0D, ¢ #s.
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It turns out that, after the substitution w =v — I € B®, s > 2, the equation
I+T)v=1I
becomes Fredholm in B, and the potential gy can be expressed explicitly in terms
of v (see [12,13]).
In order to solve the DSII problem (1.1), we apply this reconstruction procedure

to a specially chosen scattering data. We start with the scattering data hy defined
by go and extend it in time as follows:

(2.12) hs, k1) = e 020080 (o, ) + et F =211 g (o, k),

where ¢ € C, k € C\&, t > 0. For t > 0, we define the operator
1 L d

T, ¢(k) = / e A2 G (OII°h(s, <, t) s

C\D —k
1 d§ =TT -

2.1 _— . i(SZ+¢'2) /2= (IO
(2.13) 27 S <~ Jon© o)
() [ S G 0

o —

Theorem 2.1 ([14]). Let qo(-) be a function with compact support. Assume that it
is 6 times differentiable in x and y. Alternatively, this condition can be replaced*
by the superexponential decay of qo:

(2.14) lim eg‘zlai(?iqo(z) =0 for each A>0, i+j <6.
zZ—00

Then, for each s > 2, the following statements are valid.

1) The operator T, is compact in B® for all z € C, t > 0, and depends contin-
wously on z and t > 0. The same property holds for its first derivative in time and
all the derivatives in x,y up to the third order, where the derivatives are defined in
the norm convergence. The function T ;I belongs to B® for all t > 0.

2) Let the kernel of I +T.; in the space B® be trivial for (z,t) in an open or half
open2 set w C R3. Let Vo = Wy + 1, where w,; € B® is the solution of the equation

(2.15) (I +Top)wep = —Topl.
Then functions q, ¢ defined by

QO(Z, t) q(Z, t) 0 d / 1(S247%5) /25— o
: I1° + 011 2 11 ,S,t)do
( —q(Z7 t) QO(Z; t) 271 ( ) C\D ¢ v 7t(g) h(g o t) N

i aDd</aD FHE e

J_c 0
(2.16) AR (D) 1 6] [Lng/ kg] h(g’,g,t)dc'),
¢ — Ro

1This fact was not mentioned in the paper, but it can be easily checked

2We will say that a set w of points (z,t) in R3 = R3*N{t > 0} is half-open if w contains points
where ¢ = 0 and, for each point (20,0) € w, there is a ball By centered at this point such that
BoN{t >0} Cw.
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satisfy all the relations (1.1) in the classical sense when (z,t) € w. In particular,
q(2,0) = qo(2).

3) Consider a set of initial data aqy(z) that depend on a € (0,1]. Then equation
(2.15) with Q° replaced by aQ® (QV is fized) is uniquely solvable for almost every
(2,t,a) € R?2 x R* x (0,1]. Moreover,® for each (z,t), the solution of (2.15) is
meromorphic in a € [0,1] and has at most a finite set of poles a = a;(z,t).

Remark. All the exceptional points are located in a disk whose radius depends
only on the norm of agy. Hence D and ko can be chosen independently of a € [0, 1]
(see [13, Lemma 5.1]). From now on, we assume that the disk D is fixed and contains
the exceptional points for all the potentials aqg, a € [0, 1].

In order to state the main results of the present paper, we need to recall the
construction (e.g., [20]) of the global solution of (1.1) when ¢q is small. The latter
expression (”qp is small”) will be used below only for problem (1.1) with initial data
aqo where ¢ is infinitely smooth and satisfies (2.14), and 0 < a < 1. Let us recall
that the scattering problem (2.2) and the Lippmann-Schwinger equation (2.3) are
uniquely solvable for all £ when ¢g is small, i.e., there are no exceptional points in
this case and hg(k, k) is defined for all the values of k. Operator T ; is needed only
with D = ) if ¢p is small. Hence, only the first term is present in the right-hand
side of (2.13). Moreover, ||} || < 1 when g is small, and therefore equation (2.15)
is uniquely solvable for all z € C, ¢ > 0. Then (g, ¢) given by (2.16) with D = () is
a smooth global solution of problem (1.1) with the small initial data. We will call
this solution classical. It exists under a weaker assumption on the decay of qg than
in Theorem 2.1.

We will consider analytic continuations of functions hg, gy, and we need some
notation. Let v = (y1,72) € C? and let A, : C — C2 be the map defined by
Ayz = Ay (z+iy) = (x+,y+72) € C? ie., the map A, shifts real points z,y into
complex planes. If a function f = f(z) is analytic in (z,y), then B, f(2) := f(A,%2)
is the value of the analytic continuation of f at point A,z. We will use notation
Al B! o € C2? for the same operations applied to a function of k¥ € C, and
A, By, n € C?, if they are applied to a function of ¢ € C.

The main result of the paper is obtained under the following condition on the
initial data that must hold for large enough R:

Condition Q(R). The initial data gy admits analytic continuation in (z,y)
and, for a given R > 0, there exist a C' = C(R) such that

|Byqo(2)] < Ce H#l 2 € C, when |y| < R.

Remark. Clearly, linear combinations of Gaussian functions satisfy Condition
Q(R) for all R > 0, and it was shown in [4,5] that these combinations form a dense
set in L2(C).

We will show that Condition Q(R) implies a similar behavior of the scattering
data, i.e., the validity of the following assumption.

Condition H(R). For a given R > 0, the estimate

[ho(s, )l < el as ] = o0

3that statement can be found in [13, lemma 5.1]
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holds, and there exists C' = C'(R) and ag(R) such that the scattering data ho(s, <) for
the potential ago with a € (0, ap) admits analytic continuation B;ho(s,s), |n] < R,
with respect to variables ¢;, and

|Byho(s,¢)] < C(R)e Bl ¢ eC, when |y <R.

We will show that there is a duality between these two conditions. To be more
exact, the validity of Q(R) implies the validity of H(R—¢). Conversely, if the initial
data is small, Condition H(R) holds, and hg is extended in time according to (2.12),
then the potential ¢(z,t) that corresponds to the extended data h(s,s,t) satisfies
Condition Q(R) with a smaller R that depends on ¢. These results will be obtained
in the next section. Note that they are an analogue of similar results of L. Sung
( [21, Cor. 4.16 ]) who established a duality of the non-linear Fourier transform in
the Schwartz class. We need a refined result to study the more complicated form
(2.13) of operator T ; that appears in the presence of exceptional points.

Below is the main statement of the present paper.

Theorem 2.2. Let us fix an arbitrary disk D containing all the exceptional points
for the potentials aqo(z), a € [0,1]. Let Condition Q(R) hold with R > (1 + 2T)A,
where A is the radius of the disk D. Then

1) for each point (z,t), 0 <t < T, the classical solution (q,$) of problem (1.1)
with the initial data aqy and small enough a > 0 admits a meromorphic continu-
ation with respect to a in a neighborhood of the segment [0,1]. This meromorphic
continuation is given by (2.16) with an arbitrary choice of the disk D and an arbi-
trary choice of point ky € 0D*.

2) when a = 1, the analytic continuation of (q, @) is infinitely smooth and satisfies
(1.1) everywhere, except possibly a set S that is bounded in the strip 0 < t <
T, (x,y) € R?, and is such that S; = S({t = const} is a bounded 1D real analytic
variety.

Remark. The theorem implies that the local solutions found in Theorem 2.1 are
analytic continuations in a of the global classical solutions (under the assumption
that condition Q(R) holds). At the same time, the theorem does not prohibit
the solution from blowing up at an arbitrarily small time ¢ > 0 (see the recent
paper [10] and citations there on instantaneous blow-ups). We can’t say anything
about relation between our global solution and local solutions found in [8].

Two important technical improvements of the previous results will be used in the
proof of Theorem 2.2. First, we will show that the Hilbert space B% can be used
in Theorem 2.1 instead of the Banach space B*, s > 2. The space B? is defined as
follows:

(2.17) B? = {u € (LA(C\D) & C}) ﬂLi(aD)} .

Here C! is the one-dimensional space of functions of the form &,gk), where ¢ is a
complex constant, 5 € C*° is a fixed function that vanishes in a neighbourhood of

the disk D and equals one in a neighbourhood of infinity. By L%r((?D) we denote

4all the exceptional points are inside D, i.e., all the points on 0D are non-exceptional.
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the space of analytic functions u = 3 -;cn2™ in D with the boundary values in
L?*(dD) and the norm

1/2

lullz2 ooy = | D_ A*eal® |
n>0
where A is the radius of the disk D.

Secondly, we will simplify the form of the operator 7,; by writing the second
term in (2.12) and (2.13) without the logarithmic factor. We also will allow kg to
be on 9D, and not necessarily in D, and show that formula (2.13) in the latter case
can be written as

(2.18) Lok =+ [ GRG0 dos _
T Jco\D s—k
Z/ = | [@FHRARGE (O + 2= (IAC] [h(d s, t)de]
oD S — k ko,

where k/o,\g is the arc on 0D between points kg and ¢ with the counter clock-wise
direction on it.

The following two difficulties were resolved in the paper. We show that if one
starts with a small potential gy and its scattering data ho(s, <), and extends ho(s, <)
in time according to (2.12), then the solution ¢(z, t) of the inverse scattering problem
with the scattering data (2.12) decays exponentially at infinity, and the scattering
data (2.7) for this potential ¢(z,t) coincides with the scattering data h(s,¢,t) from
which the potential was obtained (this will be done in the next section). Another
difficulty concerns the proof of the invertibility of operator I + T, for large |z| in
spite of the exponential growth of the integrands in the second terms of (2.13) and
(2.18) as |z| — oo (see section 5).

3. EXPONENTIAL DECAY OF THE SCATTERING DATA AND OF ¢(z,t)

Lemma 3.1. Let

I(z) = f(z1) do,,, J(z)= ;f(zl) do,,, z€C,
CcR— %1 Cc?—?1
where f(z) is analytic in (x,y), and
C(v)
|f(A’YZ)|¢ |v’yf(A’Yz)| é 1 +$2 + yg'

Then I(2), J(z) admit analytic continuation in (z,y), and

f(Ayzl) f(A«,Zl)
B,I(z) = | ————do,,, B,J(2)= | ———="do,.
7 (Z) c 2—Z 7= 7 (Z) Cc R — %1 =

Proof. Let us rewrite I(z) in the form

I(z) = —/(C‘f(zjlzl)dozl.
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This immediately implies that I(z) is analytic in (z,y), and

B
BI(z) = / vz + Zl)dazl _ flx+m+21,y+7 +y2)d021
C —Z1 C —Z1
A
f(Ayz1) do,.
Cc *— 2
The statement for J can be proved absolutely similarly. O

Let us provide some examples of analytic continuations of functions from C into
C? (1) If f(2) = z = w+iy, then B, f(2) = z+m+i(y+72) = 2+7, 7/ = n+in €
C. (2) If f(2) =z = z—iy, then B, f(2) = z+m—i(y+72) =Z+7", 7" =n—in €
C (note that o/ # ~ since ~; are complex.) (3) if f(z) = R(kZ) = k1x + koy, then

B, f(z) = R(kZ) + kim1 + k22 and BoR(kZ) = R(kZ) + 012 + 02y.

Lemma 3.2. Let the potential be aqy(z) where qq satisfies Condition Q(R) for some
R > 0. Then there exists ayp = ag(R) such that function i = (2, k) defined by (2.3)
via the solution of the Lippmann-Schwinger equation with the potential aqy, a €
(0,a0), admits analytic continuation to C* with respect to variables x,y, ki1, k2, and

(3.1) |B, Byi(z, k)| < C(R,e) when z,k €C, |o|,]y| <R—¢, a< ap.
The statement remains valid if a = 1, but |k| > p(R) with large enough p.

Proof. We will prove the statement of the lemma for the component pq; of the
matrix g. Other components can be treated similarly. Let us iterate equation (2.5).
The following equation is valid for the first component:

L 1 ei%(k‘gﬂ . e—ié}?(kzg) L
(3.2) pir =1+ 7_(_2/Cd0'21 /Cdazzz_ZlQm(Zl)MQ21(2’2)M11(Z2»k7)a
where (21 and Q12 are entries of the matrix QQg. Denote Q = Q12 = —(Q)21. Assume

that the analytic continuation B,fi;; exists. Then from Lemma 3.1, formula (3.2)

and the relation
Bveim(kz) — EiR(kE)Ei<ky>

it follows that B, i, is equal to

B 6 R(kz1) o e—z%(k’zg)
1- 2 (40, 2" B G, /(C doy Q)T (2, )

zZ — Z1 — %9

C 1
1 iR(kz1) —iR(kZ2)
=1- 2 . d021—7Z—1B’7Q(Z1) /C WByQ(@)B'ym(Z% k)do,.

Hence, if the analytic continuation ¥ := B/, B.[i;; exists, then it satisfies the equa-
tion
ei%(k21)+i<a,z1>

U(z,k)=1- i do, — By@(zl)‘

2 Jc Z—71

6—i§R(kEg)—i<a,z2>
- /C By Q(22) ¥ (22, k)dor,.

21 — 22
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Denote by K+ = K,;t(m
integrals above, respectively. Their norms in the space L*°(C) can be estimated

from above by the norms of the potential (see [20]):
1K™l < C(lle”"<7" B, Q(22) | 1o (cy + lle ™" <77 B,Q(22) | 1a(c))

where 1 < p < 2 < ¢ < co. A similar estimate is valid for K. Thus the assumption
ap < 1 and Condition Q imply that ||[K*|| < 1, ¥ exists, and

|¥| < C(R) when |So|,|v| < R, a < ap.

Moreover, the derivatives of K+ with respect to complex variables 0;,7; also have
small norms, i.e., ¥ = U(z, k,o,7) is analytic in (o1, 02,71,72). One can easily see
that ¥ = U(z + v,k + o). Hence ¥ is the analytic continuation of 7i. The proof of
(3.1) is complete.

In order to prove the statement of Lemma 3.2 concerning a = 1, one needs only
to show that operator K := KK~ and its derivatives in 0;,7; are small (less than
one) as |k| — oco. This can be done by a standard procedure: one splits K into two
terms K = Kj + K3, where K is obtained by adding the factor a(*=%)a(*7%2)
in the integral kernel of K. Here o = «(z) is a cut-off function that is equal to
one when |z| < 1 and vanishes when |z| > 2. Then ||K;|| — 0 as ¢ — 0, and
| Ka|| = O(Jk|™!) as |k| — oo. The latter can be shown by appropriate integration
by parts in z1,y;. O

Theorem 3.3. If Condition Q(R) holds for some R > 0, then Condition H(R —¢)
holds for each € > 0.

Proof. Recall that

the integral operators given by the exterior and interior

1
(27)?

We shift the complex plane C in the integral above by vector v = —i(“lf) (R—¢),

ho(s,s) = /C e Qo (2)1i(2,5)do, ks € C.

and then apply operator B,,. This leads to
1 i _
| By hol < W/c ‘e Z(<"’Z>+<"7>+<"’V>)QO(AWZ)BWBZM(%<) do,.

It remains to use Lemma 3.2 and Condition Q(R). O

Theorem 3.4. Let Condition Q(R) hold for some R > 0 and let the scattering data
ho be defined by the potential aqy, 0 < a < ag(R), where ag(R) is defined in Lemma
3.2. Then the time dependent scattering data h(s,s,t), 0 <t < T, given by (2.12),
admits an analytic continuation in (s1,s2), and

R
1427
The statement remains valid if a = 1, but |s| > p, where p = p(R) is large enough.

|BUh(s,s,t)| < C(R,e)e " 9IS ) <

Proof. The statement follows immediately from Theorem 3.3 and formula (2.12).
One needs only to combine the upper bound Ce(~F+)l| for the analytic continu-

TR
ation of hg obtained in Theorem 3.3 with the upper bound Ce Tors] for the time-
dependent factor in (2.12). O
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Let us recall again the procedure to obtain the classical solution of the focusing
DSII equation with initial data aqy and a very small a such that there are no
exceptional points. As the first step, one needs to solve the equation (I +7)v = I,
where T, ; is given by (2.13) with D = {), i.e., the equation for v = v, has the form

1 L d
(33) Uz,t(k) 4= / ez(§z+z<)/2@(g)noh(g,g,t) O¢ _ 17

T Jc c—k
where w, ;(-) = v,+(-) — I € B°. Then the solution of the focusing DSII equation
with initial data aqg is given by (2.16). In particular,

1 L

(3.4) 4z t) = 5= [ TP 0)0(o)ha(s, s, t)do.

2me Jo
Theorem 3.5. Let Condition Q(R) hold for qo, and let the potential q(z,t), 0 <t <
T, in (3.4) be constructed from the initial data ago(z) with 0 < a < a; < 1. Then
there exists a1 = a1(R,T') such that Condition Q(H% —€) holds for the potential
(3.4) for all t € [0,T).

Proof. There is a complete duality (e.g. [21, Th. 4.15]) between the nonlinear
Fourier transform given by (2.5), (2.7) and the inverse transform (3.3), (3.4). Func-
tion h in (3.3) plays the role of the potential Qg in (2.5). Theorem 3.4 implies that
the Condition Q(R’) holds for h with R’ = H% — 5. From Lemma 3.2 applied to
(3.3) instead of (2.5), it follows that v has the same properties as the properties of
1 established in Lemma 3.2. One needs only to take a small enough to guarantee

that the analogues of operators K* have norms that do not exceed one. Then
|B, B,v(z,k)| < C(R,e) when z,k €C, |o|,|y| <R — %, a< 1

Then the statement of the theorem can be obtained similarly to the proof of The-
orem 3.3, i.e., by using the shift of the complex plane C in (3.4) by the vector

0= z'(Tj")(R’— 5). O

4. PROOF OF THE FIRST STATEMENT OF THEOREM 2.2

Consider problem (1.1) with go replaced by aqp, a € (0,1]. Let D be a disk
containing all the exceptional points for problems (2.2), (2.3) for all a € (0,1]. Let
ko € 0D be a non-exceptional point for all @ € (0,1]. We will use notation v! for the
solution of (2.15) and (q', ') for the pair defined by (2.16) when the operator T,
is defined using the disk D. We preserve the notations v, (g, ¢) for the same objects
when there are no exceptional points and D = (). Since ¢', ¢! are meromorphic in a
in a neighbourhood of (0, 1] (see Theorem 2.1), the first statement of Theorem 2.2
will be proved if we show that (¢*, ') = (¢, ) when a > 0 is small and t > 0.

From (2.4), (2.7) and Condition Q(R) with R > (1+27")A > A, it follows that the
scattering data ho = ho(s, k) is defined for all the potentials agy when [¢|, |k] < A
(i.e., s,k € D) and also for all ¢ = k. We define h(s, k,t) (extension of hg in t)
according to (2.12). Let v = v,y = w, ¢ + I, where w,; € B®,s > 2, is the solution
of (2.15) with T}, given by (2.13) with D = 0 (i.e., the right-hand side in (2.13)
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contains only the first term, see equation (3.3)). Then (g, ¢) given by (2.16) with
D = () solves the DSII equation (1.1) (see [7]), and

(4.1) b= (2, k,t) = O%e*/2 4 e~ 7210 ¢ ke C, t >0,
is the solution of the scattering problem (2.2) (and the Lippmann-Schwinger equa-

tion (2.3)) with the potential Q;(z) = ( —q(oz 0 q(?a, ) > instead of Q.

Consider now the scattering data

(2711_)2 /C eﬂfzﬂQt(z)@(z, k,t)do,

defined by the solution 1 of the Lippmann-Schwinger equation (2.3) with the po-
tential Qi(z). If 0 < t < T, then from Theorem 3.5 (it is assumed there that
R > (1 +2T)A) it follows that integral (4.2) converges when [, |k| < A (ie.,
S,k € D) and when ¢ = k. Moreover, h(g,k t) = h(k: + a, k,t) is an anti- analytlc
continuation of h(k‘ k,t) in . We will prove that h coincides with the scattering
data h(c, k,t) defined in (2.12). We also will prove that there exists an analytic in
k function ’UT = ﬁ(k,t), k € D, such that

(4.2) (s, k,t) ==

(4.3) (v =0 )lceap =
_ / [ei/2(<2+?z)5)\il-(§/)no - ei/?(c—c’)?a—l—( )HdC]L -G /ﬁt(g §)d§
oD — Kk}
From these two facts and the d-equation (see [20])
(4.4) ;kv(z, k,t) = 57025 | DII°h(k, k,t), k€ C\D,

it follows (see [13, Lemma 3.3]) that the function

(4.5) V(2 k) = { %}Z(’Z]T)k;)’ k;f}f’

satisfies the integral equation (2.15), where operator T}, is constructed using the
scattering data h. Equation (2.15) has a unique solution when a is small enough.
Under the assumption that A = h, we have v! = v/. Therefore vi(z, k) = v(z, k)
when k£ € C\D. Solution (g, ) of the DSII equation can be determined via the
asymptotics of v at large values of k (e.g., [20, (1.17)], [14, Lemma 3.3]). Hence
(¢', ') = (g, ¢) for small a. Thus the first statement of the theorem will be proved
as soon as we show that h = h,A t > 0, and that v exists.

Justification of the equality h = h, t > 0. Everywhere below, till the end of the
section, we omit mentioning the parameter a¢ and assume that the initial data qg is
small. Let us recall (see [14, Lemmas 4.1, 4.2]) that the symmetry of the matrix
Qo (see (2.1)) implies that hy; = hgo, hj2 = —hai1, and the same relations hold for
matrix v determined from the integral equation (2.15) and related to ¢ by (4.1).

Let us introduce functions

a b
< b a ) —hg(k+a,k),
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and note that

1 - P
b(a, k) = @n? /«: e~ @2k 200 (N0 (2, k) do,
1 _
ala, k) = (2w)2/Ce_azﬂqo(z)vlg(z,k)daz.
Now define

—b(a, k,t) ala,k,t)

where h is given by (2.12). Similar quantities @, b are defined via the solutions
v(-, k,t):

( ala k,t) b, k,t) ) — Wk + o, k1),

~ 1 _ R

b(a, k,t) == e /(ce_o‘z/ze_z(k”kz)/zq(z,t)vn(z,k,t)daz,
~ 1 _as _
ala, k,t) == (277)2/<ce 2q(z,t)v12(2, k, t)do».

These quantities are well defined due to Theorem 3.5. Let

~ alok,t)  bla, k. t)
h=[ W ’ .
—b(a, k,t) a(a,k,t)

Consider solution 9 (z, k,t) of (2.2) with potential Qy replaced by @Q;, and let v
be defined by (4.1). From (4.1) it follows that v — I uniformly on each compact
with respect to the variable z when k — oo. Therefore, from Theorem 3.5 it follows
that

(4.6) a(a, k,t) = 0, k — oc.
Obviously (see (2.12)), the same relation holds for a(a, k, t).
The 0-equation (4.4) implies that the following rules are valid when ¢ = 0:
ob b

(4.7) — + abo,

o da =bby, where by=0b(0,k), |a| <A, keC.
a

ok

Due to Theorem 3.5, the same relations are valid for a(«, k, t),g(oz, k,t):

o b o~ P4 = ~ o~
4. — =—4ab — =bby, bg = b(0,k,t <A keC,0<t<T.
( 8) ok 8@—’_@ 0 ok 0, Y0 ( y vy )7 ‘05‘ >~ /4, SO > U

From (2.12), (4.7), and the obvious relations

et = (RFa)?)/2 . —t(k?—(Fa)?) /2 —iSh?

0 ot —(ra)/z — 9 02— (FFa))2

oa T ok ’
it follows that (4.8) holds for a(«, k,t),b(a, k, t):
ob  Ob da  —
(49) ﬁ - % + ab07 % - bb07 bo = b(oa k7t)7

when |o| < A, keC, 0<t<T.
Now we note that b(0,k,t) = b(0,k,t) (see [22, Theorem 5.3]). The second
relations in (4.8), (4.9) with o = 0 imply that (@ — a)|o=0 is anti-analytic in k.



GLOBAL SOLUTION OF THE FOCUSING DAVEY-STEWARTSON II SYSTEM 381

Then the maximum principle, together with (4.6) for both @ and a, imply that
U|la=0 = ala=0. Now from the first relations in (4.8), (4.9), with o = 0, it follows

that %M:o = %|a:0. Then we differentiate the second relations in (4.8), (4.9) in@
and put o = 0 there. This leads to the anti-analyticity in k of g%hx:o - g—g\azo. The
maximum principle with (4.6) imply that %|a:0 = g—%|a:0. After the differentiation
in @ of the first relations in (4.8), (4.9), we obtain that %\azo = %b:o, and so

~

on. Hence all the derivatives in @ of the vectors (@, b) and (a, b) coincide when o = 0.
Since both vectors are anti-analytic in «, they are identical, i.e., h= h, t > 0.

The existence of v+ can be shown similarly to the proof of same statement in [13],
where the potential was assumed to be compactly supported. Namely, consider
the following analogue of the Lippmann-Schwinger equation with different values
ko,k € D of the spectral parameter in the operator and in the free term of the
equation:

(4.10) (2, k) = GF 1 +/ G(z — 2, ko) Qe H (2 k)do.s,
zeC

eigz/2

where G(z,k) = % . We substitute here )" = y¢*02/2 and rewrite the equa-

tion in terms of
(4.11) wt = pt(z, k) — et FRO2T € LR p > 1.

The equation takes the form

+ eim(l?o'z,) N
w'(z, k) — /zEC ﬁQt(z Ywt (2, k)do, =
e_i‘%(kiozl) ’ —
_ —iz'(k—ko)/2 ,
(4.12) /ZEC — [Qt(z Je } do.

Theorem 3.5 implies that function [Qt(z’ )e iz (k—ko)/ 2} decays exponentially as

z — 00, and |k|, |ko| < A. The unique solvability of the problem (4.12) is obvious
since the potential is small.

Function v is defined by ¢ in the same way as v is defined by ¢ in (4.1). The
analyticity of 7 and (4.3) are proved in Lemmas 3.1 and 3.5 of [13]. O

5. PROOF OF STATEMENT 2 OF THE THEOREM 2.2.

Reduction to Theorem 5.2 and Lemma 5.3. Theorem 3.5 immediately
implies that the operator T}, ; : B* — B*, s > 2, is analytic in = and y in a complex
neighborhood of R?. In order to use the multidimensional analytic Fredholm theory
([24, Th. 4.11, 4.12] or [23]) and obtain a decay of operator norm |72, | as |z| — oo,
we would like to consider this operator in the Hilbert space B2 instead of the Banach
space B®, s > 2. All the previous and new results mentioned in this paper remain
valid if s > 2 is replaced by s = 2 (with the appropriate definition of the space B>
given in (2.17)). In order to justify the latter statement, one needs to show that the
properties of the operator 7, ; are preserved when s > 2 is replaced by s = 2. This
will be done in Theorem 5.2 below (we will not discuss the properties that obviously
are s-independent), but we will show that operator T, : B2 — B*0 <t < T, is
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compact, continuous in (z,t), and analytic in (z,y) in a complex neighborhood of
R2. After that, we will show (Lemma 5.3) the invertibility of I+ T, at large values
of |z|. Then the second statement of the theorem will be a simple consequence of
the first statement and the analytic Fredholm theory. Note that the invertibility
of operator I + T will be proved for z on each ray argz = ¢ = const, |z| > Z,
with t-independent Zy and with T’ ; defined (see (2.13)) using a special value of
ko = ko(1). Since the solution (g, ¢) of problem (1.1) does not depend on the choice
of ko (see Theorem 2.2), it remains only to prove Theorem 5.2 and Lemma 5.3.

5.1. Compactness of operator 7. We will need the following lemma.

Lemma 5.1. Let operator M : B2 — B? have the form
arne = [ K fodo, ke,
c\ps—k
where function gs = g(s)(1 + |s|)?has the following properties
lgs| < a1 < o0, gs = 0 as ¢ — 0o, and ||gs||2(c\p) = a2 < o0
for some 6 > 0. Then M is compact and || M| < C(a1 + a2).

Proof. Let P be the following operator in B2 of rank one:

(5.1 pr=-P20 [ oe)scan,

where 3 is the function introduced in the definition of the space B2. Since Pf =0
in a neighborhood of D, and

()
L, o0re s [ 1o < Casl s

C\D
it is enough to prove the statement of the lemma for operator M — P = My + Ma,
where

M;f = Ki(k, <) f(s)dos,
C\D
Kiky) = 100, Kot = (P14 AR )

and a := 1 — 8 is a cut-off function which is equal to one in a neighborhood of D.
Let M/ be the operator defined by the same formulas as operators M;, but con-
sidered as operators in L?(C). Let us show that operators M/ are compact and their
norms do not exceed C(aj + ag).
Since |g| < a;, we have

sup/ |K1(k,s |da§+sup/ |K1(k,¢)|doy, < Cay.
keC

Hence, from the Young theorem, it follows that || M/|| < Ca;. Similarly, using
the decay of g1 at infinity, we obtain that M{ = limg_oc Mj , where M] p are
operators in L?(C) with the integral kernels Kj(k,<)a(s/R). Operators M g are
pseudo-differential operators of order —1 (they increase the smoothness of functions
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by one) defined in a bounded domain. Hence operators M] p and their limit Mj

are compact operators in L?(C).
The boundedness (with the upper bound Cas) and compactness of the operator
M will be proved if we show that

/C/(:]Kg(k,g)\Qdakdag < Cas.

We split the interior integral in two parts: over region |k| < 2|s| and over region
|k| > 2|, and estimate each of them separately. We have

) ) B~ k) | B(F)
/Wk| Kok, 6)[2dor, < 21g()] /Mq[ coe T el
< Clg()P(1 + fs])P.

A better estimate with a logarithmic factor is valid, but we do not need this accuracy.
Next,

2 _ 2 kB(s — k) + (¢ — k)B(k)[? -
/k>2<| s o)Fdon =) /k>2<| (s = k)k|? A0

The denominator of the integrand can be estimated from below by i|k‘|4. The
numerator, denoted by n, has the following properties. If || is large enough, than
both beta functions in n are equal to one, and n = [s|?. The same is true if |g| is

bounded and |k| is large. If both variables are bounded, than |n| is bounded. Thus

In| < (C + |s|)?, and the integrand above does not exceed C 1?,;‘@2. Obviously, the

integrand vanishes when |k| is small enough. Thus there is a constant ¢ > 0 such

that
1+ [¢]?

| IKalk)Pdor < Clo()P | t-doy
k> 2| k|>max(c,2ls)) K|

2
S
<Clg(<)!2/ 4d0’k+0\g( )|2/ | ’4d0k Chlg(s)[%.
k|>c |l ki>21el K|

Hence
// | Ky (k, <) [Pdoydo. < C'/ 19($)2(1 + |s])°doe < C'as.

Thus, operators M/ : L?(C) — L?(C) are compact and || M| < C(a1 + a2).
Denote by M/ : 32 — L?(C) operators with the same integral kernels K; as for
operators M/, but with the domain B? instead of L?(C). Compactness of these

operators will be proved if we show the boundedness of M/ on the one-dimensional

space of functions of the form f.(¢) = cﬁ (s ), ¢ =const. The upper estimate on

| M fc|| can be obtained by repeating the arguments above used to estimate || M/]|.
One needs only to replace f. by the function f = f./|<|%/? € L?(C) and replace the
kernel K; by K;|s|*/?. Hence, operators M are compact and ||M/| < C(a; + a2).
Obviously, for each f € B2, the function (Mj + Ms)f is analytic in D. Consider
its trace on dD. Let Mp : B?> — L%(0D) be the operator that maps each f € B2
into the trace of (M7 + M) f on OD. In order to complete the proof of the lemma, it
remains to show that operator Mp is well defined, compact, and || Mp|| < C(a;+a2).
To prove these properties of Mp, we split the operator into two terms Mp =
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Mpo + Mp(1 — ¢), where ¢ is the operator of multiplication by the indicator
function of a disk D; of a larger radius than the radius of D. Then M(1 — ¢)f is
analytic in Dy, and

1M1= @) fllL2(py) < [IMfllr2cy < Clar + a2)|[ £l s2-

From a priori estimates for elliptic operators, it follows that

1M1 = &) fllispy < Cs|M (L = @) fllr2(py) < Cslar + a2)| £l g2,
where H? is the Sobolev space and s is arbitrary. Hence

IM(1 =) fllgs-1129p) < Clar + az)|[fl2-

This implies that operator Mp(1 — ¢) is compact and its norm does not exceed
C(a1 + az). We will take D; not very large, so that function 5 vanishes on Dj.
Then M¢f is the convolution of 1/k and ¢gf, i.e., Mof = % x (¢gf). The latter
expression is a pseudo differential operator of order —1 applied to the function ¢gf
with a compact support. Thus,

1Mo fllapy < Clldgfllrzp,) < Caallflge,

and therefore |[Mpdf| g2y < Canl|f||s2. Hence, operator Mp¢ is compact and
its norm does not exceed Cay. O

Theorem 5.2. Let conditions of Theorem 2.2 hold. Then operator T, : B? —
B2,0 <t < T, is compact, continuous in (z,t), and analytic in (x,y) in a complex
neighborhood of R%. The same properties are valid for derivatives of T.: of any
order in t,x,y.

Remark. T, is analytic in x,y in the region |Sz|? + [Sy|? < R%.

Proof. The operator T, ; can be naturally split into two terms: T, ; = M +D, where
M involves integration over C\ D and D involves integration over dD. In particular,

1 iR(SZ) B () TIO
C\D

T c—k

The statements of the theorem are valid for operator M due to (2.9), Lemma 5.1
and Theorem 3.4. Indeed, the compactness and continuity of M in (z,t) is proved
in Lemma 5.1. The analyticity in (z,y) follows from the fast decay of h at infinity
which is established in Theorem 3.4.

Let us show that the same properties are valid for D. We write D in the form
D = I, 15, where operator Iy : L?(0D) — C*(9D) is defined by the interior integral
in the expression for D in (2.13), and operator I; : C*(9D) — H?® is defined by
the exterior integral in the same expression. Here C*(0D) is the Holder space
and « is an arbitrary number in (0,1/2). The integral kernel of operator Iy has a
logarithmic singularity at ¢ = ¢, i.e., Iy is a pseudo differential operator of order
—1, and therefore Iy is a bounded operator from L?(0D) into the Sobolev space
H'(OD). Thus it is compact as operator from C(9D) to C*(0D),a € (0,1/2), due
to the Sobolev embedding theorem. Thus the compactness of D will be proved as
soon as we show that I; is bounded.

For each ¢ € C*(9D), function ¢ is analytic outside of 9D and vanishes at
infinity. Due to the Sokhotski-Plemelj theorem, the limiting values (I1¢)+ of (I1¢)
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on 0D from inside and outside of D, respectively, are equal to i¢ +PV. -1 #(s)ds

I p Ys q 27t JOD “¢—X
Thus

max |(11¢)+] < Cllglloaop)-

From the maximum principle for analytic functions, it follows that the same estimate
is valid for function I;¢ on the whole plane. Taking also into account that Is¢ has
the following behavior at infinity Io¢ ~ ¢/k + O(|k|?), we obtain that operator Iy
is bounded. Hence operator D is compact. Since h decays superexponentially at
infinity, the arguments above allow one to obtain not only the compactness of D,
but also its smoothness in ¢, z,y and analyticity in (x,y). O

5.2. The invertibility of /47’ ; at large values of z. We will prove the following
lemma.

Lemma 5.3. The following relation is valid for operator norm of Tit in B2%:

max. T t||—>0 ze€C, z— oo.
0<t<

Hence the operator I + T, ; is invertible when z € C, |z| > 1.
We split operator 7T, ; into two terms 7,; = M + D that correspond to the

integration over C\D and D, respectively, in (2.13). The entries M, D%, i,j =
1,2, of the matrix operators M and D are

MU — 22—
S F) (222 J9T
M12¢ _ —M21¢ _ 1/ () —t(c*—3 )/2¢(§)h12(§, o) .
T JC\D s—k A
D11¢ — D22¢ —
1 dC g — Gl Mot (122
Ln= 7h ¢',q)e 2(§ §)Z+2(§ C) §/ d l’
27TZ 8DC k aD g_k 11( ) ¢( )C
D12¢ — —D21¢ _
1 _d¢ ¢ -3 (Tt (TP _
L ih g,5)e 2(§Z+§ Z) 2(( < ) / dgl
27TZ 8DC k‘ 9D § _k 12( ) ¢( )
We used here the relations hi2 = —hi2,h11 = hoo for the entries of hy that were

established, for example, in [14, Lemma 4.1].

Lemma, 5.1 implies the uniform boundedness of M 21, M2 when0 <t < T, e C.
Thus Lemma 5.3 will be proved if we show that operator norms of M?'M12 and
D% i, j =1,2, vanish as z — co. Let us prove the statement about D¥.

Lemma 5.4. For each T > 0, there exists a constant Cp such that

1Dellp2 < lellg2, 2€C,0<t<T,

- 1+\ |1/4

if ko in the definition of operator D is chosen to belong to 0D and equal to ko =
—iAe™, where 1 = arg z and A is the radius of the disk D.
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Proof. We will prove the estimate for the component D'? of the matrix D. Other
components of D can be estimated similarly. Consider the interior integral in D2

7

(5‘2) R12(Z5 _ . ?_ - h12(§ g) %(Cer( Z)Jr%(G —< )¢( )d?’
where ¢ € 0D, ¢ € B2. Our goal is to show that

Cr
(5.3) IRZ¢| LoDy < WWHL? @p), ¢ € B

The integrand in (5.2) is anti-holomorphic in ¢’ € D with logarithmic branching
points at kg and ¢. If kg is strictly inside D, then the integration over 9D in (5.2)
can be replaced by the integration over two sides of the segment [ko, <], which are
passed in the counter clock-wise direction. The values of the logarithm on these
sides differ by the constant 27. This leads to an alternative form of the operator D:

D?¢=-D*'¢ = 1/ e hia(¢', ) e (FHIATEE _§2)¢( )ds’
oD C—F Jiko )
If ky € 9D, the contour of integration above can be replaced by arc[kg,]. Thus

12, _ - / LT 2)+ 5 (T =<2) 0 1\ 5T 2
R ¢—Z/Ah12(<,§) 2 ¢(s")d(', <€D, ¢ € L*(OD).
k07

Consider the following function (from the exponent in the integrand above): ® =
R [%@E] . This function is linear in ¢, and for each fixed z = |z|e?¥, 4 € [0,27), it
has the unique global maximum on D. The maximum occurs on the boundary at
the point ¢y = —iAe™, which depends only on the argument of z. Due to Theorem
2.2, point kg € 0D can be chosen arbitrarily. We choose kg = ¢y € 0D, and we get
that

|R12¢|<C/e 2 (®(c) — @(¢’ N
< - exp2(2(c) = @(<) ld<'[ ) 9]l e

Let us estimate the integral above. Let ¢ = —iAe'¥+9) || < 7. For ¢’ € &, <, we
have

O(") = Alz|(cos¢') /2,  @(c) = Alz|(cos ¢)/2,
and the integral is equal to

/@ 6A|z\(cos<pfcos<p’)/2d80/ _ O(
0

), z — o0.
2|

This justifies (5.3). O
Let us show now that the following statement holds.

Lemma 5.5.

(5.4) max M2 M2|zg -0, z€C, z— co.

0<t<T
Proof. Kernels of M2 M?' are smooth, see (2.9 ). From Theorem 3.4, it follows
that the kernels and rapidly decaying functions in C. Therefore, Lemma 5.1 implies
that operators M2, M?! can be approximated in B2 by operators with function h9
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replaced by a compactly supported one. Therefore, without loss of the generality,
we will assume below that the supports of his, ho1 belong to a bounded domain O.
We will use the notation P for the one-dimensional operator defined in (5.1) with

the density g = e —/2p15(¢, ). Let M := (M2 — P)(M?T — P). We will
prove that

(5.5) max ||M|g: =0, z€C, z— oo.
0<t<T

The other three terms M2(M?! — P), (M'2 — P)M?!, and PP can be treated in
the same way. We have
—~ 1 . g _
Mp=— A(2, 5, 02) ot (52, 0) e R@DHUL=R)2 () g,
™ Jo\D

where A(z,¢,¢2) is given by the following integral

(5.6) /O\D em(glz)_t(“_QQ)/Qhu(q,§1)( ! + B(g)) ( ! + ﬁ(gl))dagl.

1 —¢ S 2 —¢1 S1

The Minkovsky inequality in the integral form implies the following two estimates,
that are valid when f € B%:

1/2
HMfHLQ((C\D) < / [/O\D A(Z,§,§2)2d0§] ‘h21(§27§2)f(§2)|d0§2ﬂ

O\D

. 1/2
1550 < | [/ rA<z,<,<z>12|d<} ot (s 52) £ (<2) o
o\p LJap

Since the norm of the operator L?(C\D) — L*(C\D) of multiplication by hg; can
be estimated by a constant, the validity of (5.5) will follow from the estimates above
if we show that the following relations hold as z — oc:

sup / ‘A(z7§7§2>‘2d0€ — 07 sup / |A(Z7§7§2)|2‘d§’ — 0.
s2€C\D JO\D s2€C\D JOD

We will prove only the first of them, since the second one can be proved similarly.
Note that, uniformly in ¢ € O,

/ |A(2,5,5)|*do. <
O\D

/ / h12(§1,§1)< ! + 5(()) ( ! + ﬁ(gl))dagl
o\p |Jo\D G1—¢ S S — <1 S1

The boundedness follows from the fact that the internal integral is O(In [¢ —<2|), s —
G — 0. Let A® be given by (5.6) with the extra factor ns := n(sl|s — <1|)n(s|s1 —
2|)),s > 0, in the integrand, where n € C*°(R), n = 1 outside of a neighborhood
of the origin, and 7 vanishes in a smaller neighborhood of the origin.

For each ¢, there exists s = so(e) such that

/ |A— A%|?do, < ¢
O\D

2
do, < C.
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for all the values of ¢ € O,z € C. Denote by R* the function A% with the
potential hja replaced by its Li-approximation hijp € C§°(C\D). We can choose
this approximation in such a way that

/ |A% — R*2do. < ¢
O\D

for all the values of ¢, 2. Now it is enough to show that
|R%(¢,62,2)| >0 as z— o0

uniformly in ¢,¢2 € O. The latter can be obtained by integration by parts in
R*0(g, ¢, 2), defined by integral (5.6) with his replaced by (1 — ns)hi2(s1,61) (inte-

grating e™(1%) and differentiating the complementary factor). This completes the

proof of (5.4). O
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