oa P,
o0 Pug

%

rY Ok,
\%mv?‘

Pure and Applied Functional Analysis Yokohama Publishers

Volume 5, Number 2, 2020, 489-503 o
" © Copyright 2020

ON THE SOLVABILITY OF SOME SYSTEMS OF
INTEGRO-DIFFERENTIAL EQUATIONS WITH ANOMALOUS
DIFFUSION IN TWO DIMENSIONS

VITALI VOUGALTER
|

ABSTRACT. The article deals with the existence of solutions of a system of
integro-differential equations in the case of anomalous diffusion with the neg-
ative Laplacian in a fractional power in two dimensions. The proof of existence
of solutions relies on a fixed point technique. Solvability conditions for elliptic
operators without Fredholm property in unbounded domains are used.

1. INTRODUCTION

The present article is devoted to the studies of the existence of stationary solutions
of the following system of integro-differential equations

= =D (=B T+ [ Koo = gm0y + fu(o).

O,
ot
1 < m < N, which appears in the cell population dynamics. The space variable x

here corresponds to the cell genotype, functions w,,(z,t) describe the cell density
distributions for various groups of cells as functions of their genotype and time,

w(z,t) = (uy(x,t), uz(z,t), ..., un (z, 1)L

The right side of the system of equations (1.1) describes the evolution of cell densities
by means of the cell proliferation, mutations and cell influx or eflux. The anomalous
diffusion terms with positive coefficients D,,, correspond to the change of genotype
due to small random mutations, and the nonlocal production terms describe large
mutations. Functions g,,(u) stand for the rates of cell birth which depend on u
(density dependent proliferation), and the kernels K, (x—y) express the proportions
of newly born cells changing their genotype from y to x. Let us assume that they
depend on the distance between the genotypes. The functions f,,(x) describe the
influx or efflux of cells for different genotypes.

The operators (—A)*m, 1 < m < N in system (1.1) describe a particular case of
anomalous diffusion actively treated in the context of various applications in plasma
physics and turbulence [7], [20], surface diffusion [14], [18], semiconductors [19] and
so on. Anomalous diffusion can be understood as a random process of particle
motion characterized by the probability density distribution of jump length. The

(1.1)
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moments of this density distribution are finite in the case of normal diffusion, but
this is not the case for the anomalous diffusion. The asymptotic behavior at infinity
of the probability density function determines the value s,,, 1 < m < N of the
power of the negative Laplacian (see [17]). The operators (—A)*», 1 <m < N are
defined by virtue of the spectral calculus. Let us consider the case of 0 < s, <
1/2, 1 <m < N in the present article. A similar system in the case of the standard
Laplacian in the diffusion term was treated recently in [32]. Let us note that the
restriction on the powers s,,, 1 < m < N here comes from the solvability conditions
of our problem.

We set here all D, = 1 and establish the existence of solutions of the system of
equations

(12)  ~AF [ Ko = gan(ulo)dy + fule) = 0. 0< s <5

where 1 < m < N. We treat the case when the linear part of this operator fails to

satisfy the Fredholm property. Consequently, the conventional methods of nonlinear

analysis may not be applicable. Let us use the solvability conditions for the opera-

tors without Fredholm property along with the method of contraction mappings.
Let us consider the problem

(1.3) —Au+V(x)u —au = f,

where v € E = H*(R?) and f € F = L?>(R%), d € N, a is a constant and the scalar
potential function V' (x) is either zero identically or converges to 0 at infinity. For
a > 0, the essential spectrum of the operator A : E — F corresponding to the left
side of equation (1.3) contains the origin. Consequently, this operator fails to satisfy
the Fredholm property. Its image is not closed, for d > 1 the dimension of its kernel
and the codimension of its image are not finite. The present article is devoted to
the studies of certain properties of the operators of this kind. Note that elliptic
equations with non Fredholm operators were studied actively in recent years. Ap-
proaches in weighted Sobolev and Holder spaces were developed in [2], [3], [4], [5], [6].
The Schrodinger type operators without Fredholm property were treated with the
methods of the spectral and the scattering theory in [21], [27], [26]. The Laplace
operator with drift from the point of view of non Fredholm operators was stud-
ied in [29] and linearized Cahn-Hilliard equations in [24] and [30]. Nonlinear non
Fredholm elliptic equations were treated in [28] and [31]. The significant applica-
tions to the theory of reaction-diffusion type problems were developed in [9], [10].
The operators without Fredholm property arise also when studying wave systems
with an infinite number of localized traveling waves (see [1]). In particular, when
a = 0 the operator A is Fredholm in some properly chosen weighted spaces (see
(2], [3], [4], [5], [6]). However, the case of a # 0 is significantly different and the
method developed in these works cannot be used. Front propagation problems with
anomalous diffusion were treated largely in recent years (see e.g. [22], [23]). The
form boundedness criterion for the relativistic Schrodinger operator was established
in [16]. In article [15] the authors prove the imbedding theorems and study the
spectrum of certain pseudodifferential operators.



ON THE SOLVABILITY OF SOME INTEGRO-DIFFERENTIAL SYSTEMS 491

Let us set K, (x) = e Hpy(x), where &, > 0, such that

€ 1= MaT1<m<NEm, S I=MMAT1<m<NSm

1
with 0 < s < 5 and suppose that the assumption below is fulfilled.

Assumption 1.1. Let 1 < m < N and consider 0 < sy, < % Let fr(z) : R2 - R
be nontrivial for some m. Let f,,(x) € L*(R?) N L2(R?) and
(=8)' 7 fm(2) € L*(R?).
We assume also that H,,(z) : R? — R, such that Hy,(v) € L'(R?) and
(—A)' ¥ Hp (z) € L*(R?).

Moreover,
N
H =" [ Ho ()11 g2y > 0
m=1
and
N
Q%= (=A) """ Hyp () 72g2) > O-
m=1

We choose here the space dimension d = 2, which is related to the solvability
conditions for the linear Poisson type equation (4.1) given in Lemma 4.1 below.
For the applications, the space dimension is not restricted to d = 2, because the
space variable here corresponds to the cell genotype but not to the usual physical
space. In d = 1 our system was studied in [35] with all 0 < s, = 5 < 1 based on

the solvability conditions for the analog of (4.1) in one dimension. In d = 3 our
system was treated in [33] with all 1 <Sm=58< T As distinct from the situation
in lower dimensions d = 1,2, in R? we were able to apply the Sobolev inequality for
the fractional negative Laplacian (see Lemma 2.2 of [12], also [13]). Let us use the
Sobolev spaces for the technical purposes with 0 < s < 1, namely

H*(R?) := {¢(x) : R* > R | §(z) € L*(R?), (~A)*6 € L*(R?)}
equipped with the norm
(1.4) 18120y = 132 + 11(—A) 12 g,
For a vector vector function

u(z) = (u1(z), ug(x), ..., un(x))7,

throughout the article we will use the norm
N

(1.5) H’UJH?{?(RQ,RN) = HUH%2(R2,RN) + Z ”AumH%%ﬂ@)

m=1

with

N
HUH%%R{RN) = Z HUmH%qw)-
m=1
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By virtue of the standard Sobolev embedding in two dimensions, we have

(1.6) [l oo m2) < cellll g2 (m2)s
where ¢, > 01is the constant of the embedding. When all the nonnegative parameters
em = 0, we arrive at the linear Poisson type equations

(1.7) (=AY’ up(x) = fm(z), 1<m < N.

By virtue of Lemma 4.1 below along with Assumption 1.1 each equation (1.7) admits
a unique solution

1
Uy () € H*m(R?), 0< s, < 3’ 1<m<N,

such that no orthogonality conditions are required. According to Lemma 4.1 below,
when 1 <'s,,, < 1, a certain orthogonality condition (see formula (4.3)) is needed
to be able to solve equation (1.7) in H?m(R?). Because

—Aug () = (A f(z) € LH(R?), 1<m<N
due to Assumption 1.1, we obtain for the unique solution of linear problem (1.7)
that each ug ., (z) € H?(R?), such that

uo(w) == (uo1(z), up2(x), .., ug n(2))! € H%(R%,RM).
Let us look for the resulting solution of nonlinear system of equations (1.2) as
(1.8) u(z) = uo(x) + up(x),
with

up() := (up1(x), up2(2), ..oy up v (2))T.
Evidently, we easily derive the perturbative system of equations
1
(19) ()" tpn(0) = [ Hono = g (w0(u) + w0y, 0< 5 < 5.
R

with 1 < m < N. We introduce a closed ball in the Sobolev space
(1.10) B, = {u() € HX(R%RY) | Jullpagegmy < p}, 0<p< 1.

Let us look for the solution of system (1.9) as the fixed point of the auxiliary
nonlinear problem

1

(1.11) (A" up(x) =& /2 Hp(x — y)gm(uo(y) +v(y)dy, 0<sp < 2
R

where 1 < m < N in ball (1.10). For a given vector function v(y) this is a system

of equations with respect to u(x). The left side of (1.11) contains the operators
without the Fredholm property

(=A)S™ : H?™(R?) — L*(R?).

Its essential spectrum fills the nonnegative semi-axis [0, +00). Therefore, such oper-
ator has no bounded inverse. The similar situation appeared in works [28] and [31]
but as distinct from the present case, the problems studied there required orthogo-
nality conditions. The fixed point technique was used in [25] to estimate the pertur-
bation to the standing solitary wave of the Nonlinear Schrodinger (NLS) equation
when either the external potential or the nonlinear term in the NLS were perturbed
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but the Schrédinger operator involved in the nonlinear equation there possessed the
Fredholm property (see Assumption 1 of [25], also [8]). Let us define the closed ball
in the space of N dimensions as

(1.12) I:.= {Z e RY ’ ‘Z‘ < CGHUOHH2(R27RN) + Ce}
and the closed ball D) in the space of C%(I,R") vector functions given by

(1.13) {9(2) == (91(2), 92(2), ... gn (2)) € C*(L,RY) | |lgllcz(rmvy < MY,
with M > 0. Here the norms

N
(1.14) l9llc2(rrry = Z lgmllc2(ry
m=1
N N
Ogm, a2gm
1.1 m = |lgm ,
(1.15) lgmlloz(ry = llgmllc@ + ; H dzn o) + ngl H@zn@zl HC(I)

where | gmllc(r) := maz.er|gm(2)|. We make the following technical assumption on
the nonlinear part of problem (1.2).

Assumption 1.2. Let 1 < m < N. Assume that gn(z) : RN — R, such that
gm(0) =0 and Vg, (0) = 0. It is also assumed that g(z) € Dy and it is not equal
to zero identically in the ball I.

Let us introduce the operator Ty, such that u = Tyv, where u is a solution of
problem (1.11). Our first main result is as follows.

Theorem 1.3. Let Assumptions 1.1 and 1.2 hold. Then for every p € (0,1] there
exists €* > 0, such that system (1.11) defines the map T, : B, — B,, which is a
strict contraction for all 0 < e < e*. The unique fized point uy(x) of this map T, is
the only solution of problem (1.9) in B,.

Obviously, the resulting solution u(z) of problem (1.2) will not vanish identically
since the source terms f,,(x) are nontrivial for some 1 < m < N and all g,,(0) =0
due to the one of our assumptions. Let us make use of the following elementary
lemma.

Lemma 1.4. For R € (0,400) consider the function

1
¢o(R) := aR*™ + i 0<s< 5 a> 0.
2s

It attains the minimal value at R* := | —————, which is given by
a(l —2s)

1—2s)%1
(P(R*) _ ( (28)28 0425.
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Our second main proposition deals with the continuity of the fixed point of the
map 7T, which existence was established in Theorem 1.3 above with respect to the
nonlinear vector function g.

Theorem 1.5. Let j = 1,2, the assumptions of Theorem 1.3 hold, such that u, ;(x)
is the unique fized point of the map Ty, : B, — B, which is a strict contraction for
all 0 < e <¢ej and § :=min(e},e3). Then for all 0 < e < ¢ the estimate

(1.16) lup,1 — up2ll 2@ myy < Cllgr — g2llc2(rrvy

holds, where C' > 0 is a constant.

Let us proceed to the proof of our first main statement.

2. THE EXISTENCE OF THE PERTURBED SOLUTION

Proof of Theorem 1.3. Let us choose an arbitrary vector function v(z) € B, and
denote the terms involved in the integral expressions in the right side of problem
(1.11) as

Gm(x) := gm(uo(z) + v(z)), 1<m<N.
Throughout the article we will use the standard Fourier transform
(2.1) 3) = — | plz)erda.

2 R2

Clearly, we have the upper bound

~ 1
(2.2) o)l oo (r2) < %H(ﬁ(x)”Ll(RQ)-
We apply (2.1) to both sides of problem (1.11). This yields
_ Hy(p) G ()

1<m<N.

) =

Um(p) = em2m ‘p’25m

Then we express the norm as

Hy (p) |G (p) 2
28 lunlae = 4w'cl, [ Hn )
R2 [p[*sm

As distinct from works [28] and [31] with the standard Laplacian in the diffusion
term, here we do not try to control the norms

dp, 1<m<N.

~

H,,(p)
|p’25m

1<m<N.

Y

L (R2)

Instead, let us estimate the right side of (2.3) via the analog of bound (2.2) applied
to functions H,, and G, with R € (0, +00) as

47(25%{/ | (p)lf (p)] dp+/ | (p)lf (p)] dp) <
IpI<R [p| e pI>R [p|em
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24) < HnlPagerd = lGom(@) s e S 4 L@@
. >&m m|lL1(R2) An L( RZ)l 25, R45m m L L2(R2) (*

Be means of norm definition (1.5) along with the triangle inequality and since
v(z) € B,, we easily arrive at

luo + vl p2r2 wvy < lluoll g2 mvy + 1.
Sobolev embedding (1.6) gives us
luo + v| < ee([luol| g2r2 gy + 1)

Let the dot stand for the scalar product of two vectors in RY. The representation

1
Gm(z) = / Vgm(t(up(x) +v(x))).(up(z) + v(z))dt, 1<m <N,
0
where the ball I is defined in (1.12) implies
G (2)| < super|Vgm(2)|luo(x) + v(x)] < Mluo(z) + v(z)|.
Therefore,
1Gm (@)l L2®2) < Mlluo + vl L2z gy < M([[uoll g2rz gy + 1)

Evidently, for ¢ € [0,1] and 1 < m, j < N, we have the representation

0 0

29 (o) + o(0)) = | TH (r{un(o) + o(0))-(uale) + o(a))
This gives us

9gm

(g (w) + ()] < spcr [ VG o) + v(o)] <

= Z H aaznazj Hca uo(z) + v(@)]
Thus, |G (x)| <

N 62 -
< luo(w) + v(@)| Y ||
n,j=1

[wo,j(x) +vj ()] < Mug(x) +v(x)]*.

02,0z ’0(1)

Therefore,
@5 Gm@) ) < Mo + e gry < Mluolle g + 1)

This allows us to derive the estimate from above for the right side of (2.4) as
e M| Hyp |71 g2y

(l[wo |l rqre gy + 1)2R245m .
el D { é(Lw(l —) 28m) * Rton

where R € (0,+00). Lemma 1.4 yields the minimal value of the expression above.
Hence, HUmH%2(R2) <

2+45m M2
(1 — 25,,) (87, )25m

< e[ Hinl|21 g2y (lwoll 22 vy + 1)
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We introduce

1 1
W = maxlgmgva

1
with 0 < S < 3 Hence

M2
(1 25)(875)2

(2.6) [ull? 22 gy < e2H([[uoll 2 g2 movy + 1)
Evidently, (1.11) gives us

—Aup(z) = 5m(fA)1_Sm Hpy(x —y)Gn(y)dy, 1<m<N,
RZ

1
with 0 < s, < 5 By virtue of the analog of estimate (2.2) applied to function G,

along with (2.5) we arrive at
1A |22y < el Gl oy 1 (=)'~ Hinl[7 g2y <

< &M (||uoll pr2(re vy + DHI(=2) " Hin |2 g2)-

Therefore,

N
(2.7) Z HA“mHi?(R?) = 52M2(||U0HH2(R2,RN) +1)'Q%

m=1

Thus, by means of the definition of the norm (1.5) along with estimates (2.6) and
(2.7) we obtain the upper bound for |[ul| g2g2 gvy as

1
o | H?([luoll gr2re mvy + 1) e ? <
(1 — 25)(875)28 =P

(2.8) EM(HUOHHQ(R?,RN) +1)

for all € > 0 small enough. Therefore, u(x) € B, as well. If for some v(z) € B,
there exist two solutions u12(x) € B, of problem (1.11), their difference w(z) :=
up () — ug(x) € L2(R%,RY) satisfies

1
(A" wy(z) =0, 0< sy, < 2 1<m<N.

Since the operator (—A)*" considered on the whole R? does not have any nontrivial
square integrable zero modes, w(z) = 0 a.e. on R2. Hence, system (1.11) defines a
map T, : B, = B, for all ¢ > 0 sufficiently small.

Our aim is to prove that this map is a strict contraction. We choose arbitrarily
v12(z) € B,. The argument above yields ui 9 := Tyv1 2 € B, as well. By virtue of
(1.11) we have for 1 <m < N

29) A = e [ Hnle = pam(uos) + 0 (6)dy,

Q1) (A un(@) = e [ Hne = p)a(uos) + vals)dy,
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1
where all 0 < s,,, < 3 Let us define

Gim(z) = gm(uo(z) + v1(2)), Gom(x):=gm(uo(x)+v2(z)), 1<m<N

and apply the standard Fourier transform (2.1) to both sides of problems (2.9) and
(2.10). This gives us

Ho(p)Gim(p)

Ho(p)G
|p|28m ) u2,m(p):€m2wM.

Evidently,

ﬁ b 2él p —éQ D 2
Hul,m_u27m||%2(]1§2) 263,1471'2/2 [Him(p)["] ’7;]1(1531 7m( )
R

Clearly, it can be bounded from above via estimate (2.2) by &?||Hy, |7,

dp.

(R2) %

y 1G1m () = Gom ()71 g2y R2—4sm N 1G1m(2) = Gom ()12 g2
Am 1—2s,, RAsm ’

where R € (0,+00). Let us make use of the representation for 1 <m < N

Gim(®) — Gom(x / Vgm(uo(z) + tvi(x) + (1 — t)va(w)).(vi(z) — va(z))dt.
Evidently, for ¢ € [0, 1]
[ve(2) + t(vi(x) — v2(2)) | 22 vy < Hv1(@)] p2r2 m)+

+(1 = t)[lva (@) 2 (r2ry) < s
which yields that va(x) + t(vi(x) — v2(x)) € B,. Thus,

|G () = Gam ()] < supzer|Vgm(2)[[v1(2) — va()] < M1 (2) — va(2)].

This gives us

[G1m(z) — Gom(2) || L2R2) < M|lv1 — va2ll2@emyy < M[v1 — V2l g2 (g2 mY)-

0
Let us express ﬂ(uo(:n) +tvi(x) + (1 — t)va(x)) for 1 <m,j < N as

Ozj
/ Vaai? (2) + tor(2) + (1 = t)oa(x)])-[uo(z) + tor (2) + (1 — t)va(x)]dr.
Hence for ¢ € [0, 1]
%92(%(3;) +tor(2) + (1 - os(2))| <
2| 929
<D l5a (luo ()] + tlor (@) 4+ (1 = t)[va())).
n=1 " o

Thus we derive the estimate from above for G, () — G2, () in the absolute value
as

Mlor(2) ~ vo(@)] (juo(@)] + glor (@) + 5loa(@)]).
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By virtue of the Schwarz inequality we obtain at the upper bound for the norm
1G1m () = Gom(2)|| 12 (r2) a5

1 1
Mllvy — va| L2 (m2 mv) (HUOHL2(R2,RN) + §HU1HL2(R2,RN) + §HU2HL2(R2,RN)> <

(2.11) < Mllvr — v2| g2 w2 mvy ([woll g2m2 gy + 1)-
Hence we obtain the estimate from above for the norm |juj ., — u27m\|%2(R2) given

by 52HHmH%1(R2)M2HU1 - U2”%{2(R2,RN) X

R2—4sm 1
1—2s,, + RAsm }

Let us minimize the expression above over R € (0,400) by virtue of Lemma 1.4.
Thus, we arrive at ||uq m(z) — u27m(:c)\|%2(R2) <

1
x{ = (luoll 2 g oy + 1)

(luoll 2 (g2 gy + 1)

(1 — 28,,) (878, ) 25m

< || Honl|71 ey M2 [o1 = v2|372 g2 vy

<

such that [ju;(x) — U2($)||%2(R2’RN) B

(luoll g2z myy + D* 1
1—2s (87S5)25"

(2.12) < HAM? |1 — va[7j2 (g2 vy

Formulas (2.9) and (2.10) with 1 <m < N give us
(=A) (u1,m () = uz,m(2)) =

=8 [ Hila = 9)[Gan(y) ~ Ganlw)ldy,
By means of inequalities (2.2) and (2.11) we derive
1A (um(x) = wzm (@) |72 (ge) <
< &|Grm = Gl Faggey 1(=2) " Hpn|72 g2y <
< e2M?|[or = w2 fpaga vy (luoll 2z vy + 1)21(=A)' " Hon | 22 gy -
Therefore, o001 | A(um(2) = uzm(@)[32(52) <
(2.13) < e2M2|[or = v2fpa e vy (ol 2 (e vy +1)° Q%

Estimates (2.12) and (2.13) imply that the norm [|uy —ua|| y2(g2 g~y can be bounded
from above by the expression e M ([|u || g2(r2 mvy + 1) x

(1 —2s)(875)%°

This implies that the map T}, : B, — B, defined by problem (1.11) is a strict con-
traction for all values of € > 0 sufficiently small. Its unique fixed point u,(x) is the
only solution of system (1.9) in the ball B,. The resulting u(z) € H2(R?, RY) given
by (1.8) is a solution of problem (1.2). Note that by virtue of (2.8) u,(z) converges to
zero in the H?(R?, RY) norm as ¢ tends to zero.

H2(Hu0||H2 R2 RN + 1)4372 i
(2.14) X{ (R?,RN) +Q% ¢ o1 — vall g2z gy
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Let us turn our attention to the proof of the second main proposition of our
article.

3. THE CONTINUITY OF THE FIXED POINT OF THE MAP Tg

Proof of Theorem 1.5. Evidently, for all 0 < £ < § we have
up71 - Tglup’:L’ up’2 - TQQup72'
Thus,
up — up2 = Tgyup1 — Ty up2 + Ty up2 — Tgyup2.
Obviously, [lup1 — up 2|l 2@z gy <
< HTglup,l - Tg1“p,2HH2(R2,RN) + HTglup,2 - ngup,2HH2(R2’RN)-

Estimate (2.14) gives us

T, up,1 — Tg1“p72HH2(R2,RN) <eofupt — upo H2(R2,RN)>

where eoc < 1 because the map T, : B, — B, under the given assumptions is a
strict contraction. Here and further down we use the positive constant

1
HQ(”UOHH?(R?,RN) + 1)t Lo :
(1 —25)(878)%° '

o = M([luo| 2 (g2 gy + 1){

Hence, we arrive at
(3.1) (1 —eo)|lupa — up72HH2(R2,RN) < | gy up,2 — ngun?HH?(R?,RN)-

Evidently, for our fixed point Ty,up2 = up2. We designate £(z) := Ty upo. For
1 <m < N, we obtain

(3‘2) (_A)smgm(ﬂf) =E&m /R2 Hm(x - y)gl,m(uﬂ(y) + up,2(y))dy7

63) A (@) = en [ Hule = p)ann(u() + ua()dy

1
with all 0 < s, < 3 We denote here

Gi2m(T) == g1m(uo(z) + up2(®)),  G22m(T) = g2,m(uo(x) + up2(z)).

Let us apply the standard Fourier transform (2.1) to both sides of formulas (3.2)
and (3.3). This gives us

fAfm(P)CATYLz,m(P)
|p|2sm

Hyp(p)Go9.m(p)
|p|?sm

gm(p) = Em2T . Upoam(p) =em2m

Clearly,

7 2| _ A 2
() = tpam () ey = ta? [ D12 (7) = Cann )

dp.
R pltn g
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Obviously, it can be estimated from above via (2.2) by

9 9 HG1,2,m - G2,2,m|‘%1(R2) RZ—4sm HG1,2,m - G2,2,m”%2(R2)
€ HHmHLl(R2) A7 1_28m + R4Sm )

where R € (0, +00). Let us use the identity

1
Gl’z,m(w) — G272’m($) = /(; V[ng — gg7m] (t(U()(JJ) + Up,2 (1‘)))

(UO(.Z‘) + up72($))dt.
Hence
|G12,m(2) — G22.m (%) < [|91,m — g2,mllc2(n)[uo(®) + up2(z)|.
This yields
[G12m — G22mlz2®2) < [91m — g2mllc2(nylluo + up2ll L2 r2 vy <
< lg1,m — g2,mllc2(ry(luoll g2 (r2 mvy +1)-
We apply another useful representation formula for 1 < j < N and ¢ € [0, 1], namely

(‘ij(gl’m — g2.m) (t(uo(x) + upa(x))) =

=/vgyﬂwﬂ%ﬂmw@+%memw+%wmw
0 J

Hence, we arrive at

0
|5 (Gtm = g2.m) (H(u0(@) + upa(@)))| <
Zj
N
82 (91 m — g2 m)
< ’ ’ .
) I (@) + ()
n=1 c)
Therefore,
Gr2,m(2) = Gaom ()] < [lg1m — g2.mllo2(nluo(x) + upa ()],
such that

1G12m = Gazmllr @2y < Nlgrm — g2mllc2(nlluo + up2l| 22 gz gy <

(3:4) < llgrm — g2mllo2(ry (luoll 22 vy + 1)°
This allows us to obtain the estimate from above for the norm ||&,, — up72,mH%2 (&2)
as 52‘|Hm||%1(R2)(HUOHH2(R27RN) -+ 1)2><

2 (HUOHH2(R27RN) + 1)2R274sm 1
Xlgran = g2mllca 4 (1 — 28,,) * Ritom

This expression can be easily minimized over R € (0, +00) due to Lemma 1.4. We
derive the upper bound [|&,,(z) — up72,m(:c)H%2(R2) <

191,m — 92,m||202(1)
(1 — 25,,) (87, )25m

2+4+45m

< & Hnl |2 m2) (1ol 22 vy + 1)
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such that
llgr — 92”%2(17RN)
(1 —2s)(875)25 °

€ (@) = up2(2) |72 re gy < €2 H?(Iluoll g2 (g2 gy + 1)
Equalities (3.2) and (3.3) with 1 <m < N give us

— A& (z) = ep(—A) 5 . Hp(z = y)G12.m(y)dy,

~ Ay 20(@) = (A [ e = )Gz )iy

Therefore, by virtue of (2.2) and (3.4) the norm ||A(&y,(x) — up,27m(:c))||%2(R2) can
be bounded from above by
e1Gr2m — Gzl ey | (—A) 7" Hin|7 22y <

< &llgim — 92,mH%%I)(HUOHHQ(R?,RN) + 1)4“(_A)1_SmHmH%2(R2)‘
Therefore, Zﬁ:l AEm(z) — “p,2ﬂm<w))||%2(n{2) <

g1 — 92”202(1,RN)(HUOHH?(R?,RN) +1)'Q%
Hence, we obtain [[§(x) — up2(z) | g2 e mvy <

H? Uol| 72(R2 RN +1)4s52 2
(ol + 022 | o]F

(1 —2s)(87S8)25

<ellg1 — g2llczrrmy (luoll g2 e gy + 1)

By means of inequality (3.1), the norm [[up,1 —up 2| g2(r2 gvy can be estimated from

above by 1= 50(HUOHH2(R2’RN) +1)%x
H(Jluoll g2 (re vy + 1) 72 2
(1-— 2(5)(8wg’)25 +Q’ llg1 — 92‘|C2(1,RN),
which completes the proof of our theorem. 0

4. AUXILIARY RESULTS

Let us state here the solvability conditions for the linear Poisson type equation
with a square integrable right side

(4.1) (-AY¢p = f(x), z€R?) 0<s<l.

The inner product can be designated as

(12) (@) g@)izee) = [ f@g(o)ds
RZ

with a slight abuse of notations when the functions involved in (4.2) are not square
integrable, like for instance the one involved in orthogonality condition (4.3) of
Lemma 4.1 below. Indeed, if f(z) € L}*(R?) and g(z) € L>(R?), then the integral
in the right side of (4.2) is well defined. We have the following technical proposition,
which can be easily established by applying the standard Fourier transform (2.1)
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to both sides of problem (4.1) (see the part b) of the first theorem of [36] and for
1
s=5 the part 2) of Lemma 3.1 of [34]).

Lemma 4.1. Let f(z) : R? = R and f(x) € L*(R?).
1) When 0 < s < 3 and additionally f(z) € L'(R?), equation (4.1) possesses a
unique solution ¢(x) € H*3(R?).

2) When 1 < s <1 and in addition |z|f(z) € L*(R?), problem (4.1) has a unique
solution ¢(x) € H**(R?) if and only if the orthogonality relation

(4.3) (f(x), D)r2mey =0
holds.

Let us note that for the lower values of the power of the negative Laplacian
1
0<s< 3 under the conditions stated above no orthogonality relations are required

to solve the linear Poisson type problem (4.1) in H?%(R?).
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