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CONVERGENCE ANALYSIS OF THE GAUSS-NEWTON
METHOD FOR CONVEX INCLUSION PROBLEMS AND
CONVEX COMPOSITE OPTIMIZATION

CHONG LI AND KUNG FU NG

ABSTRACT. Using the convex process theory we study the convergence issues of
the iterative sequences generated by the Gauss-Newton method for the convex
inclusion problem defined by a cone C and a Fréchet differentiable function F' (the
derivative is denoted by F’). The restriction in our consideration is minimal and,
even in the classical case (the initial point x is assumed to satisfy the following
two conditions: F’ is Lipschitz around zo and the convex process Ty, defined
by Ty = F'(z0) - —C, is surjective), our results are new in giving sufficient
conditions (which are weaker than the known ones) ensuring the convergence of
the iterative sequence with initial point zo. When F' is analytic, we study point
estimate conditions similar to Smale’s conditions for nonlinear analytic equations.
The same study is also made for the so-called convex-composite optimization
problem (with objective function given as the composite of a convex function
with a Fréchet differentiable map).

1. INTRODUCTION

In this paper, we consider a pair of two closely related problems. One is known
as the convex inclusion problem

(1.1) F(z) e C,

where F' is a map from a Euclidian space R" (or a finite dimensional space) to
another R™ and C'is a closed convex set in R™. The other problem to be considered
is

(1.2) min (h o F)(z),

where h is a real-valued convex function on R™ and F' is as in problem (1.1). If
h = d(-,C), the distance function associated to C, then (1.2) reduces to (1.1)
(provided that the latter is solvable). Many problems in optimization theory, such
as minimax problems, penalization methods and goal programming, can be cast as
problem (1.1) and/or (1.2); see [3, 4, 6, 7, 8, 12, 14, 17] and [23] for many such
examples. In particular, in the case when C' is the negative cone R”" in R™ and
F := (f;) with each f; : RY — R, problem (1.1) is reduced to the well-known
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feasibility problem, which has been studied extensively, especially in the case when
each f; is convex; see for example the survey [1] by Bauschke and Borwein. In [19],
Robinson proposed the following algorithm (which is called the extended Newton
method) for solving (1.1) (assuming that C' is a closed convex cone) with starting
point xg:

Algorithm A(zg). For k =0,1,..., having z, determine xy1 as follows.
If Doo(wx) # 0, choose dy € Doo(w) to satisfy ||di|| = mingep  (z,) I|d], and set
ZTpr1 = T + di, where D (x) is defined by

(1.3) Doo(x) :={d€RY: F(z)+ F'(z)d € C} for each x € R".

Since D () may be empty for some z € R”, the above algorithm is not necessar-
ily well defined in some unfavorable cases (we say that an algorithm is well defined
if it generates at least one sequence). Robinson made two important assumptions
n [19]. One is

(1.4) Range(T,,) = R™,
where T}, is the convex process defined by
(1.5) Tyod = F'(z9)d — C  for each d € R".

The second assumption is that F’ is Lipschitz continuous (say with modulus K).
Under these assumptions (so in particular, T}, ! is normed: [T, '] < o0), it was
proved in [19] that a sequence {zj} generated by Algorithm A(xg) converges to a
solution z* satisfying F'(z*) € C provided that the following “convergence criterion”
is satisfied:

1
(1.6) lz1 = zoll < S
2K || Ty |
In the present paper, we prove the same result with a sharper convergence crite-
rion and under weaker assumptions (allowing particularly that ||7} | = oo). Simi-

larly, we establish a convergence result regarding an algorithm in the Gauss-Newton
method for solving problem (1.2). This algorithm has been studied in [5, 10, 16, 29]
and in a recent work [11] of ours. The main feature of our present approach is
that the norm of Tgol is allowed to be infinite. Moreover, our convergence criterion
for the convergence of a sequence generated by the algorithm is not only sharper
than the earlier results but also has the so-called affine invariant property, namely
it is unchanged if f = h o F' is also represented as f = hoF, where h = ho A~}

F = AoF and A is an inversible transformation.

The paper is organized as follows. In section 2, we list some basic concepts and
known facts needed in the sequel. We introduce in section 3 the new notion of the
weak-Robinson condition for convex processes and prove some related results for
use of the proof of our main result, which is given in section 4. Applications to two
special and important cases (Kantorovich’s type condition and Smale’s condition)
are provided in section 5, where we also present a kind of point estimate results for
(1.1) and (1.2) which are inspired by the corresponding results of Smale [2, 24, 25]
for analytic equations. We end section 5 with some examples about the comparison
of the present paper with the known ones.
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2. PRELIMINARIES

Let B(z,r) stand for the open unit ball in R or R™ with center x and radius
r while the corresponding closed ball is denoted by B(z,r). The closed unit ball
in R? is denoted by Bgrv. Let S be a closed convex subset of RV or R™. We use
d(z,S) to denote the distance from = to S. Let h : R™ — R be a convex function,
F a nonlinear Fréchet differentiable map from RY to R™, and C the set of minimum
points of h. We begin with the Gauss-Newton method. Let A € (0, +oc], x € RY
and let Da(x) represent the set of all d € RY satisfying ||d|| < A and

(2.1) h(F(x) 4+ F'(z)d) = min{h(F (z) + F'(x)d') : d € R, ||d'|| < A}.
Clearly, d € Da(z) if and only if d is a solution of the convex minimization problem:
(2.2) min{h(F(x) + F'(z)d’) : d € R", ||d'|| < A}.

Let

(2.3) Da(z) ={deR": ||d|| <A,F(z)+ F'(z)d € C}.

Since C is the set of minimum points of h, we note that ®a(x) C Da(z) for each
x € RY.

Remark 2.1. (a) If A < +o00, then Da(z) # ) for each x € R".

(b) If F(z*) € C then z* solves (1.2).

(c) Suppose that Da(x) # 0. Then for each d € RY with ||d|| < A, the following
equivalences hold.

(2.4) de€ Da(z) <= deDa(r) <= d € D(z) <= d € D(x).

Following [5, 10, 16, 29], we consider the following algorithm (which is called the
Gauss-Newton method) for solving (1.2); let n > 1, A € (0,+00] and zg € R".

Algorithm A(n, A, xp). For k =0,1,..., having z, determine 1 as follows.
If h(F(xg)) = min{h(F(x) + F'(x)d) : d € RY,||d|| < A}, then stop; otherwise,
choose dj, € Da(zy) to satisty ||dg|| < nd(0, Da(zg)), and set xg1 = g + di.
Throughout, unless explicitly mentioned otherwise, we use L to denote a positive-
valued increasing absolutely continuous function on [0, A) such that A < 400 and

fOA L(7) dr = 4o00. For a > 0, let 7o € (0,A) and b, > 0 be defined by

(2.5) a/ aL(T) dr=1 and b, = a/ aL(T)T dr;
0 0

thus (see[l11, p.615])
(2.6) bo < Tq.
Fix a constant £ > 0, and define

t
(2.7) Ga(t) =& —t+ a/ L(1)(t —7) dr for each t € [0, A).

0

Thus

e

OL(t) =—1+ a/ot L(t) dr, ¢l(t) = aL(t) foreacht € [0,A)
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and ¢ (t) exists almost everywhere thanks to the assumption that L is absolutely
continuous. Let t,, denote the sequence generated by Newton’s method for ¢,
with initial point ¢, = 0:

(2.8) tam+1 = tan — wWa(tan) foreachn=0,1,...,
where w,, : [0, A) — R is defined by

(2.9) wal(t) == ¢l (1) Lpa(t) for each t € [0,A).
In particular, by (2.7) and (2.8),

(2.10) to1 = E.

The following lemmas are known; see for example [11, 26].

Lemma 2.2. Suppose that 0 < & < b,. Then the following assertions hold.
(1) ¢o is strictly decreasing on [0,74] and strictly increasing on [rq, A) with

¢oz(‘5) > 0, ¢a(ra) = 5 — by <0, tl_ifj{l_"_ ¢a(t) > &> 0.

Moreover, if £ < by, ¢ has two zeros, denoted respectively by rk, and %, such that
T

(2.11) E<rl < b—aé <To < TR
(03

and, if £ = by, o has a unique zero r’ in (£, A) (in fact ri =r,).
(ii) {tan} is strictly monotonically increasing and converges to r.
(iii) The convergence of {tan} is of quadratic rate if £ < by, and linear if & = by.
(iv) wq s increasing on [0,77).

Lemma 2.3. Let ry, by and ¢, be defined by (2.5) and (2.7). Let o > o with the
corresponding ¢o . Then the following assertions hold.

(i) The functions o — ro and o +— by, are strictly decreasing on (0, 400).

(i) G < dor on (0,A).

(iii) The function o v 17 is strictly increasing on the interval I(§), where I(§)
denotes the set of all a« > 0 such that & < b,.

Lemma 2.4. Let 0 < ¢ < A. Define

1 t
x(t) = 2 / L(c+7)(t—7) dr  for each t € [0,A —¢).
0

Then x is increasing on [0, A — c).

3. CONVEX PROCESS AND THE WEAK-ROBINSON CONDITION

The concept of convex process (which was introduced by Rockafeller [21, 22] for
convexity problems) plays a key role in the study of this section.

Definition 3.1. A set-valued mapping T : RY — 28" is called a convex process
from R to R™ if it satisfies

(a) T(z+y) D Tx+ Ty for all z, y € RY;

(b) T(Ax) = AT’z for all A > 0, x € RY;

(c) 0 € TO.
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Thus T : R¥ — 28" is a convex process if and only if its graph Gr(T') is a convex
cone in RY x R™. As usual, the domain, range and inverse of a convex process 1T’
are respectively denoted by D(T), R(T) and T~ 1; i.e.,

D(T) ={z €R": Tx #0}, R(T)=|J{Tz:2eD)}
and
T 'y ={zcR":yc Tz}
Obviously 77! is a convex process from R™ to R”. Furthermore, for a nonempty

set A in R” or R”, it would be convenient to use the notation ||A| to denote its
distance to the origin, that is,

(3.1) |A| == inf{]Ja] : a € A}.

We also make the convention that A 4+ () = () for each set A. For the whole paper,
we always assume that the domain of any convex process is nonempty.

Definition 3.2. Let T be a convex process. Define
1T = sup{|[Tz[| : = € D(T), [Jzf| <1} < +o0.

If ||T']] < 400, we say that the convex process T' is normed.

Let T, S:RY — 28" and Q : R™ — 2% he convex processes. Recall that T C S
means that Gr(T') C Gr(S), that is, Tx C Sz for each x € D(T"). By definition,
one can verify easily that ||T'|| > ||S|| if ' C S and D(T") = D(.S). Moreover, T' C S
if and only if 7-' C S~!. The sum 7 + S, composite @ S and multiple AT (with
A € R) are processes defined respectively by

(T4 S)(x) =Tz + Sz for each x € R,
QS(z)=Q(S(x)) = U Q(y) for each z € R

yeS ()
and
(AT)(x) = AM(Tz) for each z € R".
It is well known (and easy to verify) that T+ .5, @S, AT are still convex processes
and the following assertions hold:

1T+ S| <IT[+Sll,  NQSI<IQ[IS|  and AT = [A|T]]-
We also require two propositions below: the first one is known in [20] while the

second is a direct consequence of the first one and [19, Theorem 5].

Proposition 3.3. Suppose that T is a convex process from RY to R™. IfD(T) = R",
then T is normed. Consequently, T—* is normed if R(T) = R™.

Proposition 3.4. Let S1 and Sy be convex processes from RV to R™ with D(S1) =
D(S2) = R? and R(S1) = R™. Suppose that ||S7*|||S2]| < 1 and that (Sy + Sa)(z

—1
is closed for each x € R®. Then R(S1+S2) = R™ and ||(S1+S2) 71| < %
1

The following definition is a modified version of the corresponding notions in [11].
Let L and A be as in section 2 and let L(RY,R™) denote the Banach space of all
linear operators from R” to R™. Let 29 € R and r € (0, +00).
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Definition 3.5. Let T : R™ — 2% be a convex process and H : RV — L(R?,R™)
be a mapping. Let 0 < r < A. The pair (T, H) is said to satisfy
(a) the weak L-average Lipschitz condition on B(zg,r) if

llz—zol|
|T(H(xz) — H(xp))|| < /0 L(r)dr for each = € B(xo,r);

(b) the L-average Lipschitz condition on B(zo,r), if

llz—2"||+|2" ol

IT(H () - H())| < / L(r)dr

ll="—zol|

for all z, 2’ € B(xg,r) with ||z — /|| + |2’ — x| < r.
Moreover, in the case when L is a positive constant, we say that (T, H) is
(c) Lipschitz continuous on B(zg,r) with modulus L if

IT(H(x) = Hy)|l < Lllz —y[ for all z,y € B(zo, r),
that is 7' o H is Lipschitz continuous on B(xg, ) in the usual sense.

Note that, when L is a positive constant, (b) and (c) are mutually equivalent. An
important class of (T, H) satisfying (b) arises from our attempt to extend Smale’s
a-theory to the inclusion problem (1.1) and the optimization problem (1.2) instead
of his nonlinear analytic equations; see section 5.

Lemma 3.6. Let g : [0,1] = R and G : [0, 1] — R™ be continuous functions and let

T :R™ — 2" be a convez process such that D(T) 2 R(G). Then fo 7)dr € D(T).
Suppose in addition that

(3.2) ITG(t)| < g(t) for eacht € [0,1].

Then

(3.3) H:r/o1 G(r)dr g/olg(T)dT.

Proof. Note first that the convex hull co (R(G)) of R(G) is contained in D(7"). Let
0 <a <b<1. Since G is a continuous and [a.b] is compact, R(G) is compact in
R™ and so is co (R(G)). Moreover, we have that

1 b
b—a/aG( dT—hmeGa—i— —a)).

This implies that ;1 f; G(1)dr € co(R(G)) € D(T'). In particular, fo T)dr €

D(T). Furthermore, there exist {r;}/71 C [a,b] and {a;}}11 C [0,1] with Zlﬂ =
1 such that

I+1

—a/G dT—z:ozZ Ti).

Then

T/abG(T)dT: (b—a)T(bia/abG(T)dT> > (b—a)iiaim(n),
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and it follows from (3.2) that

b +1 I+1
HT/ G(r)dr b—a Z%HTG ) <(b—a Zalg Ti)-
a =1

Hence, by the mean valued theorem,

(3.4) ' / G(r)dr

In particular, for each k = 1,2,... and i = 1,2,...,k, we apply the above discussion
to [=2, £] in place of [a,b] and so there exists t¥ € 22, 2] such that

T/.k1 G(r)dr
k

Consequently, for each k =1,2,...,

< (b—a)g(t) for some t € [a,b].

1
SEg(tf) foreach k=1,2,... and:=1,2,...,k.

|75 mar| = |rsk sk e
k
< Thy|TJEL Grar
k
< Xt
Letting & — +o00, (3.3) holds and the proof is complete. O

For the remainder of the present paper, we shall always assume that C is a
nonempty closed convex cone in R™, and that F': RY — R" is a smooth function,
that is, its Fréchet derivative is continuous. For x € RY and, we define a convex
process T, by

(3.5) T,d = F'(z)d — C for each d € R".
Note that D(T,) = R?, and T, ! is given by
(3.6) T 'y={decR': F'(z)d €y +C} foreachyecR™.
Moreover,
(3.7) Doolw) = Ty (—F(2)) = T5 (= F(z) + O)
(since C'4+ C = C). Recall that r; is defined by (2.5) with a = 1, that is,
T1
(3.8) / L(r)dr =1.
0
Lemma 3.7. Let zg € RY and 0 < r < r1. Suppose that
(3.9) R(F'(z)) CR(Ty,) for each x € B(wo,,T)

and that (T,,', F') satisfies the weak L-average Lipschitz condition on B(zo,T):

llz—zo|
(3.10) HT;()l(F’(x) — F'(x0))| < /0 L(r)dr for each x € B(zg,r).
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Then, for each x € B(xo,,r), it holds that R(Ty,) C R(Ty),
le—aol -
(3.11) D(T,;'F'(x0)) =R” and || T, 'F'(x0)]| < [1 —/ L(r)dr
0

Proof. Let x € B(zp,,r). Let S; = I (the identity map on RY) and let Sy =
Tx_ol(F’(q:) — F'(z9)). By (3.9), R(F'(z) — F'(x)) C R(Ty,) and so D(S2) = R".
Note further that Ss is a normed convex process with closed graph and that

llz—zoll 1
||Sa]| < / L(r)dr < / L(r)dr =1
0 0

(by (3.10) and (3.8)). Thus, by Proposition 3.4, R(I+ S3) = R", and
Y i
TS = 12 el '
— ISl 1 — [T L(r) dr

Further, since T, 'F'(zo) 2 F'(z0) 'F'(z9) 2 I and T, 'F'(z) 2 T, '(F'(z) —
F'(0)) + T, F'(20), it follows that

(3.12) | (T4 S2)7 | <

(3.13) T, F'(z) 2 S +1.
So R(T;'F'(z)) 2 R(Sz +I) = R? and
| — (T Fl@) 7 = | (T F(e ) al
(3.14) < (I+S2) |
<

1_fon—IoH L(7) dr’
Moreover, for any ¥y, z € RY, the following equivalences are valid:
_ -1 _
ze— (T, Fl(z))  y < yeT,'F(z)(—2)
— F'(x0)y € F'(z)(—2)+C

Fl(x)z € (=F'(z0)y) + C

—
= zeT, Y (—F'(x0))y

Then T; L (—F'(z)) = — (T F'(2)) ~". Hence
D(T, ' F'(x9)) = R(T,,' F'(2)) = R,
and (3.14) implies that
1
1-— f()”xfxon L(r) dT;

thus (3.11) is shown (since F’(zg) is linear, it is evident that |7, 1 (—F’(zo))|
T, F o)),

To prove the inclusion R(T,,) C R(T,), let y € F'(zo)u — C for some u
RY. Then, by what we have already proved, there exists w € R" such that —u
T, 'F'(x )w that is, F'(zo)(—u) € F'(x)w + C. Then F'(xo)u € F'(z)(—w) —
Since C'is a (convex) cone, it follows that y € F'(z¢)u—C C F'(x)(—w)—C C R(T.
This proves that R(7,,) C R(7}) and completes the proof.

(3.15) 1T (= F' (z0)) | <

€
€

C.
z)-
Il
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In his study of the convex inclusion problem (1.1), Robinson imposed an impor-
tant condition that Ty, is surjective (henceforth to be referred to as the Robinson
condition; see [11]). In light of the preceding lemma, we put forward the following
definition giving conditions weaker than the Robinson condition.

Definition 3.8. Let 29 € RY and r > 0. The inclusion (1.1) is said to satisfy the
(first) weak-Robinson condition at z¢ on B(xq,r) if

(3.16) —F(z0) € R(Ty,) and R(F'(x)) CR(Ty,) for each x € B(zg,r).

Similarly, the inclusion (1.1) is said to satisfy the second weak-Robinson condition
at xg on B(zg,7) if F is C? and

(3.17)  —F(x) € R(Ty,) and R(F"(z)) CR(Ty,) for each z € B(zo,r).

To study the relationship between these two notions, we first verify below a
lemma, which will be also used in Section 5.

Lemma 3.9. Let k > 2, § > 0 and assume that F is CF. Suppose that R(Ty,) is
closed and that the inclusion (1.1) satisfies the weak-Robinson condition at xo on
B(zo,0). Then, for eachi € 1,k,

(3.18) R(FW(2)) CR(Ty,) for all z € B(xo, ).

Proof. We proceed by mathematical induction. By the assumed weak-Robinson
condition, the result (3.18) holds for ¢ = 1. Assume that (3.18) holds for i =
Jj < k. Let x € B(x0,6) and 21, 22,...,2j41 € R”. Then, by (3.18), there exists
8o > 0 such that R(FU)(z + tzj41)) C R(Ty,) for all ¢ with |t| < §. In particular,
FU (2 +tzj11) (%21, 22, . . -, 25) € R(Ty,) and so

—FD(x)(21, 20, ..., 7)) = FO(@)((=21), 22, - - - , 2j) € R(Tp)-
Since R(T%,) is a cone, it follows that

F(j)(x +tzj1) (21, 22,0, 25) — F(j)(as)(zl,ZQ, CesZf)

; € R(T%,)
for all ¢ with [t| < dp. Passing to the limits and since R(7},) is closed, one has
FUTD(2) (21, 22, .., 2j341) € R(T,) and (3.18) is shown. O

Proposition 3.10. Suppose that the inclusion (1.1) satisfies the second weak-
Robinson condition at xog on B(xzg,r). Then the inclusion (1.1) satisfies the weak-
Robinson condition at xo on B(xzg,r). The converse is also true if R(Ty,) is closed.

Proof. Let x € B(xg,r). By (3.17), we have for each ¢ € [0,1] that R(F"(zo + t(x —
x0))) € R(Ty,) and it follows from Lemma 3.6 that

R (/01 F' (20 + Hz — xo))dt> C R(T},)

and hence that

1
R (F'(z) — F'(z0)) =R </0 F"(zo + t(x — x0))(z — a:o)dt> C R(T%,)-
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Since R(T,,) is a convex cone containing R(F’(xz¢)), this implies that R(F'(z)) is
contained in R(7},) and the first assertion of the proposition is clear. The second
assertion follows directly from Lemma 3.9. U

We remark that R(T%,) is closed if | T, < oo; see [12, Fact 4.1].

Remark 3.11. Let A® denote the negative polar of the subset A of R™:
A®:={z€R™: (z,a) <0 forall a € A}.

Following [5] and [11] respectively, zo € R" is called
(a) a regular point of the inclusion (1.1) if

(3.19) ker(F'(w0)") 1 (C = F(a0))° = {0};

(b) a quasi-regular point of the inclusion (1.1) if there exist r € (0, +oc] and an
increasing positive-valued function 8 on [0, r) such that D (z) # 0 and

(3.20) d(0,D0(x)) < B(||Jz — 0]|) d(F(2),C) for all x € B(zo,r).

Furthermore, let ry, denote the supremum ry, of r such that (3.20) holds for some
increasing positive-valued function $ on [0,7), and 5., the infimum of 8 such that
(3.20) holds on [0,r,,). We call ry, and S,, respectively the quasi-regular radius
and the quasi-regular bound function of the quasi-regular point zy. Then from [11],
the following implications hold for the inclusion (1.1) when C is a closed convex
cone:

Robinson condition at zq == x¢ is a regular point
U U
weak-Robinson condition at xg xg is a quasi-regular point.

Moreover, the converse of each implication above is not true (see [11]).

The following proposition establishes the relationship between the weak-Robinson
condition and the quasi-regularity. To verify this proposition, we need first a lemma,
which will also be used in the next section. The pair L, A are as explained in section
2.

Lemma 3.12. Let zg, z, ' € RY be such that ||z — 2'|| + ||/ — zo]] < A and
R(F'(z)) C R(T%y,) for each z in the line-segment [2', x]. Suppose that
HTHF;J(f/ﬁz) - f'(fﬁl))ﬂ
z—a'||+||z' —x
< wa,imO” VL(r)dr for each z € [2/, x].

Then T, ! fol(F’(x’ +7(x—2a))— F'(2) (2 —x)dr # 0 and

(3.21)

| Tt Jo (P (@ 4 7@ = a!)) = F'(a")(@' ~ 2)dr |
< Ll — 2ol + )(lle — @) - 7) dr
Proof. Define G and g respectively by
G(t) .= (F'(2' +t(x —2)) — F'(2)) (2’ —z) for each t € [0,1]

(3.22)

and

tllz—a'[[+[|2"—zo||
g(t) :== / L(7)||lx — 2'||d7 for each t € [0,1].
I

! —xo]|
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Then G and g are continuous on [0, 1], and, by (3.21), (3.2) holds with T replaced
by T,.!. Note further that D(T,,') 2 R(G). Thus, Lemma 3.6 is applicable and it
follows by elementary calculus that

_ 1
|7t Jy ('@ 4 el = ') = P @ = o)
1 z—x' ' —z
< fydt [l e Rl L — 2 d

= JL ~ woll + 1)l — ') - 7 a
The proof is complete. O

Proposition 3.13. Let g € RY and 0 < r < r1. Suppose that (1.1) satisfies the

weak-Robinson condition at xo on B(xo,r) and that (T,', F') satisfies the weak

L-average Lipschitz condition on B(xo,r). Then the following assertions hold.
(i) For each x € B(xg,r),

(3.23) Doo(z) # 0.

(i) If F(zo) ¢ C, then xo is a quasi-reqular point.
(iii) If T‘,LTO1 1s normed, then xg is a quasi-regular point with the quasi-regular
radius ry, and the quasi-reqular bound function By, satisfying ry, > r and
t -1
Bao (t) < 1T <1 —/ L(7) d7'> for each t € [0,r].
0
Proof. (i). By a straightforward verification and making use of the fact that C+C =
C, one has that
(3.24) T, 'F(20)T,,! €T, for each z € X.

Let © € B(zg,r). Thanks to the given assumptions, Lemmas 3.7 and 3.12 are
applicable to [zg,z] in place of [z, z]. Hence,

(3.25) T, F' (o) (w0 — ) # 0
and
1
T,! / (F'(xg + t(x — 20)) — F'(20)) (0 — x)d t # 0.
0

This together with (3.11) implies that
1
(3.26) T, F (20) T, / (F'(zo + t(x — x0)) — F'(20)) (zo — x)d t # 0.
0

Since T, ! is a convex process and
F(z0) — F(z) = [y F'(zo+t(x — z0)) (w0 — x)d
oy (F" (w0 + t(z — x0)) — F'(20)) (z0 — x)d t + F'(x0) (0 — ),
it follows (3.24) that
I H(F (z0) — F(x))

xT

(3.27) D T () Ty ( JHF (@0 + t(z — w0)) — F'(20)) (w0 — x)dt)
+(T,; M F' (20)) (m0 — ) # 0,
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where the nonemptiness assertion holds by (3.25) and (3.26). Similarly, by (3.11),
(3.16) and (3.24) again, we have that

(3.28) 0 # Ty F (w0) Ty (= F(w0)) € Ty (— F (o))
From the convex process property,

(3.29) T, (—F(2)) 2 T, (—=F(20)) + T H(F(20) — F(2)),

T

we make use of (3.27) and (3.28) to conclude that T, }(—F(z)) # 0, that is, (3.23)
holds (because of (3.7)).

(ii). Assume that F'(z9) ¢ C. Then there exists 0 < 7 < r such that F'(z) ¢ C for
each x € B(zo,7). Set p := min{d(F(x),C): x € B(xo,7)}. Then p > 0. By (i),
Doo(x) # O for each = € B(xp, 7). Below we will show that there exists a constant
® > 0 such that

(3.30) d(0,D0(x)) <80 for each z € B(x, 7).
Granting this, one sees that

d(0,De0(x)) < zd(F(w),C) for each = € B(xo, 7),

and so xp is a quasi-regular point. To verify (3.30), let = € B(zo, 7). By (3.27),
(3.31)
|17, (F(z0) — F(2))]|

1T, ' (o) | HT;,ZJI fol(F’(xo +t(x —xg)) — F'(x0)) (o — x)dtH + F>
17 F/ (o) | (f L) = 7)dT+7),

IN

IN

where the last inequality holds because, by (3.22) (applied to [xg,x] in place of
2/, x]),

Further, by (3.28),

llz—zol
Tx_ol /Ol(F’(xo +t(z — z0)) — F'(w0)) (x0 — ac)dtH < /0 L(7)(|x—zo||—7) d 7.

(3.32) 1T (= F(zo)ll < 1T F (2o) |1 T3, (— F(20)) |-
By (3.29), (3.31) and (3.32), we have that
(3.33) 1T (—F ()] < 0,

where
0= 175 Pl (VT Pl + [ 1) = ryar 7).

Note that § < +oo by (3.11)), (3.16) and the fact that || — zg|| <7 < r <r;. By
(3.7), (3.33) means that d(0, D (z)) < 6 and so (3.30) is shown.
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(iii). Assume that T}, is normed. Then, by (3.7), (3.24) and Lemma 3.7, one has
that, for each = € B(xo,7),

d(0,Doo()) 1T H(C = F(=))]

< |Td(F@),C)
< L P P @.0)
< Tt (1= Tl Ly ar) (R (@), ©),

Recalling the definition of 5 defined in Remark 3.11, we complete the proof. O

Remark 3.14. (i) In general, the quasi-regularity at point xy doesn’t imply the
weak-Robinson condition at z¢ even in the case when (Tx_ol, F’) is Lipschitz contin-
uous, see [11, Example 6.1].

(ii) It may happen that || T, !|| = co; see [12, Example 4.2].

4. CONVERGENCE CRITERIA

This section is devoted to establish our main two convergence results in the Gauss-
Newton method: the first concerns with the Algorithm A (n, A, z¢) for problem (1.2)
while the second concerns with A(zg) for problem (1.1).

For the remainder of this paper, we make the following blanket arrangement on
notations. Fix a point xgp € RY and constants n > 1, A € (0, +oc]. Define £ and «
by

(4.1) ¢ =T (= F(z0))| and o= 1

14 (n— 1)I§L(T)d’7"

Let b, be defined as in (2.5) while r} denotes the smaller zero of ¢, defined by
(2.7).

For simplicity of statements, C' will always denote a closed convex cone in R™,
and when the convex-composite minimization (1.2) or the Algorithms A(zg,n,A)
are considered such as in Theorems 4.1, 5.2, 5.7 and 5.9, we assume further that
C := argmin h.

Theorem 4.1. Let {x,} be a sequence generated by Algorithm A(n, A, xg). Suppose
that the inclusion (1.1) satisfies the weak-Robinson condition at xo on B(xo, 7)) and
that (T}, F') satisfies the L-average Lipschitz condition on B(xg,7%). Assume that

(4.2) ¢ < min{b,, A}.

Then {xn} converges to some x* such that F(z*) € C, and the following assertions

hold for each n =1,2,...:

2
Ty — Ty
(43) Jonss =l < (i~ ton) (s gt )
ta,n - ta,n—l
(44) ||$n - xn—l” < ta,n - ta,n—la
(4.5) F(rp_1)+ F(vp_1)(xn — 20n-1) €C
and

(4.6) [#n-1 — || <75 — tap-1.
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Proof. Since (4.6) follows directly from (4.4), it suffices to show (4.3)-(4.5). Let us
first note that, for each n > 1,

(4.7) £ <tan <1y <1
In fact, since & < r¥ < r,, it follows from (2.5) that

/;L(T) dr < /Om L(r)dr = é

This together with the definition of o implies that o > m This means that

a>1and so 1}, <1, <7 by Lemma 2.3 (i). Hence (4.7) holds thanks to Lemma
2.2. We shall use mathematical induction to verify (4.3)-(4.5). For this end, let
k > 1 and use 1,k to denote the set of all integers n satisfying 1 < n < k. We first
verify the following implication:

(4.8) (4.4) holds for all n € 1, k, . (4.3) holds for n =k,
' (4.5) holds for n =k (4.5) holds for n = k + 1.

To do this, suppose that (4.4) holds for each n € 1,k and (4.5) holds for n = k.
Write

(4.9) xp =7a) + (1 — 7)x)—1  for each 7 € [0,1].
Note that
k k
(4.10) k= zoll <D llwi = w1l <D (fai = tayi1) = tak
i=1 i=1
and
(411) ||l‘k_1 - xOH < ta,k—l < toc,k-

It follows from (4.9) and (4.7) that z] € B(zo,r}) € B(xo,r1) for each 7 € [0, 1].
Note in particular that, by Remark 2.1 and (3.23) in Proposition 3.13 (applied to

r’ in place of ),

(4.12) Doo(wr) = Doo(Tr) # 0

(where Do (x) and D () are defined by (2.1) and (2.3) respectively). By (4.10)

and (3.11) in Lemma 3.7 (applied to zg,r} in place of z,r), we have

1 _
(4.13) T3, F' (o) < (1 - /lek_xo L() dT> < (1 - /OW L(r) dT> 1
We claim that

(4.14) 0 # (T, F'(20)) Ty [ F(xx) + F(xp-1) + F'(@g-1) (2 — 25-1)] € Doo(a).
By (3.11), to prove the above nonemptiness assertion, it is sufficient to show that
(4.15) Ty 1= F(z) + F(zx1) + F'(zp_1) (w0 — xp-1)] # 0.

Since

1
—F(zg) + F(zp1) = /0 Flrg_1+7(xp — 2p-1)) (w1 — 21)d T,
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(4.15) follows from Lemma 3.12 (applied to [xg_1, x| in place of [2/, z] and noting
that ||zp — xp_1] + [|[ze—1 — 20|l < tar <7, < A). This and (3.22) imply that

1T (= F (k) + Fl@p-1) + F'(25-1) (2 — 25-1)]|
xol Jo (F'(2) = F'(ax-1)(wp-1 — xk))dTH
Jo ™ Lz = ol + 1) ([l — @i | = 7) dr
T Lt + ) (o — 2| - 7) dr

(recalling that L is increasing and ||zg—1 — zo|| < tar—1 by (4.11)). Similar but
using (2.7), (2.8) and (2.8), we have that

¢a(ta,k’) —afoak bk~ 1L( ak— 1+7-)( ak — ta,k—l_T)dT

t t
> olpetere)y ol gy g 47 (g — 2| - 7) dr

(see Lemma 2.4), and it follows from (4.16) that
(4.17)

Saltar) (llox — zpll)
| T = F (x1) + F(x-1) + F'(zp—1) (@ — 2-1)]|| <
« ta,k - toc,k—l

(4.16)

IA A

We next show the inclusion in (4.14). Let z = —F(xg)+ F(zp—1) + F'(zr—1) (2 —
zp—1) and d € (T, F'(20))T,, ' (2), that is, d € (T, ' F'(x0))u for some u € T, ' ().
We have to show that d € Do ( k) Note that F’(xk)d € F'(zg)u+C and F'(xo)u €
24 C,s0 F'(xp)d € 2+ C+C = z+ C, since C' is a convex cone. Since (4.5) holds
for n = k, it follows from the definition of z that

F(xk) + F’(ack)d S F(l‘kfl) + F’(xk,l)(:rk - $k71) + C g C + C = C,

that is d € Dy (k) as required to show. Therefore, (4.14) is valid and it follows
from (4.13) and (4.17) that

d(0, Deo (7))
< (T F (20)) Ty [—F () + F (k- 1)+F($k 1) (@ — 2]l
o, ¢a « x Tl _
(4.18) < ( fo * L(7) > (a ) (t‘LZ—t(fkl,ll)
1 daltan) lzr—zral)?
S _E ¢:1(t0¢,:) (ta,thon,klfl) ’

where the last inequality holds because, by (4.7) and (4.1),

1gn:a<1+(n—1)/;L(r)dT> ga<1+(n—1)/0ta’kL(T)dT>

(since tor > ta, = &), and so
/r] ta,k ta,k -1
= <1 —/ L(7) d7’> (1 — a/ L(7) d7'> = —gﬁ;(ta’k)*l.
« 0 0

2

nd(O,Doo(xk)) < _ $alta,r) ( Iz —xk—1l )

By (4.18) and (2.8), we have
¢l (t ) ta k— ta k—1

2
ok —zk—1]
- <tak+1_tak)(ak takl !

-1

IN

(4.19)
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2
Since (%) < 1 by assumptions of (4.8), it follows from (4.19) that
(4.20) d(0, Doo (1)) < nd(0, Do (1)) < takt1 — tak-
Noting that, by Lemma 2.2(iv),

toz,k—l—l - toz,k = _¢;(ta,k)71¢a(ta,k) < _(z)/a(ta,())ilfz)oz(ta,[)) = 5 < A,

it follows that d(0, Dso(zr)) < A, which together with (4.12) implies that there
exists dp € RY with ||do|| < A such that F(xy) + F'(x)dp € C. Consequently, by
Remark 2.1,

DA(l’k) = @A(.Ik) 75 @

and
(4.21) d(0, Da(zk)) = d(0, Do (2))-

In particular, in view of Algorithm A (n, A, xg), (4.5) holds for n = k+ 1. Moreover,
(4.21) together with (4.19) implies that

2
T — T—
fowsr = ol = 1de] < 00, Da(21)) < (s = ta) (1= 1L
toz,k - toz,k:—l
That shows that (4.3) holds for n = k and implication (4.8) is proved.
Now we are ready to prove that (4.3)-(4.5) hold for each n = 1,2.... By the

weak-Robinson condition assumption, we have from (3.7) that

(4.22) Doo(20) = Doo(x0) = Ty, (—F(0)) # 0.
Hence, by (4.1) and (2.10),
(4.23) 1d(0, Doo(20)) < 1l T3, (—F (20))|| = € = ta1 — tap < A

Since n > 1, it follows from (4.22) that there exists d € Dy (z¢) such that ||d|| < A.
Thus, d(0, Da(zo)) = d(0, Doo(x0)) and, by Remark 2.1,

Da(xo) =Da(wo) # 0.

In particular, it follows from Algorithm A(n, A, z¢) that F(xg) + F'(z¢)d; € C and
so (4.5) holds for n = 1. Furthermore, by (4.23) and Algorithm A(n, A, x¢), one
has that ||d1]| < nd(0, Doo(20)) < ta1 —ta,0, i€, |21 — 20l < ta,1 —ta,0. This shows
that (4.4) holds for n = 1. Thus implication (4.8) is applicable to concluding that
(4.3) holds for n = 1. Assume that (4.4), (4.3) and (4.5) hold for all n € 1, k. Then,
we have that

|2k — g1

2
< toz,k—H - toz,k:'
ta,k - ta,kl)

s = ol < (takir ~tas)
This shows that (4.4) holds for n = k + 1. Furthermore, we apply (4.8) to get that
(4.5) holds for n = k+ 1. Finally, applying (4.8) to k + 1 in place of k, one has that
(4.3) holds for n = k + 1. This completes the proof. O

Recall that b; and the function ¢; are defined respectively by (2.5) and (2.7)
with a = 1. Let r] be the smaller zero point of the function ¢; (see the opening
paragraph of this section for notation arrangements).
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Theorem 4.2. Suppose that the inclusion (1.1) satisfies the weak-Robinson condi-
tion at xog on B(xzg, r}) and that (Tx_ol, F’) satisfies the L-average Lipschitz condition

on B(zg,ry). Let £ be given by (4.1) with n =1 and assume that
(4.24) £ <by.

Then, Algorithm A(xg) is well-defined and any sequence {x,} so generated con-
verges to a solution * of (1.1) satisfying (4.3)-(4.6) with « = 1 for eachn =1,2,....
Moreover, any sequence generated by Algorithm A(xg) is also a sequence generated
by Algorithm A(1,+o00,xg) and vice versa.

Proof. Let h be the distance function of C' defined by
(4.25) h(y) :==d(y,C) = iné lly — z|]| for each y € R™.
FAS]

Let A = 400 and n =1 (so a = 1 by (4.1)). Since Doo(zg) # 0 by the weak-
Robinson condition, there exists x; € RY such that dy := 21 — 29 € Doo(xp) and
|ldi]] = d(0,D00(x0)). Noting that Doo(x0) = Doo(z0) by Remark 2.1 (c), x; can
be regarded as a point obtained by Algorithm A(n, A, xg) at its first iteration.
Then Theorem 4.1 is applicable; it follows from (4.5) and Remark 2.1 that there
exists xo € RY such that do := 9 — 21 € Doo(x1) = Doo(z1) with the minimal
norm. Hence, x is also a point obtained by Algorithm A(n, A, xo) at its second
iteration. Inductively, we see that, for each k, ) # Doo(xp) = Doo(xg), and this
means that Algorithm A(z) is well-defined and any sequence {xj} so generated is
also a sequence generated by Algorithm A(n, A,x¢). Thus, the conclusion follows
from Theorem 4.1 and the proof is complete. ]

Remark 4.3. The convergence criteria given in Theorems 4.1 and 4.2 are affine
invariant in the sense described below. Let A be a m xm nonsingular matrix. Define
functions b := ho A~ and F := Ao F and define C = A(C). Then argmin h = C
and ho F = ho F. Hence the minimization problem (1.2) and so the corresponding
inclusion problem (1.1) can be rewritten respectively as

(4.26) ;Iel]g%(h o F)(x)

and

(4.27) F(z)eC.

Moreover T, = AoT}, and T ot =Ty to A7 where Ty, denotes the convex process
(associated with (4.27)) defined by

(4.28) Tyod := F'(z0)d — C.

Then the weak-Robinson condition assumed in Theorem 4.1 for (1.1) is equivalent
to the corresponding one for (4.27). Likewise, the L-average Lipschitz condition for
(Tt F') is equivalent to that for (T;OI,F’). Moreover, & = 1T, (—F (x0))|| =
77||Tx’01(—13' (x0))||. Therefore, the convergence criteria given in Theorems 4.1 and
4.2 for (1.2) and (1.1) coincide respectively with the corresponding ones for (4.26)
and (4.27), that is to say, such convergence criteria are affine invariant. Note that
the convergence criteria given in [11, Theorem 4.1] and [19, Theorem 2] do not have

such property.
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Remark 4.4. We exclude the trivial case when L = 0 in our study because, in this
trivial case, if (T;)l, F') satisfies the weak L-average Lipschitz condition on B(zg, ),
then

F(z) — F(zo) — F'(x0)(z — x9) € C for each x € B(zo,7),

and therefore, under the assumption made in Theorems 4.1 and 4.2, the Gauss-
Newton method stops at the first step, that is, F(z1) € C.

5. APPLICATIONS

This section is divided into three subsections: for the first two we consider ap-
plications of our main results specializing respectively in Kantorovich’s type and in
the type of the weak ~-condition studied by Wang and Han in [28]. The last sub-
section is devoted to a similar study of the famous Smale point estimate theory (for
analytic equations) for the inclusion problem (1.1) with F' assumed to be analytic.
We introduce a new notion of the weak-Smale condition for (1.1), and show, under
a mild and reasonable assumption, that the weak-Smale condition implies the weak
~-condition and the weak-Robinson condition. Recall the blanket assumption made
at the beginning of section 4; in particular, xg € RY, n € [1,4+00), and A € (0, +00).
Moreover, unless explicitly mentioned otherwise, £ and « are defined by (4.1).

5.1. Kantorovich’s type condition. Throughout this subsection, we assume that
that L is a positive constant function on [0, +00). Then, by (2.5) and (2.7), we have
for all o > 0 that

(5.1) To=—, by=—
and
L
do(t) = —t+ %tz for each ¢ > 0.
Moreover, the zeros of ¢, are given by

r¥ }_IZF\/1—2aL§

2
(52) 0 -
provided that £ < z1-. It is also known (see for example [9, 18, 27]) that {ts,,} has
the closed form
2n—1

1—
(5.3) tan = 1}*"‘%?”2 for each n =0,1,...,

«

where

(5.4) e 1—/1—-2aLf
' do = o T 1 L /T = 2alt

The following lemma is direct by definition.

Lemma 5.1. Let a be defined by (4.1), that is,

Ui

(5.5) a= T =1
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Then by, 1) and q, defined at the beginning of this subsection are given by

1 — 1)L
(5.6) b = Hgm)f
o = L0 DL T G
and
1—LE— /1 —2L — (n? —1)(LE)?
- o = AT G
In particular, in the case when n =1 (and so o =1),
1—-+1-2L
(5.9) = Lo V1208 ng
1—-LE—+/1-2L

Theorem 5.2. Let {x,} be a sequence generated by Algorithm A(n, A, xzq). Let
L € (0,+00) and let o be defined by (5.5) (so r} and qo are given in (5.7) and
(5.8)). Suppose that the inclusion (1.1) satisfies the weak-Robinson condition at xg
on B(zo, 1), and that (T,', F') is Lipschitz continuous on B(zo, 77,) with modulus
L. Assume that

1
5.11 <mind— A\,
(>0 ‘= {L(n+ 1) }
Then {x,} converges to some x* with F(x*) € C and
g2
(5.12) |y — ¥ < ;fllrz for eachn=0,1,....
i=0 o

Proof. By (5.6), the following equivalences hold:

1+(77—1)L§(:)£< 1

<by <= €<
£s &= 2Ln L(1+n)

(where the second equivalence holds by elementary verification). Thus (4.2) and
(5.11) are the same and so the conclusions in Theorem 4.1 hold. Moreover, by
(5.3), we have that

1- q2n_1 1 —qa n
* X a * 0k 2" —1
To —tan =To — 1— qgn Ta =Tq 1— qgn da

and so (5.12) holds from (4.6). O

Letting A = 400, and n = 1 (so @ = 1 and by = 5 in (5.5) and (5.6)), the
following result follows immediately from (5.3), Theorems 4.2 and 5.2.
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Theorem 5.3. Let L € (0,+00), & = || T, (—F(x0))||, and let r, qi be defined by
(5.9), (5.10). Suppose that the inclusion (1.1) satisfies the weak-Robinson condition
at xg on B(xo,r}) and that (T,', F') is Lipschitz continuous on B(wo,r}) with
modulus L. Assume that

1
(5.13) €< 7.

Then Algorithm A(xg) is well-defined and any sequence {x,} so generated converges
to a solution z* of (1.1) satisfying (5.12) with o = 1.

Corollary 5.4. (Robinson[19]) Suppose that Ty, is surjective and that F' is Lips-
chitz continuous on B(zg, R) with modulus K > 0:
(5.14) IF'(z) = F'(y)|| < Kllz —yl|  for all z,y € B(wo, R),
where
srm R VIR Cr)

) = — an = T (—F(z0))]-

K| Ta' | ’
Assume that
1
(5.16) 21 — 2ol <
2K | Ts' |

Then the conclusions of Theorem 5.3 hold with 5 = R and

1— K| T M€ — /1 — 2K || T 1€
K| Tz €

(5.17) Q=

Proof. Since Ty, is surjective, it follows that ||T}, || < 400 and the inclusion (1.1)
satisfies the weak-Robinson condition at z9 on B(zg,+00). Let L := K|T,!|.

Then, (5.10) and (5.17) are consistent. Likewise, 7} given in (5.9) equals R. Fur-
thermore, by the assumed Lipschitz continuity (5.14), one has that

1T (' (@) = F')Il < 1T 1 F (@) = F'(9)]] < Lz — ]|

for all z,y € B(xo,r}). This means that (T, ', F’) is Lipschitz continuous on
B(zo,7}) with modulus L. Since & = ||T;'(—F(z0))| = ||z1 — xo|| by Algorithm
A(zp) and (3.7), we see that (5.13) and (5.16) are the same. Therefore, the result
follows from Theorem 5.3. U

5.2. Weak v-condition. Throughout this subsection, v denotes an arbitrary but
fixed positive constant. The notion of the vy-condition for operators in Banach spaces
was introduced in [28] by Wang and Han to study the Smale point estimate theory,
which is recently extended in [15] to suit the setting of vector fields or mappings on
Riemannian manifolds. Below we give an analogue of this notion to suit the setting
of inclusion problems.

Let k& > 1 and assume that F is C* (kth continuously differentiable) on R? (or
on a neighbouthbood of zg). Fix z € RY. The kth derivative F*)(z) at z is a
k-multilinear operator from (R”)¥ to R™. It follows that, for any k — 1 points
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21,29, ..., 2p—1 € RY, Tx_ol(F(k)(:L')(zl, Z9,...,2k—1)) 1S a convex process from RY to
R™. Define

(5.18) |75 F P (@) := sup{|| T, (F® (@) (21, 22, .., ze-))|| - {2335 € Bro}
In particular, for each j < k,

(5.19) 1T, F W) (2)27 || < (| Tl F® () ||||2])” for each 2 € RY,
where and in the sequel, the 27/ denotes, as usual, (;, oo 2) €E(RYY =RV x--- xRV
for each z € RY; moreover, if z1,...,2; € RY, then 27z ... 2; denotes the correspond-

ing element in R+,

Definition 5.5. Let 0 < r < % Suppose that F' is of the continuous second
derivative F” on B(zg,r). We say that (T,.!, F) satisfies the weak y-condition at
xo on B(zg,r) if

2y
(1 =7llz = o)

Assume, for the remainder of this subsection, that L is the function defined by

-1
(5.20) 1Tz, F ()] <

for each x € B(zo, ).

27y . 1
5.21 L(t) = ———— foreach ¢t with 0 <t < —.
21 O =T ;

1
Note that [, L(t)dt = +o0o; also, by (2.5), (2.7) and elementary calculation (cf.
[26]), one has that for all a > 0,

622 ra=(1- 1)L = (1r2e-2vanEe)

1+a/ 7y
and
ayt? 1
(5.23) dalt) =6 —t+ for each t with 0 <t < —.
1—nt 0%
Hence,
(5.24) f§5a4:>§§1+2a_2 a(1+oz)'

y

Moreover, it is known in [26] that, if £ < % VQ(HO‘), the zeros of ¢, are given
by

(5.25) r }:1+7§¢\/(1+7§)2—4(1+a)7§
. To 21+ a)y
and the sequence {t, ,} has the closed form:
1— q2n 1
(5.26) tan = Wﬁ; for each n =0,1,...,
1—qa "pa
where
1— 6= /O +~E)2 —4(1 + a)1€
(5.27) o= L2 = V49O 40+ oy

L=+ /(T + 762 —4(1 +a)é
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and

_ 17— V(A 982 — 41+ a)yg
L4764+ /(1 +7€)% — 4(1 + )¢
Elementarily, it follows that, if & < b,,

(5.28)

1 4+9a —3 9 8
(5.29) do < L s e < AP0 T8V TS
2 4
1 44+ 9a — 3v/a(9a + 8
(5.30) o = = <= € = ( ),
2 4
and
tozn—‘rl _tozn n_1
(5.31) = < (g, for each n =0,1,...

toz,n - toc,n—l
(see [26] for example).

Proposition 5.6. Let 0 < r < % Suppose that the inclusion (1.1) satisfies the

second weak-Robinson condition at xo on B(xo,r) and that (T, ', F) satisfies the
weak ~y-condition at xo on B(xo,r). Then (T, ', F') satisfies the L-average Lipschitz
condition on B(xg,r).

Proof. Let x, 2’ € B(xp,7) be such that ||z — 2'|| + ||2' — xo|| < r. Let u € RV with
|lul]] < 1. We have to show that

Je—a 412’ —zol
(5.32) T (F () — F' (o))l < / L(r)dr.

|2 —zol|
By the assumed weak ~-condition,
2|z — ']
(1 =(ll2" = @oll + tllx — a'[]))?

T F (2! + t(z — o)) (x — 2')ul| <

By Lemma 3.6, it follows that
1T (F () = Pyl = | Tt fy P! + b = a'))(@ = o' Jud

< ol di

[z’ —zol|+t]lx—a']]))>

=l el g

|2"—o|

This proves (5.32) and completes the proof. O

As mentioned at the beginning of this section, we assume, unless explicitly men-
tioned, that 29 € RY, 5 € [1,+00), A € (0,+00) and & = || T, (—F (w0))]|. Let

(1 — 7€)
5.33 a = .
(5:33) =D+ @-n{ 6P
. _ 2
Using the fact that n € [1, +0c0) and (1—v£)? < 1, one checks that 0 < (77_1)_&2]5))(1—76)2 =
1, and that

(5.34) 0<a<n.
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Recall that v denotes any fixed positive constant and that r} < % by (2.11) and
(5.22).

Theorem 5.7. Let {x,} be a sequence generated by Algorithm A(n, A, xg). Let
rk and q, be given respectively by (5.25) and (5.27) with « defined by (5.33). Sup-
pose that the inclusion (1 1) satisfies the second weak-Robinson condition at xg on
B(xo,7%) and that (T, ', F) satisfies the weak y-condition at o on B(zo,r?). As-
sume that

(5.35) §§min{1+2n_27v n+n) A}.

o ?

Then {x,} converges at a quadratic rate to some x* with F(z*) € C and the fol-
lowing assertions hold:

(5.36) Xt — znl| < q2n7 |Xn — Tp-1]] foralln=1,2,...,
and
(5.37) |zn — 2*|| < g 1% foralln=0,1,....

Proof. Let L be defined as in (5.21). Thanks to the given assumptions, Proposition
5.6 implies that (7, LF’ ) satisfies the L- average condition on B(zg,r%). Note fur-
ther that, by (5.21) fo t)dt = (1—~€)~2—1; hence « given in (5.33) is consistent
with (4.1). Moreover, since the function ¢ — 1 + 2t — 24/¢(1 + t) is monotonically

decreasing (because 1+ 2t — 2,/t(1 +t) = (1 + 2t + 2/t(1 +¢))~! for each t > 0),
it follows from (5.34) that

14+2n—2y/n(1+n) < 1+2a—2v/a(l+a)
ry - Y

so0 (4.2) holds by (5.35) and (5.24). Hence the conclusions of Theorem 4.1 hold. By
(5.31) and (4.3), we have (5.36). Combining (5.26) and (4.6), we have that

n 1
|20 — 2| <78 —tom =rig> ! (12%‘1) for each n = 0,1, ...
—dq Pa

and so (5.37) holds. O
Theorem 5.8. Let & = | T, ' (—=F(xo))|| (that is, n = 1), and let r{ and q1 be
defined respectively by (5.25) and (5.27) with o = 1, that is,
1496 = /(1 +1€)% — 8%¢ 1 — 7€ — V(1 +7€)* - 8)%¢

4y 1—96+ /(1 +7€)% - 8¢
Suppose that the inclusion (1 1) satisfies the second weak-Robinson condition at xg

on B(zo,r}) and that (T, F) satisfies the weak ~-condition at xo on B(zo,r}).
Assume that

ry = and q1 =

_ Q\f
Y
Then Algorithm A(xg) is well-defined and any sequence {x,,} so generated converges

at a quadratic rate to a solution x* of the inclusion problem (1.1), and (5.36) and
(5.37) hold with oo = 1.

(5.38) g < 372V2
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Proof. Let A = 400 and n = 1. Then (5.33) and o = 1 are consistent. By (5.38),
(5.35) holds. Therefore, Theorem 5.7 is applicable (recall from Theorem 4.2 that
{z,} is a sequence generated by Algorithm A(1,+o00,zg)). O

Asin [11], zp € RY is called an (1, A)-approximate solution of (1.2) if any sequence
{zn} generated by Algorithm A(n, A, xy) converges to a limit z* solving (1.2) and

satisfies Smale’s condition:
277,71

1
(5.39)  ||znt1 —zn]| < (2) |xn — xp—1]] foreachn=1,2,....

Similarly, with respect to Algorithm A (zg), one can define the notion of an approx-
imate solution of (1.1). For the following theorem, we note that

(5.40) 44 9n —3/n(9n+8) - 14+2n—2y/n(1+n)
) n S

2

(thanks to n+8y/7(1 +n) < 3y/n(9n + 8), which in turn follows from 2/n(1 +n) <
1 + 27 by squaring on both sides).

Theorem 5.9. Let ry, be defined as in (5.22), that is,

_ n \1
rp=(1—,/—— )=
14+n/) 7~

Suppose that the inclusion (1.1) satisfies the second weak-Robinson condition at xg
on B(zo, ;) and that (T;', F) satisfies the weak ~-condition at xo on B(xg,ry).
Assume that

(5.41) 5§mm{4+%r*?”®”+&,A}.

v

Then, zq is an (n, A)-approximate solution of (1.2). In fact, any sequence {x,}
generated by Algorithm A(n, A, x¢) converges to a limit z* with F(z*) € C such
that (5.39) holds.

Proof. Let {x,} be any sequence generated by Algorithm A(n, A, zo). Let a be
as in Theorem 5.7. An elementary calculation shows that the function ¢ +— r} is
monotonically increasing and it follows from (5.34) that r, < r;. Consequently,
one has that 77, < rj < r,. Thus, by the assumption, (Tx_ol, F) satisfies the weak
v-condition at xg on B(xg, 7). Moreover, one sees from (5.40) that (5.41) implies
(5.35). Therefore, one can apply Theorem 5.7 to conclude that the sequence {z,}
converges to a solution z* of (1.2) and (5.36) holds. For (5.39), we need only to show
that g, < % To do this, we need to emphasize the dependence on the parameters
and so we write ¢(«, &) for ¢, defined by (5.27). Then one checks that ¢(«,¢) is

monotonically increasing with respect to each of its variables, and sees by (5.29)
and (5.30) that ¢ <a, 4+9a_34,ya(9a+8)>

q(a,aSq<n,5>3q<n,4+9”‘34w> 1

= 1 for each 0 < a < 5. It follows that

)

completing the proof. O
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Theorem 5.10. Let zp € R” and let & = || T, (—F(z0)|| (that is, n = 1). Sup-
pose that the inclusion (1.1) satisfies the second weak-Robinson condition at xg

on B(zo, (1 — @)%) and that (T, ', F) satisfies the weak v-condition at xo on
B(zp, (1 — @)%) Assume that
< 13 - 3v17

dy
Then, ¢ is an approximate solution of (1.1).

(5.42) 3

Proof. Let A = oo, n = o = 1. Then v, = (1 — g)%, and (5.41)<=(5.42).
Therefore, the result follows from Theorem 5.9 (as in the proof of Theorem 5.8). [

5.3. Weak-Smale condition. In his fundamental work on point estimate theory
regarding Newton’s method for solving the nonlinear analytic equation F' = 0, where
F' is an analytic function from a Banach space to another, Smale (cf. [2, 24, 25])
made an important use of his assumption (on initial point zg) that

(5.43) F'(z0) is surjective.
In the course of his study, the quantity yp(zp) € R defined by
1
F'(20)F) () || ¥
(5.44) VF(%0) := sup (&) o (&) ,
k>2 '

also plays a key role, where F' ()" stands for the Moore-Penrose inverse of ().
The present subsection is devoted to an attempt to address similar issues for the
inclusion problem (1.1). Here and for the whole subsection, F' is assumed to be
analytic as in Smale’s theory. Recall from [13, Page 653] that the inclusion (1.1)
satisfies the weak-Smale condition at zg if

(5.45) —F(x0) € R(Ty,), R(F®™(x0)) CR(Ty,) foreach k=2,3,...
and
1
T E®) (o) ||FF
(546) Y(F,C) (:Bo) = sup Ok'() < 00,
k>2 .

where ||T;01F(k) (x0)]| is defined as in (5.18).

Remark 5.11. (a) By definition, one sees that if ||T.'|| < oo and (5.45) holds,
then the inclusion (1.1) satisfies the weak-Smale condition.

(b) By Lemma 3.9, we have that if R(7},) is closed and that the inclusion (1.1)
satisfies the weak-Robinson condition on B(xg, §) for some ¢ > 0, then the inclusion
(1.1) satisfies (5.45).

(c) As explained in [13, Remark 4.1], in the case when C' = {0}, one has that
Y(F,C) (l‘()) = 'yp(xo) if (543) holds.

Without loss of generality, we assume for the remainder that vp ) (zo) > 0 (see
Remark 4.4). The assertion (a) in following proposition holds trivially by definition
while (b) is known in [13, Proposition 4.1].



616 C. LI AND K. F. NG

Proposition 5.12. Let v := ypcy(z0) (see (5.46)) and suppose that the inclusion
(1.1) satisfies the weak-Smale condition at xo. Then

(a) the inclusion (1.1) satisfies the second weak-Robinson condition at xo on
B($07 %))

(b) (T, 1, F) satisfies the weak y-condition at xo on B(xo, %)

xo

We end this paper with some comparison of our results in section 4 with that
reported in [11]. To do this, we continue to use & to denote n||/Ty (—F (zo))||
as in sections 4 and 5. Recall that in the discussion of the main results of [11]
(see Corollary 4.3 there), it was assumed that |7, !|| < 4+occ and that the quantity

| Tp | d(F(x0), C) (to be denoted by ¢) played an important role in the convergence
criterion in [11]. Noting the obvious inclusion

(5.47) T, 1(C — F(x0)) C Ty (—F(x0)),
one has that

15! (= F (o)) || < 1T, (C = Fwo)| < 1T, |d(F (o), C),

that is,

(5.48) £<é

Note also that

(5.49) T3, (F' () = F' )l < T IF' () = F'(y)]| - for all 2,y € R.

Therefore, if F” satisfies the (weak) L-average condition on B(z, ) for some positive-
valued increasing absolutely continuous function L, then (TCLTOI,F ") satisfies the
(weak) L-average condition on B(zg,r) with

(5.50) L(r) < HTgolHI:(T) for each 0 < 7 <.

Thus Theorem 4.1 extends [11, Corollary 4.3]. The example below shows that the
extension is proper and it points to the situation that Theorem 4.1 is applicable but
not [11, Corollary 4.3] (note in particular that the strict inequalities in (5.48) and
(5.50) hold in this example).

Example 5.13. Let v =1, m =2 and A € (i, %], and take xg = 0. Let F' and h be
defined by
r—cosx+ 14+ A

F@=1" 12,542

for each z € R
and
h(y1,y2) = max{y1, 0} + max{0, yo}| for each y = (y1,12)" € R?,
respectively. Thus, C' = {(t1,t2) € R? : t; < 0,ty <0}, and
(ho F)(z) = max{zx —cosz + 1+ A, 0} + max{0, %xz +x+ A} for each x € R.

sinx + 1
r+1

(5.51) 1T =1 T3 (=F(zo)] = A

Note that F'(z) = [ ] (for each z € R), and that
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It follows that, for all z, 2’ € R,
(5.52) |EF'(z) — F'(2')|| = /(sina’ —sinz)? + (2/ — 2)2 < V2 |z — 2|

Note by definition that T, 'y = (—oo, min{y1,y2}] for each y = (y1,y2)" € R2.
Hence, for all z,2’ € R,

1 . .
(5.53) 1T (F'(z) — F'(2))|| < max{|sinz —sina’|, |z — 2'|} = |x — /|

Hence, (TI_Ol7 F’) is Lipschitz continuous on R with modulus L = 1. Let n = 1 and
A = +0o (and so «, defined in [11, Corollary 4.3], is equal to ||T,;!|| = 1). Then by
(5.51) £ = A < 1 = 5. Hence (5.13) is satisfied and so Theorem 5.3 is applicable.
Below we shall show that [11, Corollary 4.3] is not applicable with the initial point
xo. In fact, otherwise, there exist some positive constants A, r and a positive-valued
increasing absolutely continuous function L defined on [0, A) with fOA L(t) dt = +o0
and 1 < r < A such that F’ satisfies the L-average Lipschitz condition on B(zo,r)
in the sense defined in [11, Definition 2.5] and

(5.54) E<b, #<r

where £ := | T HId(F (20),C) is defined as in [11, (4.1)] with n = 1 and ||T,.!|| in
place of f3,, and by, 77 are the corresponding by, 77, defined as in (2.5) with a =1
and L in place of L, i.e.,

L T
/ L(t)dr=1 and b = / L(7)r dr.
0 0

Then, by (5.52) and the assumed f)—average Lipschitz condition, we have

o/l |
|EF'(2") — F'(z)|| = v/(sina’ —sinz)2 + (a/ — 2)2 < / L(t)dr

||

holds for all 2/, x € (—r,r) with |2’ — z| 4+ |2| < r. In particular,

t
Vsin?t + 12 < / L(t)dr forallte |0,r),
0

where the equality holds when ¢ = 0. Differentiating on both sides at ¢ = 0, it
follows that L(0) > v/2. Hence

(5.55) L(t) > L(0) > V2 for each t € [0,A)

because L is increasing. Let ¢ (resp. ¢1) denote the function ¢; defined in (2.7)
with a = 1, ¢ = € but with L replaced by L (resp. v/2), namely,

biL(t) =€ —t+ /tﬁ(r) (t —7) dr for each t € [0,A)
0
and

qﬁl(t):é—t—i-/ot\@(t—ﬂ dT:é—t—i—\ft2 for each t € [0, A).
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(f1) = 0 with 77 < r < A (see

Then ¢; < ¢1 by (5.55), and hence P1(F) < 1
0,A). Noting that ¢; is a quadratic

(5.54)). This means that ¢; has a zero in (
function with real zeros, we have that

.1
5.56 <—.
(5.56) £ 7
Noting that d(F(z),C) = v2), it follows that & = ||T.!||d(F(x0),C) = V2.

This, together with (5.56), implies that v/2A < Tlf’ which contradicts that A > %.

Acknowledgments Research of the first author was supported in part by the Na-
tional Natural Science Foundation of China(grant number 11971429) and Zhejiang
Provincial Natural Science Foundation of China (grant numbers LY18A010004).

Research of the second author was supported in part by an Earmarked Grants
(GRF) from the Research Grant Council of Hong Kong (Project CUHK 14302516).

REFERENCES

[1] H. H. Bauschke and J. M. Borwein, On projection algorithms for solving convez feasibility
problems, SIAM Rev. 38 (1996), 367—426.
[2] L. Blum, F. Cucker, M. Shub and S. Smale, Complezity and Real Computation, New York:
Springer-Verlag, 1997.
[3] J. V. Burke, Descent methods for composite nondifferentiable optimization problems, Math.
programming 33 (1985), 260-279.
[4] J. V. Burke, An exact penalization viewpoint of constrained optimization, SIAM J. Control
Optim. 29 (1991), 968-998.
[5] J. V. Burke and M. C. Ferris, A Gauss-Newton method for convex composite optimization,
Math. Programming 71 (1995), 179-194.
[6] J. V. Burke and R. A. Poliquin, Optimality conditions for non-finite valued convex composite
function, Math. Programming 57 (1992), 103-120.
[7] R. Flecher, Second order correction for nondifferentiable optimization, in: Numerical Analysis,
Lecture Notes in Mathematics, G.A. Watson (ed.), vol. 912, Spring, Berlin, 1982, pp. 85-114.
[8] R. Flecher, Practical Methods of Optimization, Wiley, New York, 2nd ed. 1987.
[9] W. B. Gragg and R. A. Tapai, Optimal error bounds for the Newton-Kantorovich theorems,
SIAM J. Numer. Anal. 11 (1974), 10-13.
[10] K. Jittorntrum and M. R. Osborne, Strong uniqueness and second order convergence in non-
linear discrete approzimation, Numer. Math. 34 (1980), 439-455.
[11] C. Li and K. F. Ng, Majorizing functions and convergence of the Gauss-Newton method for
convex composite optimization, STAM J. Optim. 18 (2007), 613-642.
[12] C. Li and K. F. Ng, Convergence analysis of the Gauss-Newton method for convex inclusion
and convex-composite optimization problems, J. Math. Anal. Appl. 389 (2012), 469-485.
[13] C. Li and K. F. Ng, Eztended Newton methods for conic inequalities: Approximate solutions
and the extended Smale a-theory, J. Math. Anal. Appl. 440 (2016), 636—660.
[14] C. Li and K. F. Ng, Quantitative analysis for perturbed abstract inequality systems in Banach
spaces, SIAM J. Optim. 28 (2018), 2872-2901.
[15] C. Li and J. H. Wang, Newton’s method on Riemannian manifolds: Smale’s point estimate
theory under the y-condition, IMA J. Numer. Anal. 26 (2006), 228-251.
[16] C. Li and X. H. Wang, On convergence of the Gauss-Newton method for convex composite
optimization, Math. Programming 91 (2002), 349-356.
[17] K. Madsen, Minimization of nonlinear approzimation function, Ph.D.Thesis, Institute of Nu-
merical Anakysis, Technical University of Denmark, Lyngby, 1985.
[18] A. M. Ostrowski, Solutions of Equations in Euclidean and Banach Spaces, Academic Press,
New York, 1973.



(19]
[20]
(21]
(22]
23]

24]

CONVERGENCE ANALYSIS OF THE GAUSS-NEWTON METHOD 619

S. M. Robinson, Eztension of Newton’s method to nonlinear function with values in a cone,
Numer. Math. 19 (1972), 341-347.

S. M. Robinson, Normed convez process, Trans. Amer. Math. Soc. 174 (1972), 127-140.

R. T. Rockafellar, Conver Analysis, Princeton University Press, Princeton, NJ. 1970.

R. T. Rockafellar, Monotone processes of convex and concave type, vol. 77, Amer. Math. Soc.
Memoir, 1967.

R. T. Rockafellar, First- and second-order epi-differentiability in nonlinear programming,
Trans. Amer. Math. Soc. 307(1988), 75-108.

M. Shub and S. Smale, Complezity of Bézout’s theorem IV: Probability of success; extensions,
SIAM J. Numer. Anal. 33 (1996), 128-148.

[25] S. Smale, Newton’s method estimates from data at one point, The Merging of Disciplines:

New Directions in Pure, Applied and Computational Mathematics (R.Ewing, K.Gross and C.
Martin, eds), New York: Springer, 1986, pp. 185-196.

[26] X. H. Wang, Convergence of Newton’s method and inverse function theorem in Banach space,

Math. Comp. 68 (1999), 169-186.

[27] X. H. Wang, Convergence of an iteration process, KeXue Tongbao 20 (1975), 558-559.
[28] X. H. Wang and D. F. Han, Criterion a and Newton’s method, Chinese J. Numer. Appl. Math.

19 (1997), 96-105.

[29] R. S. Womersley, Local properties of algorithms for minimizing nonsmooth composite function,

C.

Math. Programming 32 (1985), 69-89

Manuscript received April 30 2019
revised October 14 2019

L1

School of Mathematical Sciences, Zhejiang University, Hangzhou 310027, P. R. China

K.

E-mail address: cli@zju.edu.cn

F. Na

Department of Mathematics and IMS, Chinese University of Hong Kong, Hong Kong, P. R. China

E-mail address: kfng@math.cuhk.edu.hk



