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CHARACTERIZING THE CONTINGENT CONE’S CONVEX
KERNEL

BENARD A. NEUHAUS AND DOUGLAS E. WARD

ABSTRACT. In this paper we present a direct characterization of the convex kernel
of the contingent cone and use this result to sharpen the assumptions under
which the calculus of the contingent and adjacent cones is known to be valid. We
apply this calculus to develop necessary optimality conditions for a nonsmooth
mathematical program.

1. INTRODUCTION

Let X be a real normed space. We say that a set C' C X is a cone if whenever
x € C and X\ > 0, we have Az € C.

Among the fundamental objects of variational analysis are tangent cones, which
provide local conical approximations to sets. Two of the most useful tangent cones
are the contingent cone and adjacent cone.

Definition 1.1. Let SC X and x € S.
(a) The contingent cone to S at z is defined by

T(S,z) = {z eX ‘ 3F{(tj,27)} — (0%, 2) such that = +t;27 € S}.
(b) The adjacent cone to S at x is defined by
A(S,z) = {z eX ‘ V{t;} = 07,3{27} — z such that = +t;27 € S}.

For all S C X and x € S, the contingent cone and adjacent cone are closed cones
containing 0. (We consider the entire space X to be both closed and open.) From
the definitions, we can see that the inclusion A(S,z) C T'(S,x) is always true. For
more on the properties of these cones, see [1, 2, 4, 7, 10, 11] and their references.

In applying the contingent and adjacent cones in optimization theory, one would
like to identify conditions under which the inclusions

(1.1) T(Sl,l’) N T(SQ,(L‘) C T(Sl N 52,$),
(1.2) T(Sl,x) N A(Sg,l‘) C T(Sl N SQ,.TJ),
(1.3) A(S1,x) N A(S2,x) C A(S1 NSy, x)
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are satisfied for x € 51 N .Ss. One method of deriving such conditions employs the
convex kernels of these cones, defined for S C X and z € S by

T°(S,z) ={ze€ X|y+2€T(S,x) VyeT(S x)}

and
AX(S,z) ={ze X |y+2z€ A(S,z) Vye A(S,z)}.

Since T'(S,z) and A(S,z) are closed cones, T°°(S,z) and A>(S,z) are always
closed convex cones [1, §4.5.1]. Note also that since 0 € T(S,z) and 0 € A(S,z),
we have T°°(S,z) C T'(S,z) and A*(S,z) C A(S,x).

In [6] Penot gave the following direct characterization of the convex kernel of the
adjacent cone:

Proposition 1.2 (6, Proposition 4.6). Let S C X, x € S. Then
A®(S,x) = {y| V2! =g 2,¥t; — 0T with lim (27 — 2)/t; € A(S, ),
Jj—o0

3y — y with 27 + tjy? € S},
where 7 —g x means that ©7 — x with each 7 € S.

Proposition 1.2 turns out to be quite useful in the development of the calculus
of the contingent and adjacent cones, as Penot went on to show in [6]. Along with
the characterization of A% in Proposition 1.2, one can make use of a corresponding
open tangent cone to establish this calculus.

Definition 1.3. Let S be a subset of X and z € S. Define

TA>®(S,2) := {y| V2! —g 2,Vt; — 07 with lim (27 — x)/t; € A(S,z),

Jj—o0
Vyl —y, 27 +tjy7 € S for large enough j }.

For all S C X and =z € S, TA®(S,z) is an open convex (possibly empty) cone.
By definition, JA*®(S,z) C A®(S,x).

Proposition 1.2 raises the question of finding an analogous direct characterization
for the convex kernel of the contingent cone. One natural candidate would be

P(S,z) := {y|Va! —g x,Vt; — 0T such that Jlggo(:rj — x)/t; exists,

Jy/ — y with 27 + tjy7 € S},
which is referred to in [6] as the prototangent cone or pseudo-strict tangent cone, and
in [7] as the moderate tangent cone. Note that the existence of lim;_o0(z/ — z)/t;
is equivalent to the requirement that lim;_,o. (27 — x)/t; € T(S, x).

It is easy to show that P(S,z) is a closed convex cone with P(S,z) C T>°(S, x) for
all S C X and xz € S. As Penot notes in [7, p. 395], P(S,z) = A®(S,x) = T*°(S, z)
whenever A(S,z) = T'(S,z). However, P(S,z) is not equal to T°°(S, z) in general.
The following example illustrates this fact.

Example 1.4. Let X = R, and let Z be the set of integers. Define S := {0} U
{£2" |n € Z}. Tt is easy to see that T'(S,0) = R, so that 7°°(5,0) = R as well. On
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the other hand, let 27 = 277 and ¢; = 27U*Y for j > 1. Then lim;_e0 (27 — z)/t;
exists, but for the interval (0,2), we have

[27 4+ t;(0,2)] NS = 0.

It follows that 1 ¢ P(S,x). It can be shown similarly that —1 ¢ P(S,x), and we
conclude that P(S,z) = {0}.

Example 1.4 shows that P(S,x) is unsuccessful as a candidate for a sequential
characterization of T°°(S, z). In this paper, we present a successful candidate and
use it to augment the calculus of the contingent and adjacent cones and their asso-
ciated epiderivatives.

The paper is organized as follows. In §2, we begin with our sequential charac-
terization of T°° in Theoerem 2.1 and use this result as the basis for the definition
of a corresponding “interior cone” IT°°. We then establish conditions under which
inclusions (1.2) and (1.3) are satisfied, and we show that these conditions can be sat-
isfied in some cases where the metric subregularity hypotheses of [2] do not hold. In
83 we develop the calculus of the epiderivatives associated with the contingent and
adjacent cones, again making use of the convex kernels of these cones. Then in §4 we
apply the calculus of epiderivatives to prove necessary optimality condtions of Fritz
John and Karush-Kuhn-Tucker type for a mathematical program with inequality
and set constraints.

We conclude this introduction with a listing of some notation used throughout
the paper. Let X be a real normed space with dual space X*. For a set S C X,
we will denote the interior of S by int S and the closure of S by cl.S. The indicator
function of S is defined by

, 0 ifresS
ig(z) = {

400 otherwise,
and the distance function is defined for z € X and S C X by
d(z,S) = inf{||z —s|| : s € S}.
The polar cone of S is the set
S i={z" € X*| (2", x) <0 Vx e S}

Let R = RU{£c0} be the set of extended real numbers. For a function f : X — R,

define
dom f:={x € X | f(z) < +o0}.
We will say that f is proper if dom f is nonempty and f never takes on the value
—00. The epigraph of f is the set
epi f:={(z,r) € X xR | f(z) <r}.
For a convex function f : X — R that is finite at Z, the subdifferential of f at Z is
the set
0 (@) = {2* € X*| (s",2) < f(a) - f(5) VaeX}.
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2. THE CHARACTERIZATION AND TANGENT CONE CALCULUS

We begin this section with our main result, a direct sequential characterization
of the convex kernel of the contingent cone.

Theorem 2.1. Let SC X and x € S. Then

T(S,z) = {y| Va2l —g z,Yt; — 0" with (27 — x)/t; convergent,

3t = 07,3y — y with x +tj/(y/ + (27 — x)/t;) € S}.
Proof. Denote the set on the right-hand side by €. To show that T°°(S, x) C Q, let
y € T°°(S,z), and let 2/ —g x and ¢t; — 07 with (27 — x)/t; — 2 for some z € X.
Then z € T(S,z), and so y+ z € T(S, z). Hence there exist sequences t;/ — 07 and
w’ — y + z such that  + t;/w’ € S. Let 2/ = (27 — z)/t; and y/ = w/ — 2/. Then
y) — y and

r+t'(y + (@ —2)/t) =+t (Y + ) =a+tw €8,

establishing that y € Q. Therefore T°°(S,x) C .

To demonstrate the opposite inclusion, let y € Q and w € T(S,z). We want to
show that y +w € T(S,z). Since w € T(S,x), there exist t; — 07 and w’ — w
such that = + t;uw’ € S. Now set 2/ = z + tju/. We have 27 —g z and (27 — )/t
convergent. Since y € , there exist sequences t;/ — 07 and y/ — y satisfying
z+t;'(y) + (27 — x)/t;) € S. Noting that v/ + (27 — x)/t; — y + w, we see that
y+w € T(S,z), implying that y € T°°(S, z). Therefore Q C T°°(S, z). O

Theorem 2.1 can help us to identify conditions under which inclusion (1.2) is
satisfied. Some of those conditions involve an “interior cone” corresponding to T°°.

Definition 2.2. For S C X and x € S, define
IT*(S,z) := {y| V2l =g z,Vt; — 0" with (27 — z)/t; convergent, 3t;’ — 0T
such that Vy/ — y, z +t;/(y/ + (2/ — x)/t;) € S for large enough j}.

We observe that IT°(S, z) is a (possibly empty) cone. To see this, suppose that
y € IT®(S,z) and o > 0, and let 2/ —g x, t; — 07 with (27 — z)/t; convergent.
Then there exists t;/ — 07 such that for all y/ — y, we have z+t;'(y/+ (27 —x)/t;) €
S for j large enough. Now let 2/ — ay. Since 2/ /a — 3, it follows that

. ) ) .
x+ é(z] + (@ —2)/tj)) =x+t/(Z Ja+ (27 —x)/t;) € S
for large enough j. Noting that t;//a — 0T, we conclude that ay € IT>(S, x).
We can give an alternate characterization of I7°°(S, x) in terms of neighborhoods.
Proposition 2.3. Let S C X andx € S. Fore >0, let
Be(z) == {y|lly -zl <e}.
Then IT*(S,x) = Q(S, x), where
Q(S,z) :={y|Vz € T(S,x), I > 0 such that VA >0, t € (0,¢),v € B-(0)
with x +t(z+v) € S, 3" € (0,\) with x +t'(z+v+y+ B(0)) C S }.
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Proof. To show (S, z) C IT*(S,z), suppose y € Q(S,z). Let 27 —g z, t; — 0T
with 27 := (27 — z)/t; — z € T(S,z), and let y/ — y. There exists ¢ > 0 such that
for all A > 0 and for all t € (0,¢), v € B.(0) with z + t(2 + v) € S, there exists
t' € (0,\) with  +¢'(z +v+y + B:(0)) C S.

Let v/ := 29 — z. For j large enough, we have v/ € B.(0), t; € (0,¢), and
y/ —y € B.(0). Moreover, for each j, x + tj(z + v/) = 27 € S. So for all j large
enough, there exists ¢;/ € (0,1/4) such that

4+t (Y + (27 —2)/t;) = v+t (z+0) +y+y —y) € v+t (z+v7 +y+ B.(0)) C S.

Therefore y € IT>(S, z).

To prove the opposite inclusion, suppose y ¢ Q(S,x). Then there exists z €
T(S,z) such that for all € > 0, there exist A > 0, t € (0,¢), and v € B.(0) with
x +t(z +v) € S such that for all ¢ € (0, \), there exists v' € B.(0) with

r+t'(z+v+y+0) ¢S
To show that y ¢ IT>°(S,z), let t;/ — 07 and N a natural number. For ¢ = 1/N,
there exist Ay > 0, ty € (0,1/N), and vy € By/n(0) with 2 +tn(z +wvy) € S such
that for all ' € (0, Ay), there exists vy’ € By/n(0) with z+t'(2+vy +y+on') € S.
Now let j(0) = 1, and define j(NN) for each natural number N to be a natural

number such that

e j(N) > N,

® j(N) >j(N —1);

° tj(N)/ € (0, An).
Let iy =tn € (0,1/N), Vj(N) = UN € Bl/N(O) with x —l—tj(N)(Z +Uj(N)) € S and
viny € Byyn(0) such that

T+ tj(N)’(z +UiN) T Y F Uj(N)/> §é S.

FOI“j S (j(N — 1),j(N)), let tj = tj(N)a v = Uj(N), Uj/ = Uj(N)/- Define acj =

T +tj(z+v;), ¥ =y+wv;/. Thent; — 0%, 27 € S, (27 —z)/t; — 2, and for each
j=JN),
4+t (y + (@ —2)/t) =+t (z+vj +y+v) ¢S
Therefore y ¢ IT°(S, z). O
The following fact follows quickly from Proposition 2.3.
Corollary 2.4. Let S C X and x € S. Then IT*(S,z) is an open set.

Proof. Let y € IT*(S,z) = Q(S,z). There exists ¢ > 0 such that for all A > 0
and for all ¢ € (0,¢), v € B:(0) with « + t(z + v) € S, there exists t' € (0, \) with
v+t (z+v+y+ BA(0) CS. Let y € y+ B.s(0), z € T(S,x), A > 0. Let
t € (0,¢/2), v € B,/y(0) with z +#(z +v) € S. Then there exists ¢’ € (0, \) with

z+t'(z+v+y + B.o(0) Cx+t'(z+v+y+ B(0) CS.

Therefore y' € IT*(S,z). We conclude that y € int IT°°(S, x), which means that
IT*(S, z) is open. O
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It is instructive to compare 1T with the interior Clarke tangent cone

IC(S,z) = {y |Vl =5 x,Vt; — 0F, vyl =y, 2/ + tjyj € S for large enough j}.
Taking t;/ = t;, we can see that IC(S,z) C IT*(S,z), which means in particular
that IT°°(S, x) is nonempty whenever IC(S, z) is nonempty. Sets for which IC(S, z)
is nonempty are said to be “epi-Lipschitzian at x” [8, Theorem 3; 9, pp. 20-21].

We next present some simple calculus rules involving the contingent and adja-
cent cones and their convex kernels. Proposition 2.5 gives information about the
relationships between closed tangent cones and their corresponding interior cones.
For S C X and = € S, we define interior cones corresponding to the contingent and
adjacent cones by

IT(S,2) := {z € X |3t; — 0T such that V27 — 2,2+ t;2/ € S for large enough j }
and

TA(S,x) :={z€ X |Vt; = 0",V2/ — 2,0 +1t;27 € S for large enough j },
respectively.

Proposition 2.5. Let S C X and x € S. Then

(a) T(S,z) + IT>*(S,x) C IT(S,z).
(b) T°°(S,z) + IT>(S,z) C IT*>(S,x).
(c) A(S,z)+ IA>®(S,z) C TA(S,x).

(d) A>®(S,x) + ITA>®(S,z) C TA>®(S,x).
Proof. To establish (a), suppose y € T(S,z), w € IT*(S, z). There exist t; — 07,
v/ — ywithz+tjy7 € S. Let 29 := z+t;47. Then 2/ —g x and (27 —2)/t; =y —
y. Since w € IT>(S,x),3t;/ — 07 such that Vu’ — w, x+t; (v + (27 —z)/t;) € S
for large enough j. Let &/ — y +w. Then ¥/ — 3/ — w. Thus
e+t =24+t (Y —y +yf) = x+t/ (VY —y) + (27 —2)/t;) € S for j large enough.
Therefore y + w € IT(S, x). '

To prove (b), suppose that y € T°°(S,z), w € IT*(S,z). Let 27 —g z, t; — 0
with (27 — x)/t; convergent. There exist t;/ — 07 and y/ — y such that 2/ :=
x4t (y) + (27 —x)/t;) € S. Since 2/ = x and (27 —x)/t;’ converges, there exists
tj"" — 07 such that ij — w,z +t;"(wl + (27 —x)/t;') € S for j large enough. Let
b — y + w. Since ¥ — y? converges to w,

41"V + (2 —2)/tj) =2+ t;" (B — ) + (2 —2)/t;") € S for j large enough.

Soy+w e IT>®(S,x).
Parts (c) and (d), which are stated in Propositions 4.3 and 4.6 of [6], have proofs
analogous to those of (a) and (b). O

Note that since IT°°(S,z) C T*°(S,z) and IA*(S,z) C A>®(S,z), parts (b) and
(d) of Proposition 2.5 imply that

IT(S,z) + IT*(S,x) C IT*(S, z)
and
TA®(S,z) + TA>®(S,z) C TA*(S, z),
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from which it follows that IT°°(S,z) and IA*°(S,x) are always convex.

Corollary 2.6. Let S C X andxz € S. IfIT*(S,z) # 0, then T(S,z) = clIT(S,z
and T>(S,z) = clIT>*(S,x). Analogously, if IA®(S,z) # 0, then A(S,z) =
clTA(S,z) and A®(S,x) = clIA®(S, ).

Proof. Since IT(S,z) C T(S,z) and T(S,z) is closed, it follows that cl IT(S,x) C
T(S,x). To prove the opposite inclusion, suppose that IT(S,z) # 0, and let
y e T(S,x), velIT®(S,x). Then for all t > 0, y + tv € IT(S,z), implying that
y € clIT(S,x). The proofs of the other assertions are analogous to this one. O
Corollary 2.7. Let S C X and x € S. If IT>®(S,z) # 0, then IT>®(S,x) =
int 7°°(S, ). Similarly, if IA*(S,z) # 0, then TA>®(S,z) = int A>®(S, x).

Proof. Since IT*(S,xz) C T°°(S,x) and IT*(S,x) is open, we have IT>(S,z) C
int 7°°(S, x). To prove the opposite inclusion, let y € int 7°°(S, x). Since IT°(S, z) #
(), there exists z € IT°(S, z). Choose A > 0 small enough so that for all ¢ € (0, ),
y —tz € T*°(S,x). Then by Proposition 2.5(b), for all ¢ € (0, \) it follows that

y=y—tz+tz e TS, x)+ IT>(S,x) C IT>(S,x).
Hence int T°°(S,z) C IT>°(S,x), completing the proof of the first assertion. The
proof of the second assertion is analogous (see Corollary 4.4 in [6]). O

We next utilize Proposition 2.5 to present conditions under which inclusions (1.2)
and (1.3) are satisfied.

Theorem 2.8. Let 51,52 C X andx € S1NSs.
(a) If A®(S1,2) NIT>®(Sy,x) # 0 or IA>®(S1,2) NT>(Sa,z) # 0, then

(2.1) A(S1,2) NT(S2,x2) C T(S1NSe,z) CT(S1,x2) NT(S2,x).
(b) If A°(Sy,2) N TA®(S2, ) # 0, then
(2.2) A(Sl, :L') N A(SQ, ac) = A(Sl N Sy, ac)

Proof. In (a) the right-hand inclusion always holds. To prove the left-hand inclusion,
suppose that A*°(Sy,x) N IT*>°(Se,xz) # 0, and let y € A(S1,2) NT(S2,z), v €
A>®(S1,2) N IT>(S2,z). Then for all t > 0,

y+tve A(Sy,x) NIT (S, x)

by Proposition 2.5 (a). Since the inclusion A(Si,z) N IT(S2,z) C T(S1 N Sa,x) is
always satisfied, we then have y 4 tv € T'(S1 N Se, ). It follows that y € c1T'(S; N
Sy, x), and since T'(S1 N Sa,x) is closed, the left-hand inclusion in (a) is true.

Similarly, suppose that TA>(Sy,x) N T*°(S2,z) # 0, and let y € A(Si,z) N
T(S2,x), v e IA®(S,x) NT>°(S2,z). Then for all ¢t > 0,

y+tv e ITA(S),z) NT(S2,x)

by Proposition 2.5 (c). It is easy to see that TA(Sy,z) NT(Se,z) C T(S1 N Sy, x),
and so y +tv € T(S1 N Sz, x). Then y € clT(S1 N S, x) = T(S1 N S2,x), and again
the left-hand inclusion in (a) is true. The proof of (b) is similar. O

The inclusions in Theorem 2.8 also have been derived under metric subregularity
conditions [2]. The following result is a special case of [2, Theorem 3.1]:
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Theorem 2.9. Let X be a real Banach space, and let S1,S52 C X be closed sets
with x € S1 N Se. Suppose that there exist 6 > 0, M > 0, such that for all (y,z) €
B((x,z),0) N (S1 x S3),
(2.3) d((y, z), {(w,w) |w € 51N G2} ) < Mlly — z.
Then (2.1) and (2.2) hold.

We will contrast (2.3) with the hypotheses of Theorem 2.8 in the next two ex-
amples. In these examples, for (y,z) € X x X in (2.3), we will use the norm
I (y, 2)|| :== |ly|| + ||z]|, following [2]. Our first example illustrates the fact that there

are instances in which the hypotheses of Theorem 2.9 are satisfied but those of
Theorem 2.8 are not.

Example 2.10. Let X := R? S = {(11,0)|y1 € R}, S5 := {(0,22) |22 € R},
x :=(0,0). In this example, T'(S;,x) = A(S;,z) = S; fori = 1,2, and T'(S1NS2, x) =
A(S1 NSy, z) = {(0,0)}, so (2.1) and (2.2) hold. For (y;,0) € S1, (0,22) € Sa,
inequality (2.3) reduces to

1| + |z2] < M/y1? + 202,
which is satisfied with M = v/2. On the other hand, IT>(S;, z) = IA>(S;,z) = 0,
so the hypotheses of Theorem 2.8 are not satisfied.

There are other examples in which the hypotheses of Theorem 2.8 are satisfied
but the metric subregularity condition (2.3) does not hold.

Example 2.11. Let X :=R?, 51 := {(y1,92) |v2 < 1} U{(y,—¢*) |[y=2",n=
1,2,3,...}, Sy == {(21,22) |21 < 0,20 > 21} U{(21,22) |21 > 0,20 > 22}, and
x :=(0,0). In this example A(S1,x) = {(y1,¥2) | y2 < —y1} and

T(S2,z) = A(S2,z) = {(21,22) | 21 < 0,22 > 21} U{(21,22) | 21 > 0,22 > 0},

while T'(S1 N S2,x) = A(S1 N S2,z) = 51N Sa, so (2.1) and (2.2) hold. Moreover,
AOO(Sl,I) = A(Sl,l‘) and

ITOO(Sg,x) = IAOO(SQ,JZ) = {(2’1,2’2) | 21 <0,20 > 0} U {(21722) ’2’1 > 0,20 > 2’1},

so that conditions

(2.4) A%(S1,2) N IT™(Sg,z) # 0
and
(2.5) A% (S1,2) NTA®(Sy,x) £

are satisfied. On the other hand, if we take y = (27", —272") and z = (27",272")
in Theorem 2.9, inequality (2.3) reduces to

1
21+ o < M,

which is not satisfied for any real number M.

We can extend Theorem 2.8 inductively to a situation involving any finite number
of sets by making use of the following lemma.



CONTINGENT CONE’S CONVEX KERNEL 661

Lemma 2.12. Let S;,1 <i <n be subsets of X and x € N}'_,S;. Then

(2.6) AX(S1,2) NN T A%(S;, ) C A®(NI,S;, x)
and
(2.7) M TAX(S;, ) C TA®(NIL1S;, ).

Proof. To prove (2.6), let y € A®(Sy,x) N N, TA®(S;,x), and let 27 =S T,
t; — 0% with (27 — 2)/t; - w € A(N™;S;,z). Then w € A(S1,z), so there
exists 4/ — y with 27 + t;57 € Sy. For each i = 2,...,n we have w € A(S;, ),
so z/ + tjy’ € S; for large enough j. Therefore we have for large enough j that
2 + tjy7 € N, S;, which means that y € A®(N?_;S;,z). The proof of (2.7) is
analogous to this one. O

Theorem 2.13. Let E;,1 < i <n be subsets of X and x € N}, ;.
(a) If

(2.8) A®(Ey,2) N NP TA® (B, ) N IT™®(Ep, x) # 0

or

(2.9) NP TA™(Ei, 2) N T®(Ey, o) # 0,

then

(2.10) N A(Bi, ) NT(Ey, ) C TNy By, x) C NPy T(E;, ).
(b) If

(2.11) A®(Ey, ) Ny TA®(E;, z) # 0,

then

(2.12) N A(E;, x) = A(Ni_ Ej, x).

Proof. The right-hand inclusion in (2.10) is easily seen to be true. In deriving the
remaining inclusions, we begin with the case where n = 3. To prove (a), suppose
that (2.8) holds, and let Sy = Ey N Ey, So = E3.. By Lemma 2.12, A*(E;,z) N
TA>®(Ey,x) C A>®(S1,x), so (2.8) implies that A>(S1,z) N IT*(Sy,x) # 0. By
Theorem 2.8(a), A(E1 N E2,z)NT(Es,x) C T(E1NE2N E3, z). It also follows from
(2.8) that
A®(Ey,x) NTA®(Ey,x) # 0,

so by Theorem 2.8(b), A(E1,x) N A(E2,z) = A(E1 N Ea, z). Therefore (2.10) holds
for n = 3. The proofs of the remaining assertions when n = 3 are similar.

Now proceed inductively, assuming that (a) and (b) are true for the case of n —1
sets. To prove (a), suppose that (2.8) holds, and let S; = ﬂ?;llEi, S = E,. By
Lemma 2.12,

A® (B, ) NN TA®(E;, o) C ANy, z),
and so (2.8) implies that
A®(S1, ) NIT>(Ss, ) # 0.
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By Theorem 2.8(a),
AN By 2) N T(Ey, ) C N T (B, z).
Moreover, since (2.8) also gives
AX(By,x) N M5 TA® (B a) # 0,
we have by the induction hypothesis in part (b) that
N A(E;, o) = A(NPEs, x).

Therefore (2.10) holds. Again, the proofs of the remaining assertions are similar. [J

3. EPIDERIVATIVE CALCULUS

Convex kernels and their corresponding interior cones can also be used in devel-
oping the calculus of directional derivative functions associated with the contingent
and adjacent cones. To explain how this is done, we begin by reviewing the concept
of the epiderivative associated with a tangent cone [1].

Let R denote some concept of tangent cone. (Examples defined in this paper
include R =T, A, P,IT,IA, T, A®, IT>®, [A®.) Suppose that f : X — R is finite
at . We define the R-epiderivative of f at x in the direction y € X by

(3.1) ffasy) = inf{r| (y,r) € R(epi f, (z, f(x)))}-

Notice that in cases where R is always a closed cone (e.g., R =T, A, P,T>, A>),
then (3.1) implies that

(3.2) epi f7(z;-) = R(epi f, (z, f(2))).
The case of the indicator function is also worth noting. When C' C X and z € C,
we have

iCR(x; y) = inf{r | (ya T) € R(C X [07 +OO), ($a 0))} = iR(C,x) (y) Vy eX

for R=T,A P, IT 1A T>®, A® IT>* [A>.
More explicit formulae for a number of epiderivatives can readily be obtained [1,
Chapter 6; 11, Theorem 5.4]. For example,

T . .
x;y) = sup sup inf inf T+ tv) — f(x))/t;
(@) = sup sup inf - dof_ (S ) — f(x))/

fA(a:;y) =sup inf sup inf (f(z+tv) — f(z))/t;
e>0 A>0 gt |lv—yli<e

fIA(:L’;y) =inf inf sup sup (f(x+tv)— f(z))/t;
€>0 A>0 g<t< |Jo—y|<e

f T (z;y) =inf sup inf  sup (f(xz+tv) — f(x))/t.
€e>0 y>0 0<t<A lv—yl|<e

The results of §2 can be applied to derive calculus rules for epiderivatives of

pointwise maxima of functions. Let f; : X - R, i=1,---m, and I = {1,--- ,m}.
Define
(3.3) F(z) = max fi(x).

i€l
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It follows quickly from (3.3) that
(3.4) epi f = Njerepi fi.
Now define
I@) = {i € 1| f(z) = fi()}.

Then if ¢ € I\I(z) and f; is finite and continuous at x, we have (z, f(z)) € int epi f;,
which implies that
(3.5) R(epi fi, (z, f(z))) = X xR
for R=T, A, P,IT, A, T®, A%, [T [A>.

Keeping (3.4) and (3.5) in mind, we can deduce the following result from Theorem
2.13.
Theorem 3.1. Suppose that each f; is finite at x, and that f; is continuous at x
for alli € I\I(x).

(a) If there exist j,k € I(x) such that

(3.6) dom £;47 (;-) Ndom f1,""™ (w1 ) N Nigpay gjup dom fi' 47 (a5-) # 0,

then
(3.7) fM(x5y) < max{fi" (z59), fi (w3y),1 € I(@)\{k}} Vye X.
(b) If there exists k € I(x) such that
(3-8) dom £, (5 ) N Nieray ay dom ;747 (23) # 0,
then
(3.9) f(yy) < max{ fi (z39), fi' (w;9), 0 € I(@)\{k}} VyeX.
(c) If there exists j € I(x) such that
(3.10) dom f; 4 (@) N Nieray 5y dom 747 (@) # 0,
then
(3.11) Az y) = max fi'(z;y) Vye X

i€l (x)

Proof. To prove (a), suppose that z is an element of the intersection of sets in (3.6).
Then there exists a real number r such that

(z,7) € A% (epi fj, (x, f(x))) N IT™(epi fi, (z, f(x)))
N Nier@)\ (k3 LA™ (epi fi, (x, f(2))).

By Theorem 2.13, we have

T(epi ks (JZ, f(l’))) N szI(x)\{k}A(epl Jis (%, f(x))) - T(miel(az) epi fi, (.T, f(x)))
By (3.4) and (3.5),

T(epl fa (CL‘, f(CL'))) = T(miGI epl fi7 ($, f($))) = T(mzef(z) epl fia (:Ca f(x)))a
and so
T(epi fx, (z, f(2))) Nicr@n\{xy Alepi fi, (z, f(x))) C T(epi f, (z, f(2))),

which implies (3.7). The proofs of (b) and (c) are analogous to the proof of (a). O
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To put Theorem 3.1 in context, it is helpful to keep in mind that if f is Lips-
chitzian near z, then dom f®(x;-) = X for R=T, A, P,IT, 1A, T>, A IT>®, [A>.
As a result, Theorem 3.1 covers the case where the f; are locally Lipschitzian, along
with much more.

We can also develop epiderivative calculus rules for sums of functions. We start
with some basic inequalities that follow quickly from the definitions of the relevant
tangent cones.

Proposition 3.2. Let f1 : X = R, fo: X — R be finite at x € X. Then Vy € X,
(3.12) (fr + f2)" (w3 y) < At (@59) + fo'7 (23 y).

(3.13) (fi + f2) (w39) < A (@39) + " (23 0).
Next we make use of Propositions 3.2 and 2.5 to derive sum rules for contingent

and adjacent epiderivatives.
Theorem 3.3. Let fi : X = R, fo: X — R be finite at x € X.

(a) Ifdom 1™ (z;-)Ndom fo' T (z;-) # 0 or dom f1747 (z;-)Ndom foT~ (x;-) #

(0, then Vy € X,

(3.14) (fi+ f2) (@y) < il (asy) + 2" (a5).

(b) If dom f;2” (z;-) Ndom fol A7 (x;-) # 0, then Vy € X,
(3.15) (fr + £2) M w5y) < A (m0) + fo ().
Proof. To prove (a), suppose that fi(x;y) + fol(z;y) < 7. Then there exist
ri,7 € R with vy + 19 < r and fi(2z;y) < 71, fil (z;3y) < ro. It follows that
(y,?"l) € A(epl f17 (ZL‘, fl(:E))) and (ya 7"2) € T(epl f2a ($, f2($))) If

dom fi4™ (w;-) N dom o7 (w5) # 0,

there exist d € X, s € R such that

(d,s) € A (epi f1, (z, f1(x))) N IT(epi fa, (z, f2(x))).
So for all ¢ > 0,the definition of A* and Proposition 2.5(a) imply that (y,r1) +
t(d,s) € A(epi f1, (z, fi(z))) and (y,r2) +t(d, s) € IT(epi fo, (z, f2(x))). By (3.12),

(fi + o) (msy + td) < i (z;y +td) + o' (w5 y + td) < ri + 7o + 2ts,

so (y + td,r1 + ro + 2ts) € T(epi(f1 + f2), (z, (f1 + f2)(x))). Since T is closed,
(y, 71+ 72) € T(epi(fi + f2), (x, (fi + f2)(2))), and therefore (fi + f2)" (z;) < 7.
We conclude that (3.14) holds. The proofs of the remaining assertions are analogous
to this one. H

Chain rules for contingent and adjacent epiderivatives can also be developed via
the approach of this paper, as in [12].

We close this section with a technical result that will come into play in §4. The
analogous result for the epiderivatives associated with A and I A* is given in [5,
Theorem 2.8].

Proposition 3.4. Let f : X — R U {+oo} be finite at x € X. If there exists
y € dom f177 (x; ) such that —oo < f17 (x;y), then
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(a) fT7(x;-) is continuous on the interior of its domain, which is nonempty;
and
(b) dom fI7%(x;-) = int dom 1~ (x;-).

Proof. We begin by showing that (a) implies (b). Suppose that (a) holds, and let
y € dom fIT%(z;-). Then there exists r € R with (y,r) € IT>(epi f, (x, f(z))).
By Corollary 2.7, (y,r) € int T (epi f, (z, f(z))), and so y € intdom f7~ (z;-).
Therefore dom f/7% (z;-) C int dom f7~ (z; ).

Now let y € intdom f7~ (z;-). By (a), there exists r € R such that f7~ (x;-) is
bounded above by r on a neighborhood of y, so that (y,r) € int T°°(epi f, (z, f(z)))
IT*(epi f, (z, f(z))). Therefore y € dom fIT7(x;-) and intdom f7~ (z;-)
dom fI77 (x;-).

To prove part (a), let y € dom f/77 (x;-) with —oo < 17 (z;y) < fI77° (2;y) <
r. By [3, Proposition 2.5, p. 12], it suffices to show that f/7~ (z;-) is bounded
above on a neighborhood of y. Let (z,s) € T(epif,(z, f(x))). Since (y,r) €
IT>(epi f, (x, f(x))), by Proposition 2.3 there exists € > 0 such that for all A > 0,
t € (0,e), and (v,s") € B:(0) x (—¢,¢) with (x, f(z)) +t(z +v,s+ ) € epi f, there
exists t' € (0, A) such that

(z, f(x)) +t(z+v+y+ B(0),s+ 8 + 7+ (—¢,¢€)) C epi f.

Let (§,7) € Beja(y) x (r —¢/2,7 +¢/2). Let A > 0. Suppose (v,s") € B,/5(0) x
(—e/2,e/2) with (z, f(x)) + t(z2 + v,s + ') € epi f. Then with ¢’ € (0, \) chosen as
above, we have

C

(z, f(x)) +'(z+v+ G+ Beyp(0),5 + 8" + 7 + (—¢/2,£/2))

C(x, f(@) +(z+v+y+ B:(0), 5+ 5 + 1+ (=€,€)) Cepif.
Therefore (§,7) € IT™(epi f, (x, f())), and it follows that f/7 (x;%/) < r for all
yley‘i‘Be/Q(O) O

4. NECESSARY OPTIMALITY CONDITIONS FOR A NONSMOOTH PROGRAM
We next consider the mathematical program
(4.1) min{f(z)|gi(z) <0,i € J,z € C},

where f,gi : X = R, J = {1,--- ,m}, and C C X. In this section, we establish
necessary conditions for local optimality in problem (4.1). These conditions will be
stated in terms of subdifferentials associated with closed convex tangent cones that
are contained in the contingent or adjacent cone.

Definition 4.1. (a) Let R; and Ry be tangent cones. We will say that Ry C Ry if
Ri(S,x) C Ra(S,x) forall S C X and z € S.

(b) We will say that a tangent cone R has a certain property (e.g., “R is closed”,
or “R is convex”) if R(S,x) has that property for all S C X and = € S.

(c) Let f : X — R be finite at z € X, and let R be a convex tangent cone such that
fB(x;-) is proper. We define the R-subdifferential of f at x by

O f(x) :={pe X*|(p.y) < ff(x;y) Vye X}
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Remark 4.2. (a) In Definition 4.1(c), since f%(z;-) is proper, we have f#(x;0) = 0.
This means that

0% f(z) ={p € X*[(p,y) < fF(x;9) — R(2;0)Vy € X},
and so 9% f(x) is O(ff(x;-))(0), the subdifferential of the convex function f(z;-)
at 0.

(b) Closed convex tangent cones contained in the contingent cone include, in par-
ticular, T°°, P, and the Clarke tangent cone

C(S,x) :={z € X |Va/ =g x,Vt; » 07, 3{27} — 2 with 27 + ;2 € S}.
Closed convex tangent cones contained in the adjacent cone include A%, P, and C.
In deriving our optimality condtions, we will need to work with expressions of
the form Aff(z;y), where A > 0. When A = 0, we will follow the convention
that 0fF(x;y) = idom fR(z;)(Y), SO that oR(0f)(z) = (dom fR(x;-))°. The equa-
tion OF(\f)(z) = AORf(z) will then hold for all A > 0 if we define 00f(x) to be

(dom ff(x;-))°. Keeping this convention in mind, we can state the following result.

Theorem 4.3. Let & be a local minimizer for (4.1), and define 1(z) = {i €
J | g:(Z) = 0}. Assume that g; is continuous at T for each i € J\I(Z), that fT(z;-)
and g;(z;-), i € I(Z), are proper, and that

(42) dom 1T (&) N A™(C, 2) 1 My ey dom g4 (5;) £ 0.

Suppose that Ry C T, R,R; C A fori € I(Z), are convex tangent cones containing
the origin. There there exist \; > 0, i € I(z) U{0}, not all equal to zero, such that

(4.3) 0€X0™f()+ > Ndgi(x)+ (R(C,Z))°.
i€l(z)
If in addition
(44)  dom [T (7)) N AX(C,2) N Miern ] 9™ (@59) < 0} #0,
then (4.3) holds with Ao = 1.
Proof. For S C X, z € 5, let Do(S,z) = cl(Ro(S,x) + T°°(S,z)), D(S,z) =
cl(R(S,z) + A>*(S,z)), and D;(S,z) = cl(R;(S,z) + A>®(S,x)), i € I(Z). Then D
and each D; are nonempty closed, convex tangent cones with Ry C Dg, T C Dy,

R C D, A® C D, and R; C D;, A® C D; for i € I(z). In addition, we have
Dy C T, since

Do(S,z) C l(T(S,z) + T(S,z)) =  T(S, z) = T(S, z).

Similarly, D C A and D; C A, i € I(x).
Next define

F(x) = max{f(w) + ZC(x) - f('f)agl(x)a e ,gm(x)}
Since Z is a local minimizer of (4.1), Z is also a local minimizer of F'. Then for all
y € X, we have by (4.2) and Theorem 3.1 that

0 < FT(z;y) < max{(f +ic)" (#;y), 9" (T3 y),i € I(7)}
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< max{f"(Z;y) + iac,s (), 9" (Z;),i € 1(z)} (by Theorem 3.3)
< max{f"(z;y) + ipcn W), 9" (T;y),i € 1(2)}.

Now let ¢ = |I(z)| + 1, where |I(Z)]| is the cardinality of I(Z). Define sets S =
{z €R?|z <0} and
Sy ={z € RY| (fP(z;y) + ipicn)(v), 9.7 (T3 ), i € I(2)) < 2},

where < denotes the coordinate-wise ordering on RY. Note that S; and Sy are
convex cones with int S; NSy = (), so we may separate them with a hyperplane.
Then there exist \; € R, i € {0} U I(Z), at least one of which is nonzero, such that
for all z=(z;) € 1 and y € X,

(4.5) D Az <0< M((fP@y) +ipe Z AigiPi
1€{0}UI(Z) i€l(z
The left-hand inequality in (4.5) implies that each A\; > 0. The r1ght—hand inequality

gives

(4‘6) 0e a(/\o(fDo( ) + zD Z /\zgz xz; )

iel(z

Using Proposition 3.4 and [5, Theorem 2.8] along with (4.2), we note that fP0(z;")
and each ¢;”i(Z;-) are continuous on the interiors of their domains with

(4.7 D(C, %) Nint dom fP0(z;-) N Nier(z) int dom g;”i (z;-) # 0.

We may then apply a formula for subdifferentials of sums of convex functions [3, p.
26] to obtain

0.€ d(Aof)P(x;)(0) + Y O(Nigi)”i(7;-)(0) + (D(C, x))°
1€1(Z)
= X0 f(2) Z Xid"igi(z) + (D(C,z))°
i€l(z
C Xd™ f(z) Z X0 gi(z) + (R(C,x))°,
1€l(z)

so that (4.3) holds.
Finally, suppose that (4.4) holds, and let v be an element of the set in (4.4). If
Ao = 0 in (4.3), then (4.5) implies that

(4.8) 0< Z NigiP1(z;y) Yy € D(C, z).
1€I(T)
Since v € A®(C,z) C D(C,z) and at least one \; > 0, (4.8) gives

0< Z Xigi™ (Z;0) <0,
iel(z)
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a contradiction. Therefore \g > 0, and we conclude that (4.3) is satisfied with
Ao =1 O

One notable feature of Theorem 4.3 is the fact that hypotheses (4.2) and (4.4)
are independent of the choice of R and R;. It is also important to observe that
(4.2) and (4.4) do not require f or g;,7 € I(Z), to be locally Lipschitzian. Actually,
Theorem 4.3 takes on a simple form in the locally Lipschitzian case.

Corollary 4.4. Let T be a local minimizer for (4.1), where we assume that f and
each g; are Lipschitzian near Z. Suppose that Ry C T, R,R; C A fori € I(Z), are
convex tangent cones containing the origin. Then there exist \; > 0, i € I(z)U{0},
not all equal to zero, such that

(4.9) 0€X0™f(x)+ > XNdgi(x)+ (R(C,Z))°.
iel(x)

If in addition

(4.10) A™(C,2) N Ny |97 (T5y) < 0} #0,

then (4.9) holds with Ao = 1.

Proof. For a function h : X — R that is finite at x and Lipschitzian near z,
domhf(z;-) = X for R="T, A, IT,IA, T>®, A®, IT> IA>. Hence 0 is an element
of the intersection of (4.2), while (4.4) reduces to (4.10). O

Our direct characterization of the convex kernel of the contingent cone in Theorem
4.3 enables us to contribute to a calculus of tangent cones and epiderivatives begun
by Penot [6] in the 1980s. We believe that this calculus is worth revisiting and
investigating further. The theorems are valid for large classes of sets and functions
and do not require metric subregularity or local Lipschitz hypotheses.
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