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The theory of variational inequalities was introduced by Stampacchia [26] and since
then, has been extensively studied. For example, see [1, 2, 11, 30]. In 2005, Iiduka
and Takahashi [18] suggested an iterative scheme for finding a common element
of the set of fixed points of a nonexpansive mapping and the set of solutions of a
variational inequality problem for an α-inverse strongly monotone mapping and got
a strongly convergence theorem.

(1.1) xn+1 = λnx+ (1− λn)TPD(xn − δnAxn)

where x1 = x ∈ D, λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 λn = ∞ and
∑∞

n=1 |λn+1−
λn| < ∞ and δn ∈ [c, d] for some c, d ∈ (0, 2α) with

∑∞
n=1 |δn+1 − δn| < ∞.

They proved that the sequence {xn} generated by (1.1) converges strongly to
PF (T )∩V I(K,A)x.
A mapping T : D → D is called quasi-contractive whenever there exists ξ ∈ (0, 1)
such that

∥Tx− Ty∥ ≤ ξ(max{∥x− y∥, ∥x− Tx∥, ∥y − Ty∥, ∥x− Ty∥, ∥Tx− y∥})

for all x, y ∈ D ([20, 21, 23, 28]).
In this paper, we introduce a new implicit iterative process for finding a com-

mon element of the set of fixed points of a quasi-contractive mapping and the set
of solutions of a variational inequality problem for an α-inverse strongly mono-
tone mapping. We obtain a strong convergence theorems for the following iterative
method : suppose x1 = x ∈ D and

xn+1 = λnx+ (1− λn)[βnTPD(xn − δnAxn) + (1− βn)Txn],

where λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 λn = ∞ and
∑∞

n=1 |λn+1 − λn| < ∞
and δn ∈ [c, d] for some c, d ∈ (0, 2α) with

∑∞
n=1 |δn+1 − δn| < ∞ and βn ∈ [0, 1]

with
∑∞

n=1 |βn+1 − βn| < ∞.
We construct an iterative scheme for finding a common fixed point of a strictly
pseudo-contractive mapping and a quasi-contractive mapping in a Hilbert space.
We also consider the problem of finding a common element of the set of fixed points
of a quasi-contractive mapping and the set of zeros of an inverse strongly monotone
mapping.

2. Preliminaries

Let D be a nonempty closed convex subset of Hilbert space H, with inner product
⟨., .⟩ and nom ∥.∥ respectively. For each element x ∈ H, there exists a unique
nearest point in D, denoted by PDx, such that ∥x− PDx∥ ≤ ∥x− y∥ for all y ∈ D.
PD : H → D is called the metric projection and satisfies the following properties
[14, 16, 17]

(a) ∥PDx− PDy∥ ≤ ∥x− y∥ for all x, y ∈ H.

(b) ⟨PD − PDy, x− y⟩ ≥ 0 for all x, y ∈ H.

(c) ⟨PD − PDy, x− y⟩ ≥ ∥PDx− PDy∥2 for all x, y ∈ H.
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(d) ⟨x− PDx, y − PDx⟩ ≤ 0 for all x ∈ H, y ∈ D.

(e) ∥x− y∥2 ≥ ∥x− PDx∥2 + ∥y − PDx∥2 for all x ∈ H, y ∈ D.

Let A be a monotone mapping of D into H. In the context of the variational
inequality problem, this implies from the property (e) that

q ∈ V I(D,A) ⇔ q = PD(q − δAq) for some δ > 0.

Let x ∈ X and {xn} be a sequence in X. We use the symbols xn → x and xn ⇀ x
for the strong and weakly convergences, respectively. It is known that H satisfies
Opíls condition [16], i.e., for any sequence {xn} with xn ⇀ x the inequality

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥

holds for every y ∈ H with y ̸= x. Let T : D → D be a nonexpansive mapping, I
be the identity mapping. If A = I −T , then A is 1

2−inverse strongly monotone and

F (T ) = V I(D,A) [19]. A set-valued mapping T ′ : H → 2H is called monotone if
for all x, y ∈ H, f ∈ T ′x and h ∈ T ′y imply ⟨x−y, f −h⟩ ≥ 0. A monotone mapping
T ′ : H → 2H is maximal if the graph G(T ′) of T ′ is not properly contained in the
graph of any other monotone mapping. Also, a monotone mapping T ′ : H → 2H is
maximal if and only if, for (x, f) ∈ H×H, ⟨x−y, f−h⟩ ≥ 0 for every (y, h) ∈ G(T ′)
implies f ∈ T ′x. Let A : D → H be an inverse strongly monotone mapping and let
NDu be the normal cone to D at u ∈ D, i.e., NDu = {v ∈ H : ⟨u− w, v⟩ ≥ 0,∀w ∈
D}. Define

T ′u :=

{
Au+NDu u ∈ D

∅ u /∈ D

It is known that T ′ is maximal monotone and 0 ∈ T ′u if and only if u ∈ V I(D,A);
[24, 25].

Lemma 2.1. Let X be a reflexive Banach space that satisfies the Opial’s condition,
D a nonempty, closed and convex subset of X, ξ ∈ (0, 12) and T : D → D a mapping,
satisfying ∥Tx − Ty∥ ≤ ξ(max{∥x − y∥, ∥x − Tx∥, ∥y − Ty∥, ∥x − Ty∥, ∥Tx − y∥}
for all x, y ∈ D. Then T has a fixed point.

Proof. Fix x0 ∈ X and let xn = Tnx0, n ∈ N. Observe that ∥xn − xn+1∥ =
∥Txn−1 − Txn∥. If xn = xn+1 for some n ∈ N, then q = xn is a fixed point of T .
Suppose that xn ̸= xn+1 for all n ∈ N. Thus

∥xn − xn+1∥
≤ ξ(max{∥xn−1−xn∥, ∥xn−1−Txn−1∥, ∥xn−Txn∥, ∥xn−1−Txn∥, ∥Txn−1−xn∥})

hence

∥xn − xn+1∥ ≤ ξ(max{∥xn−1 − xn∥, ∥xn − xn+1∥, ∥xn−1 − xn+1∥, 0}).

Set

L(xn−1, xn) = max{∥xn−1 − xn∥, ∥xn − xn+1∥, ∥xn−1 − xn+1∥, 0}.
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Clearly, we have at least one of the following four cases
(1) If L(xn−1, xn) = ∥xn−xn+1∥, then ∥xn−xn+1∥ ≤ ξ∥xn−xn+1∥ ⇒ ∥xn−xn+1∥ =
0. Hence

∥xn − xn+1∥ ≤ ξ∥xn − xn−1∥.
(2) If L(xn−1, xn) = ∥xn−1−xn+1∥, then ∥xn−xn+1∥ ≤ ξ∥xn−1−xn+1∥. It followes
that

∥xn − xn+1∥ ≤ ξ(∥xn−1 − xn∥+ ∥xn − xn+1∥)
actually

∥xn − xn+1∥ ≤ ξ

1− ξ
∥xn−1 − xn∥.

(3) If L(xn−1, xn) = ∥xn−1 − xn∥, then ∥xn − xn+1∥ ≤ ξ∥xn − xn−1∥.
(4) If L(xn−1, xn) = 0, then ∥xn−xn+1∥ ≤ 0 and hence ∥xn−xn+1∥ ≤ ξ∥xn−1−xn∥.
Therefore, we have

∥xn − xn+1∥ ≤ max{ξ, ξ

1− ξ
}∥xn − xn−1∥ =

ξ

1− ξ
∥xn − xn−1∥.

Since ξ
1−ξ ∈ (0, 1), we have

∥xn − xn+1∥ ≤ ξ

1− ξ
∥xn − xn−1∥ ≤ (

ξ

1− ξ
)n∥x1 − x0∥

0 ≤ lim
n→∞

sup ∥xn − xn+1∥ ≤ lim
n→∞

sup(
ξ

1− ξ
)n∥x0 − x1∥ = 0.

Thus limn→∞ sup ∥xn−Txn∥ = 0. By the reflexivity ofX, there exists a subsequence
{xnk

} of {xn} such that xnk
⇀ p ∈ D. By the Opial’s condition, we have

(2.1) lim inf
k→∞

∥xnk
− p∥ < lim inf

k→∞
∥xnk

− Tp∥.

Observe that

∥xnk
− Tp∥ ≤ ∥xnk

− Txnk
∥+ ∥Txnk

− Tp∥
which implies that

∥xnk
− Tp∥ ≤ ∥xnk

− Txnk
∥+ ξL(xnk

, p)

where

L(xnk
, p) = max{∥xnk

− p∥, ∥xnk
− Txnk

∥, ∥p− Tp∥, ∥xnk
− Tp∥, ∥p− Txnk

∥}.

If L(xnk
, p) = ∥xnk

− p∥, then ∥Txnk
− Tp∥ ≤ ξ∥xnk

− p∥. Therefore

(2.2) lim inf
k→∞

∥xnk
− Tp∥ ≤ lim inf

k→∞
ξ∥xnk

− p∥ ≤ lim inf
k→∞

∥xnk
− p∥.

If L(xnk
, p) = ∥p−Tp∥, then ∥Txnk

−Tp∥ ≤ ξ∥p−Tp∥ ≤ ξ(∥p−xnk
∥+∥xnk

−Tp∥)
which implies that

(2.3) lim inf
k→∞

∥xnk
− Tp∥ ≤ lim inf

k→∞

ξ

1− ξ
∥xnk

− p∥ ≤ lim inf
k→∞

∥xnk
− p∥.

If L(xnk
, p) = ∥p− xnk

∥, then

∥Txnk
− Tp∥ ≤ ξ∥p− Txnk

∥ ≤ ξ(∥p− xnk
∥+ ∥xnk

− Txnk
∥.
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Hence

(2.4) lim inf
k→∞

∥xnk
− Tp∥ ≤ lim inf

k→∞
ξ∥xnk

− p∥ ≤ lim inf
k→∞

∥xnk
− p∥.

From (2.1), (2.2), (2.3) and (2.4) we conclude that (I − T )p = 0. If L(xnk
, p) =

∥xnk
− Txnk

∥, then ∥Txnk
− Tp∥ ≤ ξ∥xnk

− Txnk
∥. This implies that

lim inf
k→∞

∥xnk
− Tp∥ ≤ lim inf

k→∞
(1 + ξ)∥xnk

− Txnk
∥ = 0.

If L(xnk
, p) = ∥xnk

− Tp∥, then ∥Txnk
− Tp∥ ≤ ξ∥xnk

− Tp∥ so that

lim inf
k→∞

∥xnk
− Tp∥ ≤ lim inf

k→∞
ξ∥xnk

− Tp∥ ⇒ lim inf
k→∞

∥xnk
− Tp∥ = 0.

From (3.4) we obtain that lim infk→∞ ∥xnk
− p∥ = lim infk→∞ ∥xnk

− Tp∥ = 0.
Therefore, p− Tp = 0. □

3. Main results

In this section we shall prove a strong convergence theorem for quasi-contractive
mappings and α-inverse strongly monoton mapping.

Theorem 3.1. Let D be a nonempty closed convex subset of a real Hilbert space
H, A : D → H an α-inverse strongly monotone mapping and T : D → D a quasi-
contractive mapping with F (T ) ∩ V I(D,A) ̸= ∅, ξ ∈ (0, 12). Suppose x1 = x ∈ D
and {xn} is given by

(3.1) xn+1 = λnx+ (1− λn)[βnTPD(xn − δnAxn) + (1− βn)Txn],

for every n = 1, 2, 3, ..., where λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 |λn+1 − λn| <
∞,

∑∞
n=1 λn = ∞ and δn ∈ [a, b] for some a, b ∈ (0, 2α) with

∑∞
n=1 |δn+1− δn| < ∞

and βn ∈ (0, 1] with
∑∞

n=1 |βn+1 − βn| < ∞, limn→∞ βn = 1. Then {xn} converges
strongly to PF (T )∩V I(D,A)x.

Proof. Let q ∈ F (T ) ∩ V I(D,A). we show that ∥Tx − q∥ ≤ ∥x − q∥ for all x ∈
D, ξ ∈ (0, 12). Note that

∥Tx− q∥ = ∥Tx− Tq∥ ≤ ξmax{∥x− q∥, ∥x− Tx∥, ∥q − Tq∥, ∥x− Tq∥, ∥q − Tx∥}

≤ ξmax{∥x− q∥, ∥x− Tx∥, 0, ∥q − Tx∥}.
We consider the following four cases:

(1) ∥Tx− Tq∥ ≤ ξ∥x− q∥ ≤ ∥x− q∥.
(2) ∥Tx−Tq∥ ≤ ξ∥x−Tx∥ ≤ ξ(∥x− q∥+ ∥q−Tx∥) ⇒ ∥Tx−Tq∥ ≤ ξ

1−ξ∥x− q∥ ≤
∥x− q∥.
(3) ∥Tx− Tq∥ ≤ ξ∥q − Tq∥ = 0 ≤ ∥x− q∥.
(4) ∥Tx− Tq∥ ≤ ξ∥q − Tx∥ ≤ ξ(∥q − Tq∥+ ∥Tq − Tx∥) = 0 ≤ ∥x− q∥.
Put zn = PD(xn − δnAxn), for n ≥ 1. Since q = PD(q − δnAq) and δn ∈ [0, 2α],

∥zn − q∥2 = ∥PD(xn − δnAxn)− PD(q − δnAq)∥2

≤ ∥(xn − q)− δn(Axn −Aq)∥2

≤ ∥xn − q∥2 − 2δn⟨Axn −Aq, xn − q⟩+ δ2n∥Axn −Aq∥2

≤ ∥xn − q∥2 − 2δnα∥Axn −Aq∥2 + δ2n∥Axn −Aq∥2
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(3.2) = ∥xn − q∥2 + δn(δn − 2α)∥Axn −Aq∥2 ≤ ∥xn − q∥2,
which gives that

∥xn+1 − q∥ = ∥λn(x− q) + (1− λn)[βn(Tzn − q) + (1− βn)(Txn − q)]∥

≤ λn∥x− q∥+ (1− λn)[βn∥Tzn − q∥+ (1− βn)∥Txn − q∥]
≤ λn∥x− q∥+ (1− λn)[βn∥zn − q∥+ (1− βn)∥xn − q∥]
= λn∥x− q∥+ (1− λn)∥xn − q∥
≤ max{∥x− q∥, ∥x1 − q∥}
= ∥x− q∥.

Hence, {xn} is bounded, and so are {zn}, {Tzn}, {Axn}, {Txn}. Since I − δnA is
nonexpansive, we have

∥zn+1 − zn∥ = ∥PD(xn+1 − δn+1Axn+1)− PD(xn − δnAxn)∥

≤ ∥(xn+1 − δn+1Axn+1)− (xn − δnAxn)∥
≤ ∥(xn+1 − δn+1Axn+1)− (xn − δn+1Axn) + (δn − δn+1)Axn∥
≤ ∥(xn+1 − δn+1Axn+1)− (xn − δn+1Axn)∥+ |δn − δn+1|∥Axn∥

(3.3) ≤ ∥xn+1 − xn∥+ |δn − δn+1|∥Axn∥.
Set L(xn, xn−1) = max{∥xn − xn−1∥, ∥xn − Txn∥, ∥xn−1 − Txn−1∥, ∥xn − Txn−1∥,
∥xn−1 − Txn∥}. From (3.1) we obtain

∥xn+1 − xn∥
= ∥λnx+ (1− λn)[βnTPD(xn − δnAxn) + (1− βn)Txn]− λn−1x

− (1− λn−1)[βn−1TPD(xn−1 − δn−1Axn−1) + (1− βn−1)Txn−1]∥
≤ ∥(λn − λn−1)[x− (βn−1Tzn−1 + (1− βn−1)Txn−1)]

+ (1− λn)[(βnTzn + (1− βn)Txn)− (βn−1Tzn + (1− βn−1)Txn−1)]

≤ |λn − λn−1|[βn−1∥x− Tzn−1∥+ (1− βn−1)∥x− Txn−1∥]
+ (1− λn)∥(βnTzn + (1− βn)Txn)− (βn−1Tzn−1 + (1− βn−1)Txn−1)∥

≤ |λn − λn−1|[βn−1∥x− Tzn−1∥+ (1− βn−1)∥x− Txn−1∥]
+ (1− λn)[βn∥Tzn − Tzn−1∥+ |βn − βn−1|∥Tzn−1∥
+ (1− βn)∥Txn − Txn−1∥+ |βn − βn−1|∥Txn−1∥]

≤ |λn − λn−1|[βn−1∥x− Tzn−1∥+ (1− βn−1)∥x− Txn−1∥]
+ (1− λn)[βnL(zn, zn−1) + |βn − βn−1|∥Tzn−1∥
+ (1− βn)L(xn, xn−1) + |βn − βn−1|∥Txn−1∥]

which gives that

∥xn+1 − xn∥ ≤ M |λn − λn−1|+ (1− λn)(max{L(zn, zn−1), L(xn, xn−1)})
+ 2M |βn − βn−1|

where M is constant such that

M ≥ max
{
sup
n≥1

{∥Txn−1∥}, sup
n≥1

{∥Tzn−1∥}, sup
n≥1

{∥x− Tzn−1∥}, sup
n≥1

{∥x− Txn−1∥}
}
.
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Inductively, we have

∥xn+m+1−xn+m∥ ≤ M
n+m∑
i=n

|λi−λi−1|+
n+m∏
i=n

(1−λi)max{L(zn, zn−1), L(xn, xn−1)}

+2M

n+m∑
i=n

|βi − βi−1|.

Hence, for n,m ∈ N

lim sup
m→∞

∥xm+1−xm∥ ≤ M

∞∑
i=n

|λi−λi−1|+
∞∏
i=n

(1−λi)max{L(zn, zn−1), L(xn, xn−1)}

+2M
∞∑
i=n

|βi − βi−1|.

Since
∞∑
n=1

|λn−λn−1| < ∞,

∞∑
n=1

|βn−βn−1| < ∞ and

n+m∏
i=n

(1−λi) ≤ exp(−
n+m∑
i=n

(1−λi)) → 0,

it followe that lim supn→∞ ∥xn+1−xn∥ ≤ 0 and hence lim supn→∞ ∥xn+1−xn∥ = 0.
From (3.3) and

∑∞
n=1 |δn − δn−1| < ∞, we get limn→∞ ∥zn+1 − zn∥ = 0.

For q ∈ F (T ) ∩ V I(D,A), from (3.2) we have

∥xn+1 − q∥2 = ∥λn(x− q) + (1− λn)[βn(Tzn − q) + (1− βn)(Txn − q)]∥2

≤ λn∥x− q∥2 + (1− λn)[βn∥Tzn − q∥2 + (1− βn)∥Txn − q∥2]
≤ λn∥x− q∥2 + (1− λn)[βn∥zn − q∥2 + (1− βn)∥xn − q∥2]
≤ λn∥x− q∥2 + (1− λn)[βn(∥xn − q∥2 + δn(δn − 2α)∥Axn −Aq∥2)

+(1− βn)∥xn − q∥2]
≤ λn∥x− q∥2 + ∥xn − q∥2 + (1− λn)βna(b− 2α)∥Axn −Aq∥2.

And hence

−(1−λn)βna(b−2α)∥Axn−Aq∥2 ≤ λn∥x− q∥2+∥xn− q∥2−∥xn+1− q∥2

= λn∥x− q∥2 + (∥xn − q∥ − ∥xn+1 − q∥)
×(∥xn − q∥+ ∥xn+1 − q∥)

≤ λn∥x− q∥2 + (∥xn − q∥+ ∥xn+1 − q∥)
×∥xn − xn+1∥

Since λn → 0 and ∥xn − xn+1∥ → 0, we obtain ∥Axn − Aq∥ → 0. By properties of
metric projection, we have

∥zn − q∥2 = ∥PD(xn − δnAxn)− PD(q − δnAq)∥2

≤ ⟨(xn − δnAxn)− (q − δnAq), zn − q⟩

=
1

2
{∥zn − q∥2 + ∥(xn − δnAxn)− (q − δnAq)∥2

−∥(xn − δnAxn)− (q − δnAq)− (zn − q)∥2}

≤ 1

2
{∥zn − q∥2 + ∥xn − q∥2 − ∥(xn − zn)− δn(Axn −Aq)∥2}
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=
1

2
{∥zn − q∥2 + ∥xn − q∥2 − ∥xn − zn∥2 − δn∥Axn −Aq∥2

+2δn⟨xn − zn, Axn −Aq⟩}.
Therefore,we obtain that

∥zn − q∥2 ≤ ∥xn − q∥2 − ∥xn − zn∥2 + 2δn⟨xn − zn, Axn −Aq⟩ − δn∥Axn −Aq∥2

thus

∥xn+1 − q∥2 = ∥λn(x− q) + (1− λn)[βn(Tzn − q) + (1− βn)(Txn − q)]∥2

≤ λn∥x− q∥2 + (1− λn)[βn∥Tzn − q∥2 + (1− βn)∥Txn − q∥2]
≤ λn∥x− q∥2 + (1− λn)[βn∥zn − q∥2 + (1− βn)∥xn − q∥2]
≤ λn∥x−q∥2+(1−λn)[βn(∥xn−q∥2−∥xn−zn∥2−δn∥Axn−Aq∥2

+2δn⟨xn − zn, Axn −Aq⟩) + (1− βn)∥xn − q∥2].
It follows that

(1− λn)∥xn − zn∥2 ≤ λn∥x− q∥2 + (∥xn − q∥+ ∥xn+1 − q∥)∥xn − xn+1∥
+(1− λn)(2δn⟨xn − zn, Axn −Aq⟩ − δn∥Axn −Aq∥2).

Since λn → 0, ∥xn − xn+1∥ → 0 and ∥Axn − Aq∥ → 0, we obtain ∥xn − zn∥ → 0.
Since λn → 0, βn → 1 and

∥xn+1 − Tzn∥ ≤ λn∥x− Tzn∥+ (1− λn)(1− βn)∥Txn − Tzn∥,
we obtain ∥xn+1 − Tzn∥ → 0. From ∥xn − Tzn∥ ≤ ∥xn+1 − Tzn∥+ ∥xn − xn+1∥, we
have ∥xn − Tzn∥ → 0. Observe also that ∥zn − Tzn∥ ≤ ∥xn − Tzn∥+ ∥xn − zn∥, so
we have ∥zn − Tzn∥ → 0. We show that

lim sup
n→∞

⟨x− y0, T zn − y0⟩ ≤ 0,

where y0 = PF (T )∩V I(D,A)x. To prove it, choose a subsequence {znk
} of {zn} such

that
lim sup
n→∞

⟨x− y0, T zn − y0⟩ = lim
k→∞

⟨x− y0, T znk
− y0⟩.

Since {znk
} is bounded, there exists a subsequence {znkj

} of {znk
} which converges

weakly to p. Whithout loss of generality, we assume that znk
⇀ p. Since ∥Tzn −

zn∥ → 0, we get Tznk
⇀ p. We show that p ∈ F (T ) ∩ V I(D,A). First, we prove

p ∈ V I(D,A). Let

T ′u :=

{
Au+NDu u ∈ D

∅ u /∈ D

where NDu is the normal cone to D at u ∈ D, i.e., NDu = {v ∈ H : ⟨u − w, v⟩ ≥
0,∀w ∈ D}. Then T ′ is maximal monotone and 0 ∈ T ′u if and only if u ∈ V I(D,A);
[24]. Let G(T ′) be the graph of T , let (u, v) ∈ G(T ′). Since v − Au ∈ NDu and
zn ∈ D, we have ⟨u − zn, v − Au⟩ ≥ 0. By property of metric projection, from
zn = PD(xn − δnAxn), we have ⟨u− zn, zn − (xn − δnAxn)⟩ ≥ 0 and hence

⟨u− zn,
zn − xn

δn
+Axn⟩ ≥ 0.

From ⟨u− z, v −Au⟩ ≥ 0 for all z ∈ D and znk
∈ D, we have
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⟨u− znk
, v⟩ ≥ ⟨u− znk

, Au⟩

≥ ⟨u− znk
, Au⟩ − ⟨u− znk

,
znk

− xnk

δnk

+Axnk
⟩

= ⟨u− znk
, Au−Aznk

⟩ − ⟨u− znk
,
znk

− xnk

δnk

⟩+ ⟨u− znk
, Aznk

−Axnk
⟩

≥ ⟨u− znk
, Aznk

−Axnk
⟩ − ⟨u− znk

,
znk

− xnk

δnk

⟩.

Thus, we obtain ⟨u− p, v⟩ ≥ 0 as k → ∞. Since T ′ is maximal monotone, we have

p ∈ T ′−10 and hence p ∈ V I(D,A). Further, we prove p ∈ F (T ). By the Opial’s
condition, we have

(3.4) lim inf
k→∞

∥znk
− p∥ < lim inf

k→∞
∥znk

− Tp∥.

Observe that
∥znk

− Tp∥ ≤ ∥znk
− Tznk

∥+ ∥Tznk
− Tp∥

which implies that

∥znk
− Tp∥ ≤ ∥znk

− Tznk
∥+ ξL(znk

, p)

where

L(znk
, p) = max{∥znk

− p∥, ∥znk
− Tznk

∥, ∥p− Tp∥, ∥znk
− Tp∥, ∥p− Tznk

∥}.
If L(znk

, p) = ∥znk
− p∥, then ∥Tznk

− Tp∥ ≤ ξ∥znk
− p∥. Therefore

(3.5) lim inf
k→∞

∥znk
− Tp∥ ≤ lim inf

k→∞
ξ∥znk

− p∥ ≤ lim inf
k→∞

∥znk
− p∥

If L(znk
, p) = ∥p−Tp∥, then ∥Tznk

−Tp∥ ≤ ξ∥p−Tp∥ ≤ ξ(∥p−znk
∥+∥znk

−Tp∥).
This implies that

(3.6) lim inf
k→∞

∥znk
− Tp∥ ≤ lim inf

k→∞

ξ

1− ξ
∥znk

− p∥ ≤ lim inf
k→∞

∥znk
− p∥.

If L(znk
, p) = ∥p−znk

∥, then ∥Tznk
−Tp∥ ≤ ξ∥p−Tznk

∥ ≤ ξ(∥p−znk
∥+∥znk

−Tznk
∥.

Hence

(3.7) lim inf
k→∞

∥znk
− Tp∥ ≤ lim inf

k→∞
ξ∥znk

− p∥ ≤ lim inf
k→∞

∥znk
− p∥.

From (3.4), (3.5), (3.6) and (3.7), we conclude that (I − T )p = 0.
If L(znk

, p) = ∥znk
− Tznk

∥, then ∥Tznk
− Tp∥ ≤ ξ∥znk

− Tznk
∥. This implies that

lim inf
k→∞

∥znk
− Tp∥ ≤ lim inf

k→∞
(1 + ξ)∥znk

− Tznk
∥ = 0

If L(znk
, p) = ∥znk

− Tp∥, then ∥Tznk
− Tp∥ ≤ ξ∥znk

− Tp∥. Hence
lim inf
k→∞

∥znk
− Tp∥ ≤ lim inf

k→∞
ξ∥znk

− Tp∥ ⇒ lim inf
k→∞

∥znk
− Tp∥ = 0.

From (3.4) we obtain that lim infk→∞ ∥znk
− p∥ = lim infk→∞ ∥znk

− Tp∥ = 0.
Therefore, p−Tp = 0. Thus, we obtain p ∈ F (T ). Therefore, p ∈ F (T )∩V I(D,A).
Hence, we have

lim sup
n→∞

⟨x− y0, T zn − y0⟩ = lim
k→∞

⟨x− y0, T znk
− y0⟩

= ⟨x− y0, p− y0⟩ ≤ 0.
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Thus, for ε > 0, there exists k ∈ N such that

⟨x− y0, T zn − y0⟩ ≤ ε, λn∥x− y0∥2 ≤ ε ∀n ≥ k.

Also, for n ≥ k

(1− βn)⟨x− y0, Txn − y0⟩ ≤ (1− βn)∥x− y0∥∥Txn − y0∥ < ε.

For n ≥ k, we have

∥xn+1−y0∥2 = ∥λnx+(1−λn)(βnTzn+(1−βn)Txn)−y0∥2

= λ2
n∥x− y0∥2 + 2λn(1− λn)⟨x− y0, (βnTzn + (1− βn)Txn)− y0⟩

+(1− λn)
2∥(βnTzn + (1− βn)Txn)− y0∥2

≤ λnε+ 2λn(1− λn)(βnε+ (1− βn)⟨x− y0, Txn − y0⟩

+(1− λn)[βn∥Tzn − y0∥2 + (1− βn)∥Txn − y0∥2]

≤ 3λnε+ (1− λn)∥xn − y0∥2

= 3ε(1− (1− λn)) + (1− λn)∥xn − y0∥2.

Inductively, we have

∥xn+1 − y0∥2 ≤ 3ε(1−
n∏

i=k

(1− λi)) +

n∏
i=k

(1− λi)∥xk − y0∥2.

Hence, we obtain

lim sup
n→∞

∥xn+1 − y0∥2 ≤ 3ε.

Since ε > 0 is arbitrary, we gives that lim supn→∞ ∥xn+1 − y0∥2 ≤ 0 and hence
xn → y0. □

Utilizing Theorems 3.1, we conclude the following corollary.

Corollary 3.2. Let D be a nonempty closed convex subset of a real Hilbert space H,
A : D → H an α-inverse strongly monotone mapping with V I(D,A) ̸= ∅. Suppose
x1 = x ∈ D and {xn} is given by

xn+1 = λnx+ (1− λn)[βnPD(xn − δnAxn) + (1− βn)xn],

for every n = 1, 2, 3, ..., where λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 |λn+1 − λn| <
∞,

∑∞
n=1 λn = ∞ and δn ∈ [a, b] for some a, b ∈ (0, 2α) with

∑∞
n=1 |δn+1− δn| < ∞

and βn ∈ (0, 1] with
∑∞

n=1 |βn+1 − βn| < ∞, limn→∞ βn = 1. Then {xn} converges
strongly to PV I(D,A)x.
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4. Applications

Utilizing Theorem 3.1, we prove strong convergence in a real Hilbert space H. A
mapping T ′ : D → D is called strictly pseudo-contractive if there exists 0 ≤ k < 1
such that

∥T ′x− T ′y∥2 ≤ ∥x− y∥2 + k∥(I − T ′)x− (I − T ′)y∥2

for all x, y ∈ D. For such a case, T ′ is called k-strictly pseudo-contractive. If
k = 0, then T ′ is nonexpansive. Let T ′ : D → D be strictly pseudo-contractive.
If A = I − T ′, then A is 1−k

2 −inverse strongly monotone and F (T ′) = V I(D,A)
[8, 18, 27].

Theorem 4.1. Let D be a nonempty closed convex subset of a real Hilbert space
H, ξ ∈ (0, 12), T

′ : D → D a k-strictly pseudo-contractive mapping and T : D → D
a quasi-contractive mapping with F (T )∩F (T ′) ̸= ∅. Suppose x1 = x ∈ D and {xn}
is given by

xn+1 = λnx+ (1− λn)[βnT ((1− δn)xn + δnT
′xn) + (1− βn)Txn],

for every n = 1, 2, 3, ..., where λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 |λn+1 − λn| <
∞ and

∑∞
n=1 λn = ∞ and δn ∈ [a, b] for some a, b ∈ (0, 1 − k) with

∑∞
n=1 |δn+1 −

δn| < ∞ and βn ∈ (0, 1] with
∑∞

n=1 |βn+1 − βn| < ∞, limn→∞ βn = 1. Then {xn}
converges strongly to PF (T )∩F (T ′)x.

Proof. Let A = I−T . Then, A is 1−k
2 -inverse strongly monotone. We have F (T ′) =

V I(D,A) and PD(xn − δnAxn) = (1 − δn)xn + δnT
′xn; ([11]). Thus, by Theorem

(3.1), we obtain the desired result. □

Theorem 4.2. Let D be a nonempty closed convex subset of a real Hilbert space
H, A : H → H an α-inverse strongly monotone mapping and T : D → D a quasi-
contractive mapping with F (T ) ∩ A−10 ̸= ∅, ξ ∈ (0, 12). Suppose x1 = x ∈ D and
{xn} is given by

(4.1) xn+1 = λnx+ (1− λn)[βnTPD(xn − δnAxn) + (1− βn)Txn],

for every n = 1, 2, 3, ..., where λn ∈ [0, 1) with limn→∞ λn = 0,
∑∞

n=1 |λn+1 − λn| <
∞,

∑∞
n=1 λn = ∞ and δn ∈ [a, b] for some a, b ∈ (0, 2α) with

∑∞
n=1 |δn+1− δn| < ∞

and βn ∈ (0, 1] with
∑∞

n=1 |βn+1 − βn| < ∞, limn→∞ βn = 1. Then {xn} converges
strongly to PF (T )∩A−10x.

Proof. We have A−10 = V I(H,A). Putting PH = I, by Theorem 3.1, we obtain
the desired result. □

Example 4.3. Let H = R with Euclidean norm and usual Euclidean inner product.
Let D := [−1, 2] and T : D → D be defined by

Tx :=


1
3 −1 ≤ x < 0

0 0 ≤ x < 1
x
5 1 ≤ x ≤ 2
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for all x ∈ D. Then, T is quasi-contractive, with ξ = 10
21 , F (T ) = {0}, but T is not

nonexpansive and continuous. Since for x = 5
6 , y = 1, 1

6 = ∥x−y∥ < ∥Tx−Ty∥ = 1
5 .

If x ∈ [−1, 0) and y ∈ [0, 1), then

1

3
= ∥Tx− Ty∥ <

10

21
∥x− y∥.

If x ∈ [−1, 0) and y ∈ [1, 2], then

max∥Tx− Ty∥ =
1

15
<

10

21
∥x− y∥.

If x ∈ [0, 1) and y ∈ [1, 2], then

max∥Tx− Ty∥ =
2

5
<

10

21
∥Tx− y∥.

Define A : D → R by

Ax :=


0 x ∈ [−1, 0]
x
2 x ∈ [0, 1)
√
x
2 x ∈ [1, 2].

Clearly, V I(D,A) = [−1, 0], A is a monotone. Now, we prove that A is a α-inverse
strongly monotone for α ≤ 2. If x, y ∈ [−1, 0), then

⟨Ax−Ay, x− y⟩ = 0 ≥ 2∥Ax−Ay∥2 = 0.

If x, y ∈ [0, 1), then

⟨x
2
− y

2
, x− y⟩ ≥ 2∥x

2
− y

2
∥2.

If x ∈ [1, 2], then

⟨
√
x

2
−

√
y

2
, x− y⟩ = 2∥

√
x

2
−

√
y

2
∥2(

√
x+

√
y) ≥ 2∥

√
x

2
−

√
y

2
∥2.

If x ∈ [−1, 0) and y ∈ [0, 1), then

⟨0− y

2
, x− y⟩ = 2∥y

2
∥2 + ⟨y

2
,−x⟩ > 2∥y

2
∥2.

If x ∈ [−1, 0) and y ∈ [1, 2], then

⟨0−
√
y

2
, x− y⟩ = 2∥

√
y

2
∥2 + ⟨

√
y

2
,−x⟩ > 2∥

√
y

2
∥2.

If x ∈ [0, 1) and y ∈ [1, 2], then

⟨x
2
−

√
y

2
, x− y⟩ = 2⟨

√
y

2
− x

2
,
y

2
− x

2
⟩ ≥ 2⟨

√
y

2
− x

2
,

√
y

2
− x

2
⟩ = 2∥

√
y

2
− x

2
∥2.

Hence, ⟨Ax − Ay, x − y⟩ ≥ ∥Ax − Ay∥2 for all x ∈ [−1, 2] and thus A is α-inverse
strongly monotone for α ≤ 2, 0 ∈ F (T ) ∩ V I(D,A).
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