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A STRONG CONVERGENCE THEOREM FOR
QUASI-CONTRACTIVE MAPPINGS AND INVERSE STRONGLY
MONOTONE MAPPINGS

SHAHRAM REZAPOUR, JEN-CHIH YAO, AND SEYYED HASAN ZAKERI

ABSTRACT. We prove a strong convergence theorem for finding a common el-
ement of the set of fixed points of a quasi-contractive mapping and the set of
solutions of a variational inequality problem for an a-inverse strongly monotone
mapping. We construct an iterative scheme for finding a common fixed point
of a strictly pseudo-contractive mapping and a quasi-contractive mapping in a
Hilbert space. We also consider the problem of finding a common element of
the set of fixed points of a quasi-contractive mapping and the set of zeros of an
inverse strongly monotone mapping.

1. INTRODUCTION

Let D be a nonempty, closed and convex subset of a real Hilbert space H and let
Pp be the metric projection of H onto D. A mapping A : D — H is called
e monotone if (Ax — Ay, x —y) >0 for all x,y € D.
e a-strongly monotone, if there exists a positive real number « such that

(Az — Ay, x —y) > allz — y||? for all z,y € D.
e a-inverse strongly monotone, if there exists a positive real number « such that
(Az — Ay, x — ) > a||Az — Ay||* for all z,y € D

e L-Lipschitz if there exits L > 0 such that ||Azx — Ay|| < L||z — y|| for all z,y € D.
If L < 1 then A is called a contraction, if L. = 1 then A is called nonexpansive.
We denote by F(A) the set of fixed points of A. Note that, any a-inverse strongly
monotone mapping A is Lipschitz that is | Az — Ay|| < L||z — | for all 2,y € D.
It is also known that, if 0 < 2a, then I — JA is a nonexpansive mapping of D into
H [18]. Let D be a nonempty closed convex subset of H and let A: D — H be a
nonlinear mapping, the variational inequality problem (in short, VIP) is to find a
point z* € K such that (x — 2*, Az*) > 0 for all z € D [7, 9]. The set of solutions
of the variational inequality problem is denoted by VI(D,A). If D = H, then
VI(H,A) = A71(0), where A=1(0) = {z € H : Az = 0}. The ideas of variational
inequalities are used as tools to solve new problems in various fields of applied
mathematics, engineering, contact problems in elasticity, nonlinear optimization and
economics equilibrium, etc. For example, see [3, 4, 5, 6, 10, 12, 13, 15, 19, 22, 29, 31].
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The theory of variational inequalities was introduced by Stampacchia [26] and since
then, has been extensively studied. For example, see [1, 2, 11, 30]. In 2005, Tliduka
and Takahashi [18] suggested an iterative scheme for finding a common element
of the set of fixed points of a nonexpansive mapping and the set of solutions of a
variational inequality problem for an a-inverse strongly monotone mapping and got
a strongly convergence theorem.

(1.1) Tnt1 = M2 + (1 = X\p)TPp(xy, — 0pAxy)

where 21 = x € D, \,, € [0,1) withlim, oo Ay = 0,> 271 Ay =0c0and Y o2 | [App1—
An| < o0 and 6, € [c,d] for some ¢,d € (0,2c) with Y 07, [0pt1 — 0p| < o0
They proved that the sequence {z,} generated by (1.1) converges strongly to
Ppiryavig,a)T

A mapping T : D — D is called quasi-contractive whenever there exists £ € (0,1)
such that

[Tz — Tyl < E(max{[le -yl [lo = T[], |y = Tyl [« = Ty, [Tz - yl})

for all z,y € D ([20, 21, 23, 28]).

In this paper, we introduce a new implicit iterative process for finding a com-
mon element of the set of fixed points of a quasi-contractive mapping and the set
of solutions of a variational inequality problem for an a-inverse strongly mono-
tone mapping. We obtain a strong convergence theorems for the following iterative
method : suppose 1 = x € D and

Tn+l1 = )\nﬂf + (1 - )\n)[ﬁnTPD(l’n - 5nAmn) + (1 - 6n)Txn]v

where A, € [0,1) with limy, 00 Ay = 0,3 07 Ay =00 and > 07 [Apg1 — M| < o0
and &, € [c,d] for some ¢,d € (0,2cq) with Y7 | |0p41 — n| < 00 and 3, € [0,1]
with Y07 |Bnt1 — Bn| < o0

We construct an iterative scheme for finding a common fixed point of a strictly
pseudo-contractive mapping and a quasi-contractive mapping in a Hilbert space.
We also consider the problem of finding a common element of the set of fixed points
of a quasi-contractive mapping and the set of zeros of an inverse strongly monotone
mapping.

2. PRELIMINARIES

Let D be a nonempty closed convex subset of Hilbert space H, with inner product
(.,.) and nom ||.|| respectively. For each element z € H, there exists a unique
nearest point in D, denoted by Ppz, such that ||z — Ppz| < ||z —y|| for all y € D.
Pp : H — D is called the metric projection and satisfies the following properties
14, 16, 17]

(a) ||Ppx — Ppy|| < ||z —y|| for all z,y € H.
(b) (Pp — Ppy,xz —y) >0 for all x,y € H.

(c) (Pp — Ppy,x —y) > |Ppx — Ppy||* for all z,y € H.
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(d) (x — Ppz,y — Ppx) <0 forall z € Hyy € D.
(e) llz — ylI> > ||l& — Ppz|* + ||ly — Ppx||* for all z € H,y € D.

Let A be a monotone mapping of D into H. In the context of the variational
inequality problem, this implies from the property (e) that

qeVI(D,A) < q= Pp(q—0Aq) for some § > 0.

Let x € X and {z,} be a sequence in X. We use the symbols z,, — = and z,, — =
for the strong and weakly convergences, respectively. It is known that H satisfies
Opils condition [16], i.e., for any sequence {x,} with =, — x the inequality

liminf ||z, — z| < liminf ||z, — y||

holds for every y € H with y # x. Let T': D — D be a nonexpansive mapping, I
be the identity mapping. If A =1 —T, then A is %—inverse strongly monotone and
F(T) = VI(D,A) [19]. A set-valued mapping 7" : H — 2 is called monotone if
forall z,y € H, f € T’z and h € T'y imply (x —y, f —h) > 0. A monotone mapping
T': H — 2% is maximal if the graph G(T") of T' is not properly contained in the
graph of any other monotone mapping. Also, a monotone mapping 7" : H — 2H is
maximal if and only if, for (z, f) € Hx H, (x —y, f —h) > 0 for every (y,h) € G(T")
implies f € T'xz. Let A: D — H be an inverse strongly monotone mapping and let
Npu be the normal cone to D at u € D, i.e., Npu={v € H : (u—w,v) > 0,Yw €
D}. Define

T _{ Au+ Npu uw€ D

0 u¢ D

It is known that 7" is maximal monotone and 0 € T"u if and only if u € VI(D, A);
24, 25].

Lemma 2.1. Let X be a reflexive Banach space that satisfies the Opial’s condition,
D a nonempty, closed and convex subset of X, £ € (0, %) andT : D — D a mapping,
satisfying ||z — Ty|| < ¢(maz{ |l — yll, | — Tzl Iy - Tyl, |z — Tyl |Tx - yl|}
for all x,y € D. Then T has a fixed point.

Proof. Fix zp € X and let z,, = T"zg,n € N. Observe that ||z, — Tpi1]] =
| Txp—1 — Txpl|. If 2, = xpq1 for some n € N, then g = z,, is a fixed point of T.
Suppose that z,, # x,4+1 for all n € N. Thus

lZn — Tnt1l]
< Emaz{l|zp—1—znll, |[2n-1 =TTl |zn—Tznll, |Tn-1—Tznll, |T2n-1—24})
hence
o~ ni | < Emalan — zall, 2 — s, Jon 1 — 0], 0))

Set

L(zp—1,7n) = maz{||zn—1 — zn||, |2n — Znt1 |, | Zn—1 — Tps1|l, 0}
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Clearly, we have at least one of the following four cases
(D) I L(zn—1,20) = ||zn—2n41l, then [[xn —zn1 || < Ellzn—2nt1ll = |20 —2nt1ll =
0. Hence
|20 — Tptall < Ellzn — zn-1].
(2) If L(zp—1,2n) = ||[Tn—1—Tnt1]|, then ||z, — xpi1]|| < El|Tn—1—2nt1||. It followes
that
|zn — Zpt1ll < E(l[Tn—1 — zull + |20 — Tptal])

actually

|20 — Znta ]| < |Zn—1 — 2nl|-

£
1-¢
(3) If L(zn—1,2n) = ||Tn—1 — 2], then ||z, — 2pia1|| < Ellzn — zn-1]].
(4) If L(xp—1,zpn) = 0, then ||z, —2n+1|| <0 and hence ||zp —2pi1|| < El|Tn—1—2n].
Therefore, we have

fon = vl < mar{e, 1 How = il = ogllon =l
Since lgfg € (0,1), we have
o = nstll < Toglhon = 20l < (50"l = ol
1—¢ 1—¢
0 < lim sup||zp — Zpy1| < lim sup(i)"ﬂxo —z1]| =0
~ n—o0 n n+dil = n—00 1— f )

Thus lim,, o0 sup ||z, —Tx,|| = 0. By the reflexivity of X, there exists a subsequence
{zp, } of {xy} such that x,, — p € D. By the Opial’s condition, we have

(2.1) liminf ||z, — p|| < liminf ||z, —Tp|.
k—o0 k—o0
Observe that
||xnk - Tp” < ||$nk - Txnk” + ”Txnk - Tp“
which implies that
[, = Tpll < [, = Tl + EL(2ny, )
where
L(zny, p) = maz{[|zn, = pll, |20, = Tl lp = Toll, 20, = TPl Ip = Tn [}
If L(zp,,p) = ||zn, — p||, then | Tz, — Tp| < &|lxn, — p||. Therefore
(2.2) liminf ||z, — Tp|| < liminf ||z, — p|| < liminf ||z, —pl.
k—ro00 k—o0 k—ro00

If L(xn,,p) = lp—Tpll, then || Tzy,, —Tp|| < E&llp—Tpll < &(lp—2n, ||+ 120, —TIl)
which implies that

(2.3) liminf ||z, — Tp|| < liminf innk — p|| < liminf ||z,, —p|.
k—oo k—oo 1 — § k—o0
If L(zny,p) = [[p — 2n, |, then

[Tn, = Tpll < &llp = Tanll < &P = 2n, |l + |20, — Tn, |-
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Hence
(2.4) liminf ||z, — Tp|| < liminf{||z,, — p|| < liminf ||z, —p|.
k—ro0 k—o0 k—ro0
From (2.1), (2.2), (2.3) and (2.4) we conclude that (I —T)p = 0. If L(zy,,p) =
|zn, — Tan, ||, then | Txy, — Tp|| < &||xn, — Ty, ||. This implies that
liminf ||z, — Tp|| <liminf(1 + &)||zp, — Tzp,| = 0.
k—o0 k—o0
If L(zp,,p) = ||zn, — Tp||, then | Tzy, — Tp|| < &||lxn, — Tp|| so that
liminf ||x,, — Tp|| <liminf{||z,, — Tp| = liminf ||z, — Tp| = 0.
k—ro0 k—ro0 k—ro0
From (3.4) we obtain that liminf,_, ||x,, — p|| = liminfy_, ||z, — Tp|| = 0.
Therefore, p — Tp = 0. U
3. MAIN RESULTS

In this section we shall prove a strong convergence theorem for quasi-contractive
mappings and a-inverse strongly monoton mapping.

Theorem 3.1. Let D be a nonempty closed convex subset of a real Hilbert space
H, A: D — H an a-inverse strongly monotone mapping and T : D — D a quasi-
contractive mapping with F(T) N VI(D,A) # 0,¢ € (0, %) Suppose r1 = v € D
and {x,} is given by

(3.1) Tnt1 = 2 + (1 = X)) [BnT Pp(xy, — 0nAxy) + (1 — Bn)Txy),
for every n =1,2,3, ..., where A, € [0,1) with lim, o0 Ay = 0,> 071 [Ang1 — An| <

00, Y00 1 Ay =00 and &, € [a,b] for some a,b € (0,2q) with Y 7 | |0nt1 — On| < 00
and By, € (0,1] with > 07 1 |Bnt1 — Bl < 00,limy 00 B = 1. Then {x,} converges
strongly to Pr(mynvi(p,A)T-

Proof. Let ¢ € F(T)NVI(D,A). we show that ||Tz — ¢q|| < ||l — ¢l for all z €
D,¢ € (0,3). Note that

[Tz — gl = [T - Tq)) < émaz{ |z — gl = — Tl g — Tl |« — Tall g — Tal}

< &mazf||lz — ql|, [z = T=|,0, llg — T}

We consider the following four cases:
(D) Tz = Tqll <&l —qll < [l —ql|-
(2) |Te = Tq|| < €z = Ta|| < &z —gll + g = Tz|)) = ITz = Tqll < 15 /le—qll <
| — ql|.
(3) 1Tz — Tq|| <&llg —Tqll =0 < [z —q.
(4) 1Tz — Tq|| <&llg — Txl| <&(lg = Tqll + | Tq = Tx|) =0 < ||z — q|.
Put z, = Pp(z,, — 0, Axy,), for n > 1. Since ¢ = Pp(q — 6, Aq) and 6, € [0, 2q],
Iz = qlI> = | Pp(2n — 0nAxn) — Pp(q — 0, Ag)|)?
< (zn — q) — 0n(Azy — AQ)H2
< len = ql* = 200 (Azy, — Ag, 0 — q) + 63| Az — Ag|?
< |l — qll* = 26n0l|Azn — Aq||* + 67 || Azy — Ag|?



738 S. REZAPOUR, J. C. YAO, AND S. H. ZAKERI
(32) = llzn — all? + 0a (60 — 20) || Azy — Agll* < [lzn — al®,
which gives that
[2nt1 =gl = Az = ¢) + (1 = M) [Bn(Tzn — ¢) + (1 = Bn)(Tzn — )]l

)
< /\NH‘T - QH + (1 - )‘n)[/BnHTzn - QH + (1 - /Bn)”Txn - QH]
< Anllz = qll + (1= An)[Bullzn — all + (1 = Bn) l|lzn — qll]

-\ )

= Aol — qll + (1 = X)) || @n — ¢
< mazx{||z — q||, |lz1 — q|}
= llz —ql.

Hence, {z,} is bounded, and so are {z,}, {1z}, {Axn}, {Tx,}. Since I — 6, A is
nonexpansive, we have

[2n+1 = 20l = | Pp(zn41 — Snt1An41) — Pp(zn — dnAzy)||
< ||(33n+1 - 5n+1Axn+l) - (xn - 5nA$n)||
< ||(xn+1 - 5n+1Axn+1) - (xn - 5n+1A$n) + (511 - 5n+1)Aan
< (@nt1 = Ons1Azns1) — (T — Sn1 Azn)|| 4 [0 — Spgr || Az |
(3.3) < lzngr — @nll + [0n — dnga[[[ Az |-

Set L(an,xn—1) = maz{||zn — o1l [|#n — Tonll, lon-1 = Tp-1|, |20 — Tzp-l,
|Xn—1 — Tzy||}. From (3.1) we obtain

[#n4+1 — @]
= |[Anx + (1 = X\p)[BnT Pp (2 — 0nAzy) + (1 — Bn)Txyn] — A1
= (1= A1) [Bn 1T Pp(2n—1 — Sp—1Azn-1) + (1 = fpn—1)Ton—1]]|
< n = An—1)[z = (BnaTzn—1 + (1 = Bp—1)Tapn—1)]
+ (1 - )‘n)[(ﬁnTzn + (1 - /Bn)Txn) - (Bn—szn + (1 - Bn—l)Txn—l)]
< A = Anc|[Bo-illz = Tzn—a || + (1 = Bp-1) |z — Tzn-1]]]
+ (1= A)(BnTzn + (1 = Bp)Txn) — (Bp-1T2p—1 + (1 = Bp—1)Tzn-1)||
< A = Anc|[Bo-illz = Tzn—a || + (1 = Bp-1) |z — Tzn-1]]]
+ (1= M) Bl Tzn — Tzn-1ll + [Bn — Br-1IITzn—1]]
+ (1= Bp)|Tzn — Ton-a| + 8r — Br-1l[|[T2p-1]l]
< A = Anc|[Bo-ille = Tzn—a || + (1 = Bp-1) |z — Tzn-1]]]
+ (1 = M) [BnL(zn; 2n-1) + |Bn — Bn-1 [l T2n—1]|
+ (1= Bn)L(xn, tn—1) + [Bn — Br—a||Tzn-1l]
which gives that
[Znt1 — 2|l < M[An = An—1| + (1 = An) (max{L(zn, 2n-1), L(Tn, Tn-1)})
+2M|Bn — Bn-1]

where M is constant such that

M > ma{ sup{| T |} sup{ | Tz [}, sup{ 2 = T [}, sup{ 2 = T} }.
n>1 n>1 n>1 n>1
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Inductively, we have

n+m n+m
||$n+m+1 - anrmH <M Z |)\z - >\i71| + H (1 - )\i)mal'{L(Zna zn71)7 L(:L‘na :L'nfl)}
i=n i=n
n+m

+2M > |8 — Bical.

Hence, for n,m € N

B sup ||z 41— 2ml| < MY [Ni=Nica |+ [ [ (1= N)maz{L(zn, 20-1), L(zn, 2n-1)}
m—ro0

i=n i=n

+2MZ |Bi — Bi-1l.

Since

00 9] n+m n+m

> Aa=Ano1] <00, 1Bu—Bna| < coand [](1-N) <exp(— Y (1-Xi)) =0,
n=1 n=1 i=n i=n

it followe that lim sup,, . ||Zn+1 —2x|| < 0 and hence limsup,,_, o, ||n+1 — n|| = 0.
From (3.3) and Y o2, |6, — dp—1] < 00, we get limy, o0 [[2n41 — 2] = 0.
For g € F(T)NVI(D,A), from (3.2) we have
lzns1 = all* = [An(@ = @) + (L = Xa)[Ba(T2n — @) + (1 = Ba)(Tzn — q)]|I?
< Aalle =gl + @ = M) [Ball T2n — all* + (1 = Bu) || Tz — al?]
< Al — QHZ + (1 = An)[Bnll2n — qH2 + (1= Bu)llzn — QH2]
< Malle = ql” + (1= ) [Ba(llan — all* + 6n(6n — 20) || Azy — Aq[?)
+(1 = Ba)lln — all?)
< Aallz = all? + llzn — al* + (1 = M) Bra(b — 20) || Az, — Aql*.
And hence
—(1=n)Bnalb—2a) | Az, — Ag|* < Al —gl® + [l2n = ql|* = |zn41 — g
= Xallz = al* + (e — all = |zn+1 — )
X(Nzn = all + llzn1 —all)
< Malle = ql” + (lan — all + |zn41 — )
X|lzn — 2|

Since A\, — 0 and ||z, — xp41|| — 0, we obtain ||Ax,, — Ag|| — 0. By properties of
metric projection, we have

lon — all* = IPo(en — 6 Ara) ~ Plq — b0 Ag)|?
< {(zn — 6nAzn) — (¢ — 0nAq), 2n — q)
= 2 lllzn = al + N(on — 60 ) — (g — 5, Aq)
—[[(z = 60 Azn) — (q = 60 Aq) — (20 — @)}
< S lllzn — all* + o — al” = l(zn — z0) — Gu(Azn — Ag)|)
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1
= i{Hzn - q”2 + |zn — qH2 — ||zp — Zn||2 — Onl| Az, — AqH2
+205(xn — 2, Azp — AQ) }.
Therefore,we obtain that
l|2n — qH2 < lwn — q”2 — ||@n — an2 + 20 (xp — 2, Ay — Aq) — 0p||Axy — AqH2
thus
[Zn1 = qll* = Mz — @) + (1 = X)[Ba(T2n — @) + (1 = B) (Tzn — )]
< Mnllz = gl + (1 = M) [BallTzn — qll* + (1 = Bu) | Tz — q|’]
< Mnllz = gl + (1 = M) [Bullzn — qll* + (1 = Ba)|lzn — qll]
< Mllz =gl + (1= 2A) [Ba(lzn — all* = |0 — 2a]l* — 0]l Az — Ag|)?
260 (@0 — 2n, Az — Ag)) + (1 = Bn)llzn — qlf].
It follows that
(1= A)llen = zall® < Mallz — gl + (2n — gl + 21 — gl llzn — nia ]
+(1 = ) (200, — 2p, Axyy — Aq) — O || Ay, — Aq||2).

Since Ay, = 0, ||zp, — Tp+1]| — 0 and ||Az,, — Aq|| — 0, we obtain |z, — z,| — 0.
Since A\, — 0,5, — 1 and

[#n41 = Tznll < Anlle — Tzpl| + (1 = An)(1 = Bn)|[T2n — Tzl

we obtain ||z,4+1 — Tzy|| = 0. From ||z, — Tz || < [|Zn+1 — T2nl| + |20 — Znt1 ||, we
have ||z, — Tz,|| = 0. Observe also that ||z, — Tz,|| < ||zn — Tzn|| + ||2n — 2n]|, sO
we have ||z, — Tz,|| — 0. We show that
lim sup(z — yo, Tz, — yo) < 0,
n—oo
where yo = Pp(r)nvi(p,4)®- To prove it, choose a subsequence {zy, } of {z,} such
that

lim sup(z — yo, T'zn — Yo) ( —y0,T2n, — Yo)-

= lim
n—00 k—o0
Since {zy, } is bounded, there exists a subsequence {anj} of {2y, } which converges
weakly to p. Whithout loss of generality, we assume that z,, — p. Since || Tz, —
zn|l = 0, we get Tz,, — p. We show that p € F(T') N VI(D, A). First, we prove
p e VI(D,A). Let
y { Au+ Npu weD
Ty =
0 u¢ D
where Npu is the normal cone to D at uw € D, i.e., Npu={v € H : (u—w,v) >
0,Vw € D}. Then T” is maximal monotone and 0 € T"u if and only if u € VI(D, A);
[24]. Let G(T") be the graph of T, let (u,v) € G(T"). Since v — Au € Npu and
zn € D, we have (u — z,,v — Au) > 0. By property of metric projection, from
zn = Pp(zy — 0nAxy,), we have (u — 2y, 2, — (x5, — 0pAzy)) > 0 and hence
Zn — Tn
on
From (u — z,v — Au) > 0 for all z € D and z,, € D, we have

(u — zp, + Az,) > 0.
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(U — 2z, v) > (U — 2p,, Au)

Zn. — &
2(u—znk,Au)—<u—znk,%+Aaznk>
ng
Zr — T
:(u—znk,Au—Aznk>—<u—znk,%>+<u—znk,Aznk—Awnk>
ng
Zn. — T
> (U — zp,,, Azn,, — Ay, ) — (U — 2y, %)
Nk

Thus, we obtain (u — p,v) > 0 as k — oo. Since T” is maximal monotone, we have
p € T"'0 and hence p € VI(D, A). Further, we prove p € F(T). By the Opial’s
condition, we have

(3.4) liminf ||z,, — p|| < liminf ||z, —Tp|.
k—o0 k—o0
Observe that
||an - Tp” < ||an - Tznk” + ||T’an - TPH
which implies that
Hznk - Tp” < Hznk - Tznk” +§L(an7p)
where
Lz, p) = maz{||zn, = pll; |20, = Tzng s [l = Tplls [[20s =TI, P = T2nc -

If L(zn,,p) = ||2n, — Pll, then [|Tz,, —Tp|| < &||zn, — pl|- Therefore
(3.5) liminf ||z,, — Tp|| < liminf ||z, — p|| < liminf ||z, — p||

k—o0 k—o0 k—o0

If L(zn,,,p) = |lp—Tpl|, then || Tzn, —Tpl| < &llp—Tpll < E(llp — 2, | + 120, = TpID)-
This implies that

(3.6) liminf ||z,, — Tp|| < liminf L||znk —p|| <liminf||z,, —p|.
k—ro0 k—o0 k—o0

1-¢
If L(zn,,,p) = [[p—2n ||, then | T2y, —Tpl| < &llp—T2n, || < E(l[p—20, I+ 1120 — T2 |-
Hence

(3.7) liminf ||z,, — Tp|| < liminf ||z, — p|| < liminf ||z, —pl.
k—o0 k—o0 k—o0
From (3.4), (3.5), (3.6) and (3.7), we conclude that (I —T)p = 0.
If L(zn,,p) = ||2ny, — T2n, ||, then | Tz,, — Tp| < &||2n, — T2y, |. This implies that
liminf ||z,, — Tp|| < lUminf(1+&)||zn, — T2n,|| =0
k—o0 k—o0

If L(zn,,p) = ||zn, — Tp||, then | Tz, — Tp| < &||zn, — Tp||. Hence
liminf ||z,, — Tp|| < liminf¢||z,, — Tp|| = liminf ||2,, — Tp|| = 0.
k—o0 k—ro0 k—ro0
From (3.4) we obtain that liminfy_, ||2n, — p| = liminfx .o ||2n, — Tp|| = 0.

Therefore, p—Tp = 0. Thus, we obtain p € F(T). Therefore, p € F(T)NVI(D, A).
Hence, we have

limsup(z — yo, Tz — Yo)

= lim
n—o0 k—o0

<$ — Yo, Tznk - y0>

= (x —y0,p —yo) < 0.
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Thus, for € > 0, there exists k € N such that
(=150, Tzn — y0) < &, Mullz —wol> < eVn > k.
Also, for n > k
(1= Bn)(@ = yo, Ton — yo) < (L= Bp)llz — ol Tzn — yoll <e.
For n > k, we have
|41 =30l = [[Anz + (1= An) (BT 2z + (1 = Bn) T25) — oI
= Allz = woll* + 22 (1 = An){@ = yo, BTz + (1 = Bn)Tn) — v0)
(L= A)?1(BaTz0 + (1 = Ba)Tan) — ol
< A€ 4 220 (1 = An) (Bre + (1 = Bn)(@ — yo, Ton — yo)
(1= A)[Ball Tzn = yol* + (1 = Bu)l| Tan — yol|)
< 3Ane + (1= An)lam — wo®
=3e(1— (1= X)) + (1= An)llzn — wol*-

Inductively, we have

n n

041 = yoll* < 3e(1 — H(l — i) + H(l = X)) [lzk = ol

Hence, we obtain
lim sup [[zn 11 — yol|* < 3e.
n—oo

Since ¢ > 0 is arbitrary, we gives that limsup,,_, ||Tnt1 — »o/?> < 0 and hence
Tn — Y0. O

Utilizing Theorems 3.1, we conclude the following corollary.

Corollary 3.2. Let D be a nonempty closed convex subset of a real Hilbert space H,
A: D — H an a-inverse strongly monotone mapping with VI(D, A) # (). Suppose
x1 =x € D and {x,} is given by

Tn+l1l = )\nm + (1 - An)[ﬁnPD(xn - 67114-7571) + (1 - /Bn)m'n]a

for every n =1,2,3, ..., where A, € [0,1) with imy, 00 A = 0,> o0 | [Ang1 — An| <
00, Y00 1 Ay =00 and 8, € [a,b] for some a,b € (0,2a) with Y 7 | |01 — On| < 00
and By € (0,1] with > 77 1 |Bnt1 — Bn| < 00, limp 00 B = 1. Then {x,} converges
strongly to Py (p, a)T.
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4. APPLICATIONS

Utilizing Theorem 3.1, we prove strong convergence in a real Hilbert space H. A
mapping 7" : D — D is called strictly pseudo-contractive if there exists 0 < k < 1
such that

IT'z = T'y|* < |lo = ylI* + kIl (I = Tz — (I = T")y|”

for all x,y € D. For such a case, T" is called k-strictly pseudo-contractive. If
k = 0, then T” is nonexpansive. Let 7" : D — D be strictly pseudo-contractive.
If A=1—1T, then A is 5% —inverse strongly monotone and F(T") = VI(D, A)
[8, 18, 27].

Theorem 4.1. Let D be a nonempty closed convex subset of a real Hilbert space
H, ¢ € (0, %), T : D — D a k-strictly pseudo-contractive mapping and T : D — D
a quasi-contractive mapping with F(T)NF(T") # 0. Suppose x1 = x € D and {x,}
s given by

Tnt1 = A& + (1 = X)) [BuT((1 — 0, + 5nT/33n) + (1 = Bn) Ty,

for every n =1,2,3, ..., where A, € [0,1) with imy,_y00 A = 0, oo | [Ang1 — An| <
0o and Y o2y Ay = 00 and O, € [a,b] for some a,b € (0,1 — k) with Y 7 | |0nt1 —
0n| < 00 and By, € (0,1] with Y 07 1 |Bnt1 — Bul < 00,limy, 00 B, = 1. Then {z,}
converges strongly to Pr(rynp(1)T-

Proof. Let A=1-T. Then, A is 1gk—imverse strongly monotone. We have F(T") =
VI(D,A) and Pp(z, — dpAxy) = (1 — 0n)xpn + 0,7 2y; ([11]). Thus, by Theorem
(3.1), we obtain the desired result. O

Theorem 4.2. Let D be a nonempty closed convex subset of a real Hilbert space
H, A: H— H an a-inverse strongly monotone mapping and T : D — D a quasi-
contractive mapping with F(T) N A0 # 0,¢ € (0, %) Suppose x1 = x € D and
{zy} is given by

(4.1) Tnt1 = 2 + (1= X)) [BnT Pp(xy, — 0nAxy) + (1 — Bn)Txy],

for every n =1,2,3, ..., where A\, € [0,1) with lim, o0 Ap = 0,> 071 [Adng1 — An| <
00, 02y Ap = 00 and 0, € [a,b] for some a,b € (0,2aq) with Y 7" | |0ng1 — 0| < 00
and By, € (0,1] with Y07 | |Bnt1 — Bnl < 00,limy, 500 B = 1. Then {x,} converges
strongly to Pp(ryna-102-

Proof. We have A='0 = VI(H, A). Putting Py = I, by Theorem 3.1, we obtain
the desired result. g

Example 4.3. Let H = R with Euclidean norm and usual Euclidean inner product.

Let D :=[—1,2] and T': D — D be defined by
% -1<z<0
Tx .= 0 0<z«l1
% 1<x<2
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for all z € D. Then, T is quasi-contractive, with & = 5(1), F(T) = {0}, but T is not

nonexpansive and continuous. Since for z = %, y=1,1% 5= llv—yll < ||[Tz—-Ty| = %
If x € [-1,0) and y € [0,1), then

10
=Tz — Ty|| < —|lz —y].
T2 =Tyl < 5;lle— yl

If x € [-1,0) and y € [1,2], then

1
maz||Tz — Tyl = *<*H—M

If z € [0,1) and y € [1,2], then

2 10
maz|[Ta = Tyl = - < 51T .

Define A: D — R by

0 zel-1,0]
Az =<4 % z € 0,1)
Ioorell,2),
Clearly, VI(D, A) = [-1,0], A is a monotone. Now, we prove that A is a a-inverse

strongly monotone for o < 2. If z,y € [-1,0), then
(Az — Ay, z —y) = 0> 2||Az — Ay|]* =
If x,y € [0,1), then

|8

Y T Y2
—Z —y)>9212 = 22
Yy 22t Y
If z € [1,2], then
VT VY VT VT
(2 gy =2 a4 ) 2 2l -
If z € [-1,0) and y € [0,1), then
Yy Y2, /Y Y2
Y ey =2)Y L kAl
0Ly =222+ (Y -0 > 212
If x € [-1,0) and y € [1,2], then

0 o —y) =2 0P+ (LY

2 TG
If z €[0,1) and y € [1,2], then
Rt LAt S PP YAV AU SRR T R EAT

32U
Hence, (Az — Ay, — y) > |Ax — Ayl for all z € [~1,2] and thus A is a-inverse

strongly monotone for « < 2,0 € F(T)NVI(D, A).

Yy
> 2 Y,
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