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N-LAPLACIAN ELLIPTIC EQUATIONS IN EXTERIOR
DOMAINS VIA KELVIN TRANSFORM

SIEGFRIED CARL

ABSTRACT. Let Q = RN\ B(0, 1) be the exterior of the closed unit ball in RY. We
prove existence and enclosure results for the following boundary value problem

—Ayu=a(z)g(u) inQ, w=0 ondQ=0B(0,1),

where the positive coefficient a satisfies a certain integrability condition. We are
looking for solutions in the Beppo-Levi space D(l)’N(Q) which is the completion
of C2°(€Q) with respect to the ||V - ||y o-norm. Unlike in the situation of the
corresponding p-Laplacian equation in RY with N > p > 1, the treatment of the
borderline case N = p considered here is more subtle, and the behavior of solu-
tions is qualitatively significantly different. Our main tool in studying the above
problem will be the Kelvin transform, which allows us to establish a one-to-one
mapping between solutions of the problem above and solutions of an associated
N-Laplacian problem in the ball B(0,1). Moreover, a Brezis-Nirenberg type
result concerning D™ (Q) versus CL.(€2) minimizers of the energy functional
related to the problem above is proved.

1. INTRODUCTION

Let Q = RV \ B(0,1) be the exterior of the closed unit ball B = B(0,1) in RY
with N > 2, and let X = Dé’N(Q) be the Beppo-Levi space, which is the completion
of D = Cg°(Q2) with respect to the norm

lull¥ = / Yl da.
Q

Our main aim is to prove multiplicity, regularity, and enclosure results for quasilinear
elliptic problems in the exterior domain €2 of the form

(1.1) —Anyu=a(z)g(u) inQ, u=0 ondd=0B,

where Ayu = div (|Vu|¥~2Vu) is the N-Laplacian, a :  — R is a positive function
satisfying some integrability condition, and g : R — R is some continuous function
to be specified later.
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Definition 1.1. The function v € X is called a (weak) solution of (1.1) if the
following is satisfied:

(1.2) / \Vu|N2Vu Ve dr = / a(x)g(u) pdx, V ¢ €D (resp. X).
Q Q

In [1] it is shown that the Beppo-Levi space Dé’p (©) on the exterior domain €
is a well defined reflexive Banach space for any 1 < p < N. However, unlike in
the situation of the corresponding p-Laplacian equation in RY with 1 < p < N,
the treatment of the borderline case N = p considered here is more subtle, and the
behavior of solutions is qualitatively significantly different. The main reason for
this is that the underlying solution space X = Dé’N(Q) for N = p is qualitatively
different from the space X = Dé’p (Q) for 1 < p < N, which is readily seen by the
following characterization. As for the borderline case N = p in [14, Theorems 1.2.7,
1.2.16] it is shown that X coincides with ¥ := ﬁéN(Q) which is given by

bl’N(Q): uwe LYN(Q):ue LN(QNBg), VR >1,
0 and nu € Wol’N(Q) for any n € C(RY) [’

where Br = B(0, R) is the open ball of radius R centered at the origin, and
LYM(Q) = {u € Lio(Q) : Vu € [LY ()]},

(1.3)

and I/VO1 N (Q) denotes the usual Sobolev space of N-integrable functions on € with
zero traces on 0€2. Note that nu € W&’N(Q) for any n € C°(RY) implies Uljgj=1 =0
in the sense of traces (here || denotes the Euclidean norm of x € RY). In case
1 < p < N, due to the Sobolev embedding, D(l)’p (Q) is continuously embedded in
LP"(Q), where p* = NN—f}) denotes the critical Sobolev exponent, which yields the
following characterization of Dy (€2)

(1.4) DEP(Q) = {u e LY(Q) : u e L7 (Q)}.

In view of (1.4), u € D(l)’p(Q) is p*-integrable for 1 < p < N, while due to (1.3), u
need not be ¢-integrable for any 1 < ¢ < oo in case N = p. For example, in case
N = p =2, the function

u(z) = 1—|xl’2, r€Q=R*\B(0,1),
is easily seen to belong to Y = 15(1)’2((2), but v ¢ L4() for any g with 1 < ¢ < 0.

To underline the borderline situation considered here we remark that for any
unbounded domain € in RV different from Q = RN \ B(0,1), the space D(l]’N(Q)
may not even be a function space. For example, in case N = p = 2 and O = R2,
Dé’Q(RQ) cannot be realized as a space of functions (as for counterexamples see [15,
Section 2.7] or [9]), which is why we consider the exterior domain €.

Our present work is motivated by the recent paper [3], where (1.1) is considered
for the semilinear case N = p = 2, and by [11] where the author shows that p-
harmonicity in a domain G C R¥ is preserved under Kelvin transform if N = p. We
extend the results obtained in [3] for the semilinear case N = p = 2 to the quasilinear
case N = p > 3, which is by no means a straightforward generalization, since
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for N > 3 the N-Laplacian equation (1.1) requires a number of novel arguments
and considerations compared with the treatment of the corresponding Laplacian
equation in case N = 2 which, in addition, enjoys a Hilbert space setting.

As in [3] our approach in studying problem (1.1) is based on Kelvin transform.
The strategy in treating problem (1.1) is to show first that the Kelvin transform pro-
vides an isometric, order-preserving isomorphism between the space X = Dé’N(Q)
on the exterior domain 2 and the Sobolev space W := VVO1 N (B) on the ball B. Then
we establish a one-to-one correspondence between solutions u of problem (1.1) and
solutions @ of an associated N-Laplacian problem in the ball B(0, 1) of the form

(1.5) —Ant=0b(z)g(u) in B, u=0 ondB,

which is related to (1.1) via Kelvin transform, where the coefficient b is given in
terms of the Kelvin transform of the coefficient a. Moreover, a Brezis-Nirenberg type

result concerning D(l)’N(Q) versus CL (Q) local minimizers of the energy functional
related to problem (1.1) is proved.

The paper is organized as follows: In Section 2, we prove existence and regularity
results for some eigenvalue problems in balls, and formulate our main result. In
Section 3, the Kelvin transform is introduced, and a number of calculus rules as well
as important mapping properties of the Kelvin transform are proved. In particular,
the one-to-one correspondence between solutions of (1.1) and (1.5) is shown. In

Sectigl 4, a novel Brezis-Nirenberg type result is proved, which is a WO1 ’N(B ) versus
CL .(B\{0}) local minimizer result of the energy functional related to (1.5). Finally,

ocC
our main result will be proved in Section 5.

2. HYPOTHESES, PRELIMINARIES AND THE MAIN RESULT

As introduced in Section 1, throughout the paper we use the notation X =
Dé’N(Q) =Y with N > 2 and Q = RV \ B(0, 1), where Y is characterized by (1.3).
The coefficient a and the nonlinearity ¢ in (1.1) are supposed to satisfy the following
hypotheses:

(Ha) a:Q — R, is measurable, a(z) > 0 a.e. in Q and a € L2 () satisfying for
some r > 1

(21) [ @y YD dy < o,
(Hg) g: R — R is continuous and satisfies
(i) 1g(s)] < e(1+41s|?), for some ¢ > 1,
(ii) lims_yo ||%V(7_>2 =pu>0,
(iii) —o00 < Lm0 |S|9A§75)28 =
A typical example of a coefficient satisfying hypothesis (Ha) is as follows.

Example 2.1. Let a : Q@ — R} be any measurable function satisfying 0 < a(x) <
C\xlﬁ with o > 0 and some positive constant c. To verify (Ha) we only need to

show that (2.1) holds. Let ¢ > 0 be a generic constant whose value may change
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from line to line, and using spherical coordinates we get

' T— 1 T r—
Ly ay < e [ () W ay

00
< C/ Q—(N—i—a)rQQN(’r—l)QN—l do
1

IN

o
< C/ QNr—ar—N—l dQ < 00,
1

provided Nr — ar — N < 0 which is true if r > 1 and a > 0 are related to each
other by a > N%l.

With B = B(0,1) we define b : B — R by
1 T
2.2 b -
(2.2) (z) |x‘2Na(|x|2)’

and for R > 1 with Bg = B(0, R) we introduce the function br : B — R defined
by

b(x) if ze€B,
(23) bR(x):{ 0 if z€Bg\B

The functions b and by have the following properties.

Corollary 2.2. Assume hypothesis (Ha). Then b and br enjoy the following prop-
erties (Hb) and (Hbg), respectively:
(Hb) b : B — Ry is measurable, b(z) > 0 a.e. in B, b € L2 (B \ {0}) and
be L"(B) for somer > 1 with r as in (Ha).
(Hbg) bg: Br — Ry is measurable, b(xz) > 0 a.e. in Br, bp € Li2.(Bg\ {0}) and
br € L"(BR) for some r > 1 with r as in (Ha).

Proof. We only need to check that b € L"(B) for some r > 1, as the rest is obvious.
By straightforward calculation and applying the change of variable given through
the inversion mapping y = kb% we get

r 1 2Nr 7"
/Bb“”’ dx:/BwePNr ) / vl |2N dy < co.

A detailed discussion on the inversion mapping and its derlvatlve used in the cal-
culation before will be given in Section 3, see Lemma 3.2, formula (3.2). O

Let us consider next the following eigenvalue problems:

(2.4) ~Anu=Ab(z)|lu/"2u inB, u=0 ondB,
and
(2.5) —Anu = Abg(x)[u/N2u in Bg, uw=0 ondBg,

Let W := WOI’N(B) and Wg := Wol’N(BR) denote the usual Sobolev spaces on
B and Bp with homogeneous boundary values on B and 0Bpg, equipped with
norms |jullw = ||Vu| N,z and [ju|lw, = , respectively. Here and in what
follows we denote the L9(D)-norm over D C RY by || - ||,p or simply | - ||, if
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there is no ambiguity regarding D. By ¢’ we denote the Holder conjugate of g, i.e.,
1/q+1/¢ =1.

The following results concerning (2.4) and (2.5) can readily be deduced from [8,
Lemma 3.1, Lemma 3.2, Theorem 3.1].

Corollary 2.3. (i) Under (Hb) there ezists the first eigenvalue Ay > 0 of the
eigenvalue problems (2.4) that can be characterized by

w = int {IVald g =l [ o)l do =1}

The first eigenvalue A\ is simple, and the corresponding eigenfunctions do
not change sign. Let p1 € W be the nonnegative eigenfunction corresponding
to \i. Then 1 € L™(B).

(ii) Analogously, under (Hbr) there exists the first eigenvalue A\; g > 0 of the
eigenvalue problems (2.5) that can be characterized by

Ma=int {IVul¥ o, = ol | bat@lul do =1}

R
The first eigenvalue \i g is simple, and the corresponding eigenfunctions do
not change sign. Let o1 r € Wg be the nonnegative eigenfunction corre-
sponding to A\ r. Then p1,r € L°°(BR).

(iii) A,r < A1
Proof. As b€ L"(B) with » > 1 and b(z) > 0 in B we may apply the theory devel-
oped in [8, Section 3.2], and thus from [8, Lemma 3.1, Theorem 3.1] it follows the
existence of the first eigenvalue A\; and the corresponding nonnegative eigenfunction
¢1, and by [8, Lemma 3.2] we get ¢ € L*>°(B).

By definition of the weight function bg of the eigenvalue problems (2.5) we see
that bgp € L"(Bpg) with > 1, and meas {z € Bg : bg(z) > 0} = meas B > 0, which
allows us to apply similar arguments as before which shows (ii). Finally, from the
definition of bp we get

/| (o)l de = | valul® da.

which in view of the variational characterization of A1 and A; g implies \; g <
Al O

Next we are going to study further regularity properties of the nonnegative eigen-
function ¢y : B — R. To this end let us introduce the following subspace V' of W:
For Ry > 1 fixed, we define

_ _ 1
(26) V={veW:veCB)NCY(AR,)}, with Ap, = Bﬂ{:z: eRY :|z| > R—},
0

which is a Banach space under the norm || - ||y given by
lollv = lvlle@y + ol gy + ol
The positive cone V, of the space V is given by
Vi={veV:v>0 in B}.
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One readily verifies that the interior of V. is nonempty and is characterized as

follows:

ov(x)
on

int(Vy) ={v e Vi :v(zx) >0 forz € B, < 0 for x € 0B},

dv(z) _ 8157(;) is the outward normal derivative at = € 0B.

where =5~
Remark 2.4. We remark that the interior of the positive cone W, of W given by
Wi ={u € W :u >0} is empty while the interior of Vy is nonempty. This fact
along with the Brezis-Nirenberg type result, which is proved in Section 4, will play
a crucial role in proving the existence of local minimizers of the energy functional
associated to problem (1.1).

Lemma 2.5. Assume hypothesis (Hb) and let p1 be the nonnegative eigenfunction
corresponding to the first eigenvalue A1 of (2.4). Then 1 € int(V,).

Proof. By Corollary 2.3 (i), we have ¢1 € WNL>*(B) and ¢;(x) > 0. Thus in view
of (Hb) the right-hand side function of (2.4), which is z + \; b(z)@1(z)V =1 =: b(z),
satisfies b(x) > 0 and b € L2 (B \ {0}) and b € L"(B) for some r > 1. Since ¢ is
a solution of

~Anp1 =b(z) inB, u=0 ondB,

we may apply an elliptic regularity result given by [7, Corollary 7.1]), which implies
that ¢ is Holder continuous in B, that is ¢1 € C%(B), 0 < a < 1. From Harnack
inequality (e.g. [7, Theorem 9.1]) we infer that ¢i(x) > 0 for z € B. As b is,
in particular, bounded in the annulus Asp,, that is b e L>*(Azpg,), by regularity
results (see e.g. [6, 10]) we get 1 € CL%(Ag,), which shows, in particular, that
p1 € V4. Since ¢1(z) > 0 for x € B, the proof is complete provided ; satisfies
8%7@ < 0 for x € OB. The latter, however, is a consequence of a boundary point
lemma proved in [13, Theorem 5.5.1], because ¢; is, in particular, a C! solution in

Apg, with pi(x) > 01in Ag, and pi(x) =0 for x € 9B C 0AR,. O

Remark 2.6. Lemma 2.5 applies accordingly to the nonnegative eigenfunction ¢1 g
corresponding to the first eigenvalue A\; r of the eigenvalue problem (2.5) with B
replaced by Br. We remark that the restriction (1 r|g is bounded away from zero
by a positive constant c,,, that is,

min o1 g(z) = ¢ > 0.
zeB

The main result of this paper reads as follows.

Theorem 2.7. Assume (Ha) and (Hg)with \y < pp < 00 and —oco < v < A\ g
where A1 and A\ g are the first eigenvalues of (2.4) and (2.5), respectively. Then
the following holds true.

(i) The exterior problem (1.1) has a positive solution uy € X and a negative
solution u— € X.
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(ii) If, in addition, s — g(s) is nondecreasing, then there is a positive solution
Uy € X and a negative solution u_ € X that can be characterized as local
minima of the associated energy functional J : X — R given by

(2.7) J(u) = 1/ ]Vu|Nd:c—/a(3:)G(u) dx,
N Jo Q
where G(s) = [ g(t)dt is the primitive of g.

Remark 2.8. A few comments on Theorem 2.7, whose proof will be given in Section
5, are in order. We note that the conditions for existence of local minimizers in X
are given in terms of parameters 4 and v that are related to eigenvalue problems on
bounded domains. Assaid in the introduction, the link to bounded domain problems
is the one-to-one correspondence between solutions u of the exterior problem (1.1)
and the bounded domain problem (1.5) via Kelvin transform, which will be seen in
Section 3. Also the fact that the energy functional J is well defined will be proved
in the next section.

Remark 2.9. Without the condition of s — g(s) being nondecreasing, the state-
ment of Theorem 2.7 can even be made more precise in that one can show the
existence of a smallest positive and a greatest negative solution of (1.1), which,
however, are not necessarily local minimizer of J, but of some related truncated
functional.

3. KELVIN TRANSFORM AND EQUIVALENCE RESULTS

Let B C RY be the unit ball. The mapping z ‘x% =: 7 is the inversion through
the sphere OB, which provides a bijection from R \ B onto B\ {0}, and vice versa,
since & = . If u is N-harmonic in B, that is, Ayu = 0 in B, so is 4(z) = u ﬁ
in the reflected domain R \ B, cf. [11]. This gives rise to the following definition
of the Kelvin transform.

Definition 3.1. Let u : B — R. The Kelvin transform of v denoted by (Ku)(z) =
a(x) is defined by

(Ku)(z) = u(&), reQ=RY\B.

Let us next prove some calculus rules related to the inversion mapping.

Lemma 3.2. Let Z(x) = ﬁ be the inversion mapping. Then the Frechet derivative

x — Di(z) is given by
1 2

3.1 Di(x) = ——1— —T,
(3.1) (z) PERAT
where I is the unit N-matriz and T is the following N x N matriz
.%'% 12 s T1TN
o1 a;% s T2 N

INT1T INTQ --- x?\,
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and the absolute value of the determinant of Dz, i.e. |det(Dz(x))|, is equal to

. 1
(3.2) |det(Dz(x))| = W
Moreover, for any &,n € RN we get
1

where {-,-) stands for the scalar product in R,

Proof. Formula (3.1) follows by straightforward calculation. As for (3.2) we note
that Dz is a symmetric matrix, which yields

1 4 4 1
T+ —T?=_—1,

D)D) = pa! ~ gt t pl T p

where we have used T2 = |z|?T in the last equation. This readily results in (3.2).
Now (3.3) follows directly as
1

(Dz(x)€, Di(x)n) = (D2 (z)Di(x)E,n) = W(&n)-

Lemma 3.3. Let p € C°(B) (with B the unit ball in RY ) and let ¢(x) = go(%)
its Kelvin transform. Then the gradient of $(z) can be calculated by

(3.4) V(z) = kclpw(;'z) - |x2’4<V<p<;|2>,x>:c, Ve
In particular,
(35) V@) = 1 Ve( )|

Proof. Clearly ¢ € C*°(Q) (note: ¢ does not necessarily have compact support in
Q) with ¢ = 0 in a neighborhood of OB. Applying the chain rule we get by using
the inversion mapping Z(x) = ﬁ and (3.1)

V) = Vela@)Dilw) = Velae) (! - o)
= CEVEEW) - o (VelE).ale,
and .
(V9(@). V9(a)) = 1 Vi(ata)
which proves (3.4) and (3.5). O

Before proving one of our main tools used in treating the exterior problem (1.1),
which is given by Theorem 3.5 below, let us first prove some technical lemma.
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Lemma 3.4. For anyu € X and R > 1 there exists some positive constant ¢(N, R)
such that

(3.6) / ™ da < o(N, R)/ V|V da,
QNBRr Q
where Bp = B(0, R).

Proof. From [1, Lemma 2.2], for any v € X with w € Ll((l,oo); [slog S]N_l) we
get the inequality

: N < N
60 [l el de < ol gy [ IV

where w € L'((1,00); [slog s]V 1) means

/ w(s)[slogs]N 1 ds < 0.
1

In particular, w(s) = — is a possible choice, which yields

1
s2[slog s]V

HwHL1 ((1,00);[slogs]N*1) =1,

and thus from (3.7) we get

1
3.8 /uN d:ng/ vVulV dz.
(38.8) o Pl og et 4 < J, IV

The left-hand side of (3.8) can be estimated below as

1 1
N N
U dr > / U dx
/Q‘ Pl g [T o TP TalTog [V
1
N
d
/mBR'“' R*[Rlog RIN-1

1 / N
2 ON |’U/’ dl’,
R2N QNBRr

which proves the lemma with ¢(R, N) = R*V. O

v

Theorem 3.5. The Kelvin transform K : W = Wol’N(B) — X defined by u(z) =
(Ku)(z) = u(#) provides an order-preserving, isometric isomorphism from W to
X, and K~' = K.

Proof. Let ¢ € C°(B), then its Kelvin transform ¢(z) = go(ﬁ) belongs to C*°(Q2)

with ¢ = 0 in a neighborhood of 9B, and respectively, if ¢ € C2°(Q2) then its Kelvin
transform ¢ € C2°(B), and in either case by applying Lemma 3.3 we can make use
of formula (3.4) and (3.5), where &(z) = # Let Bp = B(0,R), R > 1, and let

¢ € C°(B), then by using (3.2) we can estimate as follows

A y |V N 1
sl = [ Je() = [ o) oy do
/QOBR QB (|y|2> Br{lz|> L) 2N

(3.9) R2N /B (@) da,

IN
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and from (3.5) we obtain by using (3.2) and applying the change of variable

(3.10) /Q V()N dy = /Q ‘y;N\w(,jQ)\Ndy: /B V()N da.

From (3.9) and (3.10) we see that ¢ € Y = X, where Y is characterized through
(1.3). The latter shows that K : C2°(B) — Y is a linear and bounded operator, and
thus K has a unique extension to W due to the density of C¢°(B) in W, which is
denoted by K. From (3.10) it follows || K| x = ||¢|x = [l¢llw, which shows that
|K| = |K| =1, and thus K : W — Y = X is an isometric, linear operator. Next
we are going to show that for the extension K the following holds true

(3.11) (Ku)(x) = i(x) = u(#) — (Ku)(z), YueW.

To this end let w € W be given, then there is (¢,) C C°(B) with ¢, — u in W.
Since (¢5,) is a Cauchy sequence in W, from (3.10) it follows that the sequence of
the Kelvin transforms ¢, = Ky, = K n is a Cauchy sequence in Y = X, and thus

(3.12) ¢n —v=Ku in X,

which by using Lemma 3.4 yields

(3.13)  lim / IV(pn —0)[Ndy =0, lim |¢n —v|Ndy =0, VR>1.
n—o0 n—oo QﬂBR

From (3.9) with ¢ replaced by ¢, — u and ¢ replaced by ¢, — 4, respectively, we
deduce for any R > 1

. R 1
/ en(y) — AV dy < / (@) — u(@) Y — da
ONBg BO{jal>1} 2]
< RQN/ lon(z) — u(z)|N dz,
B
which implies
lim |pn(y) —a(y)[Ndy =0, ¥V R>1,

n—=00 JonBR

and thus by (3.13) we obtain u(y) = v(y) for a.e. y € Q, which proves (3.11).
Therefore, Ku = Ku = .

So far we have shown that the Kelvin transform K : W — Y = X is a linear,
bounded, isometric and injective operator. To complete the proof we need to show
that K is surjective, i.e., K(W) =Y = X. Let v € X, then there is a sequence
Py, € C°(Q) such that 1, — v in X, that is

(3.14)  lim / V(Waly) — o)V dy =0, lim o (y) — v(y) 2 dy = 0
for all R > 1, where the second limit is due to Lemma 3.4. Clearly v, € C°(B),
and in view of (3.10) it follows that (1,) is a Cauchy sequence in W, and thus
Y — u in W for some u € W. Now we shall see that in fact Ku = v holds true,
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which gives the surjectivity. From 1, — « in W and by using (3.9) we get for the
corresponding Kelvin transforms K, — Ku =, — 4

~ 1
lim Un(y) — a(y)|N dy = lim Un(z) — ()N — dz =0,
tim [ ) fim [ @ @l

for any R > 1, which together (3.14) yields u(z) = v(x) for a.e. z € , and hence
the surjectivity of K. Clearly, K is order preserving with respect to the natural
partial ordering of functions. Finally, we readily verify that K(Ku) = u for all
w € H, and thus K = K~!. This completes the proof of the theorem. O

Theorem 3.6. The Kelvin transform a(x) = (Ku)(x) = u<#> satisfies the fol-
lowing formula

(3.15) /B V(@)Y 2 V(@) Vo(z) dz = /Q Vi)Y -2Valy) Vo(y) dy.

Proof. Applying Lemma 3.3 and using Theorem 3.5 as well as the change of variable
z(y) = ﬁ, a straightforward calculation yields

/Q V()N 2Va(y) V(y) dy

1 VR )
-/, g V)Y (o Vula) = o (Vulatw). vy >

1 2
(qu;(x(y» - Vo), v)y) dy

- /Q ‘y|2(%v_2) \VU(x(y))N_Q@Vu(x(y))vv(x(y)) dy

1
_ 2(N-2) N-2| 4
/B\xy V) Y2 Vi) Vo) o

:/ \Vu(z)|N 2 Vu(z) Vo(z) de
B
which completes the proof. O

We conclude this section with the following equivalence result.

Theorem 3.7. Assume hypotheses (Ha) and (Hg)(i). Then the following holds:
(i) w e X is a solution of (1.1), that is

—Anyu=a(z)g(u) inQ, uw=0 ondd=0B,

if and only if its Kelvin transform Ku =4 € W is a solution of (1.5), that
18

—Ant=0b(y)g(d) in B, u=0 ondB,
where b is given by (2.2) which fulfills (Hb).
(ii) Any solution of (1.5) is a critical point of the energy functional E : W — R
given by

(316) B(@) = [ Vil ay [ v)Gla)dy,
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where G(s fo t)dt is the primitive of g. The functional E is well
defined , Cl and weakly lower semicontinuous.
(iii) Foru e X and its Kelvin transform Ku =u € W we have the equality

B@) = [ Vil ay = [ b6 dy
(3.17) _ ]1[/Q|Vu|Ndx—/Qa(x)G(u) do = J(u),

where J : X — R is the energy functional related to (1.1). Moreover, w € W
is a critical point of E if and only if its Kelvin transform v = K4 is a critical
point of J.

Proof. Ad (i): Let uw € X be a solution of (1.1), that is
/ \Vu|N2Vu Ve dr = / a(x)g(u) pdx, V ¢ €D (resp. X).
Q Q

Consider the Kelvin transform & = Ku of the solution u of (1.1) (note: K = K~1).

By applying Theorem 3.5 and Theorem 3.6, we immediately get with z(y) = ﬁ

/\vu|N—2vuwdx = / Va|N2VavVedy, Yo=KpeW
Q B

| a@styeds = [ apa(ds)aiedy
= /Bb(y)g(ﬂ)@dy, Vo=KpelW,

which proves (i).

Ad (ii): As b fulfills (Hb) and W = W&’N(B) —<— L9(B) is compactly embedded
for any ¢ with 1 < g < oo, by using (Hg)(i) one readily verifies that £ : W — R is
well defined, and by standard arguments it is easily seen that E is C' and weakly
lower semicontinuous. Moreover,

(E(0), 4) = /B ViV 2vavedy - /B by)g()pdy, V@€ W,

which proves (ii).
Ad (iii): With (2.2)and (3.5) and applying the change of variable we obtain

E(4) = N/|Vu|Ndy /b
= G dy‘/B|y|12N“(wy|2)G(“(wy2))dy
= N/Q|Vu|Nd:c/Qa(az)G(u)daz =: J(u)

Let w € X be a critical point of J, then again by applying Theorem 3.6 we get

0 = (J'(u) /|Vu]N 2Vqu0dx—/Q a(x)g(u)pdx
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N2~ A 1 Yy -
:/B]VU\N 2Vchpdy—/B|y‘2Na<Mz)g(u)gody

= [ IVl 2viady— [ sgtreds = ().,
where ¢ = K¢, which completes the proof. O

Corollary 3.8. Assume hypotheses (Ha) and (Hg)(i). Then the functional J : X —
R is well defined, C', weakly lower semicontinuous, and any solution of (1.1) is a
critical point of J.

Proof. By Theorem 3.5, the Kelvin transform K : W — X provides an isometric
isomorphism. Due to Theorem 3.7, the properties of the functional E transfer to
J. O

Remark 3.9. Theorem 3.5 and Theorem 3.7 allow us to study the exterior problem
(1.1) via the elliptic boundary value problem (1.5) on the ball B.

4. A BREZIS-NIRENBERG TYPE RESULT

Let V' be the subspace of W = WOI’N(B) introduced in (2.6), that is

_ _ 1
V={veW:veC(B)NCY(Ag,)}, where Ag, = BN {:1: eRY : |z| > PT}’
0

which is a Banach space under the norm || - ||y given by

lelly = lelloe, + Ielengr + ol
In this section we are going to prove the following Brezis-Nirenberg type result,
which shows that a local minimizer of E in the V-topology is also a local minimizer

in the W-topology.
Let us first prove some regularity results for solutions of (1.5), that is,

(4.1) —Ayu="0b(z)g(u) in B, u=0 on dB.

Lemma 4.1. Assume hypothesis (Ha) (respectively, (Hb)) and (Hg)(i), and let
u € W be a solution of (4.1). Then u € C%(B) N CY*(Ag,) and there exists a
constant C = C(N, Ry, r,q, a, ||b|lr, ||u|lw) such that

(4.2) lull gy + lullnecrmy < CV. Ro, .o, bl ullw).

Proof. Hypothesis (Hg)(i) along with the embedding W << L%(B) for any ¢
with 1 < ¢ < oo and b € L"(B) N L (B \ {0}) implies that the right-hand side
function b of (4.1)given by b(z) = b(z)g(u(z)) belongs to LV(B) for some v > 1
with 1 < v < r. Applying [13, Theorem 6.1.5], we infer that u is bounded and there
exists some constant ¢ = ¢(N,r, ) such that

(4.3) lulloo < (N7, )]],-

Further, there is some constant ¢ = ¢(N,r) such that

(44) 1811, < eV ) el (1 -+l ).
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which in view of (4.3) yields

(4.5) ulleo < C = C(N,7,q,[bll:, [[ullw)-
Using [7, Corollary 7.1] we conclude that « € C*(B) with
(46) ”cha(E) S C<N7 T, q7a7 ”bH7’7 HU’HW)

Since b € LX (B \ {0}) and u € C*(B), it follows that b € L (B \ {0}), and thus

loc loc

be LY (B\{0}) for any ¢ with 1 < ¢ < oo, in particular b € L(Asg,). Applying

loc

regularity results due to [6, Theorem 2, Remark and Corollary] and [10, Theorem
1], we obtain u € C1*(Ag,) with

(47) ||U||Cl,a(TRO) < C(N, R07 r, (ja «, ”bHT‘? ||UHW)’
which completes the proof. O

The Brezis-Nirenberg type result reads as follows.

Theorem 4.2. Assume hypotheses (Ha) (respectively, (Hb)) and (Hg)(i), and let
ug € W be a weak solution of (4.1). If ug is a local minimizer of E in the V -topology,
i.e., 3 &> 0 such that

E(up) < B(up+w), YweV:|uw|y<e,
then ug is a local minimizer of E in the W-topology, i.e., 3 § > 0 such that
E(ug) < E(ug+v), VveW:|v|w <4,

Proof. First, in view of Lemma 4.1, we have ug € C*(B) N C%(Ag,), and thus, in
particular ug € V.
Consider next the minimization problem

. . 1
(4.8) Bu=inf B(u) with M, = {ueW: jlu—uolw < E}'

By Theorem 3.7, E: W — R is C'! and weakly lower semicontinuous, so E achieves
its minimum at some wu,, € M,, since M, is weakly compact. By applying Lagrange
multiplier’s rule there exists a Lagrange multiplier p, € R that can be shown to
satisfy p, < 0 such that u, € M, satisfies the equality

(E'(up,p) = /B(\Vun\NQVuano—b(x)g(un)cp) dx

= un/ |V (up — uo)]N_QV(un —ug)Vedr, ¥ o € W,
B

that is w, satisfies (in the distributional sense)

(4.9) —Anu, —b(z)g(un) = —pn An(un —uo) in B, u, =0 on JdB.
Since g is a weak solution of (4.1), that is
(4.10) —Apnug = b(x)g(up) in B, up=0 ondB

we get by subtracting (4.10) from (4.9)
(4.11) —(Anun — Anug) + i An(un — uo) = b(x) (g(un) — g(uo))-
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Thus w, = u, — ug is a weak solution of the problem (note: p, < 0):
(4.12) —(An(uo + wn) — Anuo) + ptn Anwy, = b(z)(g(uo + wn) — g(uwo)),

where w, = 0 on dB. Let us introduce the quasilinear operator A defined by the
left-hand side of (4.12)

Ay = —(AN(UO +u) — ANUO) + pin Anu, u € W.
Since ug € V, the operator A : W — W™ given by

(ug) = [ (1900 + 02V (0 + 1) = [Fuol V) Vio
B

(4.13) — i |Vu|N VUV o dz, u,p €W

is well defined and continuous. Moreover, as N > 2 there is a constant 8 > 0 such
that (note: u, <0)

ua) = [ (190 + 0¥V + ) - [Vuol* Vo) Va
B
—in \Vu|N_2VuVu dx
(4.14) > (e—un)/ |Vu|Ndx20/ vl da,
B B

and thus A has a positive ellipticity constant 6 independent of n. In a similar way
one readily verifies for all u,v € W the inequality

(4.15) (Au — Av,u —v) > 0/3 IV (u—v)|N dz.

From (4.13)-(4.15) it follows that A : W — W* is a continuous and strongly mono-
tone operator, which qualitatively behaves like —A . Setting
9(x,s) = g(uo(z) + 5) — g(uo(x)),

then the right hand side of (4.12) can be rewritten as b(z)g(x,w,), and equation
(4.12) can equivalently be reformulated using the operator A as

(4.16) Aw, = b(2)g(z, wy,).

Clearly, g : B x R — R is a Carathéodory function, which due to (Hg) (i) and
ug € V satisfies for some positive constant ¢ depending on ug the growth condition
(4.17) 1§(z,8)] < c(1+]s7), with §> 1 asin (Hg) (i),

that is, g is qualitatively equal to g. Now we may apply Lemma 4.1 with —Ay
replaced by A, because the proof follows exactly the same line, which yields the
existence of a constant C' = C(N, Ro, 1, G, o, ||b||r, ||wn|w) such that

(418) Hwana(E) + HwnHCI’O‘(TRO) S C(N7 R(),T, (j,oz, HbHTa HwnHW) S é’

where C(N, Ro, 7, G, a, |b]l, |lwn]lw) < C with C independent of n holds true be-
cause ||wy|lw — 0 as n — oo. By Arzeld-Ascoli theorem there is a subsequence of
(wy,) (again denoted by (wy,)) with w,, — w in V. Since ||wy,|lw — 0, it follows
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w = 0. By assumption ug is a local minimizer of E in the V-topology, thus from
wy, — 0in V and n large we get
E(uo) < E(ug +wy,) = E(u,) = inf  E(u),

1
llu—uollw <5

which proves that ug must be a local minimizer of E in the W-topology. |

Remark 4.3. Theorem 4.2 extends the by now classical Brezis-Nirenberg result
(see [2]) in two ways. First, unlike in [2], the leading elliptic operator is quasilinear.
Second, due to the low regularity of the right-hand side of (4.1), in particular of the
coeflicient b, for ug being a local minimizer in the W-topology it is sufficient that wug
is only a local minimizer in the V-topology which is the C(B) N C*(Ag, )-topology.

5. PROOF OF THE MAIN RESULT

The proof of our main result, Theorem 2.7, is based on the one-to-one correspon-
dence between solutions u of the exterior problem (1.1) and the bounded domain
problem (1.5) (respectively (4.1)) via Kelvin transform as well as the invariance of
the associated energy functionals under Kelvin transform, see Theorem 3.7. Since
the Kelvin transform K : W = WO1 N (B) = X is an order-preserving, isometric iso-
morphism with K = K ! (see Theorem 3.5), Theorem 2.7 follows from the following
result.

Theorem 5.1. Assume (Ha) and (Hg) with \y < p < 00 and —oo < v < AR
where A1 and A\ g are the first eigenvalues of (2.4) and (2.5) with corresponding
positive eigenfunctions p1 and 1 r, respectively. Then the following holds true.

(i) The problem (1.5) (respectively (4.1)) has a positive solution vy € int(Vy)
and a negative solution v_ with —v_ € int(V,).

(i1) If, in addition, s — g(s) is nondecreasing, then there is a positive solution
vy € int(Vy) and a negative solution v— with —v_ € int(V,) that can be
characterized as local minima of the associated energy functional £ : W — R
given by

(5.1) E(u) = 1/ |vu\Ndx—/ b(x)G(u) de,
N Jp B
where G(s) = [ g(t) dt is the primitive of g.
Proof. As hypothesis (Ha) implies (Hb), we assume in what follows that (Hb) is
fulfilled.

Ad (i): Let us first show that T = My g is a supersolution of (1.5) for M > 0
large.

We use Corollary 2.3 and Lemma 2.5 and take into account Remark 2.6 of Section
2, from which we see that ¢1 g : BR = R, R > 1, satisfies ¢1 g|5(z) > ¢, > 0. In
B we have b = bg, and thus 7 = My g satisfies in B (in the distributional sense)

—An(Me1g) = b()g(Me1,r) = Ai,gb(z)(Me1r)N ! —b(z)g(Me1R)

b(x)(Mer,r)" ()\1,}2 - m>.
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Since @1 g(x) > ¢y > 0 for all z € B, we get limM%oo(MgoLR)N_l = 0o uniformly

with respect to z € B. By (Hg) (iii) and due to v < A1 g, we get for M > 0 large
enough
ap o IMevr)
T (Mo p)N
which proves that ¥ = M1 g is a supersolution.
Next we are going to show that v = £, is a subsolution.

—An(egr) —bla)glepr) = Mb()(e )™ — b(x)g(e 1)
= b)) (A - (if;‘@l_l).

As ¢ is, in particular, in C(B) we get € ¢1(z) — 0 uniformly as ¢ — 0. By (Hg)
(ii) and due to p > A1, for £ > 0 small enough we obtain

g(epr <0,

(ep)N-1 —

which proves that v = € ¢ is a subsolution. Moreover, as @1 gr(z) > ¢ > 0 for all
r € B and ¢ € C(B), by choosing either M larger or ¢ smaller if necessary, one
can always achieve v = ep1 < U = My g in B. Applying the sub-supersolution
principle (see e.g. [5]), there exists a solution vy € W of (1.5) such that v < vy <.
Thus, v4(z) > 0 for z € B, and by Lemma 4.1, v, € C*(B)NCY*(AR,). Following
the same arguments used in the proof of Lemma 2.5, we see that vy € int(V).

In a similar way one shows that v = —M g is a negative subsolution for M > 0
large, and ¥ = —e ¢ is a negative supersolution for ¢ > 0 small enough, such
that —M 1 r < —e¢1, which yields the existence of a negative solution v_ with
—Moi.gr <v_ < —e¢y. Clearly, we have —v_ € int(V,).

AL —

Ad (ii): Let us introduce the truncation function 71 : B x R — R related to the
positive supersolution v = M1 g defined by

0 if s <0
Ti(z,8) =< s if 0 < s <o(x)
v(z) if s > v(x)

which is easily seen to be a uniformly bounded Carathéodory function. Define the
corresponding ’truncated’ energy functional

<>wwN(// o (2, ) ds do.

Due to the compact embedding W << L9(B) for any ¢ : 1 < g < oo, one readily
verifies (similar as for E) that Fy is C! and weakly lower semicontinuous. Let
us check that E, is coercive. Since (z,s) — 74(x,s) is uniformly bounded for
all (z,s) € B x R, for some positive constant C' we have |g(74(z,s))| < C for all
(z,s) € B xR, and thus

y// (@)ars (2. 5)) dsda| < C [ b@)lulda < Clplul,r < Clulr,
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which yields
1 ~
Ey(u) > wllul = Cllulw — 0o as ullw — oo,

that is its coercivity. Hence, there exists a global minimizer v of £, i.e., (E', (v), ¢) =
0 which means

(5.2) /B|VU\N2VUVgodx = [Bb(x)g(r+(x,v(x))¢dx, VoeW

Moreover, the global minimizer v of E is nontrivial, which is seen as follows: For
t > 0 small we have 0 < tp;(x) < v(z), and thus g(74(z,s)) = g(s) for 0 < s < v(z)
by the definition of 7, which yields

1 v N L1 (z)
E(tpr) = Nt )\1/Bb(x)g01 d:z—/B/O b(x)g(s)dsdx.

By hypothesis (Hg) (ii) and p > A1 we get, in particular, 4 > A; +¢ for € > 0 small,
and for 0 < s < § with 6 small it follows g(s) > sV ~1(\; +¢), which yields for ¢ > 0
sufficiently small

1 1
By (tg1) = VA /B )l dr — 1V (i +e) /B b(z)e de < 0,

and therefore E (v) < 0, since v is the global minimizer of E, that is v # 0.
With the special test function ¢ = (v — v)" = max{(v — v),0} in (5.2) and in the
relation for the supersolution v, which is

(5.3) /B VN2V (v — B) T dr > /B b()g(5(2)) (v — 7+ dar,

we get by subtracting (5.3) from (5.2) (¢ = (v —7)7)

/ (IVo|N"2V0 — Vo[ 2Vo) V(v — 0) T dx
B

(5:4) < /B b(@) (9(7+(z, v(z)) — 9(v(2))) (v — )" da.

The right-hand side of (5.4) is readily seen to be zero, and for the left-hand side we
get

/ (IVoN2vo — |[Vo|N 2VD) V(v — 0)t dz

B

= / (IVo|V2Vu — |Vo|N 2Vo) V(v — 7) da
{z€B:w(x)>v(x)}

>c

/ V(v — @)|N dr = c/ |V (v — @)+|N dx,
{z€B:w(x)>v(z)} B

for some positive constant ¢, which yields

/ V(v —o)TNdzx =0,
B

and hence it follows (v — )t = 0, that is v < v. Testing (5.2) with the special
test function ¢ = v~ = max{—v,0}, we get ||[v™ ||y = 0, and thus v~ = 0 which
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yields v > 0. Therefore, the global minimizer v # 0 of E satisfies the inequality
0 <wv <7, which implies that v is a nontrivial, nonnegative weak solution of problem
(1.5) (respectively (4.1)). To complete the proof we need to show that the global
minimizer v of E; even belongs to int(V}) and is in fact a local minimizer of the
functional E which is related to (1.5) and given by (5.1). Since 0 < v < v and v is
bounded, we see that v is a nonnegative and bounded solution of (1.5)(respectively
(4.1)), which due to Lemma 4.1 and by following the proof of Lemma 2.5 yields
v € int(Vy). To show that the global minimizer v of E is a local minimizer of the
functional E, we are going to prove that v is a local minimizer of F with respect to
the V-topology, because then v must be a local minimizer of ¥ with respect to the
W-topology due to Theorem 4.2. To this end we have to show that there is a e-ball
in V' centered at v, i.e., B(v,e) C V such that B(v,e) C [0,0] where T = My g.
We note that ¢ g is a smooth positive supersolution of (1.5) which, in particular, is
continuous in B and cpl,R(a:) > ¢, > 0 for all z € B, and we have 0 < v < Mo, R.
Since v € int(V ), the proof of B(v,e) C [0,7] for some positive ¢ is accomplished
provided there is some § > 0 such that

(5.5) v(x) +6 <v(z) = My r(z), Yax€B.

We recall that v and T satisfy (in the distributional sense) the following equation
and inequality, respectively,

(5.6) —Apnyv =b(z)g(v) inB, v=0 ondB,
(5.7) —ApNT > b(x)g(D) in B, v(x)> Mcy, =:¢>0 forx € dB.
Since 0 < v <7 and s — ¢(s) is nondecreasing, we get
—Anv = b(x)g(v) < b(x)g(v) < —ApNT,
that is, (in the distributional sense)
(5.8) —Anv < —ApNT.

Consider the set N' = {z € B : v(x) = v(x)}. We are going to show that N is a
compact set. Since v =0 on dB and T(x) > ¢ > 0 for z € OB and both v,v € C(B),
we get by continuity arguments for some ¢ with 0 < o < 1

(v —v)(x) >0 forall xz € B\ B(0,0),
which implies that

N={zeB:v(x)=1v(x)} ={z € B(0,0) : v(z) =7(x)}.

By continuity arguments {z € B(0, 0) : v(x) = v(z)} is compact, and thus N is a
compact set. Now we are able to apply [12, Corollary 8.23] or [12, Corollary 8.25]
which states that N must be empty, which along with (v—v)(z) > é > 0 for x € 9B
shows that v(x) —v(z) > 0 for all # € B. Thus again by continuity arguments there
is a positive 0 such that (5.5) is satisfied. Therefore, there is some £ > 0 sufficiently
small with € < ¢ such that B(v,e) C [0,], which completes the proof for v being a
local minimizer of E, i.e. v = v4.

The proof for the existence of a negative local minimizer ¥_ can be shown in a
similar way. To this end introduce the truncation function 7— : B x R — R related
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to the negative subsolution v = —M ¢ g defined by

v(z) if s <w(z)
T_(x,8) =4 s if v(z) <s<0,
0 its>0

and the associated ’truncated’ energy functional £_ defined by

B () = [ Vul§ - /B /O b(a)g(r_(, 5)) ds da.

Using similar arguments as above, one can show that £_ : W — R has a global
negative minimizer ¥_ which can be shown to be a local minimizer of E. This
completes the proof. O

Some remarks are in order.

Remark 5.2. If we drop the additional assumption of s — ¢g(s) being nondecreasing
in Theorem 5.1 (ii), then one can still show the following results.

(i) The global minimizers o4 and v_ of E; and E_, respectively, are local
minimizers of the following ’truncated’ functional Eg : W — R which is
defined by

Bow) = 5 19ull¥ = [ [ gt ) dsda,

where the truncation function 75 : B x R — R is given by

o(@)  if s < ()
mo(z,8) =< s if v(z) < s <v(x)
v(x) if s > v(x),

(ii) In a similar way as e.g. in [4] or in [3] (for the Laplacian) one can show that
problem (1.5) (respectively (4.1)) has the smallest positive solution vy €
int(V4) in [0,7] and the greatest negative solution v_ with —v_ € int(V}),
which are local minimizers of Fy instead of E when using 7y as follows:

v_(z) ifs<wv_(x)
(5.9) To(z,8) =< s ifv_(z) < s <wvi(z)
vi(z) i s > vy(z),

However, unlike in [4] the analysis here is much more involved, because the
coefficient b is only supposed to be locally bounded and in L"(B) (r > 1)
which requires to consider solutions in the function space V.

(iii) Following the idea of [3], a third sign-changing solution can be shown to
exist as a Mountain Pass critical point of Ey with 79 given by (5.9).

Proof of Theorem 2.7: The proof follows readily from Theorem 5.1 by applying
Theorem 3.5 and Theorem 3.7, according to which u; = Kvy € X is a positive
solution of (1.1) and u— = Kv_ € X is a negative solution of (1.1). Further,
iy = Koy € X and 4 = Kv_ € X are positive and negative local minimizer
of the energy functional J(u) = % [, |VulY dz — [, a(2)G(u) dz, that is related to
(1.1) due to the isometric, order-preserving isomorphism provided by the Kelvin
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transform K : W — X and the invariance of the energy functional under Kelvin
transform. O

Remark 5.3. (i) In view of Remark 5.2 (ii), the smallest positive and greatest

[1]
2]

3]

[4]

[5]

(10]

(11]

negative solution of (1.5) (respectively (4.1)) transfer via Kelvin transform to
smallest positive and greatest negative solutions of (1.1), since K : W — X
is, in particular, order-preserving.

(ii) The regularity of the solutions v; € int(V,), and 04 € int(V,), transfers
via Kelvin transform to uy = Kvy, a4 = Ko, € int(Vy), where V, V.,
and int(V, ) are as follows: For Ry > 1 fixed, define the subspace V of X by

V={veX:vel@)nLQ)NC (Ag,)},

where Ap, = QN {z € RN : |z| < Rg}, then (V, ]| -
with the norm given by

) is a Banach space

vlly = suB|v(a?)] + HUHCI(TRO) + ||v||x-

e
Let V+ be the positve cone, i.e.,
Vi={veV:u(z)>0, zeQ},

then the interior of V+ is nonempty and can be characterized by

int(V,)
- ov(x)
={veVi:v(x)>0, =€, o < 0 for all x € 00 = OB}.
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