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ABSTRACT. Let G be a locally compact abelian (LCA) group with Haar measure
dt and dual group G . Let A be a commutative Banach algebra, X and Y Banach
spaces with A-module. Denote by L'(G, A) the space of all Bochner integrable
A-valued functions defined on G. It is a commutative Banach algebra under
convolution . LP(G, X) denotes the space of all X-valued measurable functions
defined on G whose X-norms are in usual L? space, it is a Banach space for each
p,1 < p<oo. In this paper, we characterize the multiplier operators of various
Banach-valued functions defined on G to be function spaces. The homomorphism
A-module multipliers of X into Y is established in the forms of A replaced by
LY(G,A); X by LY(G,X); Y by LP(G,Y) and Y* by LY(G,Y™), 1/p + 1/q and
1 < p, ¢ < oo where the applications of the Radon-Nikodym property (RNP) in
wide sense are concerned.

1. INTRODUCTION AND PRELIMINARIES

At first, we give an overview on multipliers. The concept of multipliers come
from the theory of Fourier series. As one describes a Fourier series of an integrable
periodic function f € L[0, 27 by

1

T on

2m )
f~ Z cne™ with Fourier Coefficient : ¢, = f(n) / e "M f(t)dt,
0

he attempts to describe a bounded sequence {¢,}, namely multiplier function of
L0, 27], such that ¢,c, still be a Fourier coefficient of some g € L'[0,27] such
that

g~ Z ¢ncneint with g(n) = ¢pcp = (d) ) f)(n) = d’(n) : f(n)v n€Z.

nez

This sequence ¢ = {¢,} deduces to a continuous linear operator T;; mapping

f € L'Y0,27] = LY(T) to g € L'(T) with the property f;f = ¢-f = g, defined
on the discrete additive group Z, the Fourier transform defined on the dual group
T=2 , an integer (discrete) group . The interval [0, 27] presents a compact group
T in real line R, a locally compact Abelian group, where T is defined by

T={e"|0<t<2n}~{?|0<t<1}).
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These idea turns to general locally compact abelian (LC A) group G with dual group
G, that is the space of all functions defined on G into the unit circle of the complex
space C. That is,

G = {7 : G — unit circle of the complex field C}
such that
| (z,7)| =1, forally € G, €, and
(@1 +22,7) = (21,7) - (22,7), (2,71 +72) = (&, M) - (2,72),
(0,7) = 1= (x,0), for any z1, 29,2 € G, and y1, 72, v € G.

There is a well known fundamental theorem for studying on multipliers in harmonic
analysis. Multipliers have also appeared in studying operator theory, stochastic
processes, PDE, optimization theory and the mathematical economics, ... etc .
Now we state firstly to describe a well known fundamental theorem as following
(cf. Theorem 0.1.1 in Larsen [15], and Wendel [19] for application of multipliers).

Theorem 1.1. Let G be a LCA group with dual group G. Suppose that
T € L(LYG),LNG)) = L(LYG)), the space of all continuous linear (= bounded
linear) operators on L'(G). Then the following statements are equivalent.
(i) T1q = 74T for any a € G,
where T, is a translation operator : T,f(t) = f(ta™') = f(t — a).
This T is called an invariant operator.
(i) T(f+g)=Tf*g=f*Tg, “%” denotes convolution of f, g € L'(G).
where fxg(t) = [ f(t—s)g(s)ds = [ f(ts™')g(s)ds.
T commutes with the algebra operation (convolution “¢” in L'(G)),
this T is called a multiplier of L'(G).
(iii) 3! a p € My(G) (bounded regular Borel measure space) such that
Tf=ux*f, forall f € LY(G), and so ﬂ = if,
where f(v) = [ (&%) f(t)dt, and fi(y) = Jq (&) dp(?)-
i is the Fourier Stieltjes transform of u € My(G) .
(iv) 3! a bounded function ¢ € ]\Tb@) = B(G) c Cy(G) such that Tt=¢-f,
for any f € LY(Q).
Any bounded linear operator T € L(LY(G)) satisfies one of (i) ~ (iv) is called
a multiplier of L'(G), and denoted by IMM(LY(G)) the space of all multipliers of
LY(G). M(LY(Q)) is a closed subalgebra of the operator algebra L(L'(G)).

Essential Remarks
Harmonic analysis on LCA group G with dual group G has the following useful
concepts. (cf. the book: Fourier Analysis on Groups by W. Rudin.)

(1) The Fourier transform of f € L'(G) is given by
f(vy) = dt= | (- dt.
fo) = [ = [ s

and f € L/(\G) = A(G) G Co(G), where Co(G) is the space of all contin-
uous functions vanishing at infinity of G. A(G) is a Banach algebra under
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pointwise product with norm || f [|lso<| f |l1. A(G) is dense in Cy(G) of
first Category. The algebra A(é) is a Fourier algebra in pointwise product
and shows that A(CA}) =~ LY(@G) provided A(CA}) use the norm || f [[a=| f |1 -
This shows that the Fourier transform of f € L!(G) is uniquely defined.
Co(@) is a Banach algebra under pointwise product in the uniform norm

If lloo = sup[f(#)] for f € Co(G).
teG

(2) Let My(G) be the space of all bounded regular Borel measures on G.
Then for u € My(G), the Fourier-Stieljes transforms of p is given by

ﬂwwaé«wmmu»mﬂﬂeﬁ%@OEB&b;cué»

where C’b(@) is the space of all bounded continuous functions on @, and
B(G) is the space of all Fourier - Stieljes transform for M,(G). If we denote
the space of all invariant operators by (L'(G), L}(G)), and the space of
all multiplier operators of L'(G)) by M(L(G)). Then by (i) (ii) and (iii) of

Theorem 1.1, we get the following isometrically isomorphic relations.
(L) MLNG)) = (LNG), LN(G)) = Hompi ) (LH(G), LY(G)) = My(G).

The last “=” follows from (iii) of Theorem 1.1 ,it shows that 3! pu € M(G)
such that

Tf=pxf, forall f € LY(G) and | T |=| ul;

where || p || is the norm of the bounded regular Borel measure algebra
My(G).

2. MULTIPLIERS ON A COMMUTATIVE BANACH ALGEBRA

From Theorem 1.1, one sees that the multiplies of L!(G) can be regarded as
various types in representations. It can also be extended to multiplies of LP(G) for
each p, 1 < p < oo, by using (i) only, or to multiplies of general Banach algebra
by using (ii) only. In the study of multiplier theory, it is essentially to identify (or
characterize) the multiplier space which is a subalgebra of bounded linear operators
as a function space.

In order to develop the multipliers in the expression (1.1) to vector-valued func-
tion spaces on GG, we process to this section. Throughout we let A be a semi-
simple commutative Banach algebra, a Banach space X is said to be A-module
if AX C X and || az ||x<|| a ||a]| = ||x. An A-module Banach space X is said to
be essential A-module if AX = X.

Theorem 2.1. If A has a bounded approximate identity {en}, that is, there exists
a positive number K such that || eq ||a< K for all o, then any A-module Banach
space is essential A-module.

Proof. 1f a Banach algebra A has a bounded approximate identity {e,} C A and X
is an A-module without order since A is semi-simple. Thus
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e € X and || eqx || x< K || z ||x for all z € X.
It follows that for any x € X, we can show that

| eax —z ||x— 0 (and || zeq — z [|x— 0)
as the limit is taken over all o. This shows that AX is dense in X and so AX = X.
The proof is completed. O

A continuous linear operator T' € £(A) is said to be a multiplier of A if
T(a-b)=Ta-b=a-Tb for all a,b e A.

Example 1. Let G be a LCA group. Then

(1) LY(G) is a commutative Banach algebra under convolution product, and
L'(G) has a bounded approximate identify of norm 1.

(2) The Banach spaces LP(G), 1 < p < oo, and Cy(G) are essential L'(G)-
module Banach spaces.

Proof. (1) The proof of commutative Banach algebra is easy. While L!(G) has
a bounded approximate identity of norm 1, we can take a neighbourhood
system {V,} of open subsets at the origin € G and define a system {e,}
of functions e, by

XVa

[Val

with Haar measure |V, | and the characteristic function yy, of Vj,.
{V,} is a neighborhood system of § € G and ordered by 8 < a if V, C Vj.

Then )
XV,
Il ea ||1:/ e dt :/ ——dt =1 for all a.
G |Va| Va |Va|

(2) Since L'(G) has bounded approximately identity as shown in (1), for each
p, 1 < p < o0, the spaces

1
r©) ={r:c-c|([urore) <o},
G
and Cy(G) = the space of all continuous functions vanishing at infinity on
G, are essential L!(G)-modules. That is
(2.1) LYG) * LP(G) = LP(G), for each p, 1 <p < o0
and

(2.2) LY(G) * Co(G) = Co(G).

€a

(any open set V' in G has Haar measure |V| > 0)

O

In general if A has a bounded approximate identity, then B is essential A-module.
We can construct a family {A - B} as a subspace of B by

S = {u:Zaibi laic A, bie B, > [lai llall bs llp< oo,vneN}
=1 =1

where N is the integer space.
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Define |||ul|| = infues{>_; || @i llall b ||B | v = >, a:b; € S}. It is easy to show
that ||| - ||| is a norm, and (S,||| - |||) is a closed subspace of (B,| ||g). Since
| w|lB=|| aib; [|[B<|| @i ||a - || b; || for all a; € A, b; € B, and for any finite sum
u=7> "ab, a; € A b; € B, we have

I < lalls = inf { S Wa all b5 15 | w= 3 aiti € 5}

i=1
This shows that S C B, and the dual spaces of B and S turn to be 5* D B*. Hence
for A C M(A), and B* C S*, one may check easily that
M(A) = S* provided A = B*.
One can establish the following plausible theorem.

Theorem 2.2. Let A be a commutative Banach algebra having a bounded approxi-
mate identity, and B an essential A-module with property A = B*. Then the mul-
tiplier space M(A) of A is isometrically isomorphic to S*. On the other word, we
can describe this theorem as the following interesting diagram to prove MM(A) = S*.

A C MA)
?

[t = |

B ¢ &

Proof. Let T € 9M(A) correspond to a p € S* by the following expression :
for any u =), a;b; € S C B, the mapping : T'— 1 defined by
(1) (u, ) =Y, (bi, Ta;) for Y, a;by=ue S .
We want to show that 7' — p defined by the above identity (1) is well defined.
That is to show :

u= Z@ibi =0 = (u,p) = Z(bi,Tai> =0.

]

Indeed for each «, let Te, = h,. We obtain
|(bi, haai) — (bi, Taz)| < || haa; — Ta; || 4]l bi ||B
< T eaas — ai ||all i ||

— 0, as the limit is taken over a.

It yields that for u =), a;b; € S, and p € S*, we have

(u,,u):‘Z(bi,Tai) = ‘Z(bi,Tai>—Z<bi,haai>

(2

Z ’<bz, Taz- — Teaai>|

(3

IN

< Dol ai = eqai 1| T

K3
— 0, as the limit is taken over all a.
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This shows that
u= Zaibi =0= (u,p) = Z(bi,Tai> =0.

7 7
Next we would prove that the mapping T" — p is an isometrically isomorphism map
M(A) onto S*. Actually, for any a € A, u € S*, define

to:p €8S — B*
by b — (b, tou) = (ab, ) for allb € B.

Evaluate [(ab, )| = [{b,tap)| <|| 1o [ @ lall b [/ yields || tap [|<|| p [[[| @ ||4-
For T' € M(A) is a continuous linear operator on A, if A~ B* a € A corresponds
aty, € B sayst, = Ta € A, such that for b € B,

<b7 T(L> = <aba /‘> = <b, ta;“)v
we obtain
(a) [ Talla<[l tap [[<| il alla= 1T < wl.
Since T' € M(A), from u = > a;b; € S, p € S* , we have

sl = | 32400 Ta| < 37 1 Tallal bi Il

= [{w, )| < Inf || T o lailalbills<IT (s -
%

Thus,
(b) I | <I T, forallu =" a;b; € S.
By (a) and (b) we obtain that || p ||=|| T || . O

Remark. In Theorem 2.1 ; we assume that the Banach algebra A has a bounded
approximate identity . But we notice that not every Banach algebra has a bounded
approximate identity . For example, It is well known that the space

AP(GQ) = {f € L*(@) | the Fourier transform f € LP?(G),1 < p < oo}

with norm || f |[a»=|| f |1 + || f |lp , is a commutative Banach algebra under
convolution product. This Banach algebra AP(G) has no uniform (|| - || 4») bounded
approximate identity in AP(G). We state this algebra as the following example.

Example 2 (cf Lai [6] , p.574, and Larsen [15])). Prove that AP(G), 1 < p < o0
is a commutative Banach algebra, and that AP(G) has no bounded approximate
identity.

Proof. Let f,g € AP(G). Then f,g € CO(G) N LP(CA?)7 forl<p<oo.
It yields

I fxgllar = I fxgli+lF gl
= |lg*fllar
< N fIlgl+ 1 Fllsoll g1
< I Ulgl+ 113 1p) (since || f llo<Il £ 1)
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W F e+ 1) 1T g llar
= [ fllarll g llar
Hence AP(G) is a commutative Banach algebra.
Let {ea} be a bounded approximate identity in L!(G) with Fourier transform é,
of e, having compact support in G for each a, then é, € LP (G’) deduces that the
approximate identity {e,} C AP(G) C L'(G) can not uniform bounded in A?(G).
Indeed, for any f € AP (G),

leaxf=fllar = lleaxf—=FfIh+1léaf—Flp
leaxf=Flli+ Il fllocll éa =1 p
— 0, as limit taken over all a.

This implies that é, — 1 uniformly on a compact set K C G. Tt follows that for an
e>0,

IN

[ Geatl=1ray> = = [ jeapay > mir) —c
where m(K) is the measure of K and e is small, it yields

m<K>)$,

I eallo> (=5

but m(K) may be large enough. Hence || é, ||, is not uniform bounded on «, and
80 || eq ||4r is not uniformly bounded in AP(G). O

3. MULTIPLIERS OF BANACH MODULE HOMOMORPHISM

Recall that A is a commutative Banach algebra and that X and Y are A-module
Banach spaces. A bounded linear operator T' € £(X,Y") satisfying
(3.1) T(ax) =a(Tz) foralac A, x € X,

is called a multiplier of X to Y under A-module. The space of such multipliers is
A-module homomorphisms from X to Y and is denoted by

(3.2) MA(X,Y) =Homa(X,Y)={T € L(X,Y)| T(ax) = a(Tx),a € A,x € X}.
It is a closed subalgebra of £L(X,Y), the space of all bounded linear mappings of X
into Y. In particular, if A= X =Y = L'(G), then the multiplier space M(L(G))
coincides with the expression of isometrically isomorphic relations “=” as in (1.1).
(3:3)  MLNG)) = Hompy(LN(G), LY(G)) = (LY(G), LY (G)) = My(G).

where (E(G), F(G)) stands for the space of all invariant operators commute with
translation operator 7, on the function spaces of E(G) to F(G). The isometrically
isomorphism ” = ” in (3.3) is the same as (1.1) which is followed from (i) (ii) (iii)
of Theorem 1.1.

In general, the multiplier space Hom4(X,Y™) was characterized by Rieffel [16]
as the following dual space of the module tensor product X ®4 Y:

(3.4) Homg(X,Y") =2 (X ®4Y)",
where ® 4 denotes the A-module tensor product defined by
X®4Y =X®,Y/K.
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Here K is the closed linear subspace of the complete projective tensor product space
X ®7Y generating by elements:

ax @y —zQRay, forac A,xre X,yeY

and ®A, is the completion of the algebra tensor X ® Y under the largest reasonable

cross norm . Here
,L' N

(2

with norm

() = llulll = inf S Il @i = nt 37 11 ol vl
3 3

inf means that the infimum is taken by all representations of u = ), x; ® y; in
u
XQRY.

The reasonable crossnorm means that

we XY, u=z®y implies [[ul=[zey =z lxlyly;
andu=) @y, |ul=infY |z lxlvlly.
i i

Note that a bounded linear operator 7' € Hom 4(X,Y™) in (3.4) corresponding a
continuous linear functional ¢ on X ® 4 Y is given by

(Tz)(y) =¢(z®y) forall z€ X,yecY.

Here Homa(X,Y™) = Ma(X,Y™) is the space of all A-module homomorphisms
from X to Y™, the topological dual of Y, that is , each T' € Hom 4(X, Y *)satisfies

T(ax) =a(Tz) forallac A, x € X, Tx € Y.

where T is a bounded linear operator from X to Y*; X ® 4 Y denotes the A-module
tensor product space of X and Y.
There are some known results in scalar-valued function space of L!(G)-module by
convolution. We state three typical L!(G)-module multiplier problems as follows.
(i) Homg(LY(GQ), LY (G)) = My(G), (by Theorem 1.1, (iii) <= (ii))
where Homg = Homp (), and My(G) is the space of all bounded regular
Borel measures on G.
(i) Homa(LY(G), L (G)) = (LY(G) ®c LU(G))* = (LU(G))* = LP(G),
for 1 < p < o0, %—i— % = 1 where ®¢ = ®r1(q)-
(iii) Homa(L"(G), L7(G)) = (LP(G) ®c LU(G))* = S,(G)*,
where S,(G) is a Banach algebra generated by

{w=>"tfigi+ fi € 1/(G).9s € LUG). 3 I fi ol 1< o0}

under pointwise product and the norm is defined by (cf. Theorem 2.2 or
Larsen [15])

Halll = i {370 fi ol i g w= 3" Ji- 91 € Sp(@) .
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4. SOME MULTIPLIER SPACES OF L!(G, A)-MODULE SPACES

Assume that A is a commutative semisimple Banach algebra with a bounded
approximate identity of norm 1. The space L'(G, A) is the set of all A-valued
(Bochner) integrable functions defined on G. It is a Banach algebra under convolu-
tion product.

It is known that if two Banach algebras A and B have bounded approximate
identities {an} and {bg}, respectively, then A@WB has a bounded approximate
identity {ao ®bg}(a,3) Where @7 is the completion of usual tensor product of Banach
algebras with respect to the projective tensor norm -y.

It is easy to show that L'(G, A) = L'(G) ®, A. Thus if A has a bounded approx-
imate identity, then so does L!(G, A). Hence L'(G,X) is an essential L'(G, A)-
module. Moreover, LP(G, X) for each p, 1 < p < oo and Cy(G, X) are also essential
LY(G, A)-module Banach spaces.

We would characterize the multipliers of Banach space / algebra-valued function
spaces defined on locally compact Abelian group G, which is closely related in
scalar-valued function on G. Mainly, there are three statements for a bounded
linear operator T € L(L'(G, A)) as in Theorem 1.1 (i), (ii) and (iii) by changing
LY(G) to LY(G, A) as the following (i), (ii) and (iii):

(i) T1, = 7,7 for any a € G, T is an invariant operator.
That is, T € (LY(G, A), L'(G, A)).
(i) T(f*g) =Tf*g=f*Tg, T is a multiplier of L'(G, A), f,g € L*(G, A).

(iii) 3! u € My(G, A) such that Tf = p = f for all f € L}(G, A).

But in Banach vector A-valued space, not any bounded linear invariant operator
is always a multiplier (cf. Tewari, et al. [18]). They showed as Theorem4.1.

Theorem 4.1. If A has dim A > 1, there is a bounded linear invariant operator
T € (LYG, A), LY(G, A)) which is not a multiplier of L*(G, A). That is,
T ¢ Homa(LY(G, A), L} (G, A)).

This theorem disprove Akinyele’s results in [1] about the equivalent of multi-
plier and invariant operator on L'(G, A). Actually, (i) = (ii) is false. The other
implications: (ii) = (i), (it) < (iit) and (iii) = (i) are true.

In [18] Tewari, et al. established that

Homu(L'(G, A), LY(G, A)) = M(G, A) (that is, (ii) < (iii))
provided A has identity of norm 1.
This result is extended by Lai [10, Theorem 9] which we state as Theorem 4.2.

Theorem 4.2. Let A be a commutative Banach algebra with identity of norm 1, and
X an A-module Banach space. Then the following two statements are equivalent.

(a) T € Hole(GyA)(Ll(G,A),Ll(G,X)).
(b) 3! X -valued vector measure pn € My(G, X) such that

Tf=fxuforal f e LG, A).
Moreover, by Theorem 4.2, we have the next relation:
(41) (Ll (G7 A)7 Ll(Ga X)) :'?: Hole(G,A) (Ll (Gv A)7 Ll(Ga X)) = Mb(G7 X)
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If A=Cin (4.1), we deduce that
(4.2) Homg(L'(G), LN(G, X)) = My(G, X). (where Homg =Hom e
If X = A in Theorem 4.2, we then deduce
(4.3) M(LYG, A)) = Hompi (g 4)(L' (G, A), L' (G, A)) = My(G, A).
We treat with on a more general form and prove that (cf. Lai [ [10], Theorem 9])
(4.4) Hompi g a)(L'(G,A), LY (G, X)) = My(G, X).
Furthermore, we also prove that (cf. Lai [11])
(4.5) Hompi g a)(LY(G, A), LP(G, X)) = LP(G, X) for 1 < p < o0,

provided both X* and X** have wide Radon Nikodym Propery (R.N.P. for
bravity).
Complementary Interpretation for a Banach Space X has wide R.N.P..
Let Q be a locally compact Hausdorff topological space. Let (Q2,T', 1) be a measure
space with a fixed positive measure pu. Let X be a normed linear space.

Definition 4.3. In a finite measure space (Q2,I', ), if each p-continuous vector
measure ¥ : I' = X of bounded variation, there exists a Bochner integrable function
g:Q — X such that ¢(E) = [;]9(t)|xdp, E € T. The Banach space X is said to
have the R.N.P. with respect to the positive measure p.

Proposition 4.4. The dual Banach space X* of X has R.N.P. with respect to a
finite measure E if and only if X is an Asplund space. That is every continuous
real value convez functions defined on an open subset of X is Fréchet differentiable
on a dense subset Gs in its domain. (The set A C X is a Gs set if A= countable
intersection of open sets, A = Uy, Uy is open.)

Consider a function space LP(€2, X) of all X-valued strongly measurable function
f on Q such that || f|xp = (fo [F®)[%du(t))/P < 00 for 1 < p < .

In the case 2 = G, p = Haar measure of G. Then the dual space of LP(G, X),
1 < p < oo, and the space L1(G,X*), 1/p+ 1/q = 1, has the following relation
stated as in the following Theorem.

Theorem 4.5 (cf. Lai [11], Theorem 2). For each p, 1 < p < oo, the duality

expression holds

(G, X) = LG, X, L4+ L =1
P q
if and only if X* has the wide R.N.P. (see the definition later).

In harmonic analysis it takes (G,I', i) instead of the measure space (2,1, 1) in
which G is a LCA group with Haar measure . Thus we denote I' a family of
compact subsets of G. Then a Banach space X is said to have a wide R.N.P. with
respect to (Haar) measure p if for any K € I', u(K) < oo has R.N.P. with respect
to px defined by pug(F) = p(K N E) for any measurable subset £ C G. So that E
is partitioned to be finite sum of disjoint characteristic functions.

Our main goal is to characterize

IP(G,X)* = LG, X*),1/p+1/qg =1
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under the process of C.(G, X) and C.(G, X*) are dense in LP(G, X) and LY(G, X™)
respectively, and employ these simple sums of step functions to approach the strongly
(Bochnar) integrable function. Therefore in the characterization always by using
C.(G,X) and C.(G, X*) function spaces to dense in LP(G, X) and LY(G, X*), re-
spectively, and in case use the spaces C.(G, X) embeded isometrically isomorphism
in C.(G, X*). Thus cause us to assume X* and X** have wide R.N.P., can be as-
sumed that X and X* have wide R.N.P. to improve X* and X** have wide R.N.P.
regarded X is embeded in X**. This improvement was indebted from Prof. T. S.
Quo in The National University of Singapore.

Note that we do not discuss the space L*°(G, X) but use Cy(G, X) to instead of
L>*(G, X) since C.(G, X) is not dense in L*°(G, X).

We shall now consider the other spaces of Banach (vector)- valued functions
defined on G. The spaces given as the following are essential. They are easily to
see the results given by each of the explanation.

(1) LY(G, A) denotes the set of all Bochner integrable A-valued functions de-
fined on G. It is a commutative Banach algebra under convolution, and
LY(G,A) = L'(G)®., A has a bounded approximate identity provided A
has.

(2) LP(G, X) is the space of all X-valued measurable functions defined on G
whose X-norm are usual LP-space (f = ¢g in LP means f = g a.e.).

It is a Banach space for each p, 1 < p < 0o, which is essential L!(G, A)-
module.

(3) Co(G, X) denotes the space of all X-valued continuous functions defined
on G vanishing at infinity. It is also an essential L'(G, A)-module under
supremum norm over G-

feCo(G,X), I f lIxeo=sup || f(1) [[x -
teG

(4) Co(G, A) denotes the space of all A-valued continuous functions defined on
G vanishing at infinity. It is a commutative Banach algebra under pointwise
product. It is also an L(G, A)-module Banach space by convolution.

Theorem 4.6. By L'(G, A) is a commutative Banach algebra having a bounded
approximate identity, then we have following identities

(a) LY(G, A) * Co(G, X) = Co(G, X) = LY(G, A) &, Co(G, X).
(b) LY(G, A) x Co(G, A) = Co(G, A) = LY(G, A) ¢, Co(G, A).

Proof. (a) We only have to show that
Co(G, X) 2 LY@, A) &, Co(G, X).
Let f € LY(G, A) and F € Cy(G, X). Define a bilinear map
B:(f,F)€ LY G,A) x Cy(G,X) — f*F € Co(G, X).
Then the bilinear map B gives rise a bounded linear map of norm || B|| < 1 defined

by [[f * Fllx co = supseq |/ * F(t)[x < [[flla1]lFllx 0o where

|f = F(t)|x §/G|f(t3_l)|A|F(5)|X ds < igg\F(t)lx/Glf(S)lAds,
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1 * Fllx 0o = sup [f  F(t)|x < [[f]larsup [F(t)[x = [|f[lar[[Flx oo,
teG teG

It then yields the projective tensor product norm
() =inf { 37 1f @ Fillxoo = 3 Ifillar| Fillx oo
i i
w=3"fi@F, f; € I'G, A), F; € Co(G, X) }.
i

« is the largest reasonable crossnorm of the projective tensor norm. The set {f *
F|feLY G, A),F e€CyG,X)} CCo(G, X), and is dense in Cy(G, X) under the
y-norm in Cp(G, X). Hence Co(G,X) = LY(G, A) @, Co(G, X), proves (a). The
proof of (b) can be taken X = A in the expression (a) to get L'(G, A) * Co(G, A) =
Co(G, A) = LYG, A) &, Co(G, A). O

There are many researchers (cf. [1, 3-5], [9-14], [16-18]) study the multiplier
spaces in various function spaces of Banach space or Banach algebra-valued func-
tions defined on GG. But there is a problem that in general , not every invariant
continuous linear operator is always a multiplier of the concerned object. Pre-
cisely in the Banach (vector-) valued function space, an invariant operator 7' €
(LY(G, A), L} (G, A)) need not be a multiplier operator in 9MM(L(G, A)).

That is, T ¢ Homa(L*(G,A), L*(G, A)) provided dim A > 1 (cf. Tewari, Dutta
and Vaidya [18]). Moreover, for each p, 1 < p < oo, the space

LG, X)={]:G— X [ |k € L'(G)}
where |f(t)|x denotes the norm of X,

is also an essential L'(G, A)-module Banach space.
If p = o0, the space L>°(G, X) is defined by the same way with norm

[fllx.00 = esssup |f(t)[x, for f e LG, X).
teG

In this case, we consider only a closed subspace Cy(G, X) in L*°(G, X). This space
Co(G, X) is the X-valued continuous functions vanishing at infinity on G, and
supply the norm as

[fllx.00 =sup | f(t)[x for f € Co(G, X),
teG

it is a Banach space. The dual space Cy(G, X )* is indentified by M (G, X*) in usual
form, provided X* has wide R.N.P. (cf. Lai [11]), and Tewari et al. [18]).

For 1 < p < o0, 1/p+ 1/q = 1, the dual space of LP(G,X) is isometrically
isomorphic to LY(G, X*) if and only if X* has the wide R.N.P. (cf. Lai [11])

The following theorem is useful representation and is easy to derive.

Theorem 4.7.
LYG,A) = L(G) & A, Co(G,A) =2 Co(G) &y A,

and LP(G,X) = LP(G)®, X for 1< p< .
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5. MULTIPLIERS OF L'(G, A) To LY(G, X), LP(G,X) AND Cy(G, X)

At first, we state the following Theorem for the characterization of the invariant
operators.

Theorem 5.1. Let X and Y be Banach spaces. Then the following statements are
equivalent.
(a) T € (LYG,Y), LY(G, X)) is an invariant operator.
(b) There exists a unique continuous linear map L € L(Y, My(G, X)) such that
T(f ® y)=f*Ly forall f € L}G), y €Y.
Moreover, (LY(G,Y), LY (G, X)) = L(Y, My(G, X)).

Proof. (a)=(b) Let T € (L*(G,Y), LY (G, X)) and y € Y. We define
T,: LYG) — LYG,X) by T,f =T(fy) for all f € L}(G).
It is clear that T} is translation invariant whenever 7" is.
So that T, € (L'(G), LY(G, X)). Applying Theorem 1.1. (iii), we see that T} is a
multiplier. That is,
T, € Hompy ) (L'(G), L'(G, X)),
and hence there is a unique p, € M;(G, X) such that
Tyf = [ *py for all f € LG, A), and [T = [|y]l-
Note that, [[Ty[| < [lylly |7l
(b) = (a) Conversely, if L € L(Y, M(G, X)), we define a mapping
T!: LYG)xY — LYG,X) by Ti(f,y) = f*L(y) for all f € LY(G), y €Y.
Then TL1 is a bilinear continuous operator, and by the universal property of tensor
product, there exists a linear map 77, from Theorem 4.7: L*(G) @7 Y = LYG,Y),

Ty, : LYG)®,Y = L(G,Y) — L}(G, X)
such that
Tr(f @ y) = f*L(y) forall f € LYG), yeY
and satisfying
1Tl < [IZ]].
This 77, is a translation invariant operator since
mIL(f @ y) = 7T (fy)

= 75(f * Ly)

= 7sf * L(y)

=Tr(7sf(y))

=Trrs(fy) foralls € G, y €Y, f € LYG).
Hence T;, € (LY(G,Y), L' (G, X)). By the first paragraph in the proof, we obtain

|T.|| = ||L||. Finally, the one-one correspondence between (L'(G,Y),L}(G, X))
and L(Y, My(G, X)) is obvious. Therefore we obtain

(LYG,Y), LG, X)) = L(Y, My(G, X)),
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and the proof is completed. O

Theorem 5.2. Let A be a commutative semi-simple Banach algebra (not necessarily
with identity) and X a Banach A-module. Then

(5.1) Hompi g a) (L'(G, A), L' (G, X)) = Homa(A, My(G, X)).

Proof. It is known that a multiplier operator T € Homp (g ) (L*(G, A), LY(G, X))
is an invariant operator T € (L*(G, A), L}(G, X)).
Then for any t € G and f,g € L'(G, A),

g (Tr)f =T(g*7(f)) =7(9) * Tf = (g Tf) = g x (TF),

and hence
LY G, A) % (T1, — = T)f = {0} for all t € G and f € L'(G, A).

The reason is guaranteed from semi-simple of A and then the Banach algebra
LY(G, A) without order, as well as L!(G, X) order free. It follows that T is invariant,
that is, T € (L'(G, A), L} (G, X)). Taking Y = A in Theorem 5.1 , it yields (5.1).

0

6. REMARK

Finally we remake that an invariant operator
T € (LYG, A), LNG, A)) » T € M(LY(G, A)).
We may ask that what is the necessary and sufficient condition for which
(LY(G,A),LY(G, A)) = Homp ) (L'(G, A), L'(G, A))?

That is, whether D(LY(G, A)) = (LY(G, A), L'(G, A))?
Precisely, one could consult Lai/Chang [13], Theorem 5.2, which we stated as
Theorem 6.1.

Theorem 6.1. Let A be a commutative Banach algebra with identity of norm 1. X
be a unit linked, order-free, Banach-module and A a faithful representation on X,
then each invariant operator T : LY(G, A) — F(G, X) is a multiplier if and only if
A=C. Here F(G,X)=LP(G,X) for eachp, 1 <p < o0, or F(G,X) = Cy(G, X).
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