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HYBRID EXTRAGRADIENT METHODS FOR FINDING
MINIMUM-NORM SOLUTIONS OF SPLIT FEASIBILITY
PROBLEMS

LU-CHUAN CENG, NGAI-CHING WONG*, AND JEN-CHIH YAO

ABSTRACT. In this paper, we consider the split feasibility problem (SFP) on a
nonempty closed convex subset C' of a Hilbert space of arbitrary dimension. When
C' is given as the common fixed point set of nonexpansive mappings, combining
Mann’s iterative method, Korpelevich’s extragradient method and the hybrid
steepest-descent method, we develop an iterative algorithm. This algorithm pro-
vides the strong convergence to the minimum-norm solution of the SFP. On the
other hand, we study the hybrid extragradient methods for finding a common
element of the solution set I" of the SFP and the set Fix(S) of fixed points of a
strictly pseudocontractive mapping S. We propose an iterative algorithm which
generates sequences converging weakly to an element of Fix(S) N I,

1. INTRODUCTION

Let C and @ be nonempty closed convex subsets of real Hilbert spaces H; and
Ho of arbitrary dimensions, respectively. The split feasibility problem (SFP) is to
find a point z with the property:

re(C and Az € Q,

where A is a bounded linear operator from #; into Ho.

In 1994, the SFP was first introduced by Censor and Elfving [11], in the finite-
dimensional setting, for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction. A number of image reconstruction problems
can be formulated as the SFP; see, e.g., [2]. Recently, it is found that the SFP can
also be applied to study intensity-modulated radiation therapy (IMRT) [10,12,14,
15]. A wide variety of iterative methods solving the SFP has been used in signal
processing and image reconstruction; see, e.g., [2,3,10-14, 17,31, 32, 36, 37, 45, 46]
and the references therein.

A special case of the SFP is the following convex constrained linear inverse prob-
lem of finding an element x such that

rze(C and Ax=hb.
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It has been extensively investigated in the literature using the projected Landweber
iterative method [20,24]. Comparatively, the general SFP has received much less
attention so far, due to the complexity arising from the set (). Therefore, whether
various versions of the projected Landweber iterative method [24] can be extended
to solve the SFP remains an interesting hot topic.

The original algorithm given in [11] involves the computation of the inverse A~}
(assuming the existence of the inverse of A), and thus, did not become very popular.
A seemingly more popular algorithm that solves the SFP is the CQ algorithm of
Byrne [2,3] which is found to be a gradient-projection method in convex minimiza-
tion. It is also a special case of the proximal forward-backward splitting method [17].
The CQ) algorithm involves only the computation of the projections Pc and Pg onto
the sets C and @, respectively, and is therefore implementable in the case where
Pc and Py have closed-form expressions; for example, C' and () are closed balls or
half-spaces. However, it remains a challenge how to implement the C'() algorithm
in the case where the projections Pc and/or Pp fail to have closed-form expres-
sions, though theoretically we can prove the (weak) convergence of the algorithm.
Recently, Xu [37] applied Mann’s algorithm to the SFP and purposed an averaged
CQ algorithm which was proved to be weakly convergent to a solution of the SF'P.
He also established a strong convergence result, showing that the minimum-norm
solution can be obtained.

Throughout this paper, assume that the SFP is consistent, that is, the solution
set I' of the SFP is nonempty. Set

Vf=A"I-Pg)A,
where A* is the adjoint of A.

Proposition 1.1 (see [37]). For any x* in Hi, the following statements are equiv-
alent.

(i) x* solves the SFP.

(ii) x* solves, for any XA > 0, the fized point equation

Po(I = AV f)z® =z*.
(iii) z* solves the variational inequality problem (VIP) of finding x* in C such that
(1.1) (Vf(z*),x —z*) >0, VreCl.
It follows from Proposition 1.1 that
I' =Fix(Pc(I — AVf)) = VI(C, V)

for all A > 0, where Fix(Po(I — AV f)) and VI(C, V f) denote the set of fixed points
of Po(I — AV f) and the solution set of VIP (1.1), respectively.

Very recently, Ceng, Ansari and Yao [4] studied relaxed extragradient methods
for finding a common element of the solution set I' of the SFP and the set Fix(S)
of fixed points of a nonexpansive mapping 5. Combining Mann’s iterative method
and Korpelevich’s extragradient method [23,27,28,33], they proposed two iterative
algorithms for finding an element of Fix(S) N I".

Assuming all (real) Hilbert spaces are of arbitrary dimension in this paper. When
C = ﬂjivzl Fix(.S;) is the set of common fixed points of nonexpansive mappings, we
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propose in Theorem 3.3 a hybrid steepest-descent extragradient algorithm ensuring
the norm convergence to the minimum-norm solution of the SFP. On the other hand,
if S is a strictly pseudo-contractive mapping, combining Mann’s iterative method,
Korpelevich’s extragradient method and the hybrid steepest-descent method [44],
we propose in Theorem 3.6 an algorithm ensuring the weak convergence to an
element of Fix(S) N I".

Results in this paper are new and novel. Our results supplement, improve, extend
and develop corresponding results of Xu [37, Theorems 5.5 and 5.7], and Ceng,
Ansari and Yao [4, Theorems 3.1 and 3.2]. Since the iterative scheme provided in
Theorem 3.3 can solve two problems simultaneously: the SFP and the problem of
finding a common fixed point of finitely many nonexpansive mappings, it should
be more useful and more applicable than other established methods in literature.
See Remark 3.8 for more details. We also remark that the recent extensive study of
algorithms for split feasibility problems provides us a strong motivation of continuing
investigation in this manuscript. See, e.g., [5,6,8,9,18,19,30,34,35,40,42,43,47,48].

2. PRELIMINARIES

Let ‘H be a real Hilbert space with inner product (-,-) and norm || - ||. We write
x, — x to indicate that a sequence {z,} converges strongly to z, and z, — =z
to indicate that {z,} converges weakly to x in H, respectively. Moreover, we use
wy(Zn) to denote the weak w-limit set of the sequence {z,}, i.e.,

ww(Tyn) == {x : x,, — = for some subsequence {zy,} of {z,}}.

Let K be a nonempty closed convex subset of H. Now we present some known
definitions and results which will be used in the sequel. Recall that the metric (or
nearest point) projection from H onto K is the mapping Pk : H — K which assigns
to each point x in H the unique point Pxx in K satisfying the property

— Pgz|| = inf ||z —y|| =: d(z, K).
lv = Pl = inf lo = yl| =: d(z, K)

Proposition 2.1 ([21]). For given x in H and z in K, we have
(i) z2=Pgxr & (x—2,y—2)<0, Vye K;
(i) 2= Pgz & |z =2l <[l —y|I* = |ly — 2], ¥y € K;
(iii) (x —y, Pxx — Pgy) > ||Pxx — Pryl||?, Vy € H.

Let C be a nonempty subset of H in the following.
Definition 2.2. A mapping T : C' — H is said to be:

(a) nonexpansive if
[Tz =Tyl < [lz—yl, Vz,yeC;
(b) firmly nonexpansive if 2T — I is nonexpansive, or equivalently,
(x —y, Tz —Ty) > ||Tx — Ty||?>, Vaz,y e C.
Alternatively, T is firmly nonexpansive if and only if T' can be expressed as

1

where S : C' — H is nonexpansive.



1968 L.-C. CENG, N.-C. WONG, AND J.-C. YAO

Definition 2.3. Let T : C' — H be a mapping.
(a) T is said to be monotone if

(x —y,Tx —Ty) >0, Va,yeC.
(b) T is said to be S-strongly monotone for some 8 > 0 if
(v —y,Te —Ty) > Blle —y|*, Vz,yeC.
(c) T is said to be v-inverse strongly monotone for some v > 0 if
(x —y,Tx —Ty) > v||Tz — Ty|?, Vz,yecC.

It it easy to see that if T' is nonexpansive, then I — T is monotone. It is also
easy to see that a projection Py is firmly nonexpansive, monotone, and 1l-inverse
strongly monotone. Inverse strongly monotone (also referred to as co-coercive)
operators have been applied widely in solving practical problems in various fields,
for instance, in traffic assignment problems; see, e.g., [1,22].

Definition 2.4. A mapping T : C — H is said to be an averaged mapping if it can
be written as the average of the identity I and a nonexpansive mapping, that is,

T=(1-a)l+as,

where o € (0,1) and S : C — H is nonexpansive. We say that T' is «a-averaged in
this case. Firmly nonexpansive mappings (in particular, projections) are %—averaged
maps.

Proposition 2.5 ([3]). Let T : C — H be a mapping.

(i) T is nonexpansive if and only if the complement I — T is L-inverse strongly

2
monotone.
(ii) T is averaged if and only if the complement I — T is v-inverse strongly mono-
tone for some v > 1/2. Indeed, T is a-averaged if and only if I — T is

i—z’nverse strongly monotone for o in (0,1).

v

(iii) If T is v-inverse strongly monotone, then yT is £ -inverse strongly monotone

for any v > 0.

Proposition 2.6 ([3,16]). Let S,T,V : C — H be mappings.
i) If T = (1 —a)S+aV for some a in (0,1) and if S is averaged and V is
nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonez-
pansive.

(i) If T = (1 —)S+aV for some « in (0,1) and if S is firmly nonexpansive and
V' is nonexpansive, then T is averaged.

(iv) The composition of finitely many averaged mappings is averaged. In particular,
if Ty is ai-averaged and Th is ag-averaged, where oy, € (0,1), then the
composition T1 o Ty is a-averaged, where a = a1 + ag — aas.

(v) If the mappings {T;}}¥., are averaged and have a common fired point, then

N
(Fix(T;) = Fix(Ty - - - T).
=1
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The following result is useful when we verify the weak convergence of a sequence.
Its proof is an immediate consequence of Opial’s property [29] of a Hilbert space;
see Xu [38, Lemma 4.1].

Proposition 2.7. Let K be a nonempty closed convex subset of a real Hilbert space
H. Let {zn} be a bounded sequence which satisfies the following properties:

(i) every weak limit point of {xy} lies in K;

(i1) limy—eo ||z — z|| exists for every x in K.

Then {z,} converges weakly to a point in K.

Let C be a subset of a normed space, and let & be a constant in [0,1). A mapping
S :C — C is called k-strictly pseudocontractive if

1Sz — Syl> < o — ylP> + kI(I — S)a — (I - S)yl®, Va,y € C;

see [26]. In case C is a subset of a real Hilbert space, S : C' — C is k-strictly
pseudo-contractive if and only if there holds the following inequality:
1-k

(Sz = Sy,z —y) <|lz —y|* - —5 Il =Sz = (I - S)yl?, Va,yeC. (2.1)
This immediately implies that if S is a k-strictly pseudo-contractive mapping, then
I-Sis 151“ -inverse strongly monotone; for further detail, we refer to [26] and the
references therein. Nonexpansive mappings are strict pseudo-contractions.

The so-called demiclosedness principle for strict pseudo-contractive mappings in
the following lemma will often be used.

Lemma 2.8 ( [26, Proposition 2.1]). Let C be a nonempty closed convex subset of a
real Hilbert space H, and let S : C — C' be a k-strictly pseudo-contractive mapping.

(i) S satisfies the Lipschitz condition

1+k

1-k

(ii) The mapping I — S is demiclosed at 0, that is, if {x,} is a sequence in C' such
that x,, = & and (I — S)x, — 0, then (I — S)z = 0.

(iii) The fized point set Fix(S) of S is closed and convex so that the projection
Priy(s) 1s well defined.

|5z — Syl < le—yl, Va,yeC.

Lemma 2.9 ([21]). Let H be a real Hilbert space. Then, for all z,y in H and X in
R,

Az + (1= Xyl? = Al + (1 = Nyl = A1 = Mz = y]*.
Lemma 2.10 ([41]). Let C be a nonempty closed convezr subset of a real Hilbert

space H. Let S : C'— C be a k-strictly pseudo-contractive mapping. Let v and § be
two nonnegative real numbers such that (v + 6)k <. Then

vz —y) +0(5z = Sy)| < (v +0)lx —yl, Vz,yel.
The following elementary result is quite well-known.

Lemma 2.11 ( [39, Lemma 2.1)). Let {v,},{dn} be sequences of real numbers such
that
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(1) {} C[0,1] and > 07 yn = +00, or equivalently,

[o.¢] n
[T =)= Jim. 1= =0;
n=0 k=0

(ii) imsup,,_,o O0n <0, or

(ii)" D02 o mdn is convergent.
Let {a,} be a sequence of nonnegative numbers satisfying the condition
Anp+41 < (1 - ’Yn)an + 'Yn(sna Vn > 0.

Then, lim,_, a, = 0.
3. HYBRID EXTRAGRADIENT METHODS

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F :
C — H be r-Lipschitz continuous and n-strongly monotone on C' for some constants
Kk,n > 0; that is,

|Fz = Fy|| < wllz —yl| and (Fa - Fy,z —y) >nle—yl* Va,yeC.
In this case, 0 < 1 < k. Let o be a number in (0, 1] and let x> 0. Associating with
a nonexpansive mapping 7' : C' — C, we define the mapping 77 : C' — H by
T°x :=Tx —opF(Tx), VzeC.

Lemma 3.1 (see [39, Lemma 3.1]). T is a contraction provided 0 < p < i—g More
precisely,

T2 =Ty < (1 —o7)llz —yl, Vz,yel,
where 7 = 1 — /1 — pu(2n — px?) € (0,1). In particular, if T = I the identity
mapping, then

|1 ouF)a — (I - opF)yl| < (1 — o)z —y|, Va,y e C.

We remark that, whenever 0 < p < i—g, the relation 0 < n < k obviously implies

2
0< V(1 —pm)? < V/1—p2n—pr?) < \/1—2un+;27m2=1,

which hence leads to 7 € (0, 1].

Let C' and @ be nonempty closed convex subsets of real Hilbert spaces H; and
Ho of arbitrary dimensions, respectively. Let A : H; — Hs be a bounded linear
operator. Throughout the paper, we assume that the SFP:

e C and Azx* €Q,

is consistent; that is, the solution set I" of the SFP is nonempty (and closed and
convex).
Let f, fo : H1 — R be the continuously differentiable functions defined by

1
fl@) = 5|14z — PoAz|?,

and 1 1
falz) = §HAJ,‘ — PoAz|? + 504”1:\\2, Vo > 0.
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As the minimization problem

min f()
is ill-posed, Xu [37] considered the following Tikhonov’s regularization problem:
1 i
(3.1) min fa(2),

where a > 0 is the regularization parameter. The regularized minimization (3.1)
has a unique solution z,.

Proposition 3.2 ([37]). If the SFP is consistent, then x, converges strongly to the
minimum-norm solution Tyin of the SFP as o — 07 ; namely, xmy, in I’ satisfies

|€min|| = min{||z*| : «* € I'}.
The point x,i, can be obtained in two steps. First, observing that the gradient
Vialx) =Vf(x)+al =A(1—-Po)A+al
is (a + ||A||?)-Lipschitz continuous and a-strongly monotone, we know that the
mapping Po(I — oAV f,) is a contraction with the (Lipschitz) coefficient

1
1—0’7’§1—O’(1—\/1—60¢A)31—56060')\.

Here, 0 <o <1, 7=1—/1—A22a — A(JA|? + «)?) and
(2—¢€) 2
(AP +a)2 = (JAE + )2
for some € in (0, 1]. Indeed, putting F' = Vf, and T'= I in Lemma 3.1, we have
|Pol = oAV fa)z — Po( — oAV £ )y
<[(I = oAV fa)x — (I — oAV fa)y|

<[1=o(t = VI=ACa = A(AP +a)] e - vl

(3.2) 0<A<

(2—¢€a
<[t-o(1- \/1 — 20X s s (1A + ) lz ~ vl
=[l = o(l = V1 —ead)[lz -yl

o= - e
:(1 . %eaax\) |2 — yl.

It is worth noting that x, is a fixed point of the mapping Po(I — oAV f,) for any o
in (0,1] and A > 0 satisfying (3.2), and can be obtained through the limit as n — oo
of the sequence of Picard iterates

zp 1 = Po(I — oAV fo)zy.
Second, letting o — 0 yields x4 — Tin in norm.
It is interesting to know whether these two steps can be combined to get xp, in

a hybrid steepest-descent extragradient algorithm. The following result shows that
we can achieve the goals for suitable choices of o, A and «.
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Theorem 3.3. Let K be a nonempty closed convexr subset of Hy. Assume that
{S; :1 <i< N} be a pool of N nonexpansive mappings from K into K such that

N
C = () Fix(S;) # 0.
=1

Suppose the non-negative sequences {am},{Bn}, {1}, {0n}, {on} and {\,}, and the
constant € in (0,1] satisfy the following conditions.
(i)0<o,<1land0< \, < % for all large enough n.

(ii)) ap, — 0 and A\, — 0.

(iil) Y00 a2 Andy = +00.

(IV) |0'n)\n_o'n—1)\n—1| +0n—1An—1 Ian_an—1|
ad o226,

(V) {Bn}a {’Yn}a {5n} - [07 1] and ﬁn + Yn + op =1 fO’I“ alln > 0.

— 0.

(vi) 5(24:”26”"2 < €YnonAn for all large enough n.

Define a sequence {x,} through the following Mann type steepest-descent extra-
gradient algorithm:

x1 =z € K, chosen arbitrarily,
(3.3) Yn = Pc(S[n].I‘n — Un)\anan (S[n]acn)),
Tnt+1 = /ann + YnYn + 5nPC(S[n]xn - Un)\nvfan (S[n]yn))7 Vn > 1,

Here, Spp) = Snmodn and V fo, = apl + A*(I — Pg)A for each n > 1.
Then both the sequences {x,} and {y,} converge in norm to the minimum-norm
solution @, of the SFP.

Proof. For each n > 0, let z, be the unique fixed point of the contraction
Pc(I — 0, MV fa,) : C — C.
Then, z, = Tmin in norm. We shall prove that
[#n41 — 2nll = 0.

Define
Tn = Pc(f — O'n)\anan)S[n]

From z, € C' = ﬂf\il Fix(S;) it follows that
Twzn = Po(Sinjzn — 0nAaV fa, (Siny2n)) = Po(zn — 0n AV fa, (20)) = 2n.
Noting that Po(I — 0, A,V fa,, ) has a contraction ratio 1 — %eanan/\n, we have
[yn = 2nll = [ Tnn — Tozn||
= [[Pc(I = onAnV fa,)SinjTn — Po(I — 00 A0V fa, ) Siny2n |

1
(3.4) < (1= 56n00An ) 1Spusn = Spuj2al
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1
< (1 - ieanon)\n) |xn — znl-

We now estimate

This

(3.5)

||Zn - anln = ||Tnzn - Tnflznfln

< ||Tnzn - Tnznfln + ||Tnzn71 - Tnflznfln

1
< (1 - ieanan)\n) ||Zn - anlH + ||Tnzn71 - Tnflznfl”-

implies that
2

N | I
lon = 2nall < €XpTnAn

”Tnznfl —Th-12n—1 H .

However, since V f is Lipschitz continuous and {z,} is bounded, we have

(3.6)

[Tnzn—1 — Tn—12n-1]
=[|Po(I — 00 nV fa,)Spmjzn—1 — Po(I — 0n—1 -1V fa,_1)Spn—1)2n-1ll
<|I( - Un)‘nvfan)s[n}znfl —(I- O'n71)\n,1Vfan71)S[n_l]zﬂhl||
:”(I - UnAanan)Zn,1 - (I — Jnfl)‘nflvfocnfl)znfln
<[|onAnV fan (2n-1) = On-1An-1V fa,_1 (zn=1)|l
=[l(on A = Fn-1An-1)V fa, (2n-1)

+ 0n-12An-1(V fa, (2n-1) = Vfa,_i (zn-1))
<lonAn = on—1An-1lIVf(2n-1) + anzn-1l| + on-1An-1lan — an—1llzn-1|
<(lonAn = On1An1] + on 1A 1]an — an_1|) M,

where M = sup,,~1 max{||V f(zn-1)+anzn—1l,[|zn-1]|} < +oco. Utilizing conditions

(i), (

(3.7)

vi), and inequalities (3.3), (3.4), (3.5), we obtain for large n that
[Znt1 — 2nl|

=[|Bn(Tn — 20) + Yn(Yn — 2n) + 5n[PC<S[n]33n - Un/\nvfan(s[n]yn)) — 2z |l
<Bullzn = znll + W llyn — 2l

+ 5nHPC(S[n}$n — on AV fa, (S[n}yn)) - PC(S[n]Zn = on AV fa, (S[n]zn))H
<Bullzn = znll + W llyn — 2l

+ 5nH(S[n]xn - Un)\anan(S[n]yn)) - (S[n]zn —on AV fa, (S[n]zn>)H
<Bullzn = znll + W llyn — 2l

+ 5nw5[n]xn - S[n]zn” + Un)‘nHVfan(S[n}yn> - Vfan(S[n]zn)H]
<Bullzn = znll + W llyn — 2l

+ Onlllzn — 2nll + onAn(an + ”AHZ)HS[n}yn - S[n]ZnH]
<Bulln = znll + W llyn — 2l

+ Onll|zn — 2nll + onAn(an + HAHZ)Hyn — Znll]
=(Bn + 6n)||lzn — 20l + (7 + SnopAn(an + HAHQ))”yn — 2|

B0 — 2

<(1- - (9o + 80 - -0
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2 — n 1
S(l - P)/n)Hxn - Zn” + (’Yn +0p - ﬂ) <1 - 760571(771)\71) Hxn - zn”

an + || A])? 2

r (2—€)and, 1 (2 — €)ea2 o, A0y
=1 LY - P ]

| Y+ Vn + o, + HA”Q 2504n')’n0n n 2(an T HA”2) ”xn ZnH

r (2—¢)d, 1 (2 — e)ea T, \ndn
_[1 (7  CenTnA )— n } -

o\ T A T 277 ) T o+ ey e

(2= €)eaZo nbn
<|1 Ty — 2
' ot apy el

r (2 — €)ea? o \0n T
<1 — Zn_ — 2
ST I/ L

(2 - €)eaZoa A, 2
<|1-— — 2y —\Th2n—1 — Ty—12n—
=] 2(0171"‘ HA||2) | ||«73n Zn lH + ﬁanan)\nH nin—1 n—1%n 1”

(2 - €)eaZou Ay
<|1 Ty — Zn—
=1 oy el

+ 2M(|0'nAn - O'n—lAn—l‘ + O'n—l)\n—l‘an - an—1|)

€QnTnAn
(2 — €)eaZ o\, (2 — €)ea oy Aoy,
=[1- 7 o — 20| + )
2(an + [ All?) 2(an + [|A]]?)
% 4M(an + |’AH2)(|0'n)\n - Un—l)\n—1| + Un—l)\n—l|an - an—1|)
(2 —€)e2ad a2 A26,
2 — €)eaZ o\ 0 2 — €)ea? g\
:{ - ( 6)6 nZn 2" n:| Hxn — zn—l” + ( 6)6 T 2n - Hn,
2(am + [|A]?) 2(an + [|A[[?)
where
. 4M(an + ‘|A||2)<‘O'n)\n - O'n—lAn—ll + O'n—l)\n—l‘an - an—l’) =0

Hin = (2 —e€)e2ad o226

n-n’‘n-’n

due to conditions (ii) and (iv). Applying Lemma 2.11 to (3.6), we conclude ||z, +1 —
zn|| — 0. Hence, x,, — Tmin in norm. Taking into consideration the strong conver-
gence of both {z,} and {z,} to iy, we deduce from (3.4) that

lyn — zull < llzn — zall = 0.
Therefore, ¥, — Tmiy in norm. O

Corollary 3.4. Let C be a nonempty closed convex subset of Hi. Suppose the non-
negative sequences {an}t, {Bn}, {1}, {0n} and {\,} satisfy the following conditions.

(i) 0 < A < W‘W for all large enough n.
(il) an — 0 and A\, — 0.

(iil) D200, a2Apdy, = +oo.

. A —A A —
(IV) | n+1a3 n‘i’Q n‘?n+l an| N 0
n+1" " n+1 n+1
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(V) {Bn}a {'771}7 {571} - [0, 1] and By +Yn + 0 =1 for all n > 1.

(vi) an%ﬂ;\ll? < YA for all large enough n.

Define a sequence {z,,} through the following Mann type extragradient algorithm:

x1 = x € C, chosen arbitrarily,
Yn = Po(zn — AV fa, (Tn)),
Tng1 = BnTn + YnYn + (SnPC(l'n - )\nvfozn (yn))a Vn > 1.

Here, V fo, = anl+A*(I—Pg)A. Then, both the sequences {x,} and {y,} converge
in norm to the minimum-norm solution of the SFP.

Proof. In Theorem 3.3, putting K = C, S; = I the identity mapping for each
1=1,2,...,N, and 0, = ¢ = 1 for all n > 0, we obtain that ﬂfilFix(Si) =C#0
and

x1 = x € C, chosen arbitrarily,

Yn = PC’(S[n}xn - Jn)\nvfan(‘s’[n]xn)) = Po(zyn — AV fa, (Tn)),
Tpt1 = BnTn + YnYn + 6nPC’(S[n}xn —onAnV fa, (S[n]yn))

= ann + YnYn + 6nPC’(=Tn - )\nvfan (yn))7 Vn > 1.

In this case, the assumptions of Theorem 3.3 are all satisfied. Therefore, Theorem
3.3 applies. O

Remark 3.5. (a) Theorem 3.3 includes [4, Theorem 3.1] as a special case.

6 0

(b) In Theorem 3.3, put 0, = ¢ =1, ap, = n° Ay = n~ % and §, = n~ 7,

where § = 1—10, o= % and § = 1. It is easy to see that conditions (i)-(iv)
in Theorem 3.3 are satisfied. If liminf, ,s v, > 0, condition (vi) is also
satisfied.

(c) It is worth emphasizing that the Mann type steepest-descent extragradient
algorithm employed in Theorem 3.3 is essentially the predictor-corrector al-
gorithm. Indeed, the first iterative step y, = Po(S}nZn—0n AV fa,, (SinjZn))
is a predictor, and the second iterative step zn11 = Bnan + YnYn+
(5nPC(S[n]:13n — on AV fa, (S[n]yn)) is a corrector. Note also that we ex-
tend the iterative algorithm in [37, Theorem 5.5] to develop the Mann type
steepest-descent extragradient algorithm in Theorem 3.3.

o

Theorem 3.6. Let S : C — C be a k-strictly pseudocontractive mapping such
that Fix(S) N I" # 0. Suppose the sequences of parameters {ay} in (0,00) and
{Bn}s{on}, {m}, {0n} in [0,1] satisfy the following conditions.

(1) D02y < 400.
(ii) 0 < liminf, o Bn < limsup,, . fn < 1.
(iil) op + Y0 + 0 =1 and (yn + 0n)k < vy for all m > 0.

(iv) 0 < liminf, o 0y < limsup,,_,., on < 1 and liminf, ., &, > 0.
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Assume that 0 < A < W, and let {x, } and {y, } be the sequences in C' generated

by the following Mann type hybrid extragradient-like algorithm:
(3.8)
xg = x € C, chosen arbitrarily,
Yn = (1 - ﬁn)l'n + ﬁnPC(xn = AV fa, (:pn)),
Tn+l = OnTn + ’YnPC(yn - )\Vfan (yn)) + 5nSPC(yn - )\Vfan (yn))a vn > 0.

Then, both the sequences {x, } and {y, } converge weakly to an element z in Fix(S)N
I.

Proof. First, we observe that Po(I —uV f,) is (-averaged for each p in (0, m),
where

2 + p(20 + [|A]%)
(= 1

See, e.g., [7] and from which it follows that Po(I — AV f,,,) is nonexpansive for all
A in (0, W) and for all sufficiently large n > 0.

€ (0,1).

We divide the remainder of the proof into several steps.
Step 1. {z,} is bounded.
Indeed, take a fixed point p from Fix(S) N I" arbitrarily. We get Sp = p and
Po(I — AV f)p=p for A in (0, W) Hence,
lyn —pll = |(1 = Bu)(zn — p) + BulPc(I — AV fa, )20 — pl||
< (1= Bn)llwn = pll + BullPo(I = AV fa, )Tn — ||
= (1= Bu)llzn — pll + BullPc(I = AV fa, )2n — Po(I — AV f)p||
(1 = Bo)llzn — pll + Bull Pe(I = AV fa,)xn — Po(I = AV fa,, )|
1Pc(I = AV fa,)p — Pc(I = AV f)pl|]
< (L= Bn)llzn = pll + Bulllzn — pll + [Pe(I = AV fo,,)p — Po(I — AV f)pl]]
< (L= Bn)llzn —pll + Bulllzn — pll + Acnlpll]
= llzn — pll + AanBnlpl|-
Since (Y, 4 0n)k < 75, for all n > 0, utilizing Lemma 2.10 we derive from (3.9) that

(3.9)

A4 IA

[#n41 — pl
=llon(@n —p) + Wm(Pc(l = AV fa,)yn — p) + 60 (SP(I = AV fa, )yn — D)l
<on|lzn = pll + [V (Po(I = AV fa,)Yn — ) + 0n(SPc(I — AV fa,)yn — SD)|
<opllzn = pll + (v + &) | Pe(I — AV fo, )y — 1|
<onlzn = pll + (3 + ) [P (I = AV fa, )yn — Po(I = AV fa,)pl|

+ |Pe(I = AV fa,)p — Po(I = AV f)p]]]

<onllzn = pll + (9 + 0n)lllyn — pll + (L = AV fa,)p — (I = AV f)p[]
<onl|zn = pll + (3 + 0n)[llyn — Pl + Aan|Ipl]
<onl|zn = pll + (9 + 0n)[llzn — pll + Aanfnl[pll + Ao ||pl[]
<opllzn = pll + (W + 0n)[[|zn — pll + 2Aan|p]l]
<[lzn — pll 4+ 2 an(p].
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Since Yo7, @, < 400, we conclude that

(3.10) lim ||z, — p|| exists for each p in Fix(S)N I
n—oo

Therefore, {x,} is bounded and so are {y,},{Vf(z,)} and {V f(yn)}.
Step 2. Let u, = Po(I — AV f,, )z, and v, = Po(I — AV fo, )yn. We have

lim |up — 2| = im ||z, — y,|| = lim ||v, — Sv,|| = lim ||2p41 — 2] = 0.
n—oo n—oo n—oo n—oo

Indeed, by Lemma 2.9 we have

lyn = pII> = [I(1 = Bu)(@n — p) + Bulun — p)|?
= (1= Bu)llzn = plI* + Ballun — plI* — Bu(1 = Bn)llxn — unl|®
< (1= Bp)llwn — pH2 + Bulllzrn — pl| + AanllpW — Bn(1 = Bn)llzn — unH2

= (1= Bn)llzn = p* + Ballzn — plI* + anBu@Aplll|zn — pll + and?[lp]*)
— Bu(1 = Bu) |0 — unlf®

< (1= Bo)llzn = plI* + Ballzn — plI* + anMi = Bu(1 = Ba)llzn — unll?

= [lzn _pH2 + anMi — Bn(1 = Bp)||lzn — unH2

Here, M = sup,>o{ 8.2l |2n — Il + anX?[Ip]*)} < 400
Note that o, + v, + 0, = 1 and hence

Tntl — Tn = OnZp + YnUn + SV — Ty = V(U — Tp) + 6 (Svp — x4).

Since (Y5, +dpn)k < 7y, for all n > 0, utilizing Lemmas 2.9 and 2.10 we get from (3.9)
that

|41 = pl?

:Hgn(xn - p) + 'Yn(vn - p) + 5n(Svn - p)||2

:||Un(xn_p)+(7n+6n) (’Yn(vn_p)_f'dn(svn_p))u2

_ 1
Tn + on
=0, — pH2 + (9 + )l (Yn(vn — p) + 0n(Svn — p))Hz

1
Yn + on

Tn + On

— n (Y + 60l (Yn(vn — n) + 6 (Svp _$n))|‘2

1
<onllrn — p||2 + (Yn + 0n) v _pH2 — 0n(Yn + 6n) || (1 — $n)||2
Yn + On

o
=0nl|zn — plI*> + (Y0 + 6)llvn — plI* — 1 " ||zp g1 — 2l
— o,
o
<onlzn = plI* + (1 = o) [llyn — pll + Aanllpl]* — 1 _"U [
n
=onllzn — plI* + (1= on)lyn — 21> + an(l — o) AP lyn — Il + 2 X?[Ip]?)
— g1 — 2z
1—o0,
2 2 n 2
<onl|lzn —plI* + (1 = on)llyn — plI” + anMa — 1—o [Zn+1 — 20|
n

<on|lzn — sz + (1 —on)[llzn _pH2 + anMy — Bn(1 = Bn)||zn — unHQ} + apMs
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o
1 —nan |41 — xn”2
<[|zn _pH2 + an(My + M) — (1 = 03)Bn(1 = Bp) |20 — unH2
o
1 _ngn |41 — an2

Here, My = sup,>o{(1 — 04) 2A||p||[|yn — pll + anA?||p]|?)} < +oc. It follows that

o
“—[[ni1 = zal®

(1 = 04)Bn(1 = Bp)llzn — unH2 + 1
— o,
< lan = plI? = |Zns1 — pII” + (M1 + My).

Since lim, oo, = 0, 0 < liminf, oo B, < limsup,, .o Bn < 1, and 0 <
liminf, o o, < limsup,,_, ., on < 1, we deduce from the existence of lim,,_, o ||z —
p|| that

lim |z, — up|| = lim ||zp41 — 2n] = 0.
n—oo n—oo
Utilizing (3.8) we get
lim |y, — zp|| = lIm By|lun — zn|| = 0.
n—oo n—o0
Taking into account the nonexpansiveness of Po(I — AV f,,, ), we have

[vn — znll < flvn — un|l + |lun — 24|
= |Pe(I = AV fa, )yn — Po(I = AV fo, )xn |l + [lun — zn|
< lyn — nll + llun — 24|
Hence
167, (Svn — zn)[l < [|Tn41 — @nll + Ynllvn — Tnl
< Nzns1 — 2all + [lvn — 24|
< |#nt1 = zall + [y — zall + lun — 24|

Since ||zn+1 — Znl| = 0, ||yn — xn|| = 0, ||un — xn|| = 0 and liminf, o 6, > 0, we
immediately obtain that

lim ||v, — 2| = lim ||Sv, —2,] = 0.
n—o0 n—o0
This implies
lim [|Sv, —v,|| = 0.
n—o0

Step 3. wy(z,) C Fix(S)N 1.
Suppose that & € wy(7yn) and {x,,} is a subsequence of {z,} such that z,; — 2.
Set T'= Pc(I—AVf). Then T is nonexpansive for each X in (0, 2 ). We have seen

Al
that Vf = A*(I-Pg)Ais W—inverse strongly monotone and AV f = AA*(I-Py)A
is )\Hi“‘Q—inverse strongly monotone. Hence, by Proposition 2.5(ii) the complement

I —M\Vfis %A'P—averaged for each A in (0, W) Therefore, noting that Po is
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1-averaged and applying Proposition 2.6(iv), we know that T' = Po(I — AV f) is

a-averaged for each A in (0, W), with
1 AIAIZ 1 AAIP _ 2+ AA]?
2 2 2 2 4
Consequently, T' is nonexpansive.

Now observe that

€ (0,1).

[z = Tan|| < llzn — unll + [Jun — Tz, ||
= [|zn — un| + |Pc(I = AV fo, )2n — Po(I — AV f)ay|
< lzn = unll + (I = AV fa, )zn — (I = AV )z,
= [|zn — unll + Aan [|lzn.
From ||z, — uy,|| = 0, a;, — 0, and the boundedness of {x,} it follows that
nh_)r{)lo |z — Tzy|| = 0.

Taking into account x,; — & and utilizing Lemma 2.8(ii), we obtain & € Fix(T).
But Fix(T') = I'; we therefore have # € I'. Furthermore, since z,,; — % and
lim ||u, — z,|| = lim |Ju, —v,|| = lim [[Sv, —v,]| =0,
n—o0 n—00 n—oo
we have
vp; =& and  lim ||Sv,; — vy, || = 0.
j—o0

Thus, from Lemma 2.8(ii) we get & € Fix(S). Therefore, we have & € Fix(S)N I".
This shows

(3.11) ww(zy) C Fix(S)N T
Step 4. Both the sequences {z,,} and {y,} converge weakly to an element z in
Fix(S)N .

Indeed, according to (3.10) and (3.11) we apply Proposition 2.7 to Fix(S) N I’
to show that {z,} converges weakly to a point z in Fix(S) N I". Moreover, from
|zn, — ynl| — 0 it follows that y,, — z. O

Corollary 3.7. Let S : C — C be a nonexpansive mapping such that Fix(S)NI" # (.
Suppose the sequences of parameters {am} in (0,00) and {Bn}, {on} in [0, 1] satisfy
the following conditions.

(1) Dnzp an < +oo.
(il) 0 < liminf, o Bn < limsup,, . fn < 1.

(iii) 0 < liminf, o 0y, < limsup,,_,., on < 1.

Assume that 0 < A < W, and let {x,,} and {y,} be the sequences in C generated
by the following Mann type extragradient-like algorithm:

xg = x € C, chosen arbitrarily,

Yn = (1 - Bn)l'n + ﬁnPC(xn - )\vfozn (xn))a
Tptl = OnpZn + (1 - Un)SPC(yn - )\Vfan(yn)), Vn > 0.
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Then, both the sequences {x,} and {y, } converge weakly to an element z in Fix(S)N
I.

Proof. In Theorem 3.6, putting v, = 0 for all n > 0, we conclude that o, + §, =
On + Yo+ 0, =1 and

xg = x € C, chosen arbitrarily,

Yn = (1 - 6n)xn + /BnPC(l"n - )\vfan (xn))v

Tn+l = OnTn + ’YnPC'(yn - Avfozn (yn)) + 5nSPC(yn - Avfocn (yn))
= 0pTy + 5nSPC(yn - Avfozn (yn))

=opty + (1 — 0p)SPo(Yn — AV fa, (Yn)), Vn >0.

Being nonexpansive, S is a k-strictly pseudocontractive mapping with constant
k = 0. Moreover, we have (v, + d,)k < 7, for all n > 0 and liminf,, . J, =
1 — limsup,,_yo, 0 > 0. All conditions of Theorem 3.6 are satisfied. Therefore,
Theorem 3.6 applies. 0

Remarks 3.8. We would like to compare our theorems in this paper with other
established results in recent literature.

(a) Theorem 3.6 includes [4, Theorem 3.2] as a special case.

(b) The corresponding iterative algorithms in [37, Theorem 5.7] and [4, Theorem
3.2] are extended to develop the Mann type hybrid extragradient-like algorithm
in Theorem 3.6. However, the technique of proving weak convergence in Theo-
rem 3.2 is very different from [37, Theorem 5.7] and [4, Theorem 3.2] because
our technique depends on the demiclosedness principle for strictly contractive
mappings in Hilbert spaces.

(¢) Theorem 3.3 improves, extends, supplements and develops [4, Theorem 3.1] in
the following aspects.

(i) The problem considered in Theorem 3.3 is more general and more subtle
than that considered in [4, Theorem 3.1]. We consider in Theorem 3.3
the problem of finding the minimum-norm solution of the SFP defined on
the intersection C' = ﬂ,f\il Fix(S;) of the fixed point sets of finitely many
nonexpansive mappings {S; : 1 < i < N}. It reduces to the problem in
[4, Theorem 3.1] in the special case that K = C and S; = I, the identity
mapping of K, foreachi=1,..., N.

(ii) The iterative scheme in [4, Theorem 3.1] is extended to develop the itera-
tive scheme in Theorem 3.3 by virtue of a hybrid steepest-descent method
developed in [30, Theorem 3.2]. The proof of Theorem 3.3 makes heavy
use of the argument technique given in [30, Lemma 3.1 and Theorem 3.2].

(iii) The iterative scheme in Theorem 3.3 is more advantageous and more flex-
ible than that in [4, Theorem 3.1]. More precisely, our iterative scheme
involves solving two problems: the SFP and the problem of finding a
common fixed point of finitely many nonexpansive mappings. It involves
a hybrid steepest-descent method (namely, we add a Lipschitz continu-
ous and strongly monotone operator F' in our iterative scheme) such that
the common fixed point problem of finitely many nonexpansive mappings
{S; : 1 <i < N} can be solved as well. Thus it should be more useful and
more applicable.
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