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Dedicated to Professor W. Takahashi on the occasion of his 70th birthday

ABSTRACT. In this paper, we consider higher-order Daehee of the second kind
and poly-Cauchy of the second kind mixed-type polynomials. From the properties
of Sheffer sequences of these polynomials arising from umbral calculus, we derive
new and interesting identities.

1. INTRODUCTION

In this paper, we consider the polynomials 13,({"7’“) (z) whose generating function
is given by

(1.1) <(1+t)ln(1+t)>rLifk(—ln(1+t) 1+1t)* ZD

t
(k, T G Z>0) .

Recall that the Daehee polynomials of the second kind of order r, denoted by
D%r) (x), is given by the generating function to be

<(1+t)ln(1+t)> 1417 ZD

t

Dahee polynomials were defined by the second author [5] and have been investigated

in [3, 4, 6]. Also, the poly-Cauchy polynomials of the second kind é{“) (z) (of index
k) are defined by the generating function as

Lify (—In(1 +8)) (1 +1¢)° ZA(’C

Y

nl

where Lify(x) (k € Z=) is the polyfactorial function given by

oo
xm

Lify(z) = nZ:o ml(m 4 1)
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Poly-Cauchy polynomials of the first kind and of the second kind were defined by
the third author [1] and have been investigated in [1].

In this paper, we consider higher-order Daehee of the second kind and poly-
Cauchy of the second kind mixed-type polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.

2. UMBRAL CALCULUS

Let C be the complex number field and let F be the set of all formal power series
in the variable t:
ay € C} .

(2.1) { =Y /?k
k=0

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(z))
is the action of the linear functional L on the polynomial p(x), and we recall that the
vector space operations on P* are defined by (L + M|p(z)) = (L|p(z)) + (M|p(z)),
(cL|p(x)) = ¢(L|p(x)), where ¢ is a complex constant in C. For f(t) € F, let us
define the linear functional on P by setting

(2.2) (f@)|z") = an, (n=0).

In particular,

(2.3) <tk]a:"> =nld,x (n,k>0),

where 6y, ; is the Kronecker’s symbol.

For fu(t) = 00 L0k we have (fo(t)ja™) = (Lle™). That is, L = f1(t).
The map L — fr(t) is a vector space isomorphism from P* onto F. Henceforth,
F denotes both the algebra of formal power series in ¢ and the vector space of all
linear functionals on P, and so an element f(¢) of F will be thought of as both a
formal power series and a linear functional. We call F the umbral algebra and the
umbral calculus is the study of umbral algebra. The order O( f (t)) of a power series
f(t)(# 0) is the smallest integer k for which the coefficient of t* does not vanish. If
O(f(t)) =1, then f(t) is called a delta series; if O(f(t)) =0, then f(t) is called an
invertible series. For f(t),g(t) € F with O(f(t)) =1 and O(g(t)) = 0, there exists
a unique sequence s, (z) (degsy(z) = n) such that (g(t)f(t)*|sn(z)) = nlé,, for
n,k > 0. Such a sequence s, () is called the Sheffer sequence for (g(t), f(t)) which

is denoted by s, (z) ~ (g(t), f(t)).
For f(t),g(t) € F and p(z) € P, we have

(2.4) (FBg@®lp(x)) = (FBD)lgt)p(z)) = (g(B)]f (t)p(x))

and

(2:5) £ = (F0) B o) = 3 (o)) &

k=0 ’ k=0

Tk
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([8, Theorem 2.2.5]). Thus, by (2.5), we get

k €T
(26) ple) = pa) — L2

Sheffer sequences are characterized in the generating function ([8, Theorem 2.3.4]).

Lemma 2.1. The sequence s, (x) is Sheffer for (g(t), f(t)) if and only if

and eY'p(z) = p(z +y).

1 eyf(t) _ Sk(y) tk (y e C) ,

g(f(t)) = k!

where f(t) is the compositional inverse of f(t).

For s,(z) ~ (g(t), f(t)), we have the following equations ([8, Theorem 2.3.7,
Theorem 2.3.5, Theorem 2.3.9]):

(27) F(0)sn(x) = nsnr(z) (n>0),

(2.8) sule) = 32 5 (o(70) ™ Fey o)
=0

(2.9) oo+ =3 ( j)sj@c)pn_j(y) |

where p,,(z) = g(t)sn(x).
Assume that p,(z) ~ (1, f(t)) and g,(x) ~ (1,g(¢)). Then the transfer formula
([8, Corollary 3.8.2]) is given by
ft)

i) =< (1) e pato) 1)

For s (x) ~ (g(t), f(t)) and r(z) ~ (h(t),1(t)), assume that

m=0
Then we have ([8, p.132])
210 o =y {20

3. MAIN RESULTS

From (1.1), we see that Dk (z) is the Sheffer sequence for the pair

<g(t) = <6tt; 1>r Lif:(_t) ft) = el — 1) .
So,

31) D) ~ <<ette_t 1>’” Lifkl(—t) - 1) '
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Remark 3.1. lA)?(fk)(:c) will be called the higher-order Daehee of the second kind

and poly-Cauchy of the second kind mized-type polynomials. When x = 0, f)f{"”“) =

Dﬁf’k)(O) are called the higher-order Daehee of the second kind and poly-Cauchy of
the second kind mized-type numbers.

3.1. Explicit expressions. First, we express 137(:’]9) (z) in terms of the Stirling
numbers of the first kind and the higher-order Bernoulli polynomials, poly-Cauchy
numbers of the second kind and poly-Cauchy polynomials of the second kind.

Bernoulli polynomials B (x) of order r are defined by

(see e.g. [8, Section 2.2]).
Theorem 3.2.
33 DUP@ =33 Simm) (;Ei(gl B+ 1),

(34)  DIM(x) =

(3.5) 3 (M El: (’;) ( Tfl > Si(n — l,j)@ﬁg)ﬁ{ﬂm) 2 |
| (

Proof. Denote (), the falling factorial defined by (), = z(x —1)---(x —n + 1)
(n > 1) with (2)p = 1. Notice that

(3.8) (et; 1) Lifkl(_t) DM (z) ~ (1,€! = 1),
(3.9) (@) =Y Si(n,m)az™ ~ (1L,e" - 1),
m=0

where S1(n,m) are the Stirling numbers of the first kind.
So,

el —

n tet r . .
= Z Si(n,m) ( — Lify(—t)x
o et —1

D) - (4 1)r Lifi(—)(z)n
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= Zn: Si(n,m) <ette_t 1>T

m=0
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m=0 =0
I N S (I
_mzosl(’ ); (I + 1)k <et
N — (DY) o
_mZ::OSl(n,m)lz; (l+1)lk B, (x+7)
N\ (=D'(7)

n m _1\ym—l
= ZZSl(n,m)i( D" )B(r)(a:—kr)

(m—1+1)F

So, we get the identity (3.3).
Next, we shall use the conjugation formula (2.8) for (3.
and

(F() " ((1+t)ltn(1+t)> Lify(— In
)

t) In( 1+t>

we get

(t ()

Lify (— In(1 + 1)) (In(1 + £))’

Iﬁk m1+t’
l:O

<<1+tm1+t noJ
n—j .

71+ 7, 9) ()i

~

s (l+J)
1+t)In(1+8)\",.
X << - > Lify(—In(1+ 1)) |z

i .
' wn—l—j

j! .. ' > A(T’k)i
(l+j)!51(l+]a])(n)l+J <§Di p

n—Il—j

1). Since f(t) = In(1+¢)

(1+1)),

m">

S+ " >

)
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—i (;( )sl (n—1 g)Df“’”) 2

which is the identity (3.4).
In another direction, we have

g .
= 3 (Zij)!sl(l‘F],J)(”)lﬂ
(W00 i, a4 a1
n—j i o
-3 (lij)!Sl(lﬂ,J)(n)m
L+ + 0\ |~ 0" i
()| )
n—j 5! nilij,\(k) 1
- 1=0 (Hj)!sl(lﬂ"])(n)Hj =0 ST
T+ +O)\" | pteim
X<< t ) o >

=0 m=0
y (L+) (A +)\" | im
t
H'E n n—1l—j k) — A | netmjem
= J! 4 m S1(l+J,5)cn D; 5‘1‘ !
=0 m=0 J i=0 '
= jl( )< >Sl(l+3 N, i,
=0 m=0 l+‘7 m B
n—j 1 n I N
= Zﬂ( )( )&(n—l,j)aﬁ,’?D,(”m-
l)\m
=0 m=0
Thus, we have the identity (3.5).
Next,

%

- <i D)’ >
=0
_ <<(1+t)1n(1+t)>TLifk(_ln(1H))(Ht)y

t

)
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< (1+%)In(1 )>T Lifk(—ln(1+t))(1+t)ya;”>
1+ 1) In( 1+t)> Z”:Aw) ti n>

1+t In( 1+t)) ( ) >
:l"OEl(k(y)<7><<(1+tln1+t> >
-3 (}) ()
=3 (7)o w.

Therefore, we have the identity (3.6).
Finally,

Il
/\/\/\

Lify (—In(1 +¢)) (1 4 t)Y x">

)
= <Lifk(—ln(1 +1)) ( (141)In(1 +t)>7“(1 +t)ya:”>

~

=0

Thus, we obtain the identity (3.7). O

3.2. Sheffer identity.
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Theorem 3.3.

(3.10) DOW (2 4 ) = Cﬁﬁﬁmmxwmg

Proof. We shall use (3.1) with

Pa() = (et; 1) Lifkl(—t) D) = @ ~ (¢ = D).

By (2.9), we get the identity (3.10).

3.3. Recurrence relation.
Theorem 3.4.
(3.11) DR (z 4+ 1) — DI® () = nDUH) (z) .

Proof. By (2.7) with (3.1), we have

(¢ = )DIH (@) = nDy ().
Namely, the identity (3.11) is obtained.
3.4. Recurrence.

Theorem 3.5.

A (r,k) . A(r, no (_1)m—l (m)
D) (x) = (z+r)DIM (@ - 1) - Tn;);&(n,m) (I+1)(m— I 1)k
x (B @+ ) = B (@ +7-1))
NN CEDU) o) -
(3.12) Z Z Si(n,m)B, " (x+r—1)

(14 2)k

§=0 I+
(3.13) S i CU) (n,m)B") (z+7r—1)
' m=0 1=0 (I+2)F o ! '
Proof. We shall use
(g
sunle) = (5= i) e

([8, Corollary 3.7.2]) with (3.1). By (
/
DU () = <$ A

n+1
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= zDUR(z—1) —e? gt D) ().

9()
Now,
g'(t) /
= (Ing(t
o) — (ot
= (rln(e" = 1) —rlnt —rt — lnLifk(—t))/
et 1 Lif} (—t)
s A T
B rtet —et+1 B Lif}. (—t)
tet — 1) Lifg(—t)

So, by (2.6) again,

Dy (@) = 2Dy (@ = 1) + rDIH) (@ 1)

n+1
(3.14) - et e D) - D B ).
Since t t
e ;i;rl %t+1—12t2_

el — et n m _1\ym—=l(m .
-~ ( Zsﬂn’m)(mlzu(f)lf?f ><x+r>>

0
n (_1 m—l(m tet — et + 1 ,
N Z ZSl(mm) (m—1 Jr(ll)2€ t(e! —Ir) B+ 7)

m=0 1=0
= iis (n,m) (=D)™'(7) te — €t+1Bl(i)1($+T)
- 1 ) _ t__
= (m—1+1)F e -1 [+1
n.o.m -1 m—1l(m t B(T) 4
— Zzsl("7m)( )" (T) o te 1 (@ +7)
== (m—1+1)F \et—1 [+1
= Zn:is (n,m) 0™ )Bfﬁl)(wﬂﬂ)
= WO m =1 1)k I+1

u (1)L B ( + 1)
Z:Sl(”’m)(m—lJrl) N

(3 15) = i is ( (_l)mil(T) B(r—i—l) 1 (r)
S ) G T —l+1)k< 1 (@t +d) =By

2001

(x + r))



2002 T. KIM, D. S. KIM, T. KOMATSU, AND S.-H. LEE

or by (3.4)
tet —et +1
(k)
-1y on @
tet —et +1 (nj <n> (r k))
= Si(n—1,7)D x?
t_ Z 1 ) !
t(et — 1) = \= l
n_/n—j t t
n AArk) et —e +1
= Si(n—1,7)D —_—— ]
=0 (l:o (l> | o ) tef —1)
n n—j t j+1
n Bk | (_te @
= —1.1)D -1
par (lzo <l>Sl(n 7.]) l ) (et_l >]+1
G T ~ A (k) j41
(3.16) =271 ;) Sin=1.5)D) (Bjy1(z +1) —2/t1) .
j=0 1=0

By substituting (3.15) and (3.16) into (3.14), respectively, using (2.6) we have
)

D (x) = 2D (@ — 1) + rDYP (x — 1)

m (_1)m—l (T) (r+1) (r)
. Tm:ozZ;SI(n’m) (I +1)(m—1+ 1) (Bl+1 (z+71)— Bz +7r— 1))
Lif) (—t) ~
_ et k D rk)
L @)
_ xl/i(lr,k) (x 1) + 7’5&’"”“) (x B 1)

A =
o
-~ ~
N
—
~_
.
—
=N
El
—
N
SN—
=)
55
=
&

I
i{\gE
o

n
U
—
S
s
)
3

we obtain
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So,

Lif} (1)

D(r.k) — - i (B
Lifk(—t) Dn ($) Z Sl(nvm)Llfk( t>Bm (.’E + T)

m=0

Altogether, we have
A(r,k n(r
DR (@) = (@ +r)D{M (z - 1)

m 1)ym—1 .
20251 n,m) l—i—(l)() —(ll_z 1)k (Bl(;lrl)(af +7) - Bl(+)1(37 +r- 1))
0

- Z((l{:é) )Sl(n m)Bf?:)_l(m—i—r—l)
=0
k

Mz —1)

3
]
o

Therefore, we obtain the desired results. Il

3.5. Differentiation.
Theorem 3.6.

-1
Tk
(3.17) % —nz l' Dl( )(z).

Proof. We shall use

%sn(az) = f (7) <f(t)|xn_l> si(x)
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00
= Z "
n—l
—1)m-t _
— Z <tm‘xn l>
= Z (n— 1)

= (—1)"_l_1(n—l— .

m 1tm

Thus,
d 5 = (n it N
- (@)=>_ | (n—1—1)!D,"" (z)
=0
n—1 n—
' ( 1) - 1D(T’k)

i D0 @)

=nl!
1=0
which is the identity (3.17).

3.6. A more recurrence relation.

Theorem 3.7.

N N 1~ N
D7(l7",k:)<l,) _ n .Z'D(T’k)(w _ 1) + r D(r—l,k:)(x) + LD(T—l,kz—l)(m)

(3.18) +—— 3 (1) () DI ().
=1

_ ((1 +1)In(1 +t>>rLifk(—ln(1 +t))(1 1)z

3
\_/\/

(<1+t)1tn(1+t)>TLifk(—ln(1+t)) L+t)Y ) |2~ 1>
— (at((lth)ltrl(lth))T) Lify (— In(1 + " 1>

(1+¢)In(1 +¢)

(-
(!

> (9yLif (—In(1+1¢))) (

(1+¢)In(1 +¢)
t

-
s

>TLifk(—1n(1 L) (@1 + 1)
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+ <<at <(1 +t) 1:(1 + t)>r> Lify,(— In(1 + £))(1 + )Y x”1>
+<<(1+t)ln(1+t) x”1>.

: ) (BLite (~ In(1 + 1)) (1 + 1)

Since

1+¢)In(l1+¢ 1 1
Q+Dh+e) 1, 1,

t 2 3
$n1>

(14t) In(1+¢)
t :L,n—l >

In(14+¢t)+1-

is a delta series,

<(8t ((1+t) ltn(l +t)>7"> Lify (— In(1 + £)) (1 + £)?

:T<<(1+t)1;1(1 _|_t))7“—1

Lif (—In(1 +¢))(1 4+ t)

‘ln(l—kt)—i-l—
t

1

:r<<(1+t)lf(”t)>r_ Lifi (~ (1 + ) (1 + 1)

(ln(1+t)—|—1— (1+t)1tn(1+t)) g;n>
- % <<(1 +1) 1tn(1 +t)>r_1Lifk(— In(1+¢))(1 +t)y‘
<ln(1+t) L) ltn(l”)) x">
- % <<(1 +1) 1tn(1 + t>>r1 Lify (—In(1 +¢))(1 +t)y’ In(1 + t)a:”>
+ % < <(1 ) ltn(l * t)>H Lify (—In(14¢)) (1 +¢)¥ :1:”>

((1 +t) 1;1(1 + t>>rLif,€(— In(1+1))(1+1)Y $n>

(
<(1 1) ltn(l +t>>rLifk(_1n(1 +0)(1+ 1)) 1itx“>
D
(
D

+ 3=

T )~ SDIP()

(L+7) 1:(1 + t)>rLifk(— In(1+¢))(1+ t)y‘ i(_l)lltlx">

=1

3

SIS _——~3 I3~ 313

_l’_
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- (T, " S(r— " S
(=)' (n), DM (y) + = DI=19 (y) — ZDIR)(y).

xn1>

" Lifg—1(—In(1 4+ t)) — Lif (— In(1 4 t)) .
I+ )i+ (1+1s 1>
xn—1>

+t)In(1+¢) > ! Lify_q (= In(1 +¢)) —Lifk(—ln(l—i—t))(
> Llfk 1(—=In(1 +1)) — Lify(— In(1 +t))xn_1>

3
S

In addition,

<<(1+t1n1—|—t> (8 Lify (—In(1 4+ 1)) (1 +t)¥
t)

1+¢)In(1+

1+t

+t)In(1+¢)

t
t

| (Litics (= (1 + 1)) — Lif (~ In(1 4 1) fj>

Lify_1(=In(1+¢))(1 +¢)¥

(
|
|
?

1+¢)In( 1+t)> -t

S
S
< + ) In(1 + ¢)
-

n

<<(1+t)ln( )>T_1Ljfk(—ln(1+t))(1+t)y

1~ 1
_ 7D(7”—1,k‘—l) =

~Dn (y) -
Altogether, we get

r ~ ~ r—1«~ 1~
1 o D(T,k) — D(T,k) -1 7D(7'71,k) 7D(T71,k71)
(1+2) D& () = yDIR (- 1) + =Dy (y) 4 (v)
r.k
+ = § : (), D" ().
Thus, we obtain the desired result. O

3.7. Relations including the Stirling numbers of the first kind.

Theorem 3.8. For1 <m <n—1,

5 (st -t

=0

n—m-—1
_r(m+1) n ~(r—1,k)
_,4;;;7T7 lio (l>fﬁ(n Lnl+])£h

r—1<=/n ~(r—1,k)
+ ntr ZZ; Z>S1(n l,m)Dl
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n—m N
Z ( ) m)Dl(r—l,k—l)
n +r

(3.19) bY (n—1—1,m—1)D"¥ (1.
n—i—r lz% ( )

Proof. We shall compute the following in two different ways:

<((1 +¢)In(1 + t>>r Lify, (= In(1 4 1)) (In(1 + )" |2
On the one hand,

t
<((1 +1) ln(l - t)>’“Lifk(—1n(1 +1)) (In(1+ )" $n>
_ <( (14 ) In(1 +t)> Llfk(—ln(1+t)))(1n(1 _|_t))m$n>

1 ) In(1 + ¢ ~ !
— +1)In(1 + )) Lify (— In(1 —i—t))’ 3 i mm)!Sl(l+m7m)tl+mq;n>
=0

=0

n—m n . Tk.
= ZZ; m! (l N m> Si(l+ m,m)Dn_l)_m
- S m <7> Si(n—1,m)D{"M

1=0

On the other hand,
<<(1 +1)In(1 + t)>r Lify,(—In(1 +¢)) (In(1 + 1))

"
t

<at <<(1 {1+ t)>r Lify (— In(1+ 1)) (In(1 + t))m>

t

<<8t ((1 +1)In(1 +t)>r> ity (— In(1 + ) ({1 4 )"

t

xn1>
xn1>
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+ <<(1 i) ltn(l - t)> (0:Lifg (—In(1 4+ ¢))) (In(1 +1))™
(320) 4 <((1 L ”)T Lify (= In(1 + ) (3 (In(1 +)"™)

The first term of (3.20) is

<(8t(1+tln1+t>?h ) i1 4 )"

1
((1+t)1tn(1+t)> Lify (= In(1 + 1)) (In(1 + )"

Eln(l—i—t)—l—l (1+t)1n(1+t)>xn>

xn1>
$”1> .

-

t
(1+t)In(1+t)\"

) B Lify (= In(1 + ) (In(1 + ¢))™ "

.
|
).

t

t

<(1—|—t)ln(1+t)

t

(
<<(1 +)In(1 + t)>?“1 Lify, (— In(1 4 ¢)) (In(1 + £))™
<

) Lif (—In(1 +¢)) (In(1 4 ¢))"|2"

Observe that

< Gl t>>” Lifi (~ In(1 + £)) (In(1 + )"

t

_ < <(1 +t) ltn(l + t)>H Lify (= In(1 + )| (In(1 + t))m+1x”>

- <<(1 +1) ltn(l +t)>“Lifk(_1n(1 +t))’

|

m+1)!
= Z (l(—i—r71—|—)l)!51(l+m+l’m+1)<n>l+m+l

y <<<1 I t))r—l Lify(~In(1 + 1)) ‘zn_l_m_1>

m+1)! 0o et
= Z (5(4‘7714‘)1)!Sl(l+m+1’m+1)(n)l+m+1<ZD§ 1 )536

= (m+1)!< )Sl(l—i-m—i-l,m—i—l)ﬁ(r_l_’k)_

n
l+m+1
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(m+1)! < )Sl(n—l m+1 )ﬁl(r_l’k)

)

<< +1)In(1 +¢) ) Lify,(— In(1 + £)) (In(1 + )™

= m! <Z>Sl(n—l,m)ﬁl(r’k).
=0
Thus,

)

<<at< (1+)n{1+1) ) >Lifk(—ln( £) (In(1 +0))™

(m+1)! ( >S1(n—l m+1)D(7" Lk)

n—m n 1
m!<l>81(n—l,m)Dl( LK)

The second term of (3.20) is
<< (1+8)In( 1+t> jLifp (—In(1+¢))) (In(1 +1¢))"™

@
(e

Lify_1 (—In(1 +¢)) — Lify (= In(1 +¢))
(1+¢)In(1+1¢)

_<<1+tln1+t 1

$n—l>
Lify_ 1( (1 + t)) Llfk( 111(1 + t)) xn1>
B ((1 +t)In(1 +t))’”1
N t

(1n(1 + £)™ Lify,_ (= In(1 + t))t— Lify, (— In(1 +t)) $n1>

= % <<(1 +t)1;1(1 H))H (In(1 +t))m(

(Lify—1 (= In(1 +t)) — Lify(— In(1 +t))) 2™)

xn—1>

(In(1+1)"™

(In(1+1)™

2009
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Lify—1 (= In(1 +¢)) (In(1 + ¢))™|2"

(5 )
< 1+tln1+t -t n>

€T
—m

1 +t1n1+t -1
n

Lify,(— In(1 +¢)) (In(1 +¢))"™

: 3‘?—‘/\

n—m

~(r—1,k-1) 1 ~(r—1,k)
m<l>5’1( —1,m)D, an'( > —1,m)D, .

=0 =0

1
The third term of (3.20) is
<<<1+t>““1+*)> Lify (= In(1 +#)) (3 (In(1 + )™ xm4>

_ << (1+)In(1 ) Lifk;(_ln(l+t))(1+t)—1’(1n(1+t))m1xn_1>
m<< (1+t)In(1 ) Lifk(—ln(1+t))(1+t)_1‘

n

Z Sl +m—1,m - 1)¢tm=tgn-l
(l+m— 1

1=0

N (m=D 1)

_mon+m—n5N+m Lm =1)(n = 1itm-1
n—m _ '

—m Mgl(l+m—1 m—1)(n—1)m1

1!

=0
00
Z (7, k i l-m
=0

n

—m _m( _1)< n-1 >Sl(z+m—1,m—1)f)( B (1)

l+m-—1

—m (m—1)!(”l )Sl(n—l—lm—l)D(rk)(—l).
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n—m
+ m! <n> Si(n —1, m)ﬁl(r_l’k)
n l
1=0
R - 5 (k)
- m!<l>51(n—l,m)Dl
1=0
IS n ~(r—1,k—1)
+— m! Si(n—1,m)D,
n [
1=0
LN (m Sy(n—1,m)D" P
n l ’ l

T
o

3

-1 A(r
+m (m—1)!<”l >Sl(n—l—1,m—1)Dl( k(1)
=

o

So, we complete to prove the result.

3.8. Binomial relations.

Theorem 3.9.
(3.21) DMy =3 <”>ﬁfj”jﬁb(x>m.

m
m=0

Proof. For (3.1) and (3.9), assume that Dk () =30 _o Crnm(2)m. By (2.10), we
have

Coom = % <<(1 +1) Itn(l O\ L o(=In(1 + 1))t" $n>
- % (1 tn +t)>rLifk(—ln(l +t))‘tmx">
_ (:;) <((1 +t) 1;(1 i ”)T Lify,(— In(1+ 1)) x”—m>
() (EP )
(Yo
Thus, we obtain the identity (3.21). 0

3.9. Relations with higher-order Frobenius-Euler polynomials. For A € C

with A # 1, the Frobenius-Euler polynomials of order r, i (x|A\) are defined by
the generating function

1-2\' Tt . (r) i
<et_A> e _;)Hn ()
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(see e.g. [2]).

Theorem 3.10.
(3.22)

HS) (2]A) ~ ((f:j) ,t) :

assume that DY) ()= _oCh mH (:L’|)\) By (2.10), we have

:

()
On,m=<( - - - #Lif (—In(1 +¢)) (In(1 4 ¢))™

m' In(1+t)
Tn(1Le)em (0

- 1 (1+¢)In(1+t)\"
_m!(l—/\)5<< t >

Lif (= In(1 +¢)) (In(1 + t))m’(l - A+ t)5$”>

n

= 2 (3=

j=0
X <<(1 ) 1:(1 ki t)> Lify, (— In(1 +¢)) (In(1 +¢))"™ a:"j>
1 n—m s n—j—m A( k)
= 1- —j—1,m)D™
S (e E (st
7=0 =
n—mmn—m—j .
=2 2 <) (n z ]> (m);(1 = X) 781 (n—j = Lm) D"
=0 1=
Therefore, we obtain the identity (3.22). O

3.10. Relations with higher-order Bernoulli polynomials. We denote by

El(r’k) () higher-order Cauchy of the second kind and poly-Cauchy of the second
kind mixed-type polynomials, whose generating function is given by

t
((1 +t)In(1+¢)
Theorem 3.11. If s > r, then

(3.23) Dk zn: (g( >51 n—1 m)Al(s’”’k)(s)> BE) ().
l

m=0

n

)Lifk(—ln(1+t )(1+ 1) ZA”“ ) (k€ Zs).
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If s=r, then

(3.24) DR () = i (n_m (?) Si(n — z,m)é/“)(s)> B (x).
m=0 =

If s <r, then -

(3.25) PRy = S (m (7) Sin—1, m)ﬁﬁs”“)(s)) B ().
m=0 \ [=0

Proof. For (3.1) and

assume that DY ) =y Cn,mBy(,sL) (x). By (2.10), we have
ln(l+t) 1
1 CIn(14t) . m|_n
= < R Llfk(— In(1+¢))(In(1+1¢))" |2 >
ln l+t 61"(1+t)
1 n( m
L < In(1+) 1” Llfk(— In(1 + t))‘(ln(l +1)) :z”>
m!
1+t in 1+t)
1 n m
== < DL “*t _Li fk(—ln( 1) (1 +1)°|(In(1 + 1)) x”> .
(1+t ln 1+t)
If s > r, then
C ! ! HL‘f (—=In(1+1))(1+1)°
nm — .y 1 —1in
m! 1 Tt)In(l + 1) F
51 I+ m,m)tH ™ ”>
1=0
= Z —y S+ mym)(n)im
. : _ S|, .n—l—-m
<< 59 In1+t)> Lify (—In(14+¢)) (1 +¢)°|z >

I
M

> (1 4+ m,m)A"" P ()

l—m

T
30

(7) Si(n—1,m) AR (s) .
=0

Thus, we get the identitiy (3.23).
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If s = r, then
Cnm = 7711' <Llfk(—ln( ))(1 + ) (1n(1 +t))mx">
-y (l+}WD‘S1U—+7n,nﬂ(n)H7n<IAfk( 1n(1_%t))(14_tr;xnfkﬂn>
1=0 :
w1 <
— (I+m) S1(L4m,m) (1) 14 <iz(;cik (s)ﬁ‘ ! >

Thus, we get the identitiy (3.24).

If s < r, then
Crom = % <<(1 +1) 1:(1 t t))r_s Lify (—In(1+1¢)) (1 +¢)*|(In(1 + t))mx”>
n—m 1

= 5 m) ——=S1(l+m,m)(n)i4m

s xnlm>

=0
_ ( l)Sl(n —1,m)D{" M (s) .

=0
Thus, we get the identitiy (3.25). O

o~
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