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ABSTRACT. In this paper, we first introduce the concept of Levitin-Polyak well-
posedness of generalized variational inequality with generalized mixed variational
inequality constraint(for short,GGVI) in Banach space. We establish some metric
characterizations of Levitin-Polyak well-posedness for GGVI. Finally, we derive
some conditions under which the GGVI is Levitin-Polyak well-posed.

1. INTRODUCTION

In 1966, Tykhonov [21] first gave the well-posedness of a minimization prob-
lem, which has been known as Tykhonov well-posedness. Roughly speaking, the
Tykhonov well-posedness of a minimization problem means the existence and unique-
ness of minimizers, and the convergence of every sequence toward the unique min-
imizer. In many practical situations, there are more than one minimizers for a
minimization problem. In this case, the concept of Tykhonov well-posedness in the
generalized sense was introduced, which means the existence of minimizers and the
convergence of some subsequence of every minimizing sequence toward a minimizer.
Clearly, the concept of well-posedness is motivated by the numerical methods pro-
ducing optimizing sequences. Because of its importance in optimization problems,
various concepts of well-posedness have been introduced in past decades. For de-
tails, we refer the readers to [24-26] and the references therein.

The Tykhonov well-posedness of a constrained minimization problem requires
that every minimizing sequence should lie in the constraint set. In many practical
situations, the minimizing sequence produced by a numerical optimization method
usually fails to be feasible but gets closer and closer to the constraint set. Such a
sequence is called a generalized minimizing sequence for constrained minimization
problems. To take care of such a case, Levitin and Polyak [13] strengthened the
concept of Tykhnov well-posedness by requiring the existence and uniqueness of
minimizer, and the convergence of every generalized minimizing sequence toward the
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unique minimizer, which has been known as Levitin and Polyak (for short, LP) well-
posedness. There are a very large number of results concerned with Tykhonov well-
posedness, LP well-posedness and their generalizations for minimization problems.
For details, we refer the readers to [2,13,15,21,24,25].

In recent years, the concepts of well-posedness have been extended to other
contexts: equilibrium problems, variational inequalities, inclusion problems and
fixed point problems [1,3-9,12,14,16, 19,20, 22,23]. For Tykhonov well-posedness,
Lemaire [12] discussed the relations among the well-posedness of minimization prob-
lems, inclusion problems and fixed point problems. In the setting of Hilbert space,
Fang, Huang and Yao [5] proved that under suitable conditions the well-posedness
of a general mixed variational inequality is equivalent to the existence and the
unique of its solution. They also considered the relations of the well-posedness of
mixed variational inequality, the corresponding inclusion problem and a correspond-
ing fixed point problem. Recently, Ceng and Yao [3] derived some results for the
well-posedness of the generalized mixed variational inequality, the corresponding
inclusion problem and the corresponding fixed point problem.

Furthermore, Hu and Fang [8] considered the Levitin-Polyak well-posedness of
general variational inequalities in R™. They derived a characterization of the LP
well posedness by considering the size of LP approximating solution sets of general
variational inequalities. They also proved that the LP well-posedness of general
variational inequalities is closely related to the LP well-posedness of minimization
problems and fixed point problems. Finally, they showed that under suitable con-
ditions, the LP well-posedness of general variational inequality is equivalent to the
uniqueness and existence of its solution. Li and Xia [14] derived some results for
the Levitin-Polyak well-posedness of the generalized mixed variational inequality,
the corresponding inclusion problem and the corresponding fixed point problem.

Our attention here will be focused on the following generalized variational in-
equality with generalized mixed variational inequality constraint problem associated
with (F,G, ¢, K) (denoted by GGVI(F,G, ¢, K)):

find x € Q and u € F(z) such that

(u,z —y) <0, Vye,

where Q £ {x € K : 3v € G(z) such that (v,z—y)+¢(z) —p(y) <0, Vyec K}. X
is a real reflexive Banach space with its dual X* and K be a nonempty, closed and
convex subset of X. F,G : X — 2X" are two set-valued mappings, and ¢ : X —
R U {+o0} is a proper, convex and lower semicontinuous function.

The GGV I(F,G, ¢, K) is commonly referred to as of bilevel (or hierarchical)
type, because the set of constraints ) itself is given as a subproblem. A large
variety of problems can be as special instances of problem GGV I(F,G, ¢, K). For
example, if G = 0 and ¢ = 0, the GGVI(F,G, ¢, K) reduces to the following
generalized variational inequality problem: find x € K and u € F(z) such that

(u,r —y) <0, VyecK.

If f: X — R be a Gateaux differentiable function (over an open set containing
K). Special instances of GGVI(F, G, ¢, K) are given below:
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When F = Vf and G = 0, the GGVI(F,G, ¢, K) reduces to the bi-level mini-

mization problem:

min  f(z).

rEargmin ¢

When FF = Vf, ¢ = 0, K = R?} and G is a single valued mapping, the
GGVI(F,G, ¢, K) reduces to the following M PCC:

f(=),

min
>0, G(z)>0, (z,G(z))=0

which enters the class of problems considered in [10].

Recently, Maingé [17] has constructed an efficient algorithm for solving
GGV I(F,G, ¢, K). However, to the best of our knowledge, there is no a result con-
cerning the LP well-posedness for GGV I(F, G, ¢, K). Therefore, it is worth studying
implementable results for the Levitin-Polyak well-posedness of the GGV I(F, G, ¢, K).

Motivated and inspired by the research work going on this field, we extend the
notion of Levitin-Polyak well-posedness to the GGV I(F, G, ¢, K) in Banach spaces,
and give some characterizations of its Levitin-Polyak well-posedness. We also derive
some conditions under which the GGVI(F, G, ¢, K) is Levitin-Polyak well-posed.

2. PRELIMINARIES

Let X be a real reflexive Banach space with its dual X* and K be a nonempty,
closed and convex subset of X. Let F,G : X — 2% be two set-valued mappings,
and let ¢ : X — RU {400} be a proper, convex and lower semicontinuous function.
Denote by dom¢ the domain of ¢, i.e.,

dom¢p ={zx € X : ¢p(x) < +00}.

In this paper we always assume that dom¢ (K # 0. Consider the following
GGVI(F,G, ¢, K) problem:

find z € Q and u € F(z) such that
(u,z—y) <0, VYyeQ,
where
Q2 {rc K: e G(x) such that(v,z — y) + ¢(z) — ¢(y) < 0,Vy € K}.
First, we give some definitions and lemmas.

Definition 2.1. A nonempty set-valued mapping F : X — 2% is said to be
monotone, if for all z,y € X, u € F(x),v € F(y),

(u—v,z—1y) >0.

Definition 2.2. Let A, B be nonempty subsets of Banach space X. The Hausdorff
metric H(-,-) between A and B is defined by

H(A, B) = max{e(4, B), e(B, )},
Where e(A, B) = sup,e 4 d(a, B) with d(a, B) = infyep ||a — b]|.
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Lemma 2.3 (Nadler’s Theorem [18]). Let (X, || - ||) be a normed vector space and
H(-,-) be the Hausdorff metric on the collection CB(X) of all nonempty, closed and
bounded subsets of X. If U and V lie in CB(X), then for any e > 0 and anyu € U,
there ezists v € V' such that ||lu —v|| < (14 ¢)H(U,V). In particular, whenever U
and V' are compact subsets in X, one has ||[u—v| < H(U,V).

Definition 2.4 ( [3]). A nonempty compact-valued mapping F : X — 2% is said
to be
(i) H-semicontinuous, if for any =,y € X, the function t — H(F(x + t(y —
x), F(x)) from [0,1] into R* = [0, +00) is continuous at 07, where H(,) is
the Hausdorff metric defined on CB(X).
(ii) H-uniformly continuous, if for all € > 0 there exists 6 > 0 such that for all
x,y € X, with ||z — y|| < J, one has H(F(z), F(y)) < €, where H(-,-) is the
Hausdorff metric defined on CB(X).

Definition 2.5. Let X and Y be two topological spaces and x € X. A set-valued
mapping F : X — 2V is said to be upper semicontinuous (for short, w.s.c) at z, if
for any neighbourhood V' of F(z), there exists a neighbourhood U of x such that
F(y) cV,VYyeU. If F is us.c at each point of X, we say that F' is u.s.c on X.

Definition 2.6 ( [11]). Let A be a nonempty subset of Banach space X. The
measure of noncompactness u of the set A is defined by

n
u(A) =inf{e >0: A C UAi,diamAi <ei=1,2,...,n},
i=1
where diam means the diameter of a set.

The following Proposition is a special case of Lemma 2.2 in Ceng and Yao [3].

Proposition 2.7. Let K be a nonempty, closed and convex subset of Banach
space X and F : X — 2% be a nonempty compact-valued mapping which is H-
hemicontinuous and monotone. Let ¢ : X — R U {+oc} be a proper and convex
function. Then for a given x € K, the following statements are equivalent:

() there exists u € F(x) such that (u,z —y) + ¢(x) — ¢(y) <0, Vye K;
(ii) (v,z—y) +o(x) —d(y) <0, Vye K, veF(y).
We first prove the following Proposition which is the key Proposition of this

paper.
Proposition 2.8. Let K be a nonempty, closed and convex subset of Banach space
X. Let F, G : X — 2% be nonempty compact-valued mappings which are H-
hemicontinuous and monotone, respectively. Let ¢ : X — R U {400} be a proper
and convex function. Let S be the soluton set of problem GGV I(F,G, ¢, K). Then

for a given z* € K, x* € S if and only if there exists u € F(z*) and v € G(x*) such
that

* « *
(21) <U,CU - y> S 5”1‘ - yH27 Vy € Q7
and
* * « *
(2.2) (0,27 —y) + ¢(2%) = ¢(y) < S |l —yl*, VyeK,
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where o > 0 is constant.

Proof. If x* € S, it is easy to know that (2.1) and (2.2) hold. Conversely, for a given
x* € K, suppose (2.1) and (2.2) hold. Let y; = ty+(1—t)z* € K,Vy € K,t € (0,1).
It follows from (2.2) that
* % o %

(0,0 =) + 0(2") = dye) < S lla* —wel®, Wy € K.
We deduce that

(2" —y) + 6(2") = 3(y) < S ll2" —yl®, Vye K.
Let t — 0", we have

(v,2" —y) + ¢(z") — ¢(y) <0, VyeK.

Then z* € €.
Now, we will prove that 2 is a convex set. Indeed, for any z1, x2 € (2, there
exists u € G(x1) and v € G(z2) such that

(2.3) (a1 —y) +é(z1) —o(y) <0, VyeK,
and
(2.4) (v.ag —y) + d(z2) — P(y) <0, Vye€ K.

Let x = Ax1 + (1 — A)xa, VA € (0,1). It follows from (2.3) and (2.4) that
(2.5) Mu,z1 —y) + (1 =N (v,22 —y) + ¢(z) — p(y) <0, VYye K.

Since G is a monotone mapping, we obtain that

(2.6) (u,z1 —y) > (w,z1 —y), Yw e G(y),
and
(2.7) (v,29 —y) > (w,z2 —y), Yw € G(y).

(2.5)-(2.7) implies that
)\<1U,£L‘1 - y) + (1 - )\)<’w,$2 - y> + ¢($) - ¢(y) < 07 Vw € G(y)a Y€ K.
That is,
(w2 —y) + d(x) = d(y) <0, YweGy), y€ K.
By Proposition 2.7, we know that there exists r € G(x) such that
(rz—y)+o(x) —dy) <0, VyekK.

This implies that = € (2. So, 2 is a convex set.
Now, for any y € Q, t € (0,1), let y; = ty + (1 — ¢)z*. Since z* € Q and 2 is a
convex set, we know that y; € Q. It follows from (2.1) that

ta
e —y) < Dl — gl Wyen.

Let t — 0T, we obtain that there exists u € F(2*) such that
(2.8) (u,z* —y) <0, VyeQ.
By z* € Q and (2.8), we deduce that * € S. The proof is complete. O
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3. LEVITIN-POLYAK WELL-POSEDNESS OF GGV I(F,G, ¢, K)

In this section, we extend the concepts of Levitin-Poylak well-posedness to the
problem GGVI(F,G, ¢, K) and establish its metric characterizations. In the se-
quel, we always denote by — and — the strong convergence and weak convergence,
respectively. Let a > 0 be a fixed number.

Definition 3.1. A sequence {z,} C X is said to be an Levitin-Polyak(for short,
LP)a-approximating sequence for GGV I(F,G, ¢, K), if there exist w, € X with
wy, — 0 and 0 < ¢, — 0 such that =, + w, € K for all n € N, and there exists
un € F(xy,), vy, € G(x,) such that

(67
(3.1) (Un, 2 —y) < 5”5371_9“2‘1’57“ Vy € Q,n € N,

and
(3.2) z, € domo, (v, zn—2)+d(xn)—@(2) < %Hxn—zHQ—l—en, Vze K,n € N.

Definition 3.2. We say that GGV I(F, G, ¢, K) is strongly (resp., weakly) LP a-
well-posed if GGV I (F, G, ¢, K ) has a unique solution and every LP a-approximating
sequence converges strongly (resp., weakly) to the unique solution.

In the sequel, strongly (resp., weakly) LP 0-well-posed is always called as strongly
(resp., weakly) LP well-posed. If oy > ag > 0, then strongly (resp., weakly) LP
ag-well-posed implies strongly (resp., weakly) LP ag-well-posed.

Definition 3.3. We say that GGV I(F, G, ¢, K) is strongly (resp., weakly) LP a-
well-posed in the generalized sense if GGV I has nonempty solution set S and ev-
ery LP a-approximating sequence has subsequence which converges strongly (resp.,
weakly) to some point of S.

In the sequel, strongly (resp., weakly) LP 0-well-posed in the generalized sense is
always called as strongly (resp., weakly) LP well-posed in the generalized sense.

To derive the metric characterizations of LP «a-well-posedness, we consider the
following approximating solution set of GGV I(F, G, ¢, K): for any ¢ > 0,

Ay(e) ={x € dom¢ : d(z,K) < ¢,3u € F(x),v € G(z) s.t. for all y €
(u,z —y) < %Hﬂf—yllgﬂ%’ (v,2 = 2) + ¢(x) — ¢(2) < %llx—zllgﬂ%ﬁz € K}.

Theorem 3.4. Let K be a nonempty, closed and convex subset of X. Let F,
G : X — 2% be nonempty H-hemicontinuous, compact-valued and monotone
mappings, respectively. Let ¢ : X — R U {+oo} be a proper, convex and lower
semicontinuous functional. Then GGV I(F,G, ¢, K) is strongly LP a-well-posed if
and only if

(3.3) Ay (€) # 0,Ve > 0 and diam(Ay(€)) — 0 as € — 0.

Proof. Suppose that GGV I(F, G, ¢, K) is strongly LP a-well-posed and z* € ) is
the unique solution of GGVI(F,G, ¢, K). It is obvious that z* € A, (€) # 0, for all
€ > 0. If diam(Ay(€)) does not converge to 0 as € — 0, then there exists [ > 0 and

0<e,—0and {xg)}, {xg)} with xg), azg) € A, (€y) such that
(3.4) 2D — 2@ > 1, vneN.
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Since 2\ € Ay (€en), by the definition of A, (e,), we have

n o

1
dzV K) < en < en 4 —,
n

and there exists u,, € F(:Ly(@l)), vy € G(CL’S)) such that

(0%
<un7$$zl) - y> < §||x$zl) - y||2 + €n, Vy € Q7

vyl = 2) + 9(wl)) = 6(2) < Flal) — 22+ en, ¥z € K.

Since K is closed and convex, then there exists 7o) € K such that Ha:%l) —z | <

€+ 2. Let w, = ) — CL‘S), then we have w, + zi) = 7o) € K and lwn| =

Ha?,(ll) — 51(11)” — 0 as n — oo. This implies that w,, — 0. Thus, {x%l)} is an LP
approximating sequence for GGVI(F,G, ¢, K). By the similar argument, we get
{xg)} is an LP approximating sequence for GGV I(F,G, ¢, K). So they have to
converge strongly to the unique solution of GGVI(F, G, ¢, K) which is a contradic-
tion to (3.4).

Conversely, suppose that condition (3.3) holds. Let {z,} C X be a LP a-
approximating sequence for GGVI(F,G, ¢, K). Then there exists w, € X with
w, — 0 such that z, + w, € K, and there exists 0 < e; — 0, u, € F(xy,),
vp, € G(xy,) such that

(07 ’
(3.5) (un, on = y) < Sllwn —yll* + €, VyeQneN.

(3.6) x, € doma, (vn, Ty — 2) + d(20) — P(2) < %Hxn —2|*+€, VzeKneN.

Since x, + w, € K, then there exists T, € K such that x, +w, = T,. It is easy
to see d(zn, K) < |2y — Tpl| = [Jwn|| — 0 as n — co. Set €, = max{e,,, [[w,||}. We
deduce that x, € Ay(en). By (3.3), we get {z,} is a Cauchy sequence and so it
converges to a point T € K.

Now, we will prove that T € K is a solution of GGVI(F,G, ¢, K). Since G is
monotone and ¢ is lower semicontinuous, it follows from (3.6) that for any z € K,
veG(z),

(0,7 =2) +9(@) —¢(z) < HminH{{v, 20 = 2) + dlen) — $(2)}
< liminf{(vn, 2y — 2) + $zn) — #(2)}
< timint(S e, =l + €.}

(3.7)

@ 2
=)

For any z € K, let z; =T+ t(2z —T) for all t € [0, 1]. Since K is a nonempty, closed
and convex subset, this implies that z; € K. Then, (3.7) implies that

(0, T — 2) + O(T) — d(z1) < S|T— 2)|%  Vor € G(z).
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Since ¢ is convex,
¢
(3.8) (v, T — 2) + ¢(T) — d(2) < %Hf — 2%, Vo eG(n), z€K.

Since G is a nonempty compact-valued mapping which is H-hemicontinuous. Ac-
cording to Lemma 2.3, for each fixed v; € G(z) and each t € (0,1), there exist
rt € G(T) such that ||v; — || < H(G(z), G(T)). Since G is H-hemicontinuous, one
deduces that ||vy — || < H(G(2:),G(Z)) — 0 as t — 0. Since G is compact-valued
mapping, without loss of generality, we may assume that r; — r € G(Z) as t — 0T
Thus, we deduces that

loe — 7|l < v —rell + ||re — 7| < H(G(2),G(Z)) + ||t — 7] = 0ast— 0.
This implies that v; — r as t — 0%. It follows from (3.8) that
(r,T—2z)+¢(T) —p(z) <0, VzeK.
So T € Q. Since F' is monotone, it follows from (3.5) that for any y € Q, u € F(y),

IN

hnnigo}f{@lm Tn —Y)}

IN

P o ’
lim inf{ -l — y* + €}

«,
-yl
For any y € Q, let y, = T+ t(y — ) for all ¢t € [0, 1]. By the proof of Proposition

2.8, we know {2 is convex set. So, we deduce that y; € ). By the similar arguments,
we have that there exists s € F/(T) such that

(5,7 —y) <0, VyeQ

This implies that T is a solution of GGV I(F, G, ¢, K).

To complete the proof, we need only to prove that GGV I(F, G, ¢, K) has a unique
solution. Assume by contradiction that GGVI(F, G, ¢, K) has two distinct solution
x1 and x9. Then it is easy to see that z1,22 € Ay (€) for all € > 0 and

0 < ||lz1 — x2|| < diam(Ay(€)) — 0,
which is a contradiction to (3.3). The proof is complete. O

Theorem 3.5. Let K be a nonempty, closed and convex subset of X. Let F,
G : X — 2X7 be nonempty upper semicontinuous, compact-valued and monotone
mappings, respectively. Let ¢ : X — R U {+oo} be a proper, convex and lower
semicontinuous function. Then GGV I(F,G, ¢, K) is strongly LP a-well-posed in
the generalized sense if and only if

(3.9) An(e) #0, Ve >0 and u(Ay(e)) — 0 as e — 0.

Proof. Suppose that GGV I(F,G, ¢, K) is strongly LP a-well-posed in the general-
ized sense. Let S be the solution set of GGVI(F, ¢, K). Then S is nonempty and
compact. Indeed, let {z,} be any sequence in S, then {z,} is a strongly LP «-
approximating sequence for GGVI(F, G, ¢, K). Since GGV I(F,G, ¢, K) is strongly
LP a-well-posed in the generalized sense, {x,} has a subsequence which converges
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strongly to some point of S. Thus S is compact. It is obvious that Ay(e) DS # 0
for all € > 0. Now we show that

u(Aq(€)) = 0 as e — 0.
Observe that for every € > 0,
H(Au(€),S) = max{e(Ay(€),5),e(S, An(e))} = e(Aq(e), 5).
Taking into account the compactness of S, we get
u(An(e)) <2H(Aq(€),S) +u(S) = 2e(Aq(e), S).
To prove (3.9), it is sufficient to show that
e(Ay(€),S) — 0 as e — 0.

Indeed, if e(A,(€),S) does not converge to 0 as € — 0, then there exist [ > 0 and
{en} C RT with €, — 0, and x,, € Ay(e,) such that

(3.10) xn ¢ S+ B(0,1), VneN,
where B(0,1) is the closed ball centered at 0 with radius [. By the definition of
Ay (en), we know d(xy,, K) < €, < €, + %, and there exist u,, € F(x,), v, € G(z,)
such that o
(tn, 2 —y) < 5”5”71 —ylP+ e, VyeQ,
and o
(Uns T — 2) + O(xn) — 0(2) < EHa:n — 2|+, VzeK.

Thus, there exists Z,, € K such that || T, — z,|| < e, + % Let w,, = T,, — . Then
we have w,, + x,, € K with w,, — 0. Thus {z,} is an LP a-approximating sequence
for GGVI(F,G,¢,K). Since GGVI(F,G, ¢, K) is strongly LP a-well-posed in the
generalized sense, there exists a subsequence {z, } of {z,} which converges to some
point of S. This contradicts (3.10) and so

e(Aq(€),S) = 0ase— 0.

Conversely, assume that (3.9) holds. We first show that A,(e) is closed . Let
{zn} C Ay(€) and z,, — x as n — oco. Then there exists u, € F(x,), v, € G(xy)
such that d(z,, K) < e and

(3.11) (Un, Tp —y) < %Hxn—yHQ—{—e, Yy e Q,neN,

(3.12) (Un, Tn — 2) + ¢(xn) — ¢(2) < %Hmn —2|*+e, VzeK,neN.

Since F, G are nonempty upper semicontinuous and compact-valued mappings, there
exist sequences {uy, } of {u,}, {vn,} of {v,} and some v € F(z), v € G(x) such
that w,, — u and v,, — v, respectively. Therefore, it follows from (3.11), (3.12)
and the lower semicontinuity of ¢ that

«
(wr—y) < Sle—ylP+e Vyes,

and o
(v, — 2) + P(x) — @(2) < 5“:{3 — zHQ +e VzeK.



2096 F. Q. XIA AND C. F. WEN

It is easy to see d(z, K) < e. This implies that x € A,(€) and so A, (€) is nonempty
closed for all € > 0.
Now, we will prove

S={Aale).

e>0

Indeed, it is obvious that S C A,(¢), for any € > 0. On the other hand, if 0 < ¢; <
€9, it is easy to know that A,(e1) C Ay(e2). We deduce that

[ Aale) = lim A (e).

e>0

That is,
) Aale) = {2 € K : 3u € F(a),3v € G(a), (u,z — y) < %Hx —yl2, e
e>0
(0,0 = 2) +9(2) = 9() < Slle — 2%, ¥z € K}

By Proposition 2.8, we know that (..,Aa(e) C S. So, we obtain that S =

ﬂe>0 ACV(E)'
Since u(Aq(€)) — 0, the Theorem in page 412 of [11] can be applied and one
concludes that S is nonempty and compact with

H(Ao(e),S) = e(Aa(e), S) — 0 as e — 0.

Let {z,} C X be an LP a-approximating sequence for GGV I(F,G, ¢, K). Then
there exists w,, € X with w,, — 0 such that Z,,+w, € K, and there exist u,, € F(Z,),
Up € G(Z,) and 0 < €, — 0 such that

~ o~ a /
<Um$n—y>§§”1‘n—yu2+€m VyEQ,TLEN,

~ A~ —~ (67N ’
(Uny T — 2) + 0(T) — &(2) < §||xn —z|)? +¢€,, VzeK,neN.
Since 7,, + w, € K, there exists T, € K such that Z,, + w, = T,. It follows that
d(Zn, K) < ||Zp — ZTnl| = ||wn|| — 0 as n — oo.

Set €, = max{|wy|,€e,}. We get T, € Aqley). It follows from (3.9) and the
definition of A, (e,) that

d(Zn, S) < e(Au(€n),S) — 0 as n — oo.
Since S is compact, there exists p,, € S such that
pn — Znll = d(@n, S) — 0.

Again from the compactness of S, there exists a subsequence {py, } of {p,} which
converges strongly to p € S. Hence the corresponding subsequence {z, } of {Z,}
converges strongly to p € S. Thus, GGVI(F,G, ¢, K) is strongly LP a-well-posed
in the generalized sense. The proof is complete. Il
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4. CONDITIONS FOR LEVITIN-POYLAK WELL-POSEDNESS

In this section, we derive some conditions under which the GGVI(F, G, ¢, K) is
Levitin-Poylak well-posed in Banach spaces.

Theorem 4.1. Let K be a nonempty, closed and convex subset of X. Let F,
G : X — 2% be nonempty compact-valued mappings which are H-semicontinuous
and monotone, respectively. Let ¢ : X — R(J{+oo} be a proper, convex and
uniformly continuous functional. Then GGV I(F, G, ¢, K) is weakly LP well-posed
if and only if it has a unique solution.

Proof. The necessity is obvious. For the sufficiency, suppose that GGV'I (F, G, ¢, K)
has a unique solution z*. If GGVI(F,G, ¢, K) is not weakly LP well-posed, then
there exists an LP approximating sequence {z,} such that {z,} is not weakly
converging to x*. Thus, there exist w,, € X with w, — 0 and 0 < ¢, — 0 such that
ZTn +wy € K, and there exist u, € F(z,), v, € G(x,) such that

(4.1) (Un,Tp —Y) < €, YyeQneN,
and
(4.2) (Un, Ty, — 2) + d(zn) — d(2) <€, Vze K,neN.

Since x, + w, € K, there exists T,, € K such that z,, + w, = T,. Thus,
d(xpn, K) < ||zn — Tnl|| = ||wn|| = 0 as n — oo.

If {z,} is unbounded, then {Z,} is an unbounded sequence of K, without loss of
generality, we can suppose that ||z, | — +oo. Let

1

by = ————
B A

Zn =2+t (T, — 7).

Without loss of generality, we can suppose t, € (0,1] and z, — z(# 2*). Then we
have, for each y € K,v € G(y),

(v,z—y) = (v,2—2y) + (U, 2, —2") + (v, 2" —y)
= (v,2—2zp) +tn(v, Ty, — ™) + (v,2" — y)
= (v,2— zn) + (v, 2y + Wy — %) + (v, 2% — y)
(4.3) = (v,z—zn) +tp(v,zy —y) + (1 —tn) (v, 2% — y) + tp (v, wy).

Since z* is the unique solution of GGVI(F, G, ¢, K), there exist u* € F(z*), v* €
G(x*) such that

(4.4) (u*, " —y) <0, VYyeQ,

and

(4.5) Wzt —z)+¢o(z") —o(2) <0, VzeK.
Since G is monotone,

(46) (02" =) < WLT =g (0,50 —9) < (VT — ).

It follows from (4.2),(4.3), (4.5), (4.6) and the convexity of ¢ that, for all Vy € K
and v € G(y),

<U, Rz = y) < <U7 Z = Zn) + tn¢(y) - tn(b(xn) + tnén
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+(1 = tn)(d(y) — d(x")) + tn(v, wn)
= <U7Z - Zn) + ¢(y) [ n¢(xn) (1 - tn)¢(x*)]
+tnen + tn (v, wy)
= (v,z2—2z) +o(y) —
+inen + tr{v,wy)
(4.7) < v,z = 2zn) + O(Y) — d(2n) — [tnd(xn) — tnd(Tn)] + tnen + tn (v, wy).

Since ¢ is uniformly continuous, we have

[tnd(@n) + (1 = tn)p(2") + tnd(n) — tad(Tn)]

(v,z2—y)
< hnrglnf{@ 2= 2p) + 0(y) — ¢(2n) = [tnd(2n) — tnd(Tn)] + tnen + tn (v, wp) }
< ¢(y) — o(2)
This together with Proposition 2.7 implies that z € 2. For any y € Q, u € F(y),
(u,z —y)y = (u, zfzn>+<u Zn — %) + (u, 2 — y)
= (u, >+tn<uxn—x)+<u,m*—y>
= (u,z— zpn) + tp{u, zy + wy — %) + (u, 2 — y)
(4.8) = (u,z — zp) +tn{u,xn —y) + (1 — tp)(u, 2* — y) + tn(u, wy).
Since F' is monotone,
(4.9) (u,z* —y) < (u*, 2" — 1), (u,xn —y) < (Up,Tn —Y).

It follows from (4.1), (4.4), (4.8), (4.9) that, for all u € F(y),
(u,z —y) < (u,z — 2zn) + tpen + tn{u, wy).
We deduce that
(u,z—y) <0, Vye.

This together with z € Q implies that z is a solution of GGVI(F,G, ¢, K), a con-
tradiction. Thus, {x,} is bounded.

Let {zp,} be any subsequence of {z,} such that z,, — T as k — co. Clearly
T € K. It follows from (4.1), (4.2) that

<unk;y_l'nk>§€nk7 vyGQa
and
(Ung, 2 — Tny) + O(an,) — 0(2) < €, VzeK.

Since F, G is monotone, ¢ is convex lower semicontinuous, we have

(w,z —y) < hminf{(u, 2y, —y)} < Iminf{(un,, 2, —y)}

(4.10) < hkrgg.}fenk =0, yeQueF(y),
and
(0.7 = 2) +6(T) — $(2)} < Iminf{(v,zn, — 2) + $(an,) — 6(2)}
< liminf{(vn,, 2, = 2) + $(2n,) — 6(2)}

(4.11) < likminfenk =0, VzeK,veG(2).
—00
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This together with Proposition 2.8 yields that Z solves GGV I(F,G, ¢, K). Since
GGVI(F,G,¢,K) has a unique solution z*, we have T = z*. Thus z, — z*, a
contradiction. So GGVI(F,G, ¢, K) is weakly LP well-posed. The proof is com-
plete. O

Now, for any dp > 0, we denote M (dp) = {z € X : d(x, K) < do}. We have the
following result.

Theorem 4.2. Let K be a nonempty, closed and convex subset of X. Let F,
G : X — 2% be nonempty upper semicontinuous and compact-valued mappings,
respectively. Let ¢ : X — R|J{+oo} be a proper, convex and lower semicon-
tinuous function. If there exists some &y > 0 such that M (dp) is compact, then
GGVI(F,G, ¢, K) is strongly LP a-well-posed in the generalized sense.

Proof. Let {z,} be an LP approximating sequence for GGV I(F,G¢, K). Then
there exist 0 < e;l — 0 and w,, € X with w, — 0 such that

Ty + w, € K,
and there exist u,, € F(x,), v, € G(z,,) satisfying
(4.12) (Un, Tp —Y) < %Hfb‘n—yHQ‘i‘e;, VyeQ, neN,
and
(4.13) (vn, Tn, — 2) + P(xp) — P(2) < %Hxn —z?+e€, VzeK, neN.
Since x, + w, € K, there exists T,, € K such that z,, + w, = T,,. Thus,
d(xn, K) < ||zn — ZTnl| = ||wn|| — 0 as n — oo.

Set €, = max{e,,||wn|}, we can get d(z,, K) < €,. Since ¢, — 0 as n — oo,
without loss of generality, we can assume that {z,} C M(dp) for n sufficiently
large. By the compactness of M (dg), there exists a subsequence {z,, } of {z,} and
T € M(dp) such that z,, — Z. It is easy to see T € K. First, by the us.c. of G
at T and compactness of G(T), there exist a subsequence {v,, } of {v,} and some
v € G(T) such that v,, — ©. Since ¢ is lower semicontinuous, it follows from (4.13)
that

(4.14) (,7 — 2) + (@) — ¢(2) < %||Efz||2, Vz e K.
Similarly, by (4.12), we can deduce that there exists some @ € F(Z) such that
_ Q. 2
(4.15) .z -y < Sllz—yl", vye
It follows from (4.14), (4.15) and Proposition 2.8 that T solves GGVI(F,G, ¢, K).

Thus GGVI(F,G, ¢, K) is strongly LP a-well-posed in the generalized sense. The
proof is complete. O
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