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ABSTRACT. In this paper, we present the Lagrange duality for conical program-
ming problems with data uncertainty within the framework of robust optimiza-
tion. By using the infimal convolution of the conjugate functions, we give a new
constraint qualification which completely characterizes the stable Lagrange du-
ality for robust conical programming problems in real locally convex Hausdorff
topological vector spaces.

1. INTRODUCTION

Let X and Y be real locally convex Hausdorff topological vector spaces, C' C X
be a nonempty convex set. Let S C Y be a closed convex cone and S% the positive
dual cone of S. Let f : X — R := RU {400} be a proper convex function and
g : X — Y aproper S-convex mapping with respect to the cone S. The classic form
of conical programming problem in the absence of data uncertainty is the problem
(see for example [3,10,12-18] and the references therein)

inf  f(),
(P) st. zel, g(x) e -5,

and its Lagrange dual problem is

(D) sup inf {f(z)+ (Ag)(z)}.
res® T€C
It is well-known that the optimal values of these problems, v(P) and v(D), re-
spectively, satisfy the so-called weak Lagrange duality, that is, v(P) > v(D), but
a duality gap may occur (i.e., we may have v(P) > v(D)). A challenge in convex
analysis has been to give sufficient conditions which guarantee the Lagrange duality,
i.e.,, v(P) = v(D). Various sufficient conditions, and complete characterizations of
(P) in terms of the value function for the Lagrange duality have been given in the
literature (see [1-3,17,18,22,26,27] and the references therein). Especially, in the
case when f is lower semicontinuous (Isc in brief), g is star lsc and continuous at
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some point in the closed subset C', Jeyakumar and Li in [17] presented some con-
straint qualifications which completely characterize the Lagrange duality in Banach
spaces; and they established necessary and sufficient conditions for stable Lagrange
duality in [18] under the assumptions that C' = X and g is continuous.

Recently, mathematical programming problems under uncertainty have received
much attention (cf. [4-7,19,21,24] and the references therein). As mentioned in [19],
the study of convex programming problems that are affected by data uncertainty is
becoming increasingly important in optimization due to the reality of uncertainty
in many real-world optimization problems and the importance of identifying and
locating solutions that are immunized against data uncertainty. In particular, many
authors considered the following uncertain convex programming problem (cf. [4,19,
21,24] and the references therein),

inf  f(2),
(1.1) st gi(x,v) <0 Vu; €V i=1,...,m,
xzeC,

and its dual problems

(1.2) sup  inf {f(l‘) + i Aigi(z, vl-)},
i=1

Ai>0,0;€V; T€C

and

(1.3) sup inf sup {f(x) + i )\igi(azjvi)},
=1

A:i>0 zeC v; EV;

where f: R™ — R is convex, g; : R x R? — R, g;(-,v;) is convex and v; € R? is the
uncertain parameter which belongs to the uncertainty set V; C R?, i = 1,...,m.
Under some additional assumptions, they established the Lagrange duality and the
strong Lagrange duality between (1.1) and (1.2) and, between (1.1) and (1.3).

Inspired by the works mentioned above, we continue to study the conical op-
timization problem (P) but with data uncertainty in the constraints, that is, the
problem defined by

inf  f(x),
(UP) st. xeC, gu(x) € =5,

where u is the uncertain parameter which belongs to the set &/ and, for each u € U,
gy : X — Y is a proper S-convex mapping with respect to the cone S. The Lagrange
dual problem of (UP) is given by

(UD)  sup inf{f(x)+ Agu(z)}.
res® 2EC

Following [24], we study the Lagrange duality for the uncertain conical program-

ming problem (U P) by examining its robust counterpart, where the constraints are

enforced for every parameter u in the prescribed set U,

inf  f(),
(1.4) (RP) st. zelC, gy(z)e -5, Yuel, "’
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the optimistic counterpart of the uncertain Lagrange dual problem (UD)

(1.5) (OLD) sup sup inf {f(z) + (Agu)(2)},
AeS® ueld +€C

and the (standard) Lagrangian dual of the robust counterpart

(1.6) (RLD) sup inf Sup{f( )+ (Agu)(2)}.

AeS® TE
In particular, in the case when U is a singleton, problem (RP) is reduced to problem
(P) and problems (OLD) and (RLD) are coincided with problem (D). Moreover,
in the case when S = R} := {(z1,...,2m) € R" 1 z; > 0}, U = [[;~, V; and, for
each u = (uy,...,uy) € U, define the function g, : R™ — R™ by

gu(z) == (g1(z,u1), ..., gm(z,uy)) for each z € R™,

then problem (1.1) can be viewed as an example of (RP).

Clearly, the optimal values of these problems, v(RP), v(OLD) and v(RLD), re-
spectively, satisfy the so-called weak Lagrange duality, that is, v(RP) > v(RLD) >
v(OLD). The Lagrange duality between primal problem and dual problem, that
is, v(RP) = v(OLD) ( or v(RP) = v(RLD)), is a key ingredient of duality the-
ory, which often reveals deep information that is not explicit in the original prob-
lem. Recently, the strong Lagrange duality between (RP) and (OLD), that is,
v(RP) = v(OLD) and problem (OLD) has an optimal solution, was established
in [24] in the case when X = C, f is lsc and g, is continuous for each u € U.
Obviously, the strong Lagrange duality ensures the Lagrange duality. However, the
converse is often not true. In this paper, we focus our interest on the stable La-
grange duality between (RP) and (OLD) and, between (RP) and (RLD), that is,
the situation when for each p € X*,

(1.7) inf {f(z) = (p,2)} = sup inf {f(2) + Agu(z) = (p,2)},
z€ AeS® ue T€C

and

(1.8) inf {f(z) — (p,x)} = sup inf sup{f(x) + Agu(x) — (p,2)}.
ze Aes® TEC yel

Our main aim in the present paper is to give some new regularity conditions
which completely characterize the stable Lagrange dualities. In general, we do
not impose any topological assumption on C, U or on f and g,, u € U, that is,
C' is not necessarily closed, U is not necessarily compact and f, g,(u € U) are
not necessarily Isc. Most results obtained in this paper seem new and are proper
extensions of the known results in [17,18,21], in particular, even in the special case
when U is a singleton, our Corollary 4.4 and Theorem 4.5 improve the corresponding
results in [18, Theorem 3.1] and [17, Theorem 4.1], respectively; and our Theorem
4.5 extends and improves the result in [21, Theorem 3.1] for the uncertain convex
programming problem (1.1).

This paper is organized as follows. The next section contains some necessary no-
tations and preliminary results. In Section 3, a new regularity condition is provided
and several properties of this condition are given. The stable Lagrange dualities be-
tween (RP) and (OLD) and, between (RP) and (RLD), are obtained in Section 4.
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2. NOTATIONS AND PRELIMINARY RESULTS

The notation used in the present paper is standard (cf. [28]). In particular, we
assume throughout the whole paper that X and Y are real locally convex Hausdorff
topological vector spaces, and let X* denote the dual space, endowed with the
weak*-topology w*(X*, X). By (z*, x) we denote the value of the functional z* € X*
at © € X, ie. (z%,x) = 2*(x). Let Z be a set in X. The interior (resp. closure,
convex hull) of Z is denoted by int Z (resp. clZ, coZ). If W C X*, then clW
denotes the weak*-closure of W. For the whole paper, we endow X* x R with the
product topology of w*(X*, X) and the usual Euclidean topology.

The indicator function §z of the nonempty set Z is defined by

5(2) ::{ 0 x € Z,

400 otherwise.
Let f : X — R be a proper function. The effective domain and the epigraph of f
are respectively defined by dom f := {z € X : f(z) < +oo} and epi f := {(z,7) €
X xR: f(xz) <r}. As usual, the conjugate function f*: X* — R of f is defined
by
A (x*) :==sup{(z*,z) — f(x): x € X} for each z* € X™.

Clearly, f* is a proper convex lsc function and epi f* is weak*-closed. Moreover,
epi(af)* = aepi f* for any a > 0. The Isc hull, the lsc convex hull of f, denoted
respectively by clf and cl(cof), are defined by

epi (clf) = cl(epi f),
and
epi (cl(cof)) = cl(co(epi f)).
Then (cf. [28, Theorems 2.3.1(iv)]),
(2.1) ff=(clf)"=(cl(cof))* and [ <cl(cof)<clf<Hf.
By definition, the Young-Fenchel inequality below holds:

(2.2) f(z)+ f* (") > (x,2") for each pair (z,2%) € X x X*.
If g, h are proper functions, then

(2.3) epig* +epih* Cepi(g+h)",

and

(2.4) g<h=g">h*<epig" Cepih”.

Furthermore, the infimal convolution of g and h as the function glJh : X — R U
{£o0} is defined by

(4R (x) = inf {g(2) + hiar — 2)).
If g and h are proper and domg N domh # (), then by [28, Theorem 2.3.1(ix)], we
have that
(2.5) (g0OR)* =g" + h™.
Moreover, by definition,
(2.6) epig + epih C epi(gllh).
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Note that an element p € X* can be naturally regarded as a function on X in such
a way that

(2.7) p(z) := (p,x) for each x € X.

Thus the following facts are clear for any a € R and any function h : X — R:
(2.8) (h+p+a) (z*)=h"(z*—p) —a foreach z*e X%

(2.9) epi(h +p+a)* =epih” + (p, —a).

Let {fi : t € T} be a family of proper lsc convex functions on X, where T is an
arbitrary index set. The infimum and supremum function of the family {f; : ¢t € T'}
are denoted by inf;cr f; and sup,cr f; and are defined by

(tlgiﬁ fi)(x) = L}gzﬁ fi(xz) and (ilelg f)(x) == ilelilr) fi(x) for each z € X,

respectively. The following lemma will be useful in the sequel. In particular, state-
ment (i) is well known in [16,23] and statements (ii) and (iii) were used in [28, The-
orem 2.13(i)] and [23, (2.5)], respectively.

Lemma 2.1. Let T be an index set and let {f; : t € T} be a family of functions.
Suppose that the supremum function sup,cr fi is proper. Then the following state-
ments hold.

(i) epi(sup fi)f =cl (co U epift*).

teT
(i) epi (sup fr) = () epi fi.
€r ter
iii) (inf =su ; consequently, epi 1nf epi
( >(teTft> tepft q y, epi (inf fi)* ﬂ pi f{

teT

The following lemma is known in [28].

Lemma 2.2. Let g,h : X — R be proper convex functions satisfying dom g N
dom h # ().
(i) If g, h are lsc, then

(2.10) epi(g+ h)* =cl(epig” + epi h").
(i) If either g or h is continuous at some point of dom g N dom h, then
(2.11) epi(g*0h*) = epi(g + h)* = epig” +epi h".

3. REGULAR CONDITION FOR ROBUST CONICAL PROGRAMMING

Throughout this paper, let X, Y, Z be real locally convex Hausdorff topological
vector spaces, C C X be a nonempty convex set and U be a convex subset of Z.
Let S CY be a convex cone. Its dual cone S¥ is defined by

SP:={y*eY*: (y*,y) >0 foreach yec S}

Define an order on Y by saying that y <g z if y—x € —S. We attach a greatest ele-
ment oo with respect to <g and denote Y* := Y U{+o0}. The following operations
are defined on Y*: forany y € Y, y + 00 = 0o+ y = oo and too = oo for any ¢ > 0.
Let f : X — R be a proper convex function, and for each u € U, g, : X — Y*
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be S-convex in the sense that for every z,y € domg, := {x € X : g,(x) € Y} and
every t € [0,1],

gulte + (1 = t)y) <s tgu(z) + (1 = t)gu(y)
(see [16]). Also, we always assume that g, is proper for each u € U. Following
[12,23], we define for each A € S,

(A, gu(x)) if 2 € dom g,
400 otherwise.

(Agu)(2) := {

It is easy to see that g, is S-convex if and only if (Ag,)(-) : X — R is a convex
function for each A € S®. For each u € U, denote g, ' (—9) := {z € domg, : gu(z) €
—S} and set

D := m gt (=8) ={z € X : gu(x) € =S for each wucU}.
uel
Let A denote the solution set of the system {z € C: g,(z) € —S,u € U}, that is

A=CND={xeC:gy(x) e =S foreach wel}.

To avoid trivially, we always assume that A Ndomf # (). Let A € S®. Recall that
the supremum function of the family {Ag, : u € U} is denoted by sup, ;s Agu, that
is

(sup Agy)(z) := sup(Agy(x)) for each x € X.

uel ueld
Motivated by [17,21], we define the characteristic function ¢® : X* — R by
O (k) : * (K * *
)= inf (A x for each z* € X™.
@)= _inf (g (@)

Then, by definition, (Ag,)* > ¢° for each A € S% and u € Y. This together with
(2.4) implies that

(3.1) LJ  epi(Agu)* C epig”.
AESD ueld
Recall from [23,25] that a function h : X — Y® is said to S-epi-closed if
epig(h) :={(z,y) € X xY :y € g(x) + S}

is closed. The following proposition, which will be useful in our study, gives some
properties of the function ¢.
Proposition 3.1. (i) ¢° is a proper function on X*.

(ii) epig® is a cone.

(iii) If C is closed and g, is S-epi-closed for each w € U, then
(3.2) epid}, = cl(co(epig?)) = cl (co( U epi ()\gu)*>>

AESD ueld

and

(3.3) epid’ = cl(co(epidy 4 epig?)) = cl(co (epid(*; + U epi (/\gu)*>)
AeSP ueld
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Proof. (i) Since for each u € U and X € S, \g, < dp, it follows form (2.4) that

(3.4) (Agu)* > 6} for each A € S® and u € U,

this implies that ¢¢ > 07, > —oo. Moreover,

3.5 90)=— sup inf (A\gu)(z) < — inf (0- x) =0,
I - COC R U

where ug € Y. This implies that 0 € domg®. Hence, g® is proper.
(ii) Note by (3.5) that (0,0) € epig®. Let (z*,r) € epig? and let a > 0. Then
Yfar®)y = inf (Agu)*(ax®) =a inf (i )*(x*) = ag®(z)
g N AESD ucl u N AESD ucld Oégu - ’
Thus, a(z*,7) € epig?. This implies that epig® is a cone.

(iii) Suppose that C' is closed and g, is S-epi-closed for each u € U. Let u € U
and let Dy, := {z € C': gu(z) € —=S}. Then D, is closed and convex and epid;, =
cl(Uyegoepi(Agy)*) (cf. [12, Proposition 6.4]). Note that 6p = sup, ., 0p,,. It follows
from Lemma 2.1(i) that

(3.6) epidp = cl (co( U epidj{,u>> = cl(co( U epi ()\gu)*>>
ueU A€

;2uel

This together with (3.1) implies epid, C cl(co(epig?)); while, by (2.4) and (3.4),
epig® C epid} and hence cl(co(epig?)) C epid}, as epid}, is weak*-closed and convex.
Thus,

(3.7) epid}, = cl(co(epig?)).

Combing this with (3.6), we see that (3.2) holds. Moreover, note that D and C' are
closed and so ¢}, and d¢, are Isc. Then by Lemma 2.2(i), we have

epidy = cl(epidy + epid}) = cl(epidy + cl(co(epig?))) = cl(co(epidy + epig®))
= cl<co (epié(*} + U epi ()\gu)*>)
AESD ueld
Hence, (3.3) holds and the proof is complete. O

To study the Lagrange dualities, we introduce the following new constraint qual-
ification.

Definition 3.2. It is said that the family {f, d¢c; gy : u € U} satisfies the constraint
qualification (CQ) if

(3.8) epi(f +64)* = epi((f + d¢)*0g?).

The following proposition presents some equivalent conditions to ensure the (C'Q)
to hold.

Proposition 3.3. (i) The following inclusion holds:

(3.9) epi((f + dc)*Dg®) C epi(f +da)".

Consequently, the family {f,dc; gu : u € U} satisfies the (CQ) if and only if
(3.10) epi(f +04)* C epi((f + dc)*0g?).



2148 D. H. FANG, C. LI, AND J. C. YAO

(ii) Suppose that
(3.11) f is lsc, C is closed and g, is S-epi-closed for each uw € U.

Then the family { f,6c; gu : u € U} satisfies the (CQ) if and only if epi((f4+6¢)*0g?)
is weak™-closed and convex.

Proof. (i) Let
E:={x e X :cl(\g,)(z) <0 foreach u €l and \ € SP}.
Then, D C E and

O =( inf (A\gu)")" = 1(Agu)) = 6
()" = ( _dnf _ (Agu)") A65;;171@{(0(9)) E;

where the second equality holds by Lemma 2.1(iii). Thus, by (2.5), we have

(3.12)  ((f +38c)"D(g°))*™ = (clf +bc) + (¢°)")" = (cl(f + b¢) + bp)".
While, by definitions,

(3.13) c(f+6c) +0p < f+dc+dp < f+a,
and
(3.14) ((f 4+ 6¢)*Tg®) ™)™ = cl((f + 6¢)*D(g®)™) < (f + dc)*Og°.

Hence, by (2.4) and (3.12)-(3.14), we have that

epi((f + 6¢)*0g®) C epi(cl(f + 6¢) + dp)* C epi(f +da)*.

(ii) To show the equivalence of (CQ) and the closedness and convexity of epi((f+
5¢c)*0g%), we only need to show that

(3.15) epi(f +64)" = cl(co(epi((f + 6¢)*Tg?))).
To do this, by (3.9) and the convexity and closedness of epi(f + d4)*, one has that
(3.16) cl(co(epi((f +5¢) Tg))) C epi(f + )"
Conversely, since f and d4 are lsc by (3.11), it follows from Lemma 2.2(i) that
(3.17) epi(f 4 64)* = cl(epif* + epid’y) = cl(co(epif* + epidy. + epig?)),
where the last equality holds by Proposition 3.1(iii). Moreover, by (2.3),
epif” + epids: C epi(f +dc)".

This together with (3.17) and (2.6) implies that

epi(f +64)" C cl(co(epi((f + 6¢)*Og))).
Combining this with (3.16), we see that (3.15) holds, which completes the proof. [J

To study the strong Lagrange duality of problems (RP) and (OLD), the authors
in [24] introduced the following condition:

(3.18) epl f* + epidg + U epi (Agy)* is weak*-closed and convex.
AESD ucl
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Under the assumptions that C' = X, f is Isc and g, is continuous for each u € U,
they proved that the strong Lagrange duality holds between (RP) and (OLD). Note
that under the above assumptions, (3.18) is equivalent to the following condition:

(3.19) U epi(f 4+ 0c + Agy)® is weak*-closed and convex.
AeS® ueld

The following proposition shows that the condition (3.18) is stronger than the (C'Q).
Proposition 3.4. Suppose that (3.11) holds. Then
(3.20) (3.18) = (CQ).
Proof. Suppose that (3.18) holds. By Lemma 2.2(i) and proposition 3.1(iii), we see
that

epi(f 4+ 04)" = cl(epif* + epid’y) = cl(co(epi f* + epids + U epi (Agu)™)).

eSO ueld
This together with (3.18) implies that
(3.21) epi(f + d4)* = epi f* + epidy + U epi (Agu)™;
eSO ueld

while, by (2.3), (3.1) and (2.6),

epif* +epidy + | ) epi(Agu)* C epi(f + d¢)* + epig? C epi((f + d¢)*DOg”).

AESD ucl

Hence, (3.10) holds. Therefore, by Proposition 3.3(i), the (C'Q) holds and the proof

is complete. O

The following example shows that the converse of Proposition 3.4 does not nec-
essarily hold in general.

Example 3.5. Let X =Y = C =R, S := [0,400) and U := [-1,0]. Let
f,9u : R — R be defined by f := 00,400) and gu(z) = x? + u for each = €
R and u € U. Then epif* = (—00,0] X [0,+00) and A := {x € C : gy(z) €
—S for each u € [-1,0]} = {0}. Thus, epi(f + da)* = R x [0, 4+00). Moreover,
since for each A > 0 and u € [—1,0],

@ Ay, A>0
A » * () 5Y u, >0,
e ={p 3" 320

it follows that ¢ = 0. Hence,
epi((f +0¢)*0g%) = R x [0, +00) = epi(f +d4)",
that is, the (CQ) holds. However, note that
U epi(Agy)" =R x (0,400) U{(0,0)}.

A>0,u€[-1,0]

Then
epif* +epidy + () epi(Aga)* =R x (0,400) U{(0,0)}
A>0,u€[~1,0]

and so (3.18) does not hold.
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4. STABLE LAGRANGE DUALITY FOR ROBUST CONICAL PROGRAMMING

Let p € X*. Consider the primal problem

inf f(x) - <p,a;>,
(4.1) (RP)p st. zel, g,(x) € —S foreach wuel,

and its Lagrange dual problems defined respectively by

(4.2) (OLD),  sup sup inf {f(z) — (p,2) + (Agu)(2)}
AESD uel T€

and

(4.3) (RLD), sup inf sup{f(z) — (p,x) + (Agu)(z)}.

2es® 2€C yey

In the case when p = 0, problem (RP), and its dual problem (OLD), (resp.
(RLD),) are reduced to problem (RP) and its dual problem (OLD) (resp. (RLD))
defined in (1.4) and (1.5) (resp. (1.6)), respectively. Let v((RP),), v((OLD),) and
v((RLD),) denote the optimal values of (RP),, (OLD), and (RLD),, respectively.
Then,

(4.4) v((OLD),) < v((RLD),) <v((RP)p,) foreach pe X"

This implies that the stable weak Lagrange duality holds between (RP) and (OLD)
and, between (RP) and (RLD). This section is devoted to the study of the stable
Lagrange duality between (RP) and (OLD) and, between (RP) and (RLD), which
are defined as follows.

Definition 4.1. We say that

(a) the Lagrange duality holds between (RP) and (OLD) (resp. (RLD)) if
v(RP) = v(OLD) (resp. v(RP) = v(RLD));

(b) the stable Lagrange duality holds between (RP) and (OLD) (resp. (RLD))
if for each p € X*, the Lagrange duality holds between (RP), and (OLD), (resp.
(RLD),) for each p € X*.

Note by the definition of conjugate function that
1r€1£1{f(a:) —(p,z)} =—(f+d4)"(p) foreach pe X*.

Then for each r € R and p € X*, the following equivalence holds:
(4.5) (p,7) € epi(f +04)" <= v((RP)y) = —r-.

The following theorem characterizes completely the stable Lagrange dualities in
terms of the condition (CQ).

Theorem 4.2. Consider the following statements.
(1) The family {f,dc; gu : w € U} satisfies the (CQ).
(ii) The stable Lagrange duality holds between (RP) and (OLD).
(iii) The stable Lagrange duality holds between (RP) and (RLD).
Then (i)=(ii)=>(iii). If for each A € S® and v € U,

(4.6) epi(f + dc + Agu)™ Cepi(f + d¢)* + epi(Agu)™,
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then (1)< (ii). If for each X € S®,

(4.7) cl(co( U epi()\gu)*>) C epig?
ueU
and
(4.8) epi(f + 0c +sup Agy)* C epi(f + o)™ + epi(sup Agy)™,
ueU ueU

then (1)< (iii).

Proof. (i)=(ii) Suppose that (i) holds. Let p € X*. If v((RP),) = —oo, then
v((RP)p) = v((OLD),) holds trivially by (4.4). Below we assume that —r :=
v((RP),) € R. Then, by (4.5),

(4.9) (p,7) € epi(f +84)* = epi((f +dc)"Tg”),
where the last equality holds by the assumed (CQ). Thus,

(4.10) ((f +6c)"Bg%)(p) < 1.
While, by definition,

((f +3c)*Bg%)(p)
(4.11) = inforex-{(f +0c)"(p+2*) + ¢°(~2%)}
' = infarex- infrege wey{(f + )" (P + 27) + (Agu)* (=)}
=~ SUPgrex- SUPese uer{ —(f + 6¢)" (P + 27) = (Agu)"(—27)}.

Moreover, by the Young-Fenchel inequality (2.2), we see that for each A € S u € U
and z* € X*,

(412) = (f+dc) (p+2") — (Agu)"(—=2") < f(z) — (P, 2) + (Agu)(@)
for each z € C.

This implies that

W(OLD)) 2 sup  sup {~(F +80) (p+ %) — ()" (=),
z*eX* \eS® ucld
Combing this with (4.10) and (4.11), we obtain that v((OLD),) > —r = v((RP),).
This together with (4.4) implies that v((OLD),) = v((RP),). Hence, by the arbi-
traryness of p* € X* we see that (ii) holds.

(ii)=-(iii) Suppose that (ii) holds. Then for each p € X*, v((RP),) = v((OLD),)
and hence v((RP),) = v((RLD),), thanks to (4.4). Thus, (iii) holds.

Assume that for each A € S% and u € U, (4.6) holds. Below we show that
(ii)=(i). Suppose that (ii) holds. To show (i), by Proposition 3.3(i), it suffices
to show that (3.10) holds. To do this, let (p,r) € epi(f + da)*. Then, by (4.5),
v((RP),) > —r and hence v((OLD),) > —r by (ii). Let € > 0, then there exist
Ae € S® and u. € U such that for each z € X,

f(x) = (p,z) + 0c(x) + Aegu,. () > —1r — €.
This implies that (f + dc + Acgu.)*(p) < r + e. Thus,

(p,7+€) €epi(f + dc + Aegu.)* C U (f+dc + Agu)”
AESD ucl
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and hence, by (4.6),
(pr+e) eepi(f+d0) + ) epilhgn)”.

AeSP ueld
This together with (3.1) and (2.6) implies that
(4.13) (p, 7 +€) € epi(f 4 d¢)* + epig? C epi((f + 6¢)*0g?).
Thus,
(4.14) ((f +60)"0g°%)(p) <7 +e.

Letting € — 0 in (4.14), we get ((f + 6¢)*0g®)(p) < r and so (p,7) € epi((f +
6c)*0g?). This implies that (3.10) holds and hence the implication (ii)=(i) is
proved.

Finally, assume that for each A\ € S®, (4.7) and (4.8) hold. Suppose that (iii)
holds. Let (p,7) € epi(f + da)*. Then, by (4.5), v((RP),) > —r and hence
v((RLD),) > —r by (iii). Let € > 0, then there exists A\ € S® such that

f(z) = (p,x) + dc(x) + sup Aegu(z) > —1r — € for each x € X.
uel

This implies that (f + dc + sup,ey Aegu)*(p) < 7 + €, that is,
(p7 T+ 6) € epi(f + d¢ + sup )\egu)*'
uel

Thus,

(pr+e) € | epi(f + 0 +supAgu)* Cepi(f +d0)* + | (epi(sup Agu)*),
ACSD uelU AeSE ueU

where the last inclusion holds by (4.8); while, by Lemma 2.1(i) and (4.7),
epi(sup A\gy)*) = cl{co epi(Agy)* ) ) C epig®.
U et )~ U oo i)

AeS©® AeS® uel
Hence, (4.13) holds and so does (4.14). Letting ¢ — 0 in (4.14), we see ((f +
6¢)*0g%)(p) < r and so (p,r) € epi((f + d¢)*0g?). This implies that (3.10) holds
and hence the (CQ) is proved by Proposition 3.3(i). Thus, the implication (iii)=(i)
holds and the proof is complete. O

Remark 4.3. Let conth denote the set of all points at which A is continuous, that
is,

conth = {x € X : h is continuous at z}.
If cont(f + dc) N A # 0, then for each A € S® and each u € U, cont(f + d¢) N
dom(Agy) # 0. Thus, by Lemma 2.2(ii), we see that (4.6) and (4.8) hold.

By Theorem 4.2 and Proposition 3.3(ii), we get the following corollary straight-
forwardly, which was established in [18, Theorem 3.1] for the case when C' = X,
U is a singleton, f is Isc and ¢ is continuous. Thus, our Theorem 4.2 extends and
improves the corresponding result in [18, Theorem 3.1].

Corollary 4.4. Suppose that (3.11) and (4.6) hold. Then the stable Lagrange duality
holds between (RP) and (OLD) if and only if epi((f +6¢)*0g®) is weak*-closed and
conver.
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Theorem 4.5. Suppose that for each X € S® and u € U,
(4.15) epi(dc + Agu)* C epi(d50g?).

Then the following assertions are equivalent.
(i) The following condition holds:

(4.16) epid’y = epi(650g°).
(i) If the proper lsc convex function ¢ is such that
(4.17) epi(p +d4)" = epip” + epidy,
then
(4.18) inf p(z) = Sup sup inf {(2) + (Ag)(2)}.

(iii) If the proper convex function p is continuous at some point in A, then (4.18)
holds.
(iv) If p € X*, then
(4.19) inf p(z) = sup sup inf {p(x) + (Agu)(z)}.
z€A AES® ucld xe
Proof. (1)=-(ii). Suppose that (i) holds and let ¢ be such that (4.17) is satisfied.
Then, by (4.16),

(4.20) epi (@ 4 64)* = epip* + epi(d50g%) C epi(p*0o50gY),
where the last inclusion holds by (2.6). Note by (2.1) and (2.5) that
@*0oc 2 (¢"000)™ = (™ +667)" = (p+do)”
Then
9" 06:09° > (0 +8c) Og?
and so
epi(p*08¢0g°) C epi((y + 6c)*0g”)
by (2.4). This together with (4.20) implies that

epi (¢ +84)" C epi(( +dc)"0g?)
and
epi (9 +04)" = epi((p +3¢)*Og”)
by Proposition 3.3(i). Hence, applying the implication (i)=-(ii) of Theorem 4.2 to
¢ in place of f, we see that (4.18) holds.
(ii)=-(iii). Note that (4.17) is satisfied if ¢ is continuous at some point in A (see
Lemma 2.2(ii)). Thus, it is immediate that (ii)=-(iii).
(iii)=>(iv). It is trivial.
(iv)=-(i). To do this, suppose that (iv) holds. Then applying the implication
(ii)=(i) of Theorem 4.2 to f = 0, we have that (4.16) holds. The proof is complete.
O

The implication (i)=-(ii) of the following theorem follows from Theorem 4.5 and
(4.4) (¢ in place of f) directly and the proofs of the other implications are similar
to that of Theorem 4.5. So we omit the proof of Theorem 4.6 here.
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Theorem 4.6. Suppose that for each A € S¥, (4.7) holds and

(4.21) epi(dc + sup Mgy )™ C epids + epi(sup Agy)™.
uel uel

Then the following assertions are equivalent.
(i) The following condition (4.16) holds.
(i) If the proper lsc convex function ¢ is such that (4.17) holds, then

(4.22) inf p(z) = sup inf sup{e(z) + (Agu)(z)}.
T€EA AESD zeC ey

(iii) If the proper convex function p is continuous at some point in A, then (4.22)
holds.
(iv) If p € X*, then
(4.23) inf p(z) = sup inf sup{p(x) + (Agu)(z)}.
z€A )\GSED zeC =i
Remark 4.7. (a) Applying Proposition 3.3 (to 0 in place of f), we have that (4.16)
holds if and only if

(4.24) epid’y C epi(650g°Y).

(b) In the case where U is a singleton, the authors in [17] introduced the following
condition
(4.25) cl(epidy, + epig®) = epi(d50g)
to study the Lagrange duality between (P) and (D). Under the assumptions that C
is closed, f and Ag, A € S® are Isc and contg N C # (), they proved in [17, Theorem
4.1] that (4.25), assertions (iii) and (iv) in Theorem 4.5 are equivalent to each
other. In this case, by Proposition 3.1(iii) and noting the fact that g is S-epi-closed
if \g is Isc for each A\ € S®, we see that (4.25) is equivalent to (4.16). Moreover,
the assumption contg N C # () implies that (4.15) holds. Thus, our Theorem 4.5
extends and improves the corresponding result in [17, Theorem 4.1].

Remark 4.8. As mentioned in Section 1, let S = R} := {(21,...,2,m) € R™ :
z; > 0} and U = [[;~, V. For each u = (u1,...,upy) € U, define the function
gu : R" = R™ by

gu(z) :== (g1(z,u1), ..., gm(z,uy)) for each z € R™.

Then problem (1.1) introduced in Section 1 can be viewed as an example of (RP).
Thus, all corresponding results for the Lagrange dualities between problem (1.1)
and its dual problems (1.2) and (1.3) can be established. In particular, in the case
when

(4.26) X =C=R"and g;,i = 1,...,m, are continuous,

the authors in [21] proved that epig? is convex and weak*-closed if and only if for
each continuous function f on R"”,

inf{f(x) : gi(x,v;) <0, Yo, €V}, i =1,...,m}

= sup  inf {f(ﬂz) + i Aigi(z, vl)}
i=1

Ai>0,0,€V; zeR™
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Note by Proposition 3.3(ii) that under the assumption (4.26),
epidy = epig<> — epig<> is convex and weak*-closed.
Then, our Theorem 4.5 improves the corresponding result in [21, Theorem 3.1].

We end this paper with an example. Consider the uncertainty sets ¢; C L2[0, 1] x
R,7=1,...,m and the best approximation problem:

. Lty ! .
(4.27) xeg%[fo,l] {2 /0 x*(t)dt : /0 a;()x(t)dt < pii=1,..., m},
where the date (a4, 3;) € U; is uncertain for each i = 1,...,m. Problem (4.27) has
been studied in [20] and also studied in [8,9,11] for the special case when the data
(o, Bi), i = 1,...,m are fixed. Let (-,-) and || - || denote the inner product and
the norm on L?[0, 1], respectively. Using the robust optimization approach in [5,7],
problem (4.27) can be recasted into the robust optimization problem as follows

; 1 2. _
(428) (R‘P) mEiI%[fO,l] {5”% H : <ai71"> < /Bl)v(a’b716’b) € Ui7Z - 17 s 7m}'

Corresponding, the dual problems of (RP) can be defined respectively by

1 m
(4.29) (OLD) sup inf 22+ Y N ) — B+
) (aq,B:)€U; N >0,i=1,....m z€L2[0,1] {2 H ; < }
and
(4.30)
(BLD) sp ot s (Y Al - 5).
A;>0,i=1,...,;m 2€L2[0,1] (a; B;)ells i=1,...m * 2 =

As before, we use A to denote the feasible solution set of problem (RP), that is,
A:={z c L?0,1] : {ay,z) < B;,Y(as, B;) €EUsi = 1,...,m}.

Below we give a sufficient condition to ensure the Lagrange duality between (RP)

and (OLD) and, between (RP) and (RLD).

Theorem 4.9. Suppose that the sets U;, 1 = 1,...,m, are convex and that

m

(4.31) epid’y = U > ({riai} x [MiBi, +00)).

(@4,8:)€U; X >0,i=1,...,m i=1

Then the Lagrange duality holds between (RP) and (OLD) and, between (RP) and
(RLD).

Proof. Let u; := (v, 3;) for each i = 1,...,m. Define f : L?[0,1] — R and g,, :
L?[0,1] — R respectively by

1
f(z) = §Hx\|2 and gy, () == (a;,z) — B; for each € L*[0,1].
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Obviously, f and each g, are proper convex and continuous functions on L2[0, 1].
By definition,

Oa) = (A)*fh*L21.
g" (") /\>0uzeuz,zl Z iGu; ) (z or each z* e L7[0,1]

Note by (3.1) and Proposition 3.1(111) that
m
U epi( > Aigu,) C epig? C epid.
Ai>0,u;€U;,i=1,....m =1

Then, by Theorem 4.5 and Theorem 4.6, to show the Lagrange duality between
(RP) and (OLD) and, between (RP) and (RLD), it suffices to show that

m
(4.32) epidy = U epi(Z )\Z-gui) .
i >0u;€U;,i=1,....m =1
To do this, note that each g, is continuous, it follows from Lemma 2.2(ii) that

(4.33) U epi ( i Azgul) ' = U i epi()\igui)*'

Ai>0,u; €U; i=1,....m =1 i >0,u;€U;,i=1,....m i=1
While, for each i =1,...,m,

epigy, = {as} x [Bi, +00).

Thus,
m m
U Zepi(/\igui>* = U Z ({hici} x [AiBi, +00)).
Xi>0,u; €U; i=1,...;m i=1 Xi>0,u; €U ,i=1,...,m i=1
Combining this with (4.31) and (4.33), one sees that (4.32) holds. Thus, the proof
is complete. Il
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