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ABSTRACT. In this paper, we introduce and study the new type of Ishikawa itera-
tion schemes for approximating common fixed points of two asymptotic pointwise
nonexpansive mappings in a Hadamard space. Weak and strong convergence of
iterates of two asymptotic pointwise nonexpansive mappings without any condi-
tion on the rate of convergence, namely 352 (cn () —1) < 00, associated with the
two maps in a Hadamard space are established. Some results have been obtained
which generalize and unify many important known results in recent literature.

1. INTRODUCTION AND PRELIMINARIES

Iterative construction of fixed point for asymptotic nonexpansive mappings (but
not asymptotic pointwise nonexpansive maps) including Mann and Ishikawa itera-
tion processes in Hilbert, Banach and metric spaces have been studied extensively
by various authors, see e.g. [1,4-7,9-15,17,19,20,23,26-29,31,32,34,36-38,40] and
the references therein.

In 1991, Schu [38] proved the weak convergence of the modified Mann iteration
process to a fixed point of asymptotic nonexpansive mappings in uniformly convex
Banach spaces with the Opial property [32] and the strong convergence for com-
pact asymptotic nonexpansive mappings in uniformly convex Banach spaces. Since
then, Schu’s iteration process has been widely used to approximate fixed points
of asymptotically nonexpansive self-mappings in Hilbert space or Banach spaces
(see [33,35,36,39]).

In 1994, Tan and Xu [40] proved the weak convergence of modified Mann and
Ishikawa iteration processes for asymptotic nonexpansive mappings in uniformly
convex Banach spaces, which have either a Fréchet differentiable norm or Opial
property.

Note that the rate of convergence condition, namely > > (k, — 1) < oo, has
remained in extensive use to prove both weak and strong convergence theorems to
approximate fixed points of asymptotic nonexpansive mappings. The conditions
like Opial’s condition, Kadec-Klee property or Fréchet differentiable norm have re-
mained key to prove weak convergence theorems. Also Tan and Xu [40] remarked:
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we do not know whether our Theorem 3.1 remains valid if k,, (the sequence associ-
ated with the asymptotic nonexpansive mapping 7') is allowed to approach 1 slowly
enough so that > >, (k, — 1) diverges.

In 2010, Khan and Fukhar-Ud-Din [21] established weak convergence of Ishikawa
iterates of two asymptotic nonexpansive mappings without any condition on the
rate of convergence associated with the two mappings. They also got the new weak
convergence theorem which does not require any of the Opial condition, Kadec-Klee
property or Fréchet differentiable norm.

The class of asymptotic nonexpansive self-mappings is a natural generalization
of the important class of nonexpansive mappings. Goebel and Kirk [14] proved that
if C is a nonempty closed convex and bounded subset of a real uniformly convex
Banach space, then every asymptotic nonexpansive self-mapping has a fixed point.

T is said to be an asymptotic pointwise nonexpansive mapping if there exists a
sequence of maps a, : C' — [0, 00) such that

d(T" (), T"(y)) < an(x)d(z, y)

for all z,y € C,n > 1, where lim sup,—,c0an () < 1. Denote ¢, (z) = max(a,(x),1).
Then note that without any loss of generality, 7" is an asymptotic pointwise nonex-
pansive mapping if

d(T" (), T"(y)) < en(x)d(z,y)

for all x,y € C,n > 1, where ¢,(z) > 1 and lim ,,_,occ,(x) = 1. Moreover, we recall
that T : C — C' is uniformly L-Lipschitzian if for some L > 0 we have that

d(T"z,T"y) < Ld(z,y)

for z,y € K and n > 1. T is an asymptotic nonexpansive mapping if there is a
sequence {k,} C [1,00) with lim,_,~k, = 1 such that

d(T"z,T"y) < kpd(z,y)

for all z,y € C and n > 1. T is said to be semi-compact (completely continuous)
if for any bounded sequence {z,} in C' with d(x,,Tz,) — 0 as n — oo, there is a
subsequence {x,,} of {x,} such that x,, - z € C as i — oo.

Let S,T : C — C be asymptotic pointwise nonexpansive mappings with func-
tion sequences {a,(x) > 1} and {b,(x) > 1} satisfying lim, scan(z) = 1 and
lim,,,00bp () = 1, respectively. Set ¢, (z) = mazx[a,(x), b, (x)]. Then

limy, 5 00Cp () = limy,o0an () = limy,o0bp(z) = 1.

Throughout the paper, we shall take 7(C) as the class of all asymptotic point-
wise nonexpansive self-mappings 7" and C' with function sequence {c,(z) > 1} with
limy,,o0ocn(z) = 1 for every T € 7(C'). Also F will stand for the set of common fixed
points of the two maps S,T : C' — C. We assume that ¢, is a bounded function for
every n > 1 and all the functions ¢, are not bounded by a common constant, there-
fore an asymptotic pointwise nonexpansive mapping is not uniformly Lipschitzian.
However, an asymptotic nonexpansive mapping is an asymptotic pointwise nonex-
pansive mapping as well as uniformly Lipschitzian.

A strictly increasing sequence {n;} of natural numbers is quasi-periodic if the
sequence {n;+; — n;} is bounded or equivalently if there exists a natural number ¢
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such that any block of ¢ consecutive natural numbers must contain a term of the

sequence {n;} The smallest of such numbers ¢ will be called a quasi-period of {n;}.
In 2008, Kirk and Xu [25] studied the existence of fixed points of asymptotic

pointwise nonexpansive self-mapping 7" on C' in Banach spaces defined by:

d(T" (), T"(y)) < en(x)d(z,y)

for all z,y € C, where limsup,,_,., ¢,(z) < 1. Their main result (see [25], The-
orem 3.5) states that every asymptotic pointwise nonexpansive self-mapping of a
nonempty closed bounded convex subset C' of a uniformly convex Banach space
has a fixed point. This result of Kirk and Xu is a generalization of Goebel and
Kirk fixed point theorem [14] for a narrower class of maps, the class of asymptotic
nonexpansive mappings, where (using our notation) every function ¢, is a constant
function.

In 2009, the results of [25] has been generalized by Hussain and Khamsi [16] to
metric spaces. As pointed out by Kirk and Xu in [25], asymptotic pointwise map-
pings seem to be a natural generalization of nonexpansive maps. The conditions
on ¢, can be, for instance, expressed in terms of the derivatives of iterations of 1T'
for differentiable 7. Hussain and Khamsi [16] have shown that if X is a Hadamard
space and C' is a nonempty bounded closed convex subset of X, then any pointwise
asymptotic nonexpansive self-mapping on C' has a fixed point. Moreover, this fixed
point set is closed and convex. The proof of this important theorem is of the ex-
istential nature and does not describe any algorithm for constructing a fixed point
of an asymptotic pointwise nonexpansive mapping. It is well known that the iter-
ation processes for generalized nonexpansive mappings have been successfully used
to develop efficient and powerful numerical methods for solving various nonlinear
equations and variational problems.

Espinola et al. [8] examined the convergence of iterates for asymptotic pointwise
contractions in uniformly convex metric spaces. Kozlowski [26] proved convergence
to a fixed point of some iterative algorithms applied to asymptotic pointwise map-
pings in Banach spaces.

For more on metric fixed point theory, the reader may consult the book of Khamsi
and Kirk [18].

Recently, Khan and Fukhar-ud-din [22] used the concept of unique geodesic path
denoted by ax®(1—a)y of two points x, y in geodesic space and define Ishikawa iter-
ative process I(S, T, oy, Bk, ng) of two pointwise asymptotic nonexpansive mappings
in a geodesic space. It is given as follows:

Trr1 = (1 —ap)zy ® apS ™y,
(1.1) ye = (1= Br)ag ® BT xy, k> 1,

where {nj} is an increasing sequence of natural numbers, 0 < ai,S; < 1 and
I(S,T, ag, B, ni) is well -defined if lim sup,,_, . ¢, (1) = 1. They studied the weak
and strong convergence of the scheme (1.1) under proper conditions.

Inspired and motivated by the recent works, we introduce and study a new type
of Ishikawa iterative schemes in this paper. The scheme is defined as follows:

Let C be a nonempty and convex subset of a geodesic space X. Let S,T : C —
C be asymptotic pointwise nonexpansive mappings and let {n;} be an increasing
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sequence of natural numbers and 0 < ay, S < 1. Then the new type of Ishikawa
iteration process denoted by I(S, T, ax, Bk, ni) in a geodesic space X is as under:

T = (1 —op)yr © apS" yy,
(1.2) ye = (1= Br)ar ® BT ay, k> 1.

The iterative schemes (1.1) and (1.2) are independent: neither reduces to the
other.

The purpose of this paper is to construct an iteration scheme for approximating
common fixed points of two asymptotic pointwise nonexpansive mappings and to
prove some strong and weak convergence theorems for such mappings in a Hadamard
space.

Now, we recall some well known concepts and results.

Let (X,d) be a metric space. (X,d) is said to be a length space if any two
points of X are joined by a rectifiable path (that is, a path of finite length) and the
distance between any two points of X is taken to be the infimum of the lengths of all
rectifiable paths joining them. In this case, d is known as length metric (otherwise
an inner metric or intrinsic metric). In case, no rectifiable path joins two points of
the space, the distance between them is taken to be co. A geodesic space is a metric
space such that every z,y € X can be joined by a geodesic map c: [0,]] = X were
c(0) =z, ¢(l) =y, and d(c(t),c(t")) = |t — /| for all ¢,¢" € [0,]. Moreover, ¢ is an
isometry and d(z,y) = [. X is said to be uniquely geodesic if for every x,y € X there
is exactly one geodesic joining them, which will be denoted by [z, y], and called the
segment joining x to y.

A geodesic triangle A(x1, x2,x3) in a geodesic metric space (X, d) consists of three
points x1, 2, x3 in X (the vertices of A) and three geodesic segments between each
pair of vertices (the edges of A). A comparison triangle for A(x1,z2,23) in (X, d)
is a triangle A(z1, 2, x3) := A(21, 42, #3) in R? such that dp2 (&, %) = d(z;, ;) for
i,7 € {1,2,3}. Such a triangle always exists (see [2]).

A geodesic metric space is a CAT(0) space if every geodesic triangle satisfies the
following C'AT'(0) inequality:

d(z,y) < d(z,9)
for all z,y € A and all comparison points Z, 4 € A. If z,y, z are points of a CAT(0)
space and yy = &;y is the midpoint of the segment [z, y], then the C AT(0) inequality
implies:
2 Lo Lo Lo
d (ZayO) < §d (va) + §d (Zay) - Zd (:Cay)a
which is the (CN) inequality of Bruhat and Tits [3]. For any a € [0,1] and z,y, 2 €

X, Dhompongsa and Panyanak [7] modified the (CN) inequality of Bruhat and
Tits [3] as

P(zyar® (1—a)y) < ad’(z,2)+ (1 —a)d(z,y)
(1.3) —a(l — a)d*(z,y).

If a = %, then (1.3) reduces to the original (CN) inequality of Bruhat and Tits
[4].
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Let us recall that a geodesic metric space is a CAT(0) space if and only if it
satisfies the (CN) inequality (see [2], p. 163). Complete C AT(0) spaces are often
called Hadamard spaces (see [24]) and if x,y,z € X and « € [0, 1], then there exists
a unique point ax & (1 — a)y € [z, y] such that

(1.4) dz,ar @ (1 —a)y) < ad(z,z)+ (1 —a)d(z,y).

A subset C of a CAT(0) space X is convex if for any x,y € C, we have [z,y| C C.
Let {z1} be a bounded sequence in a metric space X. For x € X, define r(z, {zx}) =
lim sup d(zg, ). The asymptotic radius r({zy}) of {zx} is given by:

k—o0
r({zg}) = inf{r(z,{zx}) : z € X}.
The asymptotic center of a bounded sequence {z}} with respect to C' C X is defined
by
Ac({zr}) = {z € X:r{(z, {ar}) < r(y, {zr})
for any y € C}. If the asymptotic center is taken with respect to X, then it is
simply denoted by A({x}).

A bounded sequence {xr} in X is said to be regular if r({zx}) = r({ux}) for
every subsequence {uy} of {x}. Recall that a sequence {z}} converges weakly to
w (written as xp — w) if and only if r(w, {zy}) = inf zecr(z, {zk}), where C' is
a closed and convex subset containing the bounded sequence {xj}. Moreover, a
sequence {xp} C X A—converges to x € X if z is the unique asymptotic center of
{ug} for every subsequence {uy} of {xy}. In this case, we write A — lim, z, = x
and z is called A — limit of {z,}.

In a Banach space setting, A—convergence coincides with weak convergence. A
connection between weak convergence and A—convergence in geodesic spaces is
characterized in the following lemma due to Nanjaras and Panyanak [30].

Lemma 1.1 (see [30], Proposition 3.12). Let {zx} be a bounded sequence in a
CAT(0) space X and let C' be a closed and convex subset of X which contains
{z}}.Then

(1) A —limy x = = implies that zj, — x,

(2) the converse of (1) is true if {xy} is reqular.

The following demiclosed principle in C AT'(0) spaces due to Hussain and Khamsi
[16] plays an important role in the study of the weak convergence theorem.

Lemma 1.2 (see [22]). Let C be a nonempty bounded closed convex set in a CAT'(0)

space X and let T' : C' — C be an asymptotic pointwise nonexpansive mapping.

Let {z} be a sequence in C such that {z;} — w and klim d(zg, Tzy) = 0. Then
— 00

T(w) = w.
2. MAIN RESULTS

In this section, we prove weak and strong convergence theorems of the iterative
scheme given in (1.2) to a common fixed point for two asymptotic pointwise non-
expansive mappings in a Hadamard space. In order to prove our main results, the
following lemmas are needed.
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Lemma 2.1. Let X be a geodesic space and let C' be a nonempty closed convex
bounded subset in X. Let S,T € 7(C) and let {ny} be an increasing sequence of
natural numbers such that the sequence {xp} in (1.2) is well defined. If the set
Q= {j:njy1 =n;+1} is quasi-periodic and

(2.1) lim d(zg, S™ xg) = 0= lim d(xg, T xy),
k—o0 k—o0
then

lim d(zg, Szx) = 0= lim d(zg, Txg).
k—o00 k—o0

Proof. Set ¢ = d(xg, S™ xy) and dy = d(xp, T xy). Using (1.2) and (1.4), we have
d(zg,ye) = d(zk, (1 — Bk)zr @ BT 2y,

< Bkd(aﬁk,T”kxk) + (1 — Bk)d(l'k,(]}k)
= Brd(zy, T" )
(2.2) < d(xg, T™xy).
From (2.1) and (2.2), we have
(2.3) lim d(zg,yr) = 0.
k—00
Using (1.2) and (1.4), we have
d(g, zp+1) = d(zg, (1 — og)ye © apS™ y)
< agd(zg, S"yk) + (1 — ag)d(@k, yk)
< d(wg, " xy) + d(S™wg, S k) + d(k, Yk)
(2.4) < d(xg, S™xk) + oy (x)d(Tk, Yi) + d(T, Yr)-
It follows from (2.1), (2.3) and (2.4) that
(2.5) lim d(xg, zp41) = 0.
k—o00

In addition,

d(a:k, Sazk) d(l‘k, :L'k+1) + d(l’k+1, Sl’k)
d(zg, vry1) + d(zppr, ™ wpyq)
Hd(S™ g, Sy + d(S™ g, Say)
d(@k, Tht1) + (@1, S Tp11)
eyt (Th1)d(Tpg1, T8) + c1(21)d(S™  2g, 1)

= d(xgy1, S wpy1) + (1 + ey (Tg1))d(Tps1, 7))

(2.6) +e1(x1)d(S™ z, ).
By taking limsup on both sides of inequality (2.6) and using (2.1) and (2.5), we
obtain lim sup;,_, . d(zk, Szx) < 0 and hence

IAIA

IN

lim d(zg, Szi) = 0.
k—o00
Similarly, we may show that

lim d(:L‘k,Txk) = 0.
k—o0



COMMON FIXED POINTS ITERATION PROCESSES 2447
That iS, lim d(l‘k,sxk) =0= lim d({l}k,Tl'k). Il
k—o00 k—o0

Lemma 2.2. Let X be a Hadamard space and let C be a nonempty closed convex
bounded subset in X. Let S,T € 7(C), let ay, B € (3,1 —0) for some 6 € (0, %) and
let {ny} be an increasing sequence of natural numbers such that the sequence {xy}
in (1.2) is well-defined. If the set Q@ = {j : nj41 = n; + 1} is quasi-periodic and
F # 0, then
lim d(zg, Szi) =0 = lim d(zg, Txg).
k—o00

k—oo
Proof. Let p € F. Using (CN) inequality (1.3) and (1.2), we have
d*(zpi1,p) = d*((1 — ar)ye ® arS™ yk, p)
< apd?(S™yk, p) + (1 — ar)d (yr, p) — k(1 — ar)d*(ye, S™ i)
< ogep, (p)d (Y, p) + (1 — og)d? (yi, p)

—ag(1 = ar)d* (yk, S™ i)
ke, () (yk, p) + ¢, (p)(1 — ar)d® (yx, p)
—ay(1 — ar)d* (yk, S™ yi)
= &, (D) Yk p) — ar(1 — aw)d® (yr, S i)
= ¢ (Dd*((1 - Br)ze ® BT xk, p)
—ag(1 — ar)d* (yk, S™ yi)
ez (p)(Bres, (p)d (g, p) + (1 — Br)d® (2, p)
—Br(1 = Br)d? (w, T ax)) — ag(1 — ag)d® (Y, S™ yk)
Bicn, (P)d* (1, p) + (1 = Br)cn, (P)d° (s, p)
—cp, (p)Be(1 = Br)d® (wp, T™ ) — (1 — ag)d (ye, S™ yi)
= ¢, (D)d*(zk,p) — ¢, (p)Br(1 — Bi)d* (zp, T xy,)
—ag(1 = ar)d* (yk, S™ yi)
= d*(xk,p) + cp, (p)d*(xk, ) — d* (2, p)
(2.7) —c2 (0)Be(1 = Br)d*(xp, T™ xk) — ag(1 — o) d (yr, S™ ).

Since C is bounded, there exists By[zg] = {z € X : d(z,x9) < r} such that
C C B,[x¢] for some r > 0. Therefore the inequality (2.7) becomes

d(wpr1p) < d(an,p) + 17, (p) — 1)
(2.8) —0%d? (g, T ay) — 6% (yk, S™ )
Form (2.8), we obtain the following two important inequalities:

(2.9) d*(zp41,p) < d*(zk,p) + 2 (cp, (p) — 1) — 62d* (yr, S" i),

IN

IA

IN

(2.10) d*(xps1,p) < d*(zp,p) + TQ(Cik (p) — 1) — 62d>(xy, T™ xy,).
Now, we prove that

lim d(yk, Snkyk) =0= lim d(CEk,Tnk.”L‘k).
k—o0 k—o0
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Assume that lim supy,_, . d(yk, S™yr) > 0. Then, there exist a subsequence (use the
same notation for subsequence as for the sequence) of {x;} and p > 0 such that
d(yk, S™yx) > p > 0. Form (2.9), we have

(xp1,p) < d(ay,p) +1r2(cp, (p) — 1) — (1)

2 2
(211 = Plnp) + 2k, ) - 1) - O - L

In addition, ¢} (p) — 1 and ( ) > 0; there exists ko > 1 such that (¢} (p) — 1) <
(6“) for all k > ko. From (2. 1 ) we obtain

)
(2.12) ( ’;) < d®*(zp,p) — d*(xpy1,D)
for all k > ko. Let [ > ko. It follows from (2.12) that
(dp)?

5 (1= ko) < & (2ky, p) — d* (2141, )
(2.13) < d*(2hy, ).
By letting [ — oo in (2.13), we obtain
oo < d2(:vko,p) < 00,
which contradicts the reality. This proves that u = 0. Thus,

lim sup d(yg, S yx) < 0.

k—00
Consequently, we have
(2.14) lim d(y, S yp) = 0.

Similarly, using (2.10), we may show that
(2.15) lim d(zg, T"*x) = 0.
k—o0

Using (2.3) and (2.14), we have
d(zg, S™ xy) d(xr, yr) + d(y, S™ wy,)
d(xg, yr) + d(yr, S" yr) + d(S™* xp, S" yy)

d(x, yr) + d(yr, S"™ yr) + bn, (1) d(2k, Yr)
— 0 (as k — 00).

IN AN A

That is,
(2.16) lim d(zg, S"*xy) = 0.

k—o00

Finally, using (2.15) and (2.16), Lemma 2.1 appeals that
lim d(zg, Szr) =0 = lim d(zg, Txy).
k—o0 k—o0
O

Next, we deal with the weak convergence of the sequence {zj} defined by (1.2)
in a Hadamard space.
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Theorem 2.3. Let X be a Hadamard space and let C be a nonempty closed convex
bounded subset in X. Let S,T € 7(C), let ay, By, € (8,1 —0) for some § € (0,1) and
let {ny} be an increasing sequence of natural numbers such that the sequence {xy}
in (1.2) is well defined. If the set Q = {j : nj41 = n; + 1} is quasi-periodic and
F # @, then {xy} converges weakly to a point in F.

Proof. Let wy(x) be the set of all weak subsequential limits of {zy}. That is,
wy(zg) ={y € C : xp, — y for {x,} C {xx}}. Since C is a nonempty bounded
closed convex subset of a Hadamard space X, there exists a subsequence {xy,} of
{z} such that zj, converges weakly to p € wy(x). This show that wy,(zx) # 0
and, using Lemma 2.1,

lim d(zg,, Szi,) = 0 = lim d(z,, Txy,).

1—00 1—00
It follows from Lemma 1.2 that Sp = p = Tp. Therefore wy,(z;) C F. Next, we

follow the idea of Chang et al. [5]. For any p € wy,(x)), there exists a subsequence
{zk, } of {z1} such that

(2.17) xp, — p (as 1 — 00).

It follows from (2.15) and (2.17) that

(2.18) T iz, —p (as i — 00).

Now, from (1.2), (2.17) and (2.18), we get that

(2.19) Yk, = (1 — Br, )z, @ B, T — p (as i — 00).
Also, from (2.14) and (2.19), we have

(2.20) S"kiy. —p (as i — 00).

It follows from (1.2), (2.19) and (2.20) that
Tt1 = (1 — o, )Yk, @ ag, S™ iyp, = p (as i — 00).

Continuing in this way, by induction, we can prove that, for any [ > 0,

T, +1 —Dp.

By induction, one can prove that [ J;Z{wx; 11} converges weakly to p as j — oo; in
fact, {zx}p2y, = UZolzr 41152, gives that z; — p as k — oo. This completes the
proof. O

Remark 2.4. If {z}} is reqular in a geodesic space, then {xy} is A—convergent.

Our strong convergence theorem is as follows. We do not use the rate of conver-
gence condition namely > 72 (¢p, () — 1) < 00 in its proof.

Theorem 2.5. Let X be a Hadamard space and let C' be a nonempty closed convex
bounded subset in X. Let S,T € 7(C), let ag, By € (5,1 — 6) for some § € (0, 3)
and let {ng} be an increasing sequence of natural numbers such that the sequence
{zi} in (1.2) is well defind. If the set Q = {j : nj;1 = n; + 1} is quasi-periodic
and F # O and either S or T is semi-compact (completely continuous), then xy
converges strongly to a point in F.



2450

TANAKIT THIANWAN

Proof. Suppose that S is semi-compact. By Lemma 2.2, we have

limg—ood(zg, Sxy) = 0.

Since S is semi-compact, there exists a subsequence {zy, } of {x} such that

xp, — p (as i — 00).

Now Lemma 2.3 guarantees that lim; ,o d(x,, Sx,) = 0. By the continuity of S
and T, we obtain that p € F. The rest of the proof follows by replacing — with —

in Theorem 2.3 and we, therefore, omit the details. O
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