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A CLASS OF RANDOMIZED PRIMAL-DUAL ALGORITHMS
FOR DISTRIBUTED OPTIMIZATION

JEAN-CHRISTOPHE PESQUET* AND AUDREY REPETTI

ABSTRACT. Based on a preconditioned version of the randomized block-coordinate
forward-backward algorithm recently proposed in [23], several variants of block-
coordinate primal-dual algorithms are designed in order to solve a wide array
of monotone inclusion problems. These methods rely on a sweep of blocks of
variables which are activated at each iteration according to a random rule, and
they allow stochastic errors in the evaluation of the involved operators. Then,
this framework is employed to derive block-coordinate primal-dual proximal al-
gorithms for solving composite convex variational problems. The resulting al-
gorithm implementations may be useful for reducing computational complexity
and memory requirements. Furthermore, we show that the proposed approach
can be used to develop novel asynchronous distributed primal-dual algorithms in
a multi-agent context.

1. INTRODUCTION

There has been recently a growing interest in primal-dual approaches for find-
ing a zero of a sum of monotone operators or minimizing a sum of proper lower-
semicontinuous convex functions (see [36] and the references therein). When various
linear operators are involved in the formulation of the problem under investigation,
solving jointly its primal and dual forms allows the design of strategies where none
of the linear operators needs to be inverted. Avoiding such inversions may offer
a significant advantage in terms of computational complexity when dealing with
large-scale problems (see e.g. [6,27,31,35,46,48,52]).

Various classes of fixed-point primal-dual algorithms have been developed, in
particular those based on the forward-backward iteration [13,16, 18,19, 24, 26, 28,
30,32,37,45,54], on the forward-backward-forward iteration [6,9,12,17,22], on the
Douglas-Rachford iteration [8,23], or those derived from other principles [1,2,15,41].
This work is focused on the first class of primal-dual algorithms. When searching
for a zero of a sum of monotone operators, the most recent versions of these methods
can exploit the properties of each operator either in an implicit manner, through the
use of its resolvent, or in a direct manner when the operator is cocoercive. When
a sum of convex functions is minimized, this brings the ability either to make use
of the proximity operator of each function or to employ its gradient if the function
is Lipschitz differentiable. As discussed in [4,21,43], the proximity operator of a
function is a versatile tool in convex optimization for tackling possibly nonsmooth
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problems, but it may be sometimes preferable, in particular for complexity reasons,
to compute the gradient of the function when it enjoys some smoothness property.

Most of the aforementioned primal-dual methods make it possible to split the
original problem in a sum of simpler terms whose associated operators can be ad-
dressed individually, in a parallel manner, at each iteration of the algorithm. Our
objective in this paper is to add more flexibility to the existing primal-dual meth-
ods by allowing only a restricted number of these operators to be activated at each
iteration. In the line of the work in [23], our approach will be grounded on the
use of random sweeping techniques which are applicable to algorithms generating
(quasi-)Fejér monotone sequences. One additional benefit of the proposed random-
ized approach is that it leads to algorithms which can be proved to be tolerant of
stochastic errors satisfying some summability condition.

In the following, we will investigate two variants of forward-backward based
primal-dual algorithms and we will design block-coordinate versions of both al-
gorithms. These block-coordinate methods may be interesting for their own sake
in order to reduce memory and computational loads, but it turns out that they are
also instrumental in developing distributed strategies. More precisely, we will be
interested in multi-agent problems where the performed updates can be limited to
a neighborhood of a small number of agents in an asynchronous way. We will show
that the proposed random distributed schemes apply not only to convex optimiza-
tion problems, but also to general monotone inclusion ones. It is worth noting that,
in the variational case, some distributed primal-dual algorithms have already been
proposed implementing subgradient steps [14, 55] (see also [53] for applications to
data networks). As a general feature of (unaveraged) subgradient methods, their
convergence requires the use of step-sizes converging to zero. Making use of proxim-
ity operators, which can be viewed as implicit subgradient descent steps, allows less
restrictive step-size choices to be made. For example, convergence of the iterates
can be established for constant step-size values.

The remainder of the paper is organized as follows. In Section 2 we provide
some relevant background on monotone operator theory and convex analysis, and
we introduce our notation. In Section 3, a preconditioned random block-coordinate
version of the forward-backward iteration is presented. Based on this algorithm, in
Section 4, we propose novel block-coordinate primal-dual methods for constructing
iteratively a zero of a sum of monotone operators, and we study their convergence.
In Section 5, similar block-coordinate primal-dual algorithms are developed for solv-
ing composite convex optimization problems. Finally, in Section 6, we show how
the proposed random block-coordinate approaches are able to provide distributed
iterative solutions to monotone inclusion and convex variational problems.

2. NOTATION

The reader is referred to [5] for background on monotone operator theory and con-
vex analysis, and to [29] for background on probability in Hilbert spaces. Through-
out this work, (2, F, P) is the underlying probability space. For simplicity, the same
notation (- | -) (resp. ||-||) is used for the inner products (resp. norms) which equip
all the Hilbert spaces considered in this paper. Let H be a separable real Hilbert
space with Borel o-algebra B. A H-valued random variable is a measurable map
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x: (2,F) — (H,B). The smallest o-algebra generated by a family ® of random
variables is denoted by o(®). The expectation is denoted by E(-).

Let G be a real Hilbert space. We denote by B(H, G) the space of bounded linear
operators from H to G, and we set B(H) = B(H,H). Let L € B(H,G), its adjoint
is denoted by L*. L € B(H) is a strongly positive self-adjoint operator if L* = L
and there exists o € ]0, +oo[ such that (Vx € H) (x| Lx) > a|x||*>. Then, L is an
isomorphism and its inverse is a strongly positive self-adjoint operator in B(H). The
square root of a strongly positive operator L is denoted by LY/2 and its inverse by
L=1/2. Id denotes the identity operator on H.

The power set of H is denoted by 27. Let A: H — 2H be a set-valued operator. If,
for every x € H, Ax is a singleton, then A will be identified with a mapping from H
to H. We denote by zer A = {x €H ‘ 0e Ax} the set of zeros of A and by A=!: H —
2":u— {xeH | u € Ax} the inverse of A. Operator A is monotone if (V(x,y) € H?)
(Vu € Ax) (Vv € Ay) (x —y |u—v) > 0. Such an operator is maximally monotone
if there exists no other monotone operator whose graph includes the graph of A. A
is B-strongly monotone for some 3 € |0, +-oo[ if (V(x,y) € H?) (Yu € Ax) (Vv € Ay)
(x—y|u—v) > B|lx —y|’>. Let B be a single-valued operator from H to H. B is
B-cocoercive for some 3 € ]0, +oo| if (V(x,y) € H?) (x —y | Bx — By) > 3||Bx—By||%.
Therefore, B is B-cocoercive if and only if B~!: H — 2" is -strongly monotone. B

1—
is a-averaged with o €]0, 1] if (V(x,y) € H?) ||Bx — By||> < [[x —y||* — a||(Id -

B)x — (Id — B)y||*>. As a consequence of Minty’s theorem, an operator A: H — 2H
is maximally monotone if and only if its resolvent Jo = (Id + A)~! is a firmly
nonexpansive (i.e. 1-cocoercive) operator from H to H. As a generalization of
Moreau’s decomposition formula, if A: H — 2" is maximally monotone, U is a
strongly positive self-adjoint operator in B(H), and v € ]0, +oo[, then Jyya: H — H
is such that

(2.1) Jua = U2 jioppisU2 =1d — UL —iymip-i (v TUTH)

(see [24, Example 3.9]). The parallel sum of A: H — 2" and C: H — 2" is ADC =
(A_l —I—C_l)_l.

The domain of a function f: H — ]—oo0, +00] is domf = {x € H | f(x) < +o0}.
A function with a nonempty domain is said to be proper. The class of proper,
convex, lower-semicontinuous functions from H to |—oo, +00] is denoted by I'g(H). If
f € I'o(H), then the Moreau subdifferential of f is the maximally monotone operator

of: H*>2HIX+—>{U€H } (Vy € H) {y = x | u) + f(x) < f(y)}.

If f is proper and f-strongly convex for some [ € ]0,4o00[, then Of is S-strongly
monotone. If f € T'y(H) is Gateaux-differentiable at x € H, then 0f(x) = {Vf(x)}
where Vf(x) is the gradient of f at x. f: H — R is 3~ !-Lipschitz differentiable for
some f3 € |0, +oo[ if it is Gateaux-differentiable on H and (V(x,y) € H?) B||Vf(x) —
Vi(y)|l < |[x—y||. The Baillon-Haddad theorem asserts that a differentiable convex
function f defined on H is B~ !-Lipschitz differentiable if and only if its gradient
Vf is B-cocoercive. If A is a nonempty subset of H, the indicator function of A is
(Vx € H) ta(x) = 0 if x € A, and +oo otherwise. This function belongs to I'g(H)
if and only if A is a nonempty closed convex set. Its subdifferential dcp is the
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normal cone to A, denoted by Nj. The identity element of the parallel sum is Nyqy.
The inf-convolution of two functions f: H — |—o00, +00] and h: H — |—o00, +00] is
defined as fOh: H — [—00, +00] : x — infyen (f(y) +h(x—y)). The identity element
of the inf-convolution is ¢{5y. The conjugate of a function f € T'o(H) is f* € T'o(H)
such that (Vv € H) f*(v) = sup,ey ((x | v) — f(x)). We have then Of* = (9f)~'. Let
U be a strongly positive self-adjoint operator in B(H). The proximity operator of
f € To(H) relative to the metric induced by U is [33, Section XV.4]

proxf : H — H: x — argmin f(y) + %(x —y | Ux—y)).
yeH
We have thus proxf = Jy-15. When U = Id, we retrieve the standard definition
of the proximity operator originally introduced in [39]. If A is a nonempty closed
convex subset of H, Iy = prox{i is the projector onto A. In the following, the
relative interior of a subset A of H is denoted by ri A.

Let (G;)1<i<m be real Hilbert spaces. G = G1®- - -®G,,, is their Hilbert direct sum,
Le., their product space endowed with the scalar product (x,y) — > " (x; | yi),
where a generic element in G is denoted by x = (x;)1<i<m With x; € G;, for every
i €{1,...,m}. In addition, D,, = {0,1}" ~ {0} denotes the set of nonzero binary
strings of length m. We will keep on using this notation throughout the paper.

3. A PRECONDITIONED RANDOM BLOCK-COORDINATE FORWARD-BACKWARD
ALGORITHM

In this section, m is a positive integer, Ki,...,K,, are separable real Hilbert
spaces, and K =K; & --- ® K, is their Hilbert direct sum.

The algorithms in this paper are rooted in the forward-backward iteration [25]
(see [3] for examples of problems which can be solved by this method). A block-
coordinate version of the forward-backward method was recently proposed in [23,
Section 5.2]. Stochastic versions of this algorithm were also presented in [40, 49]
in a variational framework. Now, we show how a preconditioning operator can
be included in the block-coordinate forward-backward algorithm through a metric
change.

Proposition 3.1. Let Q: K — 2K be a mazimally monotone operator and let
R: K — K be a cocoercive operator. Assume that Z = zer (Q + R) is nonempty.
Let V be a strongly positive self-adjoint operator in B(K) such that VI/2RV1/2 g 9-
cocoercive with ¥ € |0,4+00[. Let (Yn)nen be a sequence in R such that inf,en v, > 0
and sup,cn Tn < 20, and let (Ap)nen be a sequence in |0, 1] such that infp,ey Ay, > 0.
Let zg, (Sn)nen, and (tn)nen be K-valued random variables, and let (€,,)nen be iden-
tically distributed D, -valued random variables. For every n € N, set J, vq: z —
(Tinz)1<icm where (Vi € {1,...,m}) T;n: K — K;, iterate

forn=0,1,...
r, = VRz,
(3.1) fori=1,...,m

L Zin+l = Zin T )\nf‘:i,n (Ti,n(zn — YnTn + Sn) +tin — Zi,n)7

and set (Yn € N) &, = o(e,,) and Z,, = 0(z9,...,2y). In addition, assume that the
following hold:
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(1) > en VEUIsnl?|Zn) < 400 and Y-, oy v E([ta]]? | Zn) < 400 P-aus.

(ii) For every n € N, &, and Z, are independent and (Vi € {1,...,m})
P[Ei,o = 1] > 0.
Then (zn)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. We have Z = zer (VQ + VR) # &. Since V is a strongly positive self-adjoint
operator, we can renorm the space K with the norm:

(Vz € K) Izlly—1 = /{z | V" 'z).

Let (- |-)y-1 denote the associated inner product. In this renormed space, VQ is
maximally monotone. In addition,

(V(z.2)) € K?) |VRz—VRZ|2_, = |V'/?Rz - V'/?RZ|?
< 19_1<V_1/22 _v-l2y | V!/2Rz — V1/2Rz’>
=9 (z—2 |Rz—RZ)
=9 (z—7 |VRz— VRZ), .,

which shows that VR is ¥-cocoercive in (K, || - ||y-1). A forward-backward iteration
can thus be employed to find an element of Z by composing operators J,, vq and
Id — v, VR. In (K, || - ||y-1), the first operator is firmly nonexpansive (hence, 1/2-
averaged) and the second one is v, /(219)-averaged [5, Proposition 4.33]. The relaxed
randomized algorithm given in [23, Section 4] then takes the form (3.1). Note that
Assumption (i) leads to

> \/E(Hsn\lf,fl (Z0) < AVIVTHEY D VEIsnl?[Zn) < +oo

neN neN
> VEU 1 1%0) < IV VEIPTR0) < o0
neN neN

and that weak convergences in the sense of (- | -) and (- | -),-1 are equivalent. Using
similar arguments as those given in the proof of [23, Proposition 5.9], it can be
proven that the set of the weak sequential cluster points of (z,)nen belongs P-a.s.
in Z. Thus, the convergence result follows from [23, Theorem 4.1]. O

Remark 3.2.

(i) If R = L*RL where L € B(K,K), R: K — K is 9-cocoercive with J €
10, +o0[, and K is a separable real Hilbert space, then VY/2RV'/? ig ¢-
cocoercive for every strongly positive self-adjoint operator V € B(K) such
that 9||LVL*|| = 9.

(ii) At iteration n € N, s,, and ¢,, can be viewed as error terms when applying
R and J,, vq, respectively. The ability to consider summable stochastic
errors offers more freedom than the assumption of summable deterministic
errors which is often adopted in the literature. Note however that relative
error models are considered in [38,50,51].

(iii) Let n € N*. In view of (3.1), €,, and Z,, are independent if €, is independent
of (Z(), (sn’y Sn/, tn’)(]én’<n) .
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4. BLOCK-COORDINATE PRIMAL-DUAL ALGORITHMS FOR COMPOSITE MONOTONE
INCLUSION PROBLEMS

In the rest of this section, p and ¢ are positive integers, (H;)1<j<p and (Gi)i<k<q
are separable real Hilbert spaces. In addition, H = H{@®---®Hp, and G = G1@- - -®G,
denote the Hilbert direct sums of (H;)1<j<p and (Gp)i<k<q, respectively. We will
also consider the product space K=H @ G.

4.1. Problem. The following problem involving monotone operators which has
drawn much attention in the last years (see e.g. [8,11,17,22,44,47]) will play a
prominent role throughout this work.

Problem 4.1. For every j € {1,...,p}, let Aj: H; — 2H; be maximally monotone,
let Cj: H; — H; be cocoercive and, for every k € {1,...,q}, let By: G, — 2Ck be
maximally monotone, let Dy : G, — 2 be maximally and strongly monotone, and
let Ly ; € B(H;, Gg). It is assumed that

(4.1) (Vke{l,...,q}) Lp={je{l,....p}| L, #0} # &,
(42)  (e{l..p)) Li={ke{l,....q}|Le #0}#2,
and that the set F of solutions to the problem:

(4.3) find xq € Hy,...,x, € H, such that

q p
(\V/] S {1, - ,p}) 0e Aij + Cij + Z Lz,j(Bk [l Dk) ( Z Lk,j/xj’>
k=1 j'=1

is nonempty. We also consider the set F* of solutions to the dual problem:

(4.4) find v; € Gy,...,v4 € G, such that

p q
(VEe{l,...,q}) 0€ — Z L (A;1OCH) ( — Z LZ/’jvk/> + B 'vi, + Dy v

j=1 k=1

Our objective is to find a pair (Z,v) of random variables such that Z is F-valued
and v is F*-valued.

The previous problem can be recast as a search for a zero of the sum of two
maximally monotone operators in the product space K as indicated below [26, 54].

Proposition 4.2. Let us define A: H — 2H: x — X?Zlijj, B:G — 26:v >
X4_Bevk, C:H — H:x = (Cjxj)icj<p, D: G — 2:v — X!_ Dpvy, and
LH—->G:x— (Z?Zl Lk,jxj)mkgq' Let us now introduce the operators
(4.5) Q: K-—2K

(x,v) — (Ax 4 L*v) x (—=Lx 4+ B~ !v)
and
(4.6) R: K— K

(x,v) — (Cx,D7v).

Then, the following hold:
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(i) Q is mazimally monotone and R is cocoercive.
(ii) Z = zer (Q + R) is nonempty.
(iii) A pair (z,v) of random variables is a solution to Problem 4.1 if and only
if (x,) is Z-valued.

The above properties suggest employing the block-coordinate forward-backward
algorithm developed in Section 3 to solve numerically Problem 4.1. According to the
choice of the involved preconditioning operator, several algorithms can be devised.
Subsequently, L € B(H, G) is defined as in Proposition 4.2.

4.2. First algorithm subclass. We state two preliminary results which will be
useful in the derivation of the algorithms proposed in this section.

Lemma 4.3. Let W € B(H) and U € B(G) be two strongly positive self-adjoint
operators such that ||UY2LWY?|| < 1.

(i) The operator defined by
(4.7) V' K— K
(X, V) — (W_lx —L*v, —Lx + U_lv)
is a strongly positive self-adjoint operator in B(K). Its inverse given by
(4.8) V: K—K
(x,v) = (W™ —L*UL) 'x + WL*(U™! — LWL*) 1y,
(U™ — LWL*) 1 (LWx + v))

is also a strongly positive self-adjoint operator in B(K).

(ii) Let C: H — H, D: G — 2%, and R: K — K be the operators defined
in Proposition 4.2. If WY2CWY2 is y-cocoercive with p € |0, +o0| and
UY2D~1UY?2 is v-cocoercive with v € 10, +00], then, for every a € |0, +o0],
VI2RVY/Z s Yo -cocoercive, where

(4.9) Y = (1 — ||UY2LWI/2|2)
x min {u(1 +aUY2LWY2)) 7 v (1 + a7 UPLWZ)) T

Proof. (i) The operators W~! and U~! being linear bounded and self-adjoint, V' is
linear bounded and self-adjoint. In addition, for every (x,v) € K,

(x| (W™ = L*"UL)x) = <W’1/2x | (Id — w1/2L*ULW1/2)W*1/2x>
= (x | W) = (W13 | WAL uLw 2w )
> (1 — [|W2L uLw/2|)(x | W~ 1x)
(4.10) > (1—[JUM2LwW2)2) (W~ x) 2
and
v| (U™ = LWLHV) > (1 — [[u2LwLu?|)(v | U v
(v ( V) = (1—| (v |
(4.11) > (1= [[U2LW 2 U]~ v
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We can deduce that

{((x,v) | V/(x,v)) = (x = WL*v | W (x = WL*V)) + (v | (U™" — LWL*)v)
> (1— U2LW ) Ul v ?

and similarly,
(6 v) [V (x,v)) = (1 — [|U2LW!2)12) (W~ 2.
The latter two inequalities yield

L— [[UY2LWY2)2) min{|[W| =" U]~ masd|x] 1%, []v]*}

—~

<(x,v) ]V’(x,v)> >

> (1= JU2LW 22 mind (W) O v

N

This shows that V' is a strongly positive operator. It is thus an isomorphism and
its inverse is a strongly positive self-adjoint operator in B(K).

Furthermore, (4.10) (resp. (4.11)) shows that W~ — L*UL (resp. U~! — LWL*)
is an isomorphism since it is a strongly positive self-adjoint operator in B(H) (resp.
B(G)). The expression of the inverse of V' can be checked by direct calculations.

(ii) Let o € ]0,+00[. Showing that V/2RVY/2 is 9),-cocoercive is tantamount to
establishing that

(V(z,2) € K?) <z — 7 | V/2RV/27 — vl/Qva/Qz’>
2 190[”\/1/2va/22 _ V1/2va/22/H2
& (V(z,Z) €eK?) (z—2 |Rz—RZ) > ¥,||[Rz — RZ|}.
Let z = (x,v) € K and 2/ = (x',v') € K. We have
(412)  ||Rz—RZ|]y =(Cx - Cx' | (W' —L*UL)!(Cx — Cx))
+(D'v-DV [ (U -LWLY) (D 'v - D V)
+2(Cx — Cx' | WL*(U™! —LWL*) /(D" 'v - D" V).
On the other hand,
(Cx—Cx' | (W™ —L*UL) ! (Cx — CX))
- <w1/2(cx —CxX) | (Id — W2 uLw/2) - lwl/2(Cx — cx’)>
< [(1d — W2 uLw/2) 7L || Cx — CX I3,
(4.13) = (1— [UYALW2 ) ex — Xy
(D"'v-D V[ (U —LwL) (D 'v-DV))
(4.14) < (1= UPLW 227D v = DTV,



RANDOMIZED DISTRIBUTED PRIMAL-DUAL ALGORITHMS 2461
(Cx — Cx' |WL*(U™! — LWL*) ) (D" 'v — D™ V))

< [W/2(Cx — C) [ [WYZLTUM2(1d — UYALWLT U
<UDy — D)

< ||U1/2LW1/2H(1 _ ||U1/2LW1/2||2)—1
x [|Cx — CX||w|[D"*v — D~V'||y

1
(15) < UMW U )

x (af|Cx — CX'||3y + o YD v — D_lv’||%),

Altogether, (4.12)-(4.15) and the cocoercivity assumptions on W/2CW'2 and
U/2D~ U2 lead to the inequalities

IRz — RZ'[[§
< (1= UPLW22) 7 (1 + aJU2LW ) [Cx — CX iy
+ (14 UY2LW2|) D~ 'v — DV}
< (1 U2LW2 ) 7 (0 (1 + o U2LW2 ) (x — X' | Cx — CX')
+ v 1+ o UYALWY2|) (v — v/ | D7lv - DTIV))
< 79;1<z — 7' |Rz—RZ).

Remark 4.4.
(i) In (4.9), we can simply choose a = 1, yielding the cocoercivity constant
91 = (1— [UM2LWY2 ) min g, v).

A tighter value of this constant is ¥4 where & is the maximizer of a — ¥,
n |0, +oo[. It can be readily shown that

a=

p— v+ (1= ) + AU 2LW 2
2v||UY2LWI/2)| ’
(ii) When D! = 0, the positive constant v can be chosen arbitrarily large. A

cocoercivity constant of V/2RV'/2 is then equal to

lim J, = (1 — |[UY2LWY2)12) .
a—0
a>0

Lemma 4.5. Let A: H - 21, B: G - 26, C:H - H, D: G — 26, Q: K — 2K,
and R: K — K. Let W € B(H) and U € B(G) be two strongly positive self-adjoint

operators such that ||[UY2LW'/2|| < 1. Let V € B(K) be defined by (4.8). For every
z=(x,v) € K and (c,e) € K, let

y =Jwa(x — W(L*v + Cx + ¢))
u=Jyg1(v+U(LQ2y—x)—D'v+e)).
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Then, (y,u) = Jyq(z — VRz + s) where
s=((W'—L*UL)"(L*Ue —c), (U — LWL*)"'(e — LWc)).

Proof. Let z = (x,v) € K and let s = (c/,e’) € K. We have the following equiva-
lences:

(y,u) = Jvq(z — VRz +s)
& z—VRz+se (Id +VQ)(y,u)
A V_l(z+s_(Y7u))_RZ€Q(Y7u)

(4.16) - W lx—y+c)—L*(v+e)—CxecAy
. Ulv-u+e)+L2y—x—-c)-DveBlu
o x+c —W(L*(v+¢e)+Cx) e (Id + WA)y
vi+e +ULQ2y—x—c)—-Dv)e(Id +UB)u

- {y =Jwa(x+c — W(L*(v +¢€') + Cx))
u=Jyg-1(v+e +UL2y —x—c)—D'v)),
where, in (4.16), we have used the expression of Q in (4.5) and the expression of
the inverse of V given by (4.7).
In order to conclude, let us note that, since [|[UY2LWY2|| < 1, it has already
been observed in the proof of Lemma 4.3(i) that W~! —L*UL and U™ — LWL* are
isomorphisms (as a result of (4.10) and (4.11)). Thus, for every (c,e) € K,

Wc = WL*e' — ¢ - ¢ = (W™ —L*UL)"!(L*Ue — c)
Ue = e — ULC e = (U™' - LWL*)"!(e — LWc).

g

The above two lemmas allow us to obtain a first block-coordinate primal-dual
algorithm to generate a solution to Problem 4.1.

Proposition 4.6. Let

(4.17) W:H = H:x = (Waxq, ..., W,x,)
and U: G — G:v— (Upvy,...,Ugvg)

where, for every j € {1,...,p}, W; is a strongly positive self-adjoint operator in
B(H;) such that le-/2CjW]1-/2 is pj-cocoercive with p; € 10,400 and, for every
kE e {1,...,q}, Uy is a strongly positive self-adjoint operator in B(Gg) such that
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U,lg/le,glU/,lg/2 is vg-cocoercive with vy, € |0, +oo[. Suppose that
(4.18) (Ja €10, +00) 29, > 1

where ¥4 is defined by (4.9) with p = min{uy,...,pp} and v = min{vy, ..., v4}.
Let (An)nen be a sequence in ]0,1] such that inf,en A, > 0, let g, (ap)nen, and
(en)nen be H-valued random wvariables, let vg, (bn)nen, and (dy)nen be G-valued
random wvariables, and let (en)nen be identically distributed Dy q-valued random
variables. Iterate

form=0,1,...
forj=1,...,p
Yin = Ejm <ijAj (@jm — WD L ok + Cijm
ke]L;
+ejn)) + aj,n)
(4.19) L Zjnt1 = Tjn + An€jn(Yjn — Tjn)
fork=1,...,q
Uk = Epthn (JUkB,;l (k. + Uk( D Lij (2ujm — zjn)
JELk
—DEIU’W + dk,n)) + bk,n)
| L YkEn+1 = Vkn + >\n5p+k,n (uk,n - vk,n)v

and set (Yn € N) €, = o(e,) and X,, = o (T, V) o</ <n- In addition, assume that
the following hold:

(i) ZneN v E(Han‘|2|xn) < +o0, ZnEN V E(”an2 | X)) < +o00,
Y oneN VE(|en])? | X)) < 400, and Y neN VE(||dn||? X)) < +oo P-as.

(ii) For every n € N, &, and X, are independent, and (Vk € {1,...,q})
Pleptro = 1] > 0.

(iii) For every j € {1,...,p} and n € N, U {we ’ Eprhn(w) =1} C
kel;
{weQ|ejn(w) =1}

Then, (Tn)nen converges weakly P-a.s. to an F-valued random variable, and (vy,)nen
converges weakly P-a.s. to an F*-valued random variable.

Proof. In view of (iii), for every j € {1,...,p}, max{sjm,(serk,n)keL;} = €jn.
Moreover, for every k € {1,...,q}, j € Ly & k € LL¥. Iterations (4.19) are thus
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equivalent to

forn=0,1,...
forj=1,...,p
Njn = max {&jn, (6p+k,n)kem;}

q
Yjn = Mjn (ijAj (2j;m = W3O Lk ok + Cizjim
k=1

(4.20) +jn)) + i
L Zjn41 = Tjn + An€jn(Yjn — Tjn)
fork=1,...,q
Uk,n = Ept+k,n (JUkBIZI (Uk,n + Uk( Z Lk»j(2yj»n - :Ej»n)
JeLg

—D; Mg + dip)) + b;m)

L L YEn+1 = Vkn + )\ngp—i-k,n(uk,n - Uk,n)-

On the other hand, according to Proposition 4.2(i)-(ii), Q is maximally monotone,
R is cocoercive, and Z = zer (Q + R) # &. It can be noticed that (4.9) and (4.18)
imply that [[UY2LW'/?|| < 1. Thus, by virtue of Lemma 4.5, Algorithm (4.20) can
be rewritten under the form of Algorithm (3.1), where m = p + ¢, V is defined by
(4.8) and, for every n € N,

(4.21) Zn = (Xn, Vn),
(4.22) Yo = 1,
(4.23) Jva: 2= (Tinz)i<i<m,
(4.24) (vje{l,....,p})  Tjn: K—=Hj,
(4.25) (Vk e {1,...,q}) Tptin: K= Gy,
(4.26) tn = (an, by),
(4.27) sp = (W™ —L*UL) " }(L*Ue, — ¢,),
(U™t —LWL*) (e, — LWey,)),
(4.28) en = 2La, +d,.

Since W and U are two strongly positive self-adjoint operators such that
[UY2LW'/2|| < 1, Lemma 4.3(i) allows us to claim that V is a strongly positive
self-adjoint operator in B(K). In addition, for every (x,x’) € H?

<x — x| WY2cw/2x — W1/2CW1/2x/>

M*@

1/2 1/2 1/2 1/2
<xj— LW W 2 - wi P w x;>

—_

<.

1/2 1/2 1/2 1/2
Mj||W/ Cjo/ Xj = Wj/ Cjo/ x|

M-

>

<
Il
-

> ,U,HWI/QCWI/QX _ WI/QCWI/QX/HQ.
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Thus WY2CW'/2 s p-cocoercive, and similarly, UY2D~'UY? is v-cocoercive. It
follows from Lemma 4.3(ii) that V/2RV'/? is 9,-cocoercive, and our assumptions

guarantee that 1 = sup, ey Vn < 20,. Moreover, it can be deduced from Condition
(i) and (4.26)-(4.28) that

> VEUlP1X0) < Y VE(lanlP[X0) + Y VE(Ibal2[X,) < +oo,

neN neN neN
S VE(saP1X) < Iwt = Loy~ VE(lelP1X)
neN neN

+ 20Ut Y VE(lanlP1X) + LU VE(IdaP1X0) )

neN neN
Ut = w7 (20 Y VE(TanPTX)
neN
+ 3 VE(dalPTX0) + LW > VE(ealP[X,) ) < +oc.
neN neN

In addition, since we have assumed that, for every j € {1,...,p}, L7 # @, (ii)
and (iii) guarantee that Condition (ii) in Proposition 3.1 is also fulfilled. All the
assumptions of Proposition 3.1 are then satisfied, which allows us to establish the
almost sure convergence of (@, vn)nen to a Z-valued random variable. Finally,
Proposition 4.2(iii) ensures that the limit is an F x F*-valued random variable. [

A number of observations can be made on Proposition 4.6.

Remark 4.7.

(i) The Boolean random variables (&; n)1<i<p+q signal the variables (z;n)1<j<p
and (vgn)i<k<q that are activated at each iteration n. From a computa-
tional standpoint, when some of them are zero-valued, no update of the
associated variables must be performed. Note that, in accordance with
Condition (iii), for every j € {1,...,p}, yj» needs to be computed not only
when z;, is activated, but also when there exists £ € {1,..., ¢} such that
Ug.n is activated and Ly ; # 0.

(ii) For every n € N, j € {1,...,p}, and k € {1,...,¢}, ajn, bin, ¢jn, and
d., model stochastic errors possibly arising at iteration n, when applying
Jw;a; JUkB,glv C;, and D,;l, respectively.

(iii) Using the triangle and Cauchy-Schwarz inequalities yields

q p 2
(¥x € H) [UY2LW! 22 = 3 H 3 UL W

k=1 j=1

L 1/2 1/2 2
<2 (X IV LWl )

k=1 =1

S|

<y (D v Leawy ) (i Ix511%).
-

k=1 j=1
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(4.29)

(4.30)

(4.31)
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which shows that

p q
||U1/2Lwl/2|| g (ZZ‘ 1/2|—k,jvv;/2||2)1/2

Jj=1k=1

For every j € {1,...,p}, let a cocoercivity constant of C; be denoted by
f; € 10,400] and, for every k € {1,...,q}, let a strong monotonicity con-
stant of Dy be denoted by vy € |0, +oo[. Then, one can choose

= min{(||W; ||~ i) 1<j<p} v = min{(|Ugl| ™" T)1<k<q}-

Therefore, by using Remark 4.4(i), a sufficient condition for (4.18) to be
satisfied with av =1 is

- 1/2 1/2,2)1/2
L= (D0 2w 1)

7j=1k=1

| o L 1
x min{ (W[~ ) 1<i<ps Ukl ™ Pk) 1<k} > 3

When D™! = 0, in accordance with Remark 4.4(ii), this condition can be
replaced by

p q
yl/2 1/2 . 1~ 1
1= 3 Y N0 LW | min{ (W, iprejen} > 5-

7=1 k=1

The above algorithm extends a number of results existing in a deterministic
setting, when p = 1 and no random sweeping is performed. In most of
these works, Wy = 71Id and, for every k € {1,...,q}, Uy = prld where
(7,015, pq) €0, 400[™. In particular, in [54], a sufficient condition for
(4.31) to be satisfied is employed, while in [26] it is assumed that D™! =0
and a condition similar to (4.32) is used. The proposed block-coordinate
algorithm also extends the results in [24, Section 6] when a constant metric
is considered.

Due to the symmetry existing between the primal and the dual problems, we can
swap the roles of these two problems, so leading to a symmetric form of Algorithm

(4.19):

Proposition 4.8. Let W, U, u, and v be defined as in Proposition 4.6. Suppose that
(4.18) holds where 9y, is defined by (4.9). Let (\n)nen be a sequence in |0, 1] such that
infey An > 0, let g, (@n)nen, and (¢n)nen be H-valued random variables, let vy,
(bp)nen, and (dyp)nen be G-valued random variables, and let (€y)nen be identically
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distributed D4 q4-valued random variables. Iterate
forn=0,1,...
fork=1,...,q

-1
Uk = Epthyn (Juke,;l (ki + Uk( D Lijin = Dy kn
JEL

+din)) + bk,n>

(433) L Vkn+1 = Vkn + )\nngrk,n(uk,n - Uk,n)
forj=1,....p

kel;
+CyTjim + i) + i)

L Tjnt1 = Tjn + An€jn(Yjn — Tjn)-

In addition, assume that Condition (i) in Proposition 4.6 is satisfied where (¥n € N)
&, =o0(en) and Xy, = 0(@y/, Vo Jo<n'<n » and that the following hold:

(ii) For everyn € N, &, and X,, are independent, and
(Vj c {1, - ,p}) P[Ej,() = 1] > 0.

(iii) For every k € {1,...,q} and n € N,
U {w e ‘ gjim(w) = 1} C {w e ‘ Epthn(w) = 1}.
J€EL
Then, (Tn)nen converges weakly P-a.s. to an F-valued random variable, and (vy,)nen
converges weakly P-a.s. to an F*-valued random variable.

4.3. Second algorithm subclass. We now consider a diagonal form of the oper-
ator V, for which we proceed similarly to the approach followed in Section 4.2.

Lemma 4.9. Let W € B(H) and U € B(G) be two strongly positive self-adjoint
operators such that ||UY2LWY2| < 1.
(i) The operator defined by

(4.34) V: K — K
(x,v) = (Wx, (U™! — LWL*)"'v)
is a strongly positive self-adjoint operator in B(K).

(ii) Let C: H — H, D: G — 2%, and R: K — K be the operators defined
in Proposition 4.2. If WY2CWY2 is y-cocoercive with p € |0, +o0| and
UY2D~1UY?2 is v-cocoercive with v € 10, +00[, then VI2RVY/2 s 9-cocoercive,
where

(4.35) 9 = min {p, v(1 — |U2LWI/2)2) L

Proof. (i) First note that, as we have already shown in (4.11), if |UY2LWY/2||
< 1, then U™ — LWL* is a strongly positive operator in B(G) and it is thus an
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isomorphism. We have then, for every (x,v) € K,
((x,v) | V(x,v)) = (x | Wx) + (v | (U! — LWL*)"!v)
> [IWTHTHIx? + U™ = LWL v
> min {[|W7H| 7 U™ = LWL (] + [lv]?).

Hence, V is a strongly positive self-adjoint operator.
(ii) Let z = (x,v) € K and 2’ = (x/,v') € K. We have

IRz — RZ'[[;
= (Cx — Cx' | W(Cx — CxX'))
+(Dlv-DW | (U -LWL*) (D v - DV))
ICx — CX'[[jy + [|(1d — U2 LWL*UY2)7H|[D~'v — D~V/|[§
pH(x—x' | Cx — Cx')
+r i1 - u2wt 23"y —v | DTv - DIV
< max {p~ v (1 - UVALWY2|3) 71 (z - 2/ | Rz — RZ),

<
<

which, in view of the remark made at the beginning of the proof of Lemma 4.3(ii),

shows that V/2RVY/2 is ¥-cocoercive.

Lemma 4.10. Let B: G — 26, C:H — H, D: G — 26, Q: K — 2K, and
R: K — K. Assume that the operator A defined in Proposition 4.2 is zero. Let
W € B(H) and U € B(G) be two strongly positive self-adjoint operators such that
UY2LWY2|| < 1. Let V € B(K) be defined by (4.34). For every z = (x,v) € K and

(el,eQ) e K, let

(4.36)

u=Jyg-1 (v+U(L(x—W(Cx+L*)) —D 'v+e,))
y=x—W(Cx+ L*u+ey).

Then, (y,u) = Jvq(z — VRz +s) where

(4.37) s=(—Wey, (U "= LWL*)"!(es + LWey)).

Proof. Let z = (x,v) € K and let s = (€], e}) € K. The following equivalences are

obtained:

(y,u) = Jyq(z— VRz +5)
& Vi (z+s—(y,u)) —Rze Q(y,u)
- Wlx—y+e])—L'u—Cx=0
U —LWL*)(v—u+e)+Ly-D've B 'u
y=x—W(Cx+ L*u) +¢€]
& qvte,+U(L(x—W(Cx+L*v+ L)) +e}) — D 'v)
€ (Id + UB H)u
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u=Jyg1 <v +e,+U (L(x — W(Cx + L*v + L*e}) + €)

. o)

y =x—W(Cx+ L*u) + €],
which lead to (4.36) provided that

—We; =€}
Ue; = UL(e] — WL"€)) + €.
Since U™! — LWL* is an isomophism, the latter equalities are equivalent to (4.37).
O

From the above two lemmas, a second type of block-coordinate primal-dual al-
gorithm can be deduced to solve Problem 4.1 in the case when A = 0.

Proposition 4.11. Let W, U, u, and v be defined as in Proposition 4.6. Suppose
that

(4.38) min {p, (1 — HUl/QLW1/2H2)} > %

Let (Ap)nen be a sequence in |0,1] such that inf,eny Ay > 0, let xy and (¢p)nen
be H-valued random wvariables, let vo, (bn)nen, and (dp)nen be G-valued random
variables, and let (€y)nen be identically distributed Dy 4-valued random variables.
Iterate

forn=0,1,...
forg=1,....p
1jn = Max {€p+k,n ‘ k€ ]L;‘}
[ Win = i (Tjn — W5(Ciwjin + ¢jin))

fork=1,...,q
Uk,n = Ept+k,n (Jukggl (Uk,n + Uk( Z LkJ (wj,n
JELK
(4.39) =W D Lijtwn) = Dy Mok

kel
+dk:,n)) + bk,n)
| Vkn+1 = Uk + )\n5p+k,n(uk,n - Uk,n)
forg=1,...0p

*
Tjn+1 = Tjn + Anjin (wm —W; > Ltk — xjﬂ)’
kel

and set (Yn € N) €, = o(e,) and X,, = o(xy, V) o</ <n- In addition, assume that

() 2Znen VE(IBA]*|Xn) < 400, 32 en VE(llen]?[Xn) < 400, and
Y onen VE(dR]?1Xy) < +o0 P-as.
and Conditions (ii)-(iii) in Proposition 4.8 hold.
If, in Problem 4.1, (Vj € {1,...,p}) Aj =0, then (xn)nen converges weakly P-a.s. to
an F-valued random variable, and (vy)nen converges weakly P-a.s. to an F*-valued
random variable.
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Proof. First note that, in view of Condition (iii) in Proposition 4.8 (since (Vj €
{1,...,p}) L} # @), Iterations (4.39) are equivalent to

fOI'n:Oa]-a"'
fork=1,...,q
L Ck,n = max {5p+k;,m (Sj,n)jeLk}
forj=1,...,p

Njn = Max {&;n, (Ck,n)’fem}
Win = i (Tjn = W (Cizjn + cjn))

fork=1,...,q
Uk = Cn (Juksgl (U + U ( Z Lij (Wiim
(4.40) j€Lk
Wy S L)~ D
k€L

+dk,n)) + bk,n)
| Ykn+1 = Vkn + Anep—kk,n(uk:,n - Uk,n)
forj=1,...,p

*
Tjn+1 = Tjn + Anjn (wj,n =W Y Lijtkn — Ijv”)'
kel;

Furthermore, Condition (4.38) implies that ||UY/2LW'/?|| < 1. Hence, Lemma 4.10
allows us to show the equivalence between Algorithms (4.40) and (3.1) when V is
given by (4.34), Q is given by (4.5) (with A = 0), and R is given by (4.6), provided
that, for every n € N, (4.21)-(4.25) hold and

tn = (07 bn)7

sn=(—Wepn, (U = LWL*) " (LWL*b, +d,,)),

ein =L"b, + c,.

In the proof of Proposition 4.6, we have seen that W/2CW'/2 ig p-cocoercive and
UY/2D~'UY2 is v-cocoercive. According to Lemma 4.9(ii), VI/?RV'/? is thus -
cocoercive where ¥ is given by (4.35), and (4.38) means that 1 = sup,cyvn < 20.
In addition,

> VEal?1X) = Y VE(bal2[Xn) < +oe,

neN neN
> VE([[sal?1X0)
neN
< IWLY - VEIBl?[1X0) + WD VE(lenl?[X)
neN neN

+ (U - LWL (II'—WL*II > VE[bal?[X,)
neN
+ 3 VE(IdalPTX0)) < +oo.

neN
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Since we have assumed that, for every k € {1,...,q}, Ly # @, Conditions (ii)-(iii)
in Proposition 4.8 guarantee that Condition (ii) in Proposition 3.1 is satisfied. The
convergence result then follows from this proposition. O

Remark 4.12. For every j € {1,...,p}, let a cocoercivity constant of C; be
denoted by f1; € ]0,+o00[ and, for every k € {1,...,q}, let a strong monotonic-
ity constant of Dy be denoted by 7, € ]0,4+o00[. Using (4.29)-(4.30), a necessary
condition for (4.38) to be satisfied is

P g
i 1/2 1/2 1
min { (W[~ Frszpn (1= D2 D IV 2L Wi Z12) (U Bhncnsa ) > 5
=1 k=1
In the case when, for every k € {1,...,q}, Dlzl — 0, the constants (7)1<k<q can be

chosen arbitrarily large and the above condition reduces to

A 1/2 1/2
YD I LW <1

=1 k=1 ,
min { (||W;| ") 1<j<p} > 5

This condition appears to be less restrictive than (4.32).

5. BLOCK-COORDINATE PRIMAL-DUAL PROXIMAL ALGORITHMS FOR CONVEX
OPTIMIZATION PROBLEMS

As we will show next, the results obtained in the previous section allow us to
deduce a couple of novel primal-dual proximal splitting algorithms for solving a
variety of (possibly nonsmooth) convex optimization problems. More precisely, we
will turn our attention to the following class of optimization problems, the notation
of the previous section being still in force:

Problem 5.1. For every j € {1,...,p}, let f; € TI'g(H;), let h; € I'g(H;) be
Lipschitz-differentiable, and, for every k € {1,...,q}, let g € Fo(Gk) let I €
I'g(Gk) be strongly convex, and let Ly ; € B(H;,Gy). Suppose that (4.1) and (4.2)
hold, and that there exists (Xi,...,%X,) € Hi & --- @& H, such that

p
(51) (\V/] S {1,,]9}) 0 € Of; (XJ)—FVh Xj ZL ﬁgkmﬁlk <ZL]€7]/X]/>
=1

Let F be the set of solutions to the problem

p q p
(5.2) minimize Z (fj(Xj) + hj(Xj)) + Z(gk Olg) < Z Lk,jxj>
x1€H1,...xpEHp  “— —
7j=1 k=1 7=1
and let F' be the set of solutions to the dual problem
p q
(5.3) minimize (f;O0h7) < Z Lk.Jvk) + Z gr(vie) + 5 (vi))-
j=1 k=1 k=1

V]_EGl,A..,VqEGq
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Our objective is to find a pair (Z,®) of random variables such that & is F-valued
and © is F -valued.

Note that the inclusion condition in Problem 5.1 is satisfied under a number of
relatively weak assumptions:

Proposition 5.2. [17, Proposition 5.3] Consider the setting of Problem 5.1. Sup-
pose that (5.2) has a solution. Then, the existence of (Xi,...,%Xp) € Hi & --- @ H,
satisfying (5.1) is guaranteed in each of the following cases:
(i) For every j € {1,...,p}, f; is real-valued and, for every k € {1,...,q},
(Xj)1<j<p Z§:1 Ly jx;j is surjective.
(ii) For every k € {1,...,q}, gr or i is real-valued.
(ili) (Hj)i<j<p and (Gi)i1<k<q are finite-dimensional, and (V5 € {1,...,p}) (Ix; €
ridomf;) such that (Vk € {1,...,q}) 325_; Lk jx; € ridom g + ridom .

The following result can be deduced from Proposition 4.6:

Proposition 5.3. Let W and U be defined as in Proposition 4.6. For every j €
{1,...,p}, let M;l €10, +o0][ be a Lipschitz constant of the gradient of h; oWJl,/2 and,
for every k € {1,...,q}, let 1/,;1 € )0, 4o00[ be a Lipschitz constant of the gradient of
|ZOU]1€/2. Suppose that (4.18) holds where ¥y, is defined by (4.9), p = min{p1, ..., pp},
andv = min{vy,...,vg}. Let (A\n)nen be a sequence in ]0,1] such that inf,eny Ay, > 0,
let g, (an)nen, and (¢p)nen be H-valued random wvariables, let vy, (by)nen, and

(dn)nen be G-valued random wvariables, and let (€n)nen be identically distributed
Dpq-valued random variables. Iterate

forn=0,1,...
Jorg=1,...,p
wit *
Yjn = Ejn (proxfj (2n = W;( Y Lijvkm + Vhj(jn)
keL?
+ejn)) + aﬂ?")
(5.4) | Tjn+l = Tjn + )\nf‘:j,n(yjm - xjm)
fork=1,...,q
u-?!
Uk,n = Ep+k,n (prong (V0 + Un( Z Lij (2Yjn = @jin)
J€ELg
Vi (0k) + i) + i)
L L Ukt = Uk + Anprkn (Ukn — Vkn)-

In addition, assume that Conditions (i)-(iii) in Proposition 4.6 hold, where (Vn € N)
En=o0(en) and Xy, = o(xp/, Vs ) o<’ <n-

Then, (xn)nen converges weakly P-a.s. to a F-valued random variable, and (Vy)nen
converges weakly P-a.s. to a F -valued random variable.

Proof. Let us set, for every j € {1,...,p}, A; = 0f;, C; = Vh; and, for every
ke {1,...,q}, By = Ogi, and D,;l = VIi. Then, it can be noticed that, for
—1 1

W
every j € {1,...,p} and k € {1,...,q}, Jw;a; = proxfjj , JUkB,;l = proxgi“ , and
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that the Lipschitz-differentiability assumptions made on h; and I} are equivalent
to the fact that W;/2CjW;/2 is pj-cocoercive and Ullg/2D,;1Ui/2 is vi-cocoercive [5,
Corollaries 16.42 & 18.16]. Proposition 4.6 thus allows us to assert that (z,)nen
converges weakly P-a.s. to an F-valued random variable, and (v,),en converges
weakly P-a.s. to an F*-valued random variable, where F and F* have been defined
in Problem 4.1. Let us now show that the first limit is a F-valued random variable,

and the second one is a F -valued random variable. Define the separable functions
feTo(H), heTy(H), gcl'h(G), and I € I'h(G) as

p p
f:X’—)ij(Xj), hZXHZhj(Xj),
j=1 j=1

g:VHng(Vk), l: v»—>Z|k(vk).
k=1

k=1
According to [5, Proposition 16.8], (5.1) can be reexpressed more concisely as
(5.5) 0 € 9f(x) + Vh(x) + L*(0g O Ol)(LX).

Since domh = H, of + Vh = 9(f + h) [5, Propositions 16.38 & 17.26] and since
doml* = G, 9gO0l = d(gOl) [5, Proposition 24.27]. Equation (5.5) implies that
L(dom (f + h)) N dom (gO1) # @ [5, Proposition 16.3(i)] and it follows from [5,
Proposition 16.5] that

(Vx € H) Of(x) + Vh(x) + L*(0gO)(Lx) C O(f + h+ (gOl) o L) (x).

As a consequence of (4.3) and Fermat’s rule [5, Theorem 16.2], this allows us to
conclude that

F = zer (8f+ Vh + L*(@gD@I)L) C zer (8(f+ h+ (gdho L)) —F.

By a similar argument, the fact that F* = zer (—L(9f* O0h*)(—L*)+0g*+VI*) # @
allows us to show that F* C F . O

In a quite similar way, Proposition 4.11 leads to the following result.

Proposition 5.4. Let W and U be defined as in Proposition 4.6. Let p and v be
defined as in Proposition 5.3. Suppose that Condition (4.38) holds. Let (Ap)nen
be a sequence in |0,1] such that inf,eny A, > 0, let @y and (cp)neny be H-valued
random variables, let vy, (by)nen, and (dn)nen be G-valued random variables, and
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let (en)nen be identically distributed Dy q-valued random variables. Iterate

form=0,1,...
forj=1,...,p
{ Mjn = Max {€p+k,n ‘ k€ ]L;}
Win = Njin (i — W5 (Vhj(25n) + ¢jn))
fork=1,...,q
U—l
Uk = Epthon (prong (0kn + Ue(D Liji(wjm
(5.6) JeLn
“W > L jown) = Vi (0rn) + dip)) + bk,n)
k'el;
L Vkn+1 = Vkn + >\n€p+k,n(uk,n - vk,n)
forj=1,...,p
Tjn+l = Tjn T Anjn (wj,n —W; D Lt~ xﬂ”)
kel

In addition, assume that Conditions (i) in Proposition 4.11, and (ii)-(4ii) in Propo-
sition 4.8 hold, where (VYn € N) &,, = o(ey,) and X,, = 0(Tp, Uy )o<n/<n -

If, in Problem 5.1, (Vj € {1,...,p}) f; =0, then (x,)nen converges weakly P-a.s.
to a F-valued random variable, and (vy)nen converges weakly P-a.s. to a F -valued
random variable.

At this point, it may appear interesting to examine the connections existing be-
tween the two proposed block-coordinate proximal algorithms and published works.

Remark 5.5.

(i) In practice, one may be interested in problems of the form

p

q P
minimize Z (fj (xj) +h; (Xj)) + Z 8k ( Z L/w‘XJ')'
X1€H1,...,Xp€Hp k=1 j=1

i=1

These are special cases of (5.2) where (Vk € {1,...,q}) lx = tfq}, 1.e. I} = 0.
(ii) Algorithm (5.4) extends the deterministic approaches in [13,26,28, 32, 54],
which deal with the case when p = 1, by introducing some random sweeping
of the coordinates and by allowing the use of stochastic errors. Similarly,
Algorithm (5.6) extends the algorithms in [16, 37] which were developed
in a deterministic setting in the absence of errors, in the scenario where
p=¢ =1, H; and G; are finite dimensional spaces, I1 = {5, W1 = 71d
with 7 € |0, 4o00[, Uy = pId with p € ]0,+o00[, and no relaxation (A, = 1)
or a constant one (A, = A9 < 1) is performed. Recently, these works
have been generalized to possibly infinite-dimensional Hilbert spaces when
p =1 and ¢ > 1, arbitrary preconditioning operators are employed, and
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deterministic summable errors are allowed [18]. The practical interest of
introducing preconditioning operators for accelerating the convergence of
primal-dual proximal methods was emphasized in [18,45,48].

(iii) In [23, Corollary 5.5], another random block-coordinate primal-dual algo-
rithm was proposed to solve an instance of Problem 5.1 obtained when
(Vi e{l,...,p}) hj =0and (Vk € {1,...,q}) Ix = t{oy- This algorithm is
based on the Douglas-Rachford iteration which is also at the origin of the
randomized Alternating Direction Method of Multipliers (ADMM) devel-
oped in finite dimensional spaces in [34]. Note however that the algorithm
in [23, Corollary 5.5] requires to invert Id +LL* or Id +L*L (see [23, Remark
5.4]). By contrast, Algorithms (5.4) and (5.6) do not make it necessary to
perform any linear operator inversion.

6. ASYNCHRONOUS DISTRIBUTED ALGORITHMS

In this part, H, Gy, ..., G,, are separable real Hilbert spaces, G =G @ - -- @ G,
and the following problem is addressed:

Problem 6.1. Foreveryi € {1,...,m}, let A;: H — 2" be maximally monotone, let
Ci: H — H be cocoercive, let B;: G; — 2% be maximally monotone, let D;: G; — 2Ci
be maximally monotone and strongly monotone, and let M; be a nonzero operator
in B(H, G;). We assume that the set F of solutions to the problem:

m
(6.1) find x € H such that 0 € ZAix + Cix+ M7 (B, O0D;)(M;x)

i=1
is nonempty. Our objective is to find a F-valued random variable 7.

Problem (6.1) can be reformulated in the product space H™ as

m
(6.2) find (x1,...,%m) € Ay, such that 0 € Y Axx; + Cixi + M7 (B;01D;) (Mix;)
=1

where
(6.3) A = {(x1, ..., xm) €H™ | x1 = ... =% }.

This kind of reformulation was employed in [20,44] to obtain parallel algorithms for
finding a zero of a sum of maximal operators and it is also popular in consensus
problems [10,42]. To devise distributed algorithms, the involved linear constraint
is further split in a set of similar constraints, each of them involving a reduced
subset of variables. In this context indeed, each index i € {1,...,m} corresponds
to a given agent and a modeling of the topological relationships existing between
the different agents is needed. To do so, we define nonempty subsets (Vy)i<s<, of
{1,...,m}, with cardinalities (k¢)1<¢<,, which are such that:

Assumption 6.2. For every x = (x;)1<i<m € H™,

x €Ay, & (Veedl,...;r}) (X)iev, € A,
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This assumption is obviously satisfied if r = 1 and V; = {1,...,m}, orif r = m—1
and (V¢ € {1,...,m —1}) V, = {¢,£ + 1}. More generally if the sets (V¢)1<r<,
correspond to the hyperedges of a hypergraph with vertices {1,...,m}, then the
assumption is equivalent to the fact that the hypergraph is connected.

In the following, we will need to introduce the notation:

H=H"@..-¢H", A=Ay @ D Ay,
A= X" A, C= Xi>,G,
B= X",B,, D = X;“,Dj,
S:H™ = H: x — (SX)1<r<r) M: H™ = G: x = (Mixi)1<i<m,
where, for every £ € {1,...,r},
(6.4) Ser H™ = H™ : x = (Xi)iev, = (Xi(e,5))1<i<re
and i(¢,1),...,i(¢, kg) denote the elements of V, ordered in an increasing manner.

Note that, for every £ € {1,...,7}, the adjoint of Sy is
Sp: H™ — H™: 2p = (25)1<j<m, 7 (Xi)1<icm
where

zp; ifi=i(l,j) with j € {1,... Kk}

(Vie{l,...,m}) xi:{

0 otherwise.

The adjoint of S is thus given by

.
(6.5) S*:H—H™: (z¢)1<0<r — ZSZZg = (Xi)1<i<m
/=1
where, for every i € {1,...,m},
(6.6) X; = Z 2y
(6,4)eVy
with

Vi={(j) | te{1,....,r},j€{1,...,k},and i((,j) = i}.

As a consequence of Assumption 6.2, the cardinality of VI (i.e. the number of sets
(V¢)1<e<r containing index 4) is nonzero.
The link between Problems 6.1 and 4.1 is now enlightened by the next result:

Proposition 6.3. Under Assumption 6.2, Problem (6.2) is equivalent to

(6.7) find x € H™ such that 0 € Ax 4+ Cx + M*(BOD)(Mx) + S*Nx (Sx).
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Proof. For every x € H™, we have the following simple equivalences:

=1
xe A,
(Vie{l,...,m})
0 € Aix; + Cix; + M:(Bi ([l DZ‘)(MiXi) + u;
& X €A,

m
ZUZ‘ =0
i=1

0 € Ax+Cx+ M*(BOD)(Mx) 4+ u

& X <€Ay

ucA

< 0€ Ax+Cx+ M*(BOD)(Mx) + S*Nx (Sx),

where we have used the fact that Ny, = 0up,, = 0(ta ©S) = ST0taAS = S*NAS
since A + ran (S) is a closed subspace of H [5, Propositions 6.19 & 16.42]. O

Remark 6.4. If we now reexpress (6.7) in terms of the notation used in Problem
4.1, we see that the equivalence of Problem 6.1 with Problem 4.1 is obtained by
setting p =m, g =m+r,H =... =H,, =H, (VW € {1,...,r}) Gpie = H,
Berg = NAW’ Dm+g = N{0}7 and

M; ifk=i
V(k,i) € {1,...,m}? L=<
( (k) €4 m}) ks {0 otherwise,

(Vee{l,....r})(Vx e H™) Z Linge,ixi = Sex
=1

(hence, (4.1) and (4.2) are satisfied).

Our goal now is to develop asynchronous distributed algorithms for solving Prob-
lem 6.1 in the sense that, at each iteration of these algorithms, a limited number
of operators (A;)1<i<m, (Bi)i<i<m, (Ci)1<i<m, and (D;)1<i<m are activated in a ran-
dom manner. Based on the above remark, the following convergence result can be
deduced from Proposition 4.8.

Proposition 6.5. Let (0y)1<<r € ]0,+00[". For every i € {1,...,m}, let W; be a
strongly positive self-adjoint operator in B(H) such that WZ<1/2C1-W1-1/2 18 [Lj-Ccocoercive
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with p; € 10, 400[, let U; be a strongly positive self-adjoint operator in B(G;) such
that U2/2D;1Ui1/2 is vi-cocoercive with v; € 10, 4+o00[, and let

0, = > 0.

te{t'e{l,...,r}ieVy,}

Suppose that

(6.8) (Fa €10,400]) (1 —x)min{p(l+ayx) vl +a tyx) '} > L

2
where
o= e UM o B Wl
@ = min{pi, ..., m}, and v = min{vy,...,vy}. Let (An)nen be a sequence in

10,1] such that inf,en Ny, > 0, let @g, (@n)nen, and (¢p)nen be H™-valued random
variables, let (vio)i<i<m, (bn)nen, and (dp)nen be G-valued random variables, for
every £ € {1,...,7} let Vymi00 = (Um+e,,0)1<j<r, be a H*-valued random variable,
and let (€p)nen be identically distributed Doy 4r-valued random variables. Set (V€ €
{1,...,r}) To =k " > iev, Tio , iterate

forn=0,1,...
fort=1,....r

1 &
ﬂﬁ,n = €2m+Lln (;g Z Um+-£,5,n + 9[ Té,n)
i=1

forg=1,... kg
L Wy jn = €2m-4Ln (2(0£ Li(t,5)m — ﬂ&n) + Um+€,j,n)

fori=1,....m
Uin = Em+in (JUiBi_l (Ui,n + Uz(Mz$z,n - D;lvi,n + dz,n)) + bz,n)
Yin = Ein (JWiA,- (zin — Wi (M (2w — vin)
+ Z Wejn+ Cittig + Cin)) + az’,n)
(€,5)evsy
Vin+1 = Vin + )\n5m+i,n (ui,n - vi,n)

L Tin+1l = Tin + Angi,n (yi,n - xi,n)
fort=1,....r

(6.9)

Ao

Um4-tn+1 = Um4-Ln + 9 52m+€,n(w€,n - 'Um-l—ﬂ,n)
Ne,n, = Max {5i,n } 1€ Vz}

_ _ 1 _
Tomt+l = Ton + Men (7 § Tin+1 — :L'E,n)a
Re !
1€V,

and set (Yn € N) €, = o(e,) and X,, = o (T, Uy )o<n/<n- In addition, assume that
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the following hold:

() Yers VE(@nPTX) < +00, e VE(BLPTX) < +00,
S en VE(IealZ 1) < +00, and 3, VE(dalP [Xn) < +50 P-as.

(ii) For every n € N, &, and X, are independent, and (Vi € {1,...,m})
P[&‘,Q = 1] > 0.

(iii) For every n € N, for everyi € {1,...,m},

(6.10) {weQ|enw) =1} C{we Q| emuin(w) =1}

and, for every ¢ € {1,...,r},

(6.11) U {weQ|enw) =1} C {we Q| campen(w) =1}
iev,

Then, under Assumption 6.2, for every i € {1,...,m}, (Tin)nen converges weakly

P-a.s. to a F-valued random variable & and, for every £ € {L,...,7}, (Ten)nen
converges weakly P-a.s. to 7.

Proof. By using Proposition 6.3, Remark 6.4, (6.4)-(6.6), setting

(6.12) (Vee{l,....,r}) Upye=0,1d
(6.13) (Vn e N) bpirn = dmyon =0,

and noticing that JUm-HzNX; =1Id — 0,11y, (-/0,) = 1d —11,,, (see (2.1)), Algorithm
(4.33) for solving Problem (6.2) reads
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forn=0,1,...
fori=1,...,m
—1
Uin = Em+in (JUiB-_l (Ui,n + Uz(M'L:L"L,n - Dz Vin + dz,n)) + bz,n)
1

| Vintl = Vip + An€mtin(Win — Vin)

foré{=1,...,r
Um+tn = E€2m+Ln (UerE,n + 9@ (xi,n)iGVg
(6.14) —TIa,, (Vmten + 00 (Tin)iev,))
L Um4-Ln+1 = Umd-Ln + )‘n52m+€,n (um—‘ré,n - Um—l—(,n)
fori=1,...,m

Yin = Ein (JWiAi (zin — Wi(M] (2w, — vin)
+ Z (2um+€,j,n - Um—f—ﬁ,j,n) + Cixi,n + Ci,n)) + ai,n)
(€.5)eVy
L L Tint+1 = Tin + >\n5i,n (yi,n - CC'i,n)-

Making explicit the form of the projections onto the vector spaces (A, )1<¢<, leads
to

forn=0,1,...
fori=1,...,m
Ujn = Em+in (JUiBfl (Ui,n + Uz(szz,n - Dz‘_lvi,n + dz,n)) + bz,n)

| Vin+1l = VUin + )\neeri,n (Ui,n - Ui,n)

ford=1,...,r
Kg
Upn = 52m+€,n’izl ( Z Um4-£,5,n T 0, Z xi,n)
7j=1 i€V,
(6.15) forj=1,..., Ky

| wmttgn = Eomttm (Vmte,jn + O Tige ) — Tt n)
L Um+Ln+1 = Um+4Ln + >\n52m+£,n (um+€,n — Um+4n
fori=1,...,m
Yin = Ein (JWiAi (zin — Wi(M] (2w — vip)
+ Z (2um+€,j,n - vm+€,j,n) + Cixi,n + Ci,n)) + ai,n)
(6.5)eVsy
L Tin+l = Tin + Anai,n (yi,n - xi,n)-

By defining now, for every n € Nand ¢ € {1,...,r},
1
(6.16) Ten = o Z Tin,
1€V,
Wy n = 52m+€,n(2um+€,n - Um+€,n)7
N = max {€in | i € Vy},
and using (6.11) and the update equation
_ _ 1 _
Tontl = Tepn + 776,n<7 Z Tin+1 — x@,n)a
Ry
i€Vy

(6.9) is obtained after reordering the computation steps in (6.15).
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In order to apply Proposition 4.8, we shall now show that Condition (4.18) where
Vo is defined by (4.9) is fulfilled. Let

(6.17) W:H™ — H™: x — (Wixi)lgigm
and U:GEH—-G®&H: v (Upvi)i<k<mtr-

According to Remark 6.4 and (6.12), we have
(Vx € H™)  UY2LW'2x = (U}*MW!/2x, UY/2SW'/2x)

where U1: G — G: (Vi)lgigm — (Uivi)lgigm and UQZ H — H: (Vm+g)1<g<r —
(OeVin+e)1<e<r- This allows us to deduce that

JUMLW 22 = Uy MW 22 4 Uy SW x|

=3 UMW) + <W1/2x | S*U25W1/2x>.
=1

By using (6.4)-(6.6), it can be further noticed that

S*UQSZ H™ — H™ . (Xi)lgigm — (Qixi)1<i<m

X

which yields

|\U1/2LW1/2x||2 _ Z ‘|UZ'1/2M1'WZ'1/2X1'||2 + ZgiHWil/QXin
=1 =1
1/2 1/2 =
< STUUAMWZ 2 4 85 Wil x|
2

~

< xlxI1%,

so leading to ||UY2LW'/2||2 < x. This shows that (6.8) implies (4.18).

In addition, Condition (iii) in Proposition 4.8 translates into Condition (iii) in
the present proposition. It then follows from Propositions 4.8 and 6.3 that, for every
ie{l,...,m}, (zin)nen converges weakly P-a.s. to a F-valued random variable 7.
As a straightforward consequence of (6.16), for every £ € {1,...,7}, (Z¢n)nen also
converges weakly P-a.s. to Z. O
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Remark 6.6.

(i) The n-th iteration of Algorithm (6.9) basically consists of two kind of
operations: the first ones update some of the variables (z;,)1<i<m and
(vin)i<icm using the operators (Jw;a,)i<i<m, (Jyg-t)i<icms (Ci)r<icm,
and (D;l)lgigm, while the second ones can be viewed as merging steps
performed on the sets (Vy)i1</<,. In this context, a simple choice for the
Boolean random variables (&g )m+1<k<2m+r to satisfy Condition (iii) is:
for every n € N,

(VZ € {17 sy m}) Em+in = Ein,
(6.18) (Vee{l,...,r}) Eamtm = Mo = max {e;, | i € Vi}.

(ii) From (6.14), it can be noticed that, for every n € N and ¢ € {1,...,r},
HAW Um+¢,n = 0, which implies that the following recursive relation holds:

Ke

e
J=1 j=1

In particular, if the initial values (vUpm-r,0)1<e<r are chosen such that

K

(6.19) Veefl,...or}) D Umarjo =0,

j=1
then Algorithm (6.9) simplifies to

forn=0,1,...

for{=1,...,r

forj=1,..., Ky

L Wy jn = €2m4Ln (29€ (xi(&j),n - jf,n) + Um-‘rﬁ,j,n)

fori=1,...,m
i = 2mtin (Y, (Vin + Ui(Mizti = D7 01 + din)) + bin
%m::&m<hMAA$mz—VW(Mf@Umz—UmJ
(6.20) + Y weg+ Ciin + cin)) + i)
(£.3)eVvy
Vin+l = Vin + )\nEeri,n(ui,n - Ui,n)

L Tint+1 = Tin + )\nf':'i,n (yi,n - xi,n)
ford=1,...,r

Ao

Um+4n+1 = Um+4,n + 2 €2m+f,n(wl,n - vm+€,n)
Te,n, = Max {gi,n ‘ 1€ V[}

_ _ 1 _
mm+1=$mr+mm<4*5 $mw1—$m0.
Ky
i€Vy
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(iii) Similarly to Remark 4.7((iii)), a sufficient condition for (6.8) to be satisfied
is obtained by setting o = 1:

(1 —/x)min{p,v} > %

(iv) When, for every i € {1,...,m}, D;’! =0, a looser condition is

1
1— -
( ><)u>2

In addition, if (Vi € {1,...,m}) B; = 0, (||M;||)1<i<m can be chosen as
small as desired, so that we can set x = max;c(y . m} 0;||W;]|. In this case,
Algorithm (6.20) can be simplified, by noting that, for every n € N, the
computation of variables (ujn)1<i<m and (vin)i<i<m becomes useless. By
imposing (6.18) and (6.19), and by setting

(Vn S N)(VZ S {1, ey m}) 5@771 = Um+Ln,

we get
forn=0,1,...
for{=1,...,r
T, = Max {51,71 ‘ 1€ V(}
forj=1,... kK
| Wein = e (206(2ie. )0 — Ten) + Ve jn)
fori=1,...,m
(6.21) Yin = Ein (JwiAi (@im = Wil Y wejm + Ciwin + cin)) + am)
(,5)eV;
[ Tin+tl = Tin + )\ngi,n (yi,n - xi,n)
for{=1,...,r
~ ~ An ~
Ven+1 = Vun + 7n€,n(w€,n - 'Ué,n)
_ _ 1 _
Ten+1l = Ten + e (,? D i1 = ”’")'
i £ i€V,

(v) An alternative distributed algorithm can be deduced from Proposition 4.6,
which however necessitates, at each iteration n € N, to update all the
variables (x;y)icy, corresponding to the sets V, with ¢ € {1,...,7} which
are randomly activated.

As an offspring of Proposition 4.11, another form of distributed algorithm is
obtained:
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Proposition 6.7. Let (67)1<i<r, (Wi)i<i<m, (Ui)i<i<m, i, v, and x be defined as
in Proposition 6.5. Suppose that

(6.22) min {p, v(1 —x)} > %

Let (Ap)nen be a sequence in |0,1] such that inf,eny Ay, > 0, let xy and (¢p)nen
be H™-valued random wvariables, let (vio)i<i<m, (bn)nen, and (dp)nen be G-valued
random variables, let (Vn00)1<e<r be a H-valued random variable satisfying (6.19),
and let (en)nen be identically distributed Doy, 4r-valued random variables. Iterate

forn=0,1,...
fori=1,....m
Ni;n = Max {5m+i,nv (52m+€,n)€e{£’e 1,...,r}|z‘eVl/}}
Wi = i (Tin — Wi(Ciin + Cin)
Wi = N (Wi gy — Wi M0y + Z )
(L.5)eV;
~ 1
Ui n = Em+in (JUiBfl (Ui,n + Uz(Mzwz,n - Dz Vin + dz,n)) + bz,n)
| Vin+1 = Vin + )\n5m+i,n(ui,n - Ui,n)
orl=1,...,r
623) |/ e
wﬁ,n = E2m+ln Z ﬁ;i,n
Ry !
1€V,
forj=1,... Ky
\‘ Um+L,j,n = E2m+L,n (Um+€,j,n + 0, wi(j,@),n - mZ,n)
L Um+€,n+1 = Um+tn + )\n52m+é,n(um+€,n - Um+é,n)
fori=1,...,m
Tin+l = l‘i,n+)\n5i,n (wi,n_ Wz(M:uz,n + Z um—l—é,j,n) - xi,n)a
(6,5)eV;

and set (Yn € N) €, = o(e,) and X,, = o (T, Uy )o<n/<n- In addition, assume that

() Xnen VEUIb]?[Xn) < 400, 3o hen VE(len|?[Xn) < +o0, and
ZneN E(HdnHQ‘xn) < 400 P-a.s.

and Conditions (ii)-(iii) in Proposition 6.5 hold. If Assumption 6.2 holds and, in
Problem 6.1, (Vi € {1,...,m}) A; = 0, then, for every i € {1,...,m}, (Tin)nen
converges weakly P-a.s. to a F-valued random variable T.
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Proof. By choosing (U,,+¢)1<¢<r as in (6.12) and cancelling some error terms as in
(6.13), Algorithm (4.39) for solving Problem (6.2) can be expressed as

forn=0,1,...
fori=1,....m
i, = Max {8m+i,n7 (82m+é7n)ZG{E/E{L...,TH’L'GVZI}}
Wi = i (Tim — Wi(Cizim + cim)
{Uvi,n = ni,n (w’l,n - Wl(M:v%n + Um—i—f,j,n))
(.4)evsy
Uin = Emtin (JUiB;l (vm + Ui(Mﬂfﬁi,n — D;lmm + di,n)) + bi,n)

| Vin+1 = Vip + )\n5m+i,n(ui,n - Ui,n)
(6.24) for{=1,...,r

Umtt0 = E2m+em (Vmten + 02 (Win)icv,
_HAHZ (Um+€,n + 96 (wi,n)iGVg))
L Um+Ln+l = Um+in + )\n52m+€,n(um+€,n - 'Um—i—f,n)
fori=1,....m
Tin+l = Tip + A7151',71 (wi,n -W; (M;kuz,n

+ ) umM,j,n)—%‘,n)-

(L.5)eVy

The rest of the proof is skipped due to its similarity with the proof of Proposition

6.5. U
Remark 6.8. When (Vi € {1,...,m}) D; ' = 0, Condition (6.22) can be rewritten
as

(6.25)  (Vie{l,....m})  pi>1/2 and [U2MMWI2|2 4+ 0;|W,] < 1.

As an illustration of the previous results in this section, let us consider variational
problems which can be expressed as follows:

Problem 6.9. For every i € {1,...,m}, let f; € I'o(H), let h; € T'g(H) be Lipschitz-
differentiable, let g; € T'g(G;), let I; € I'g(G;) be strongly convex, and let M; be a
nonzero operator in B(H, G;). Suppose that there exists X € H such that

(6.26) 0> 0fi(X) + Vhi(x) + M} (0g; Dl) (Mix).
i=1

Let F be the set of solutions to the problem

(6.27) minimize ; i) + hi(x) + (gi O1:) (Mix)

Our objective is to find a F-valued random variable Z.

A proximal algorithm for solving Problem 6.9 which results from Proposition 6.5
is described next:

Proposition 6.10. For every i € {1,...,m}, let W; be a strongly positive self-
adjoint operator in B(H) and let U; be a strongly positive self-adjoint operator in
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B(G;). For every i € {1,...,m}, let ,u;l € 10, +o0[ be a Lipschitz constant of the
gradient of h; o W:/Z and let I/Z-_l € 10, +o0o[ be a Lipschitz constant of the gradient

of I¥ o U3/2. Let (0¢)1<e<r, and x be defined as in Proposition 6.5. Suppose that

(6.8) holds where pn = min{py, ..., pm} and v = min{vy, ..., vm}. Let (An)nen be

a sequence in ]0,1] such that inf,en A, > 0, let o, (@n)nen, and (cp)nen be H™-

valued random variables, let (vio)i1<i<cm, (bn)nen, and (dn)nen be G-valued random

variables, let (Vm400)1<e<r be a H-valued random variable satisfying (6.19), and let

(en)nen be identically distributed Doy, ,-valued random variables. Iterate
form=0,1,...

fort=1,....r

forjg=1,... Ky

L L Wy, 50 = E2m+Ln (206 (xi(f,j),n - Ef,n) + Um+£,j,n)

fori=1....m
-1

u; *
Uin = Em+in (proxgii (Vi + Ui (M5 — VI (vin)
+dz,n)) + bz,n)
W
Yijn = Ein (Pfoxfi ' (f’/’m = Wi(M; (2t — vin)
(6.28) + Z Wy jn + Vhi(zin) + Ci’n)) + CLz‘,n)
(6,9)€eVy
Vin+1 = Vin + )\n5m+i,n (Ui,n - Ui,n)

| Tin+l = Tin + >\n5i,n (yi,n - xi,n)
fort=1,...,r

Ao

Um4-tn+1 = Um4-Ln + 9 52m+£,n(w€,n - 'Um—i—f,n)
Ne,n, = Max {51-7” ‘ 1€ Vg}

_ _ 1 _
Top+1 = Top + W,n(* § Tin+l — ﬂfz,n),
Kg
1€Vy

where (ZTpo)1<e<r 15 nitialized as in Proposition 6.5. In addition, assume that
Conditions (i)-(iii) in Proposition 6.5 hold, where (Vn € N) &, = o(e,) and
X, = U(icn’y'vn’)0<n’<n-

Then, under Assumption 6.2, for every i € {1,...,m}, (Tin)nen converges weakly
P-a.s. to a F-valued random wvariable T and, for every ¢ € {1,...,r}, (Ten)neN
converges weakly P-a.s. to T.

Proof. For every i € {1,...,m}, set A; = 0f;, B; = 0g;, C; = Vh;, and D;l = VI
In view of (6.26) and [5, Proposition 16.5], we have

m m
(6.29) 0€ > AR+ Cx+M;(B;OD;) (M%) C 9( Y fi+h; + (g,01) o My) (%),
i=1 =1

which shows that @ # F C F. This allows us to conclude by applying Proposition
6.5 and using Remark 6.6(ii). O
Remark 6.11.

(i) Alternatively, a second distributed convex optimization algorithm can be
deduced from Proposition 6.7.
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(i) If (Vi € {1,...,m}) g = 0 and |; = ¢4y, (V¢ € {1,...,7}) K¢ = 2, and
(6.18) holds, then Algorithm (6.28) reduces to

forn=0,1,...
ford=1,...,r
N, = Max {Eim ‘ 1€ Vg}
Vg 1ntl = Vg1 + 7”?74@94 (ZTie,1)n — Tige,2)n)
L V¢2,n+1 = —U1n+1
(6.30) fori=1,...,m B

(1]
2]

3]

(4]

(5]

(6]

[7]

(8]

Yin = Ein (PYOX}/Z.Vi ((1 — W;b;) i
_Wz’( Z (5€,j,n — 0, wi(f,j),n)
(€,5)evy
+Vhi(zin) + Ci,n)) + (li,n)
| Tintl = Tin + )\ngi,n (yi,n - mi,n)y

where we have set (Vj € {1,2}) 7 =3—j, (Vi € {1,...,m}) vip = 0,
(Vn € N) v, = (Umten)1<t<r, and b, = 0. The particular case when H
is an Euclidean space, (Vn € N) A\, = 1, (V¢ € {1,...,7}) 0, = 61, (Vi €
{1,...,m}) W; = ;Id with 7; € ]0,4o00[, and no error term is taken into
account appears to be similar to the distributed iterative scheme developed
in [7]. Then, the sets (Vy)1<¢<, can be viewed as the edges of a connected
undirected graph, the nodes of which are indexed by i € {1,...,m}.
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