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KOROVKIN TYPE APPROXIMATION THEOREMS FOR
0-CONVERGENCE OF DOUBLE SEQUENCES

A. ALOTAIBI, M. MURSALEEN, AND S. A. MOHIUDDINE

ABSTRACT. Korovkin type approximation theorems exhibit a variety of test func-
tions which assure that the approximation property holds on the whole space if it
holds for them. In this paper, we prove Korovkin type approximation theorems
for functions of two variables by using different sets of test functions through
o-convergence of double sequences. We also show that our results are stronger
than some other Korovkin type approximation theorems.

1. INTRODUCTION AND PRELIMINARIES

A double sequence z = () of real or complex numbers is said to be bounded
if |7]lcc = sup; |zjx| < oo. The space of all bounded double sequences is denoted
by M,. A double sequence x = (xj;) is said to converge to the limit L in Pring-
sheim’s sense (shortly, P-convergent to L) (see [20]) if for every € > 0 there exists
an integer N such that |z, — L| < & whenever j,k > N. In this case L is called the
P-limit of z. If in addition x € M, then x is said to be boundedly convergent to L
in Pringsheim’s sense (shortly, BP-convergent to L). A double sequence x = (1)
is said to converge regularly to L (shortly, R-convergent to L) if x is P-convergent
and the limits z; := lilgnxjk (j € N) and o* := li;(n:z:jk (k € N) exist. Note that in
this case the limits lim 1i]1€rn xj) and lilgn lim ;. exist and are equal to the P-limit of

J J
x. In general, for any notion of convergence v, the space of all v-convergent double

sequences will be denoted by C, and the limit of a v-convergent double sequence x
by v- h,T]?ZUjk:, where v € {P, BP, R}.
]7

Let o be a one-to-one mapping from the set N of natural numbers into itself. A
continuous linear functional ¢ on f is said to be an invariant mean or a o-mean
if and only if (i) ¢(x) > 0 when the sequence z = (zj) has xp > 0 for all k, (ii)
p(e) =1, where e = (1,1,1,...), and (iil) ¢(x) = p(z,1)) for all v € L.

Throughout this paper we consider the mapping ¢ which has no finite orbits,
that is, oP(k) # k for all integer £k > 0 and p > 1, where oP(k) denotes the pth
iterate of o at k. Note that, a o-mean extends the limit functional on ¢ in the sense
that p(z) = limz for all x € ¢, (see [16]). Consequently, ¢ C V,, the set of bounded
sequences all of whose o-means are equal. We say that a sequence x = (xp) is
o-convergent if and only if x € V.
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The idea of o-convergence for double sequences has been studied in [5] and further
studied in [17], [18] and [19].

A double sequence x = (xj;) of real numbers is said to be o-convergent to a
number L if and only if x € V,,, where

Vo ={x € My : P- liin Tpgst(€) = L uniformly in s,¢; L = o—limz}
P.4—>00

Tpgst (T) = — Z Z Loi(s),ok(t)

and T-1,q,5,t = Tp,—1,5,t = T—1,—1,5,t = 0.

For o(n) = n + 1, the set V, is reduced to the set F of almost convergent
double sequences [15]. The concept of almost convergence for single sequences was
introduced by Lorentz [9)].

Note that a convergent double sequence need not be o-convergent. However every
bounded convergent double sequence is o-convergent and every o-convergent double
sequence is bounded.

Example 1.1. Let o(n) = n + 1. The double sequence z = (z,,,) defined by

1 if m = n odd,
(1.1) Zmn = § —1if m =n even,
0 (m # n);

is o-convergent to zero but not P-convergent.

Let Cla,b] be the space of all functions f continuous on [a,b]. We know that

Cla,b] is a Banach space with norm
£l = sup F(@)], f € Cla,
z€a,b]

The classical Korovkin approximation theorem states as follows [5]:

Let (7T},) be a sequence of positive linear operators from Cfa, b] into Cla, b]. Then
lim, |7 (f,z) — f(2)|looc = O, for all f € Cla,b] if and only if lim, | T,(f;,z) —
fi(@)]loo = 0, for i = 0,1,2, where fo(z) =1, fi(z) = x and fo(z) = 22

Quite recently, such type of approximation theorems are proved in [1, 11] for
almost convergence of single and double sequences. For more details on Korovkin’s
type approximation theorem, one can be referred to [2, 4, 7, 12, 13, 14]. In this paper,
we use the notion of o-convergence of double sequences to prove approximation
theorems for functions of two variables by using different sets of test functions.

2. FOR TEST FUNCTIONS 1, 1%, 1%, (7%:)° + (1%)°
Let I =10,4], J=10,B], A,B€ (0,1) and K = I x J. We denote by C(K) the
space of all continuous real valued functions on K. This space is a equipped with
norm

Ifllea) = sup [f(z,y)], f€CK).

(z,y)eK
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Let H,(K) denote the space of all real valued functions f on K such that

0=t o(fy) (5 - 15) + (G- 15 ),

where w is the modulus of continuity, i.e.

w(fi0) = sw {If(s.8) = flay)l: Vs — e+ {E-y)? <o}.

(s,t),(z,y)eK

It is to be noted that any function f € H,(K) is continuous and bounded on K.

The following result was given by Tagdelen and Erencin [21].

Theorem A. Let (T} 1) be a double sequence of positive linear operators from H,,(K)
into C(K). Then for all f € H,(K)

P- lim ‘T},k(f;rr,y)—f(x,y) =0
if and only if
7,k—00 C(K)
where
fO(‘Tay) =54
f1<m7y) = 1 b
Yy
fQ(xuy) - 1 _y)
and

o) = (72 (131/)2.

We prove the following result:

Theorem 2.1. Let (Tjj) be a double sequence of positive linear operators from
H,(K) into C(K). Then for all f € H,(K)

(2.1) o-lim||Tjx(f;2,y) — f(z,y) =0.
C(K)
if and only if
(2.2) U—lim‘ Tjr(liz,y) —1 =0,
C(K)
s T
2. -lim|| T} ; - =
(2:3) 7 lm‘ J”“<1—s’$’y) 12l 0
. t Yy
2.4 -lim|| T | —; - =
(2.4) o-lim ]’k(l—t’x’y> T4l 0,
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5e((2) " ) () ()

Proof. Since each of 1, %7, 1%, (lfr)2+(1%y)2 belongs to H,,(K), conditions (2.2)-

(2.5) follow immediately from (2.1). Let f € H,(K) and (x,y) € K be fixed. Then,
after using the properties of f, a simple calculation gives

| T fi2,y) — fla,y) |
<Tjr(l f(s,t) = fz,9) [z, )+ [ fz,9) |] Tj,k(fo;:r y) = folz,y) |

§5+<+N+ )l e (fos 2, y) — fo(xy)\+52| ik fr2y) = fi(z,y) |

<5+M{ \ ik (fo; y) fo(z,y) | + | Tjr(fr;2,9) — fi(z,y) |
+ | Tin(fosz,y) — fa(x,y) | + | Tin(fas 2, y) — fs(z,9) | },
where N =|| f |lc(x) and

M:max{a—FN—FQ;;]((l1_4A>2+(1_BB>2>’Z§];](11—4A)’?!(1—BB)’25];[}'

Now replacing T} x(f; x,y) by i Z?;é Z;é T5i(s),0 ) (f3 7, y) and taking sup(, ek
we get

=0.
C(K)

(2.5) U—lim‘

p—1qg—1

pq] —0 k=0 C(K)

1g—-1
<e+M(HZZ (o).t (for 2, y) — fo(z,y)
pq] 0 k=0 C(K)

1 p—1qg—1

+ 7ZZT075 ak(t) flvxy) fl(xvy)
P55 150 C(K)
p polet

+ *ZZTM(S okt (f2;2,y) — fa(z,y)
P15=5 150 C(K)
1 RAd

(26) + 7ZZTUJ 5 o—k t) f37w y) f3<377y) )

pq] =0 k=0 C(K)

Now taking lim,, ;o uniformly in s, ¢ on both sides in (2.6) and using the conditions
(2.2)-(2.5), we get
p—1
P- lim H —

pP,q—00

, uniformly in s,t.
C(K)

qg—1
D Toits)ory(fizy) — f2,y)
k=0

] =0
That is,

= 0.
C(K)

o- lim‘

Tj,k(f; xay) - f(xvy)
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This completes the proof of the theorem. O

We show that the following double sequence of positive linear operators satisfies
the conditions of Theorem 2.1 but does not satisfy the conditions of Theorem A.

Example 2.2. Consider the following Meyer-Kénig and Zeller [10] (of two variables)
operators:

(2.7) Bma(fiz,y)

— (1—a2)™ (1 yn+1§:if ‘ k m+j\[(n+k 2iyh
]—I—m—i—l E+n+1 j k ’

7=0 k=0
=0,

where f € H,(K), and K
Since, for z € [0, 4], A € (0,1),

a5 (1)

J=0

A} < [0,B], A, B € (0,1).

it is easy to see that
Bm,n(fo; €, y) = fO(xv y)

Also, we obtain

' +7\(n+Ek\
an . = (1— m+1 n+1 m i,k
7=0 k=0
:Om—i—lm!(j—l)! k
1 1 T

_ (1 o :L‘)m+1(1 _ y)n+1x(1 — x)m+2 (1 — y)n+1 = (1 — .7,')7

— (1 _ I)m+1(1 _ y)n—i-lx
=0k

and similarly

Bm,n(f2;$ay): (133/)

Finally, we get
Bm,n(fS;xay)
B m+1 n+1 J k 2 m+j n+k ik
=(1-z) ZZ{(m+1) (n+1) }( j >( ko)t

+)! (n+k\ i

= (1— m+1 1— n+1 z m ji—1, k

(1 =)™ m+1 Z(:)kom+1m‘]—l) o)

+ (1 —z)™ (1 — y) ZZ (mfy)%xjykl

_ m—+1 n+1 x > m+]+1 n+k i1 k
=1-2)" (1-y) {x]z:z I 2y
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EECC)

7=0 k=0
y i (kD mAg\ e
+<1—x>m+1<1—y>“+1{y AT
n+1 j:Ok:O(n+1)!(k_1)! J
K Ak (m g ik
S () ()

7=0 k=0
_m+2( x )2 1 x n+2( Y )2 1 Y
Com4+ 1\l —x m+1l—ax n+1\1—y n+11—y

Tz \2 Yy o\2
- (=) ()
1—=z 1—y
Therefore the conditions of Theorem A are satisfied, and we get for all f € H,(K)
that

Tir(f;2,y) — f(z,y)||= 0.

Let w = (zmn) be defined by (1.1) which is o-convergent to 0 but not P-
convergent.

Let Ly, : Hy(K) — C(K) be defined by
Lm,n(ﬁ:fay) = (1 =+ Zmn)Bm,n(fS r,y).

It is easy to see that the sequence (L, ) satisfies the conditions (2.2)-(2.5).
Hence by Theorem 2.1, we have

o-Hm || Ly (fi2,y) — f(z,9)] = 0.

On the other hand, the sequence (L, ) does not satisfy the conditions of Theorem
A, since (L) is not P-convergent. That is, Theorem A does not work for our
operators Ly, ,,. Hence our Theorem 2.1 is stronger than Theorem A.

P- lim ‘

J,k—00

3. FOR TEST FUNCTIONS 1, 1¥, 1%, (f5)* + (ﬁ)2

Let K = [0,00) x [0,00). We denote by Cp(K) the space of all bounded and
continuous real valued functions on K equipped with norm

[fllegw) == sup |f(z,y)l, feCp(K).

(z,y)eK

Let H,+(K) denote the space of all real valued functions f on K such that

.0 - S <o (£ (5 - 15) + (me - 15 ),

where w* is the modulus of continuity, i.e.

(i) = s {If(s,8) ~ f@y)l V- e+ (- p)? <3}

(s,t),(z,y)EK
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It is to be noted that any function f € H,«(K) is bounded and continuous on
K, and a necessary and sufficient condition for f € H,«(K) is that
li *(f;6)=0.
lim w*(f;9)
The following is two-dimensional version of the Korovkin type theorem of Cakar

and Gadjiev [6].

Theorem B. Let (T)1,) be a sequence of positive linear operators from H,«(K) into
Cp(K). Then for all f € H,«(K)

P- lim ‘Z}k(f;x,y)—f(%y) =0
j,k—)OO CB(K)
iof and only if
P-,llcim ‘Ek(fz‘;fﬁay)—fi =0(1=0,1,2,3),
J,k—00 CB(K)
where
fO(x7y) = 17
x
fl(wvy) - 1 —|—I7
__ Yy
fQ(xvy) - 1+y7
and

falz.y) = (1ix)2+<1—?iy)2'

We prove the following result:

Theorem 3.1. Let (T;;) be a double sequence of positive linear operators from
H,+(K) into Cg(K). Then for all f € Hy,+(K)

(3.1) a-lim’ Tik(fi2,y) — f(2,9) =0
Cp(K)
if and only if
(3.2) a—lim‘ Tik(Liz,y) — 1 =0
Cp(K)
s x

3.3 _lim||T; (—; , )— —0
(3:3) T Y T Cp(K)

. t Yy
3.4 o-lim|| Ty <7;x,y> - =0

=0.
Cp(K)

(3.5) a—lim‘

()" () o) (252 (5))
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Proof. Since each of the functions fo(z,y L filz,y) = 155, f2(z,y) = ﬁ,

) =

fa(z,y) = (152)° + (75 ) belongs to H,«(K), conditions (3.2)-(3.5) follow imme-

diately from (3.1). Let f € H,«(K) and (x,y) € K be fixed. Then for € > 0 there
y)

exist 01,02 > 0 such that | f(s,t) — f(z,y) |< € holds for all (s,t) € K satisfying

T — el < dvand [ - | < 6. Let
S €T 2 t Y 2 )
K(5) := K _ s _ .
(9) {(s,t)e \/(l—i—s 1+$) +(1+t 1+y) <0 mln{61,52}}

Hence

| f(S,t) - f(way) ’ :| f(S,t) - f('xvy) ’ XK(5)(S7t)+ | f(S,t) - f(xay) ‘ XK\K((S)(Sat)
(3.6) < e+ 2Nxr\k(5)(51),

where xp denotes the characteristic function of the set D and N = |/ flc,x)
Further we get
1 S X 2 1 t y 2
37 D < b ) g5t
(3.7) X\ (5)(5:1) < 2\1+s 1+z +5§ 1+t 14y

Combining (3.6) and (3.7), we get
2N s r \2 t Y \2
. < = — 2 ).
09 10—t S (o) () )
After using the properties of f, a simple calculation gives that
| Tie(fi,y) — fla,y) [< e+ M{ | Tin(fos2,y) — fo(z,y) |
+ | Tie(fr;2,y) — fi(z,y) |
| Tik(foiz,y) — folz,y) |
(3.9) + | Tyr(fi2,9) — fa(z,9) |}

where AN
M = E+N+ 572

Now replacing T} x(f; x,y) by i Z?;é Z;é T5i(s),0k ) (f3 7, y) and taking sup(, ek
we get

p—1lq-1
(3.10) H > Toiie)or i (Fi2,9) — fz,9)
pq] =0 k=0 C(K)
3 1g-—
stz(H z o Firy) — |
i=0 0 k= C(K)
where the functions f; (i = 0,1,2,3) are same as in Theorem B. Now taking

limy, ;0o uniformly in s,¢ on both sides in (3.10) and using the conditions (3.2)-
(3.5), we immediately get (3.1).
This completes the proof of the theorem. O

We show that the following double sequence of positive linear operators satisfies
the conditions of Theorem 3.1 but does not satisfy the conditions of Theorem B.
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Example 3.2. Consider the following Bleimann, Butzer and Hahn [3] (of two vari-
ables) operators:

k m\ [(n ;
Bm,n(f;-xvy) = (1+m 1+y ZE <m j+1 n — k+1><j)<k>x]yk’

7=0 k=0
where f € H,(K), K =[0,00) x [0,00) and n € N.

Since
(14 2)™ = i <”,L)xj and (1 +y)" = Y (Z)yk

=0 N7

it is easy to see that
an(fo;ﬂﬁ,y) —1= fo(x,y).
Also by simple calculation, we obtain

an(f1§xvy)_>?—fl< Y),

Y

1+y

. T\ v\
Let the operator Ly, : H,(K) — Cp(K) be defined by
Lin(f;2,9) = (1 + 2mn) Bon (f; 2, y).

It is easy to see that the sequence (L,,y) satisfies conditions (3.2)-(3.5). Hence
by Theorem 3.1, we have

an(fQ;xay) — :f2(1',y),

and

=0.
Cp(K)
On the other hand, the sequence (L,,,) does not satisfy the conditions of Theorem
B, since (L) is o-convergent to 0 but not P-convergent. That is, Theorem B does
not work for our operators L,,,. Hence our Theorem 3.1 is stronger than Theorem B.

a—lhnHann(f;x,y)-—.f(wvy)
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