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SOME ALGORITHMS FOR SOLVING OPTIMIZATION
PROBLEMS IN HILBERT SPACES

JONG SOO JUNG

ABSTRACT. Let C' be a nonempty closed subspace of a real Hilbert space H, let

T : C — H be a k-strictly pseudocontractive mapping 7" with the fixed point set

F(T) # 0 for some 0 < k < 1, and let f: C — C be a contractive mapping with

a constant o € (0,1). We devise two new iterative algorithms (one implicit and

one explicit) for 7', which are used to find the solution the optimization problem
min £(Az,) + o — ul]* ~ h(a),

where A is a strongly positive bounded linear self-adjoint operator on C', u > 0
is some constant, u is a given point in C, and h is a potential function for ~f
with v > 0 (i.e., ¥ = vf). As a direct consequence, we obtain the unique
minimum-norm fixed point of T'.

1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-,-) and the induced norm
Il -|l. Let C be a nonempty closed convex subset of H, and let T': C — C be
a self-mapping on C. We denote by F(T') the set of fixed points of T, that is,
FT):={zeC: Tz =z}

The class of pseudocontractive mappings is one of the most important classes of
mappings among nonlinear mappings. Recently, many authors have been devoting
the studies on the problems of finding fixed points for pseudocontractive mappings,
see, for example, [1, 5, 11, 16] and the references therein. We recall that a mapping
T : C — H is said to be k-strictly pseudocontractive if there exists a constant
k € [0, 1)such that

| T2 — Tyl < |l — yl? + k[(I = T)a — (I = )|, Va, y € C.

Note that the class of k-strictly pseudocontractive mappings includes the class of
nonexpansive mappings as a subclass. That is, T is nonexpansive (i.e., ||[Tx —
Ty|| < ||z —yl||, Vo, y € C) if and only if T" is O-strictly pseudocontractive. The
mapping 7" is also said to be pseudocontractive if & = 1, and T is said to be
strongly pseudocontractive if there exists a constant A € (0,1) such that T — AT
is pseudocontractive. Clearly, the class of k-strictly pseudocontractive mappings
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falls into the one between classes of nonexpansive mappings and pseudocontractive
mappings. Also, we remark that the class of strongly pseudocontractive mappings
is independent of the class of k-strictly pseudo-contractive mappings (see [3, 4]).

Let A be a strongly positive bounded linear self-adjoint operator on H with a
constant 7 > 0, that is, there exists a constant 7 > 0 such that

(Az,z) > 7|, Vo€ H.

Let f : C — C be a contractive mapping with constant o € (0,1), that is, there
exists a constant a € (0, 1) such that ||f(z) — f(y)|| < a|lz —y|| for all z, y € C.

The following optimization problem has been studied extensively by many au-

thors: )

M 2
min £ Az, 2) + S lo - ul® - h(a)

where Q = (2, C;, C1,Cq,- -+, are infinitely many closed convex subsets of H
such that ()72, C; # 0, w € H, p > 0 is a real number, A is a strongly positive
bounded linear self-adjoint operator on H and h is a potential function for v f (i.e.,
RK(z) = vf(z) for all z € H). For this kind of minimization problems, see, for
example, Bauschke and Borwein [2], Combettes [7], Deutsch and Yamada [8], Jung
[10] and Xu [18] when h(z) = (z,b) for b is a given point in H.

Iterative algorithms for nonexpansive mappings and strictly pseudocontractive
mappings have recently been applied to solve the optimization problem, where the
constraint set is the set of fixed points of the mapping, see, e.q., [5, 8, 11, 15, 19, 20]
and the references therein. Some iterative algorithms for equilibrium problems, vari-
ational inequality problems and fixed point problems to solve optimization problem,
where the constraint set is the common set of the set of solutions of the problems
and the set of fixed points of the mappings, were also investigated by many authors
recently, see, e.q., [12, 21, 22] and the references therein.

Inspired and motivated by the recent works in this direction, in this paper, we
consider the following optimization problem

1
(1.1) Jmin E(da,z) + [l —ul]? - h(z),
where F(T) is the set of fixed points of a k-strictly pseudocontractive mapping 7.
We introduce new implicit and explicit iterative algorithms for a k-strictly pseudo-
contractive mapping 7' related to the optimization problem (1.1), and then prove
that the sequences generated by the proposed iterative algorithms converge strongly
to a fixed point of the mapping 7', which solves the optimization problem (1.1). In
particular, in order to establish strong convergence of explicit iterative algorithm,
we utilize weak and different control conditions in comparison with previous ones.
As a direct consequence, we obtain the unique minimum-norm point in the set F'(T).

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. In the following, when {z,} is a sequence in E, then z,, — z (resp., z, — z)
will denote strong (resp., weak) convergence of the sequence {z,} to x.

We need some facts and tools in a real Hilbert space which are listed as lemmas
below. We will use them in the proofs for the main results in next section.
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Recall that for every point © € H, there exists a unique nearest point in C,
denoted by Po(z), such that

[ = Pe(x)]| < [lz -yl

for all y € C. P is called the metric projection of H onto C. It is well known that
Pc is nonexpansive.

Lemma 2.1 ([9]). Let H a real Hilbert space, let C be a nonempty closed convex
subset of H, and let T : C — C be a nonexpansive mapping with F(T) # (0. If {x,}
is a sequence in C' weakly converging to x and if {(I — T)xz,} converges strongly to
y, then (I —T)z =y.

The following Lemmas 2.2 and 2.3 are not hard to prove (see also Lemmas 2.3
and 2.5 in [15]).

Lemma 2.2. Let u > 0, and let A: H — H be a strongly positive linear bounded
operator on a Hilbert space H with a constant 5 € (0,1) such that (14+p)y < 1. Let
0<p<@+ulA)7" Then [T —p(I +pA)| <1—p(1+p)7

Lemma 2.3. Let H be a real Hilbert space, and let C' be a nonempty closed convex
subset of H. Let f : C — C be a contractive mapping with constant o € (0,1),
and let A : C — C be a strongly positive bounded linear operator with a constant
7€ (0,1). Let p >0 and 0 < v < (14 p)y/a with (1 + p)y < 1. Then for all
xz, y € C,

(@ =y, (I +pA) =7z = (I +nd) =7 )y) = (L +p)7 —ya)|le —y|*
That is, (I + pA) —~f is strongly monotone with a constant (1 + u)y — ya.

Lemma 2.4 ([23]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H, and let T : C' — H be a k-strictly pseudo-contractive mapping. Then
the following hold:

(i) The fived point set F(T) is closed convex so that the projection Pp(r) is well
defined,
(i) F(PeT) = F(T),
(iii) If we define a mapping S : C — H by Sz = Az + (1 — \)Tx for all x € C.
Then, as X € [k,1), S is a nonexpansive mapping such that F(S) = F(T).

Lemma 2.5 ([14, 18]). Let {s,} be a sequence of non-negative real numbers satis-
fying
Spt+1 < (1 - )\n)sn + M + 10, Y >0,

where { A}, {0n} and {r,} satisfy the following conditions:

() {An} C[0,1] and 3 776 A = 0,

(i) Hmsup, oo 0n <0 or Y07 Anldn| < 00,

(iii) 7, >0 (n >0), > 07 570 < 00.
Then lim,,_,oo S, = 0.

Lemma 2.6. In a Hilbert space H, the following inequality holds:
2+l < l2)* +2(y, x + ), Vz, y € H.
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Let LIM be a Banach limit. According to time and circumstances, we use
LIM, (ay,) instead of LIM (a) Then the following are well-known:
(i) for all n > 1,ay, < ¢, implies LIM,(a,) < LIM,(c,),
(ii) LIMy(anyn) = LIMy(ay,) for any fixed positive integer N,
(iii) liminf,, 0 an < LIM,(ay,) < limsup,,_, ., ay for all {a,} € [
The following lemma was given in Proposition 2 in [17].

Lemma 2.7. Let a € R be a real number, and let a sequence {a,} € £>° satisfy the
condition LIM, (ay) < a for all Banach limit LIM . If limsup,,_, . (ant1 —an) <0,
then limsup,, . an < a.

The following lemma can be found in [21](see also Lemma 2.1 in [10]).

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let g : C — R U {oo} be a proper lower semicontiunous differentiable convex
function. If x* is a solution to the minimization problem

g(z*) = ;ggg(w)y

then
(¢ (z"),z —a2*) >0, xeC.
In particular, if * solves the optimization problem
min & (A7, ) + 2l — ul®  hz),
then
(u+ (vf =T+ pA)z*x—2") <0, zeC,
where h is a potential function for vf.

Finally, we recall that the sequence {x,} in H is said to be weakly asymptotically
reqular if
w— lim (xp41 —x,) =0, thatis, zp41 — 2, —0
n—oo
and asymptotically regular if
im0 — 2] =0,

respectively.

3. MAIN RESULTS

Throughout the rest of this paper, we always assume the following:

e H is a real Hilbert space;

e (' is a nonempty closed subspace of H;

e T :C — H is a k-strictly pseudocontractive mapping with F(T') # () for
some 0 < k < 1;

S :C — H is a mapping defined by Sz = kx + (1 — k)T'z;

A : C — C is a strongly positive bounded linear self-adjoint operator with
a constant 7 € (0,1);

f:C — C is a contractive mapping with a constant a € (0, 1);
p>0and 0 <y < (14 p)7/awith (14 p)7y <1;
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e u € C'is a fixed element;
e P is a metric projection of H onto C.

First, in order to find a solution of the optimization problem (1.1), we construct
the following iterative algorithm which generates a net {x;} in an implicit way:

(3.1) zy = t(u+vf(z)) + (I — I + pA))PcSzy, Vi€ <O’ 1+llﬁ||x4||)

To this end, for ¢ € (0, 1) such that ¢ < (1+ u||A||)~!, consider a mapping Q; : C —
C by

Qix =t(u+~vyf(x))+ I —t(I+ pA))PcSz, Vzedl.

It is easy to see that @, is a contraction with constant 1 —¢((1+ )5 — y«). Indeed,
by Lemma 2.2, we have

|Qtr — Quyll < tv[|f(x) — fFWII + [I(I = t(I + pA))(PcSz — PoSy)||
<tyallz —yl| + (1 —t(1 +p)7) |z -yl
= (1 =t((1 4+ )7 — ya))llz —yll.

Hence @; has a unique fixed point, denoted z;, which uniquely solve the fixed point
equation

xp =tlu+vf(xy)) + (I —t(I + pA))PoSy.
If we take =0, w =0 and f =0 in (3.1), then we have
(3.2) xt = (1 —t)PcSxy, Vte (0,1).

We summary the basic properties of the net {x;}, which can be proved by the
same method in [15]. We includes its proof for the sake of completeness.

Proposition 3.1. Let {x:} be defined by the implicit algorithm (3.1). Then

(i) {z¢} is bounded for t € (0, (1 + u|Al)~1);
(11) hmt_m H{L‘t - PCS.%‘tH = 0,’
(iii) z¢ defines a continuous path from (0, (1 + u||A[)~) in C.

Proof. (1) Set A = (I + pA) and Pick p € F(T). Observing F(T) = F(S) by
Lemma 2.4 (iii), from Lemma 2.2, we have
lze = pll = lltw + t(yf (21) — Ap) + (I — tA)(Pc Sz — )|
< I = tA)(PeSze — p)l| + tlull +tyllf (ze) — f(R)] + tllvf (p) — Apl]
< (1=t((1+ w7 = yo)lze = pll + t(llull + £ (p) — Apl)-
So, it follows that

Jul + Iy @) — Apl)

(1+p)y —a
Hence {z;} is bounded and so are {f(x)}, {PcSx;} and {APcSw:}.

(i) We have |lz; — PoSz|| = tl|u + vf(x:) — APoSz|| — 0 as t — 0 by the
boundedness of {f(z;)} and {APcSz:} in (i).

lze = pll <
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(iii) Let ¢, to € (0, (1 + pl|A|)~!) and calculate
2t — @]l = [[(¢ — to)u + (t — to)vf (z1) + toy(f (1) — f(215))
— (t — to)ZPCsIEt + (I — toﬂ)(PCSxt — PCS:ctO)H
< [t =toll[ull + [t — toly || f ()]l + toverl|ze — 24|
|t — tol | APcSz|| + (1 — to(1 4+ w)7)|we — 24, -
It follows that

|l + I f (@) || + | APc S|
to((1+ p)y — ya)

This show that z; is locally Lipschizian and hence continuous. O

[t = s || < |t = tol.

We provide the following result for the existence of solutions of the optimization
problem (1.1).

Theorem 3.2. The net {z;} defined by the implicit algorithm (3.1) converges
strongly to a fixed point T of T as t — 0, which solves the following variational
inequality:

(33) (ut (vf — (T4 pA)F.p—5) <0, pe F(T).
This T is a solution of the optimization problem (1.1).

Proof. We first show that the uniqueness of a solution of the variational inequality
(3.3), which is indeed a consequence of the strong monotonicity of (I + pA) — v f.
Suppose that = € F(T') and € F(T') both are solutions to (3.3). Then we have

(3.4) (u+(vf— T +pA)z,z—2) <0
and
(3.5) (u+ (vf— I+ pA)z,z—z) <O0.

Adding up (3.4) and (3.5) yields
(I +pA) =7f)z = (I + pA) =7 f)z, T - 7) <O0.

The strong monotonicity of (I + uA) —vf (Lemma 2.3) implies that z = Z and the
uniqueness is proved.

Next, we prove that z; — z as t — 0. Observing F(T') = F(S) by Lemma 2.4
(iii), from (3.1), we write, for given p € F(T),

z—p=t(u+yf(z) — (I +pA)p) + (I —t(I + pA))(PcSzy — p)
to derive that
[z = plI? = t{u+~f(x) = (I + pA)p, ¢ — p)
+((I =t + pA))(PeSze — p), 2 — p)
< (1= t(1+w)y)llze = pl* + t{u+f(x0) = (I + pA)p, x; — p).
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It follows that

o= bl < = @) = (T4 pA)p. =)
1 2
< m{vallﬂft —pll*+{u+vf(p) — I+ pA)p,z; —p)}.
Therefore
(3.6) e — pl® < L (utf ) - (I + pA)p, 3 — p).

(1+p)7y— o

Since {z;} is bounded as t — 0 (by Proposition 3.1 (i)), we see that if {¢,} is a
subsequence in (0,1) such that ¢, — 0 and z;, — Z, then by Proposition 3.1 (ii),
lim,, 00 (I — Pc'S)xt,, = 0. By Lemma 2.1 and Lemma 2.4 (ii) and (iii), * € F(T).
Thus from (3.6), we see z;, — .

Now, we prove that 7 is a solution of the variational inequality (3.3). Since

xp =t(u+vf(z)) + (L —t(I + pA))PcSxy,

we have
1
(T + pAyee — (w4 7f () =~ (T = 101 + pA)(I ~ PeS)a.
It follows that, for p € F(T),

((I+pA)xe — (u+vf(xe) 2 —p) = — (I —t(I + pA))(I — PoS)xe, v — p)

| = k| =

(I = PoS)xr — (I — PoS)p, vt — p)

+ ((I + pA)(I — PcS)xy, 2 — p)
(3.7) <A+ pA)I — PoS)xy, ¢ — p)

since I — Po'S is monotone (i.e., (x—y, (I —PcS)x—(I—PcS)y) > 0, z,y € C, which
is due to the nonexpansivity of Pc.S). Now, replacing ¢ in (3.7) with ¢,, and letting
n — oo, and noticing that (I — PoS)xy, — (I — PcS)x =0 for x € F(T) = F(S5),
we obtain

(ut(vf = I+ pA))z,p—1) = (I +pA)T - (ut+7f(2)),7-p) <0.

That is, * € F(T) is a solution of the variational inequality (3.3).

Moreover, if {t;} is another subsequence in (0,1) such that t; — 0 and z;;, — 7.
By the same argument, we can show that ¥ € F(T') and ¥ solves the variational
inequality (3.3); hence ¥ = Z by uniqueness. In a summary, we have shown that
each cluster point of {z;} (at ¢t — 0) equals z. Therefore z; — = as t — 0. By
(3.3) and Lemma 2.8, we deduce immediately the desired result. This completes
the proof. O

From Theorem 3.2, we can deduce the following result.
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Corollary 3.3. The net {x;} defined by the implicit algorithm (3.2) converges
strongly to a fixed point T of T as t — 0, which solves the following minimiza-
tion problem: find x* € F(T) such that

"] = min [l]].
zeF(T)

Now, we propose the following iterative algorithm which generates a sequence
{zy} in an explicit way:
(3.8) Tnt1 = ap(u+vf(xn)) + (I — an(l + pA))PeSzy,, n >0,

where {a,} is a sequence in (0,1) and zg € C is selected arbitrarily.
First, we prove the following main result.

Theorem 3.4. Let {x,} be a sequence in C' generated by the iterative algorithm
(3.8), and let {a,} be a sequence in (0,1) which satisfies condition:

(C1) limy, 00 oy = 0.
Let LIM be a Banach limit. Then
LIMy((u+~f(q) = (I + pA)g, 2n — q)) <0,
where q = lim;_,o+ x4 with x; being defined by the implicit algorithm (3.1).
Proof. Let {x;} be a net defined by (3.1) for 0 < ¢ < 1 and t < (14 pu||A|)~!. Then,

by Theorem 3.2, there exists limy_,g ¢ := g € F(T). Moreover ¢ is a solution of the
variational inequality

(ut(vf =T +pA)gp—q <0, peF(T).
It follows from (3.1) that
[z = @nall = (I =8I + pA))(PoSzr — nt1) + t(u+ v f(2e) — (I + pA)zni)|.
Applying Lemma 2.2 and Lemma 2.6, we have
[zt = 241 < (1= t(1+ p)7)?| PoSzy — @nga ||
(3.9) +26{u + v f (@) = (I + pA)Tns1, T — Tnta).
First we note from Proposition 3.1 (i) that {x:}, {f(z¢)}, {PcSx:} and {(I +
uA)PoSxz:} are bounded. B
Next we show that {x,} is bounded. To this end, let p € F(T) and set A =
I + pA. From condition (C1), we may assume, without loss of generality, that
an < (14 p||A]])~! for all n > 0. Then, from Lemma 2.2, we derive
lzns1 = pll = llan(u +~f(2n) — Ap) + (I — anA)(zn —p)|
< (1= on(1+ pon¥)llzn = pll + an(llull + |7 (zn) — Apll)
< (1 - an(l + M)ﬁ)”xn - pH
+an([lull +vllzn = pll + 17/ (p) — Apl))
< [1 - ((1 + M)W - ’704)0%]”% _pH
Jull + 1y (w) ~ Ap]
(1+p)y —a

+ ((1 + /‘)7 - VQ)an
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It follows that

] ull + 17/ (p) — Ap]| }

x — < maxy ||z, —
s = pl < masx{ f —pf, LI =

Using an induction, we have

| ]l + [/ (p) — Ap|| }

T (L )y e

Hence {x,} is bounded, and so are {f(z,)}, {PcSxz,}, and {APcSz,}.
Now, as a consequence with condition (C1), we get

lnsr ol < max{umo gl

|Zni1 — PoSxyl| = an||vf(zn) — APcSzy| — 0 (n — o0),
and
(3.10) |PoSzy — xpii|| < ||zt — xn|| + €n,

where e, = ||zp+1— PoSxy,|| — 0 as n — oo and, noticing that A is strongly positive
bounded linear,

(Awy — Awp,mp — w0) = (Alwy — 20), 20 — 20) > (14 p7) ||z — 20
(3.11) > (14 p)yllae — 2.
From (3.9), (3.10) and (3.11), we obtain
2 = 2l < (1= 1+ w7l — 2]l + €n)
+ 2t(u + v fxr) — Ay, 2 — Tnyr)
+ 2t(Azy — Axpy1, T — Tnat)
< (L4 )8 = 201+ pat) e — 2|l + ||z — 2nlf?
+ (L= t(L+ p)7)* 2llze — allen + )
+2t{u + f(xy) — Az, 20 — Tpi1))
+ 2t({Axy — A1, T4 — Toa1)
< ((1+ p)Ft? = 2t)(Axy — Axyy, 0 — ) + ||z — 20
+ (1= t(1+ w)7)* (2l|ze — zallen +€7)
+ 2t{u + vf (1) — Axg, T4 — Tpt1))
+ 2t(Azy — Awpy, Tp — Toat)
= (1 4+ p)3t?(Azy — Azp,zp — x0) + || — 20|
(= (1 + D@ — tllen + €2)
+ 2t(u + v f(x) — Az, T4 — Tpy1)
(3.12) + 2t({(Axy — Azpy1, 00 — Tpi1) — (Axy — Azp, 24 — 20)).

2

Applying the Banach limit LIM to (3.12) together with lim,,_, €, = 0, we have
LIM,(||z; — zni1||?) < (1 + )2 LIM, ((Az; — Az, z¢ — )
+ LIM,(||z; — 2 ||*)
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+ 2tLIM,({(u + v f(2;) — Az, 00 — 2101))
+ 2t(LIM, ((Azy — Axpi1, 24 — Tny))
(3.13) — LIM, ({(Ax; — Azp, 2t — 0))).
Using the property LIM,(a,) = LIM,(an+1) of Banach limit in (3.13), we obtain
LIMy({(Azy — (u+vf(20)), 20 — n)) = LIMp((Azy — (u+7f(20)), 21 — Tng1))

(L+ p)vt
(3.14) < 5

LIM,({(Ax; — Ay, 2t — T0)).
Since
t{Axy — Axp, 2y — x) < t||Al|||l 2 — aanQ

< t) Al (lze = pll + llp = @nl)?

_ 2 2
< AN g (Bl + 120) = Al + oo =
(3.15) — 0 (ast —0),

we conclude from (3.14) and (3.15) that
{

LIM,({(u+~f(q) — Ag, z, — q))
= LIM,({Aq — (u+7f(q)),q — =n))
< lims(l)lp LIM,((Azy — (u+ v f(m)), 21 — 20))
t—
< limsup WLIMTZ“A%& — Zl'mxt - mn>) <0,
t—0

where ¢ = limy_,g ;. This completes the proof. O

Now, using Theorem 3.4, we establish the strong convergence of the explicit
algorithm (3.8) for finding a solution of the optimization problem (1.1).

Theorem 3.5. Let {x,} be a sequence in C generated by the iterative algorithm
(3.8), and let {a,} be a sequence in (0,1) which satisfies conditions:

(C1) limy oo oy, = 0;

(C2) > _pigom = o0,
If {x,,} is weakly asymptotically regular, then {x,} converges strongly to q € F(T),
which solves the optimization problem (1.1).

Proof. First we note that from condition (C1), without loss of generality, we assume
that o, < (1+ pl|Al])~! and AA+wy=am) o < 1 for p > 0. Let q = limy_0 x¢ with

— l—apya
x¢ being defined by (3.1). Then we know from Theorem 3.2 that ¢ € F(T'), and ¢
is unique solution of the optimization problem (1.1).

We divide the proof into three steps:
Step 1. We show that {z,} is bounded. Indeed, we know that ||z, — p|| <

maX{HxO -l u+||a]jr(£§;({;;“’4)p||} for all n > 0 and all p € F(T) in the proof
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of Theorem 3.4. Hence {x,} is bounded and so are {f(x,)}, {PcSz,} and {(I +
wA)PoSxy}.

Step 2. We show that limsup,,_,..(u + vf(q) — (I + pA)g,z, — q) < 0, where
q = limy_,o x; with z; being defined by (3.1). To this end, put

an = (u+f(q) — (I +pA)g,zn —q), n=>1

Then Theorem 3.4 implies that LIM,(a,) < 0 for any Banach limit LIM. Since
{xn} is bounded, there exists a subsequence {xn;} of {z,} such that

lim Sup(an-i-l - an) = lim (anj—i-l - anj)
n—00 j—o0

and x,; — v € H. This implies that x,,;,1 — v since {z,,} is weakly asymptotically
regular. Therefore, we have

w— lim (¢ — 2y, 41) = w — lim (¢ — ;) = (¢ — v),
Jj—0o0 j—00

and so

limsup(ans1 = an) = lim (u-+9/(q) = (1 + pA)g. (¢ = 20,1) = (g = 22,)) = 0.

n—oo

Then Lemma 2.7 implies that lim sup,,_,,, an < 0, that is,

limsup(u +vf(q) — (I + pA)q, z, —q) < 0.
n—o0

Step 3. We show that lim,, .o ||z, — ¢|| = 0. To do this, set A = I + pA. Indeed,
from Lemma 2.2 and Lemma 2.6, we derive

2041 = qll* = lan(u+7f(zn) — Ag) + (I — anA)(PoSzn — q)|
< |I(I — anA)(PoSzn — q)|I?
+ 20 (u + 7y f(zn) — Aq, Tpy1 — Q)
< (I = an(1+ w7)?||zn — gl
+ 20,¥(f(zn) — f(@), Tnt1 — @)
+ 200 (u+7f(q) — Ag, Tnt1 — q)
<(1-(1+ M)ﬁan)QHxn - QHQ
+ 2anyallzn — qll[|zne — gl
+ 20 (u+7f(q) — Ag, Tnt1 — q)
< (1= (14 p7)an)? |z, — gl
+apyalllzn — ql* + [#nt1 — qll’]
+ 20 (u +7f(q) — Ag, zp11 — q),
that is,
| Zn i1 — ql|®

~ 120+ o + (1 + w)7)’es, + anya

o 2
< T 2 — al
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20 _
A _
+ 1_0[7ﬂa<114rfyf( q) — Agq,xny1 —q)
1+ p)y —va)a 1+ p)7y)2a?
- 0 |, — g2+ LT e
1 —-apya 1 —apya
A _
+ 1_OMO[<U+'Vf( q) — Ag, Tny1 — q)
((1+ « 2014 p)y — ya) o
1 :U"y g ) ap, Hxn_qH2+ (( M)’V g ) n
1 — apyo 1 —apya
1+ p7)° =
—f<u+7f(Q)_Aan 1_Q>
(2((1+u)7 w) 1+ p)y — o "

= (1= An)llzn — QH2 + Anon,
where M = sup{||z, —q||*> : n > 0}, A\, = AA+wy=y9) o and

l—anya

((1+p)7)’e
2((L+ p)y = ye) (14 p)7 —na
From conditions (C1) and (C2) and Step 2, it is easy to see that A, — 0, > 7 A\, =

oo and limsup,,_,,, 0, < 0. Hence, by Lemma 2.5, we conclude x,, = ¢ as n — o0o.
This completes the proof. O

n = (u+~f(q) — Agq, Tny1 — q).

Corollary 3.6. Let {x,} be a sequence in C' generated by the iterative algorithm
(3.8), and let {an} be a sequence in (0,1) which satisfies conditions:

(C1) limy oo ay, = 0;

(C2) > _pigom = o0,
If {x} is asymptotically reqular, then {x,} converges strongly to q € F(T'), which
solves the optimization problem (1.1).

Remark 3.7. If {a,,} in Corollary 3.6 satisfies conditions (C1), (C2) and

(C3) >0 gloms1 — an| < oo; or limy, 00 ﬁil =1; or
(C4) |ant1 — an| < o(ant1) + 0ny D opegon < 0o (the perturbed control condi-
tion),

then the sequence {x,} generated by the iterative algorithm (3.8) is asymptotically
regular. Now, we give only the proof in case when {a,,} satisfies conditions (C1),
(C2) and (C4). By Step 1 in the proof of Theorem 3.5, there exists a constant L > 0
such that for all n > 0,

[APc S|l + I f(za)]| < L.
So,we obtain, for all n > 0,
|Znt+1 — znl| = [|(I — anA)(PoSzy — PoStp_1) + (n — 1) AP STy 1
+ vlan(f(zn) = f(@n-1)) + f(@n-1)(cn — an-1)]|
< (1= an(l+p7)lzn = @a-a]l + lan — an-1l[[APc S|
+ ylanalzn — zp—a || + || f(@n-1)lan — 1]

< (1= an((M+ w5y —ya)||2n — zp-1|| + Ll — an_1]
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(3.16) < (1= an((T+ p)7 —0)[l2n — znall + (o(an) + on-1) L.

By taking sp41 = ||[Zns1 — znll, A = an((1 + )7 — va), \dp = o(ay,)L and
Ty = op—1L, from (3.16) we have

Spt+1 < (1 - )\n)sn + Andp + 7.
Hence, by (C1), (C2), (C4) and Lemma 2.5, we obtain
nh—>Holo [#n41 — @pl| = 0.
In view of this observation, we have the following;:

Corollary 3.8. Let {x,} be a sequence in C' generated by the iterative algorithm
(3.8), and let {a,} be a sequence in (0,1) which satisfies conditions (C1), (C2)
and (C4) (or conditions (C1), (C2) and (C3)). Then {x,} converges strongly to q
€ F(T), which solves the optimization problem (1.1).

From Theorem 3.5, we can also deduce the following result.

Corollary 3.9. Let {z,,} be a sequence in C' generated by
Tyl = (1 — apn)PoSzy, Yn >0,

and let {a,}C (0,1) be a sequence satisfying conditions (C1) and (C2). If {x,} is
weakly asymptotically regular, then {x,} converges strongly to a fized point q of T
as n — oo, which solves the following minimization problem: find x* € F(T) such
that
2% = min_[lz].
zeF(T)

Remark 3.10. (1) From Proposition 2.6 of Acedo and Xu [1], we know that if, for
any N > 1 and foreach 1 <i < N, T;: C — H is a k;-strictly pseudocontractive
mapping for some 0 < k; < 1, and {n;}/ | is a positive sequence such that Zivz M=
1, then Z@]\L 1 miT; is a k-strictly pseudocontractive mapping with & = max{k; : 1 <
i < N}and F(XN nT;) = N, F(T;). So, by putting Sz = ka+(1—k) SN | n,Tix
in Theorem 3.2, Theorem 3.4 and Theorem 3.5, we obtain the corresponding results
for a finite family of k;-strictly pseudocontractive mappings for some 0 < k; < 1
(1 <4 < N), which can be utilized to solve the following optimization problem

: K 1 2
xeﬂ?ﬁ%(ﬂ) 2(Ax,w> + 2H:1: ul|® — h(z).
(2) In Remark 3.7, condition (C4) on {ay,} is independent of condition (C3),
which was imposed by Cho et al. [5], Marino and Xu [15] and others. For this fact,
see [6, 13].
(3) We point out the our iterative algorithms (3.1) and (3.8) are different from
those in the recent works in this direction.
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