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STRONG CONVERGENCE THEOREMS FOR COMMUTATIVE
FAMILIES OF LINEAR CONTRACTIVE OPERATORS
IN BANACH SPACES

WATARU TAKAHASHI, NGAI-CHING WONG, AND JEN-CHIH YAO

ABSTRACT. In this paper, we study nonlinear analytic methods for linear con-
tractive operators in Banach spaces. Using these results, we obtain some new
strong convergence theorems for commutative families of linear contractive op-
erators in Banach spaces. In the results, the limit points are characterized by
sunny generalized nonexpansive retractions.

1. INTRODUCTION

Let E be a real Banach space and let C' be a closed convex subset of . For a
mapping 7" : C' — C, we denoted by F(T') the set of fixed points of 7. A mapping
T :C — C is called nonexpansive if

[Tz =Tyl < [l -y

for all x,y € C. In particular, a nonexpansive mapping 1T : ¥ — FE is called
contractive if it is linear, that is, a linear contactive mapping T': F — F is a linear
operator satisfying ||7'|| < 1. From [33] we know a weak convergence theorem by
Mann’s iteration for nonexpansive mappings in a Hilbert space: Let H be a Hilbert
space, let C' be a nonempty closed convex subset of H and let T": C' — C be a
nonexpansive mapping with F(T') # (). Define a sequence {x,} in C by 21 =z € C
and
Tnt1 = nZp + (1 —ap)Tx,, VYneN,

where {a;,} is a real sequence in [0, 1] such that

o0
Zan(l — ap) = 0.
n=1

Then, {z,} converges weakly to an element z of F/(T"), where z = lim,,_,o, Px,, and
P is the metric projection of H onto F(T). By Reich [26], such a theorem was
extended to a uniformly convex Banach space with a Fréchet differentiable norm.
However, we have not known whether the fixed point z is characterized under any
projections in a Banach space. Recently, using nonlinear analytic methods obtained
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by [16], [17] and [11], Takahashi and Yao [37] solved such a problem for positively
homogeneous nonexpansive mappings in a uniformly convex Banach space. Fur-
thermore, Takahashi, Wong and Yao [35] extended such a result for commutative
families of positively homogeneous nonexpansive mappings in a uniformly convex
Banach space. In 1938, Yosida [39] also proved the following mean ergodic theorem
for linear bounded operators: Let E be a real Banach space and let T be a linear
operator of E into itself such that there exists a constant C' with ||T"] < C for
n € N, and T is weakly completely continuous, i.e., T' maps the closed unit ball of
FE into a weakly compact subset of E. Then, for each = € E, the Cesaro means

1 n
Spx=—Y TF

converge strongly as n — 0o to a fixed point of T’; see also Kido and Takahashi [19].
Such a mean convergence theorem was also discussed in Takahashi, Wong and Yao
[36] for commutative families of positively homogeneous nonexpansive mappings in
a uniformly convex Banach space; see also Takahashi, Wong and Yao [34].

In this paper, motivated by these theorems, we study nonlinear analytic meth-
ods for linear contractive operators in Banach spaces and obtain some new strong
convergence theorems for commutative families of linear contractive operators in
Banach spaces. For example, we extend Bauschk, Deutsch, Hundal and Park’s the-
orem [4] for linear contractive operators in Hilbert spaces to commutative families
of linear contractive operators in Banach spaces. In our results, the limit points are
characterized by sunny generalized nonexpansive retractions.

2. PRELIMINARIES

Throughout this paper, we assume that a Banach space E with the dual space E*
is real. We denote by N and R the sets of all positive integers and all real numbers,
respectively. We also denote by (x,z*) the dual pair of x € F and 2* € E*. A
Banach space E is said to be strictly convex if ||z + y|| < 2 for z,y € E with
|lz|| <1, |ly|| <1 and = # y. A Banach space E is said to be smooth provided

ety o]

t—0 t
exists for each =,y € F with ||z|| = |ly|]| = 1. Let E be a Banach space. With each
x € E, we associate the set

J(@) = {a" € B": (x,27) = |la]|* = |l="||*}-

The multivalued operator J : E — E* is called the normalized duality mapping of
E. From the Hahn-Banach theorem, Jx # () for each # € E. We know that E is
smooth if and only if J is single-valued. If F is strictly convex, then J is one-to-one,
ie., z#y= J(x)NJ(y) =0. If E is reflexive, then J is a mapping of E onto E*.
So, if E is reflexive, strictly convex and smooth, then J is single-valued, one-to-one
and onto. In this case, the normalized duality mapping J, from E* into F is the
inverse of J, that is, J. = J~1; see [30] for more details. Let E be a smooth Banach
space and let J be the normalized duality mapping of E. We define the function
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¢: ExE—Rby
$(@,y) = lll® = 2(z, Jy) + Ily®
for all z,y € E.

It is easy to see that (||z| — ||y])? < ¢(x,y) < (||z]|+ ||y]|)? for all 2,y € E. Thus,
in particular, ¢(x,y) > 0 for all z,y € E. We also know the following:

(2.1) P(x,y) = ¢z, 2) + d(2,y) + 2(x — 2,z — Jy)

for all x,y, z € E. Further, we have

(2.2) 2(x —y, Jz — Jw) = ¢p(x,w) + ¢y, 2) — ¢(z,2) — d(y, w)

for all z,y,z,w € E. If E is additionally assumed to be strictly convex, then
(2.3) o(x,y) =0z =y.

For a smooth, strictly convex and reflexive Banach space E, we also define the
function ¢, : E* x E* — R by

Gu (2", y") = ||z = 2", T hy") + 12
for all x*,y* € E*. It is easy to see that

(2.4) o(z,y) = ¢ (Jy, Jz)

for all x,y € E. Let E be a Banach space and let K be a closed convex cone of F.
Then, T': K — K is called a positively homogeneous mapping if T'(az) = aT'z for
all a > 0 and x € K. Let M be a closed linear subspace of E. Then, S : M — M
is called a homogeneous mapping if T'(fz) = fTx for all § € R and = € M. Let
E be a smooth Banach space and let C' be a nonempty subset of £. A mapping
T :C — C is called generalized nonexpansive [13] if F(T') # () and

¢(Tx,y) < ¢p(z,y), Vel yeF(T).
The following theorem was proved by Takahashi, Yao and Honda [38].

Theorem 2.1 (Takahashi, Yao and Honda [38]). Let E be a smooth Banach space
and let K be a closed convex cone of E. Then, a positively homogeneous mapping
T : K — K is generalized nonexpansive if and only if for any x € K and u € F(T),

ITz| < ||z|| and (x — Tz, Ju) <O0.

Furthermore, let M be a closed linear subspace of E. Then, a homogeneous mapping
S : M — M is generalized nonexpansive if and only if for any x € M and v € F(T),

I1Sz|| < ||z| and (x — Sx, Jv) = 0.

We also know the follwing theorem from Takahashi and Yao [37]; see also Honda,
Takahashi and Yao [11].

Theorem 2.2 (Takahashi and Yao [37]). Let E be a smooth Banach space and
let K be a closed convex cone in E. If T : K — K is a positively homogeneous
nonezrpansive mapping, then T is generalized nonexpansive. In particular, if T :
E — FE is a linear contractive mapping, then T is generalized nonexpansive.

From Theorems 2.2 and 2.1, we have the following corollary.
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Corollary 2.3. Let E be a smooth Banach space and let K be a closed convex cone
of E. If a mapping T : K — K is positively homogeneous nonexpansive, then for
any x € K and u € F(T),

ITz|| < ||z| and (x — Tx, Ju) <O0.

Furthermore, let M be a closed linear subspace of E. If a mapping S : M — M s
homogeneous nonexpansive, then for any x € M and v € F(T),

I1Sz|| < ||z| and (x — Sx, Jv) = 0.

From Theorem 2.1, Takahashi, Yao and Honda [38] introduced the following
concept.

Definition 2.4. Let E be a smooth Banch space, let x € E and let I’ be a nonempty
subset of . The Sizihwan region between z and F' is the set

R(x;F)={z€ E:{(x—2zJu)=0forall u € F and ||z|| < ||z|}.
The following result is in Takahashi, Yao and Honda [38].

Lemma 2.5. Let E be a strictly conver and smooth Banch space, let x € E and
let F' be a nonempty subset of E. Then R(x; F') is nonempty, closed, conver and
bounded, and F'N R(x; F') consists of at most one point.

Let C' be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. For an arbitrary point z of E, the set

{z€C:¢(z,2)= min ¢(y, )}

is always a singleton. Let us define the mapping IIo of E onto C by z = llgz for
every x € E, i.e.,
¢(llgz, x) = min ¢(y, x)
yeC

for every x € E. Such ll¢ is called the generalized projection of E onto C; see
Alber [1]. The following lemma is due to Alber [1] and Kamimura and Takahashi
[18].

Lemma 2.6 ([1, 18]). Let C be a nonempty closed convex subset of a smooth, strictly
convez and reflexive Banach space E and let (x,z) € E x C. Then, the following
hold:

(a) z =1lex if and only if (y — z,Jx — Jz) <0 for all y € C;
(b) ¢(Z7HC$) + ¢(ch>$) < ¢(va)'

Let D be a nonempty closed subset of a smooth Banach space E, let T be a
mapping from D into itself and let F'(T") be the set of fixed points of 7. Then, 7" is
said to be generalized nonexpansive [13] if F'(T") is nonempty and ¢(Tz,u) < ¢(x, u)
for all x € D and u € F(T). Let C be a nonempty subset of F and let R be a
mapping from F onto C'. Then R is said to be a retraction, or a projection if Rx = z
for all z € C. It is known that if a mapping P of F into F satisfies P2 = P, then
P is a projection of F onto {Pz : z € E}. A mapping T : E — E with F(T) # 0
is a retraction if and only if F(T) = R(T), where R(T) is the range of T. The
mapping R is also said to be sunny if R(Rx +t(x — Rx)) = Rx whenever z € E and
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t > 0. A nonempty subset C' of a smooth Banach space F is said to be a generalized
nonexpansive retract (resp. sunny generalized nonexpansive retract) of E if there
exists a generalized nonexpansive retraction (resp. sunny generalized nonexpansive
retraction) R from E onto C. The following lemmas were proved by Ibaraki and
Takahashi [13].

Lemma 2.7 ([13]). Let C be a nonempty closed subset of a smooth, strictly convex
and reflexisve Banach space E and let R be a retraction from E onto C. Then, the
following are equivalent:

(a) R is sunny and generalized nonexrpansive;
(b) (x — Rx,Jy — JRx) <0 for all (x,y) € E x C.

Lemma 2.8 ([13]). Let C be a nonempty closed sunny and generalized nonexpansive
retract of a smooth and strictly convexr Banach space E. Then, the sunny generalized
nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.9 ([13]). Let C be a nonempty closed subset of a smooth and strictly
convex Banach space E such that there exists a sunny generalized nonexpansive
retraction R from E onto C and let (x,z) € E x C. Then, the following hold:

(a) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;
(b) ¢(Rx, 2) + ¢(z, Rr) < ¢(, 2).

The following theorems were proved by Kohsaka and Takahashi [21].

Theorem 2.10 ([21]). Let E be a smooth, strictly conver and reflexive Banach
space, let C* be a nonempty closed convex subset of E* and let Ilg+ be the generalized
projection of E* onto C*. Then the mapping R defined by R = J '¢«J is a sunny
generalized nonexpansive retraction of E onto J 1C*.

Theorem 2.11 ([21]). Let E be a smooth, strictly conver and reflexive Banach
space and let D be a nonempty subset of E. Then, the following are equivalent:

(1) D is a sunny generalized nonexpansive retract of E;
(2) D is a generalized nonexpansive retract of E;
(3) JD is closed and convex.

In this case, D 1is closed.
Let E be a smooth, strictly convex and reflexive Banach space, let J be the
normalized duality mapping from F onto E* and let C be a closed subset of E

such that JC is closed and convex. Then, we can define a unique sunny generalized
nonexpansive retraction R¢o of F onto C' as follows:

Re = J MeJ,

where I ;o is the generalized projection from E* onto JC.
Let C' be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. For an arbitrary point x of E, the set

€ C: |z — 2| = mi -
{z Il = il = min |y — ][}
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is always nonempty and a singleton. Let us define the mapping P of E onto C' by
z = Pox for every z € F, i.e.,

Pox — z|| = min ||y —
| Pox — || ryrgglly ||

for every € E. Such P¢ is called the metric projection of E onto C; see [30]. The
following lemma is in [30].

Lemma 2.12 ([30]). Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E and let (z,z) € E x C. Then, z = Pox if and
only if (y —z,J(x —2)) <0 forally € C.

An operator A C E x E* with domain D(A) = {x € F : Az # ()} and range
R(A) = U{Az : z € D(A)} is said to be monotone if (x — y,2* — y*) > 0 for any
(x,2*), (y,y*) € A. An operator A is said to be strictly monotone if (x —y, 2*—y*) >
0 for any (x,2*),(y,y*) € A (x # y). Let J be the normalized duality mapping
from E into E*. Then, J is monotone. If F is strictly convex, then J is one-to-one
and strictly monotone; for instance, see [30].

3. SEMITOPOLOGICAL SEMIGROUPS AND INVARIANT MEANS

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S the mappings s — a-s and s — s-a from S
to S are continuous. In the case when S is commutative, we denote st by s + t.
A commutative semigroup S with identity is a directed system when the binary
relation is defined by s < t if and only if {t} U (S +t) C {s} U (S + s). Let B(S)
be the Banach space of all bounded real valued functions on S with supremum
norm and let C'(S) be the subspace of B(S) of all bounded real valued continuous
functions on S. Let u be an element of C'(S)* (the dual space of C(S)). We denote
by p(f) the value of u at f € C(S). Sometimes, we denote by p(f(t)) or u.f(t)
the value p(f). For each s € S and f € C(S), we define two functions I, f and rsf
as follows:

(lsf)(t> = f(St) and (Tsf)(t) = f(ts)
for all t € S. An element p of C(S)* is called a mean on C(S) if u(e) = ||p|| =1,
where e(s) =1 for all s € S. We know that p € C(S)* is a mean on C(S) if and
only if

inf f(s) < p(f) <sup f(s), VfeC(S).

seS seS
A mean p on C(S) is called left invariant if pu(lsf) = u(f) for all f € C(S) and
s € S. Similarly, a mean p on C(S) is called right invariant if p(rsf) = p(f) for all
feC(S)and s € S. A left and right invariant invariant mean on C(S) is called an
invariant mean on C(S). The following theorem is in [30, Theorem 1.4.5].

Theorem 3.1 ([30]). Let S be a commutative semitopological semigroup. Then
there exists an invariant mean on C(S), i.e., there exists an element p € C(S)*

such that p(e) = ||ul]l =1 and p(rsf) = p(f) for all f € C(S) and s € S.
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Theorem 3.2 ([30]). Let S be a semitopological semigroup. Let p be a right invari-
ant mean on C(S). Then

supinf f(ts) < u(f) <infsup f(ts), Vf € C(9).
s St
Similarly, let 1 be a left invariant mean on C(S). Then

supinf f(st) < u(f) < infsup f(st), Vf e C(9).
s st

Let S be a semitopological semigroup. For any f € C(S) and ¢ € R, we write
f(s) =>¢, as s—oop
if for each € > 0 there exists an w € S such that
|f(tw) —c| <e, Vtes.
We denote f(s) = ¢, as s = oor by
lim f(s)=c.

S—OOR

When S is commutative, we also denote s — ocop by s — 0.
Theorem 3.3 ([30]). Let f € C(S) and c € R. If

f(s) = ¢, as s— oog,
then u(f) = c for all right invariant mean p on C(S).
Theorem 3.4 ([30]). If f € C(S) fulfills

f(ts) < f(s), Vi€ S,

then
flit) — ingf(w), as t — ooR.
we
Theorem 3.5 ([30]). Let S be a commutative semitopological semigroup and let
f€C(S). Then the following are equivalent:

(i) f(s) = ¢, as s— oo;
(ii) sup,, inf: f(t + w) = inf,, sup, f(t +w) = c.

Let E be a Banach space and let C' be a nonempty, closed and convex subset of
E. Let S be a semitopological semigroup and let § = {Ts : s € S} be a family
of nonexpansive mappings of C into itself. Then & = {Ts : s € S} is called a
continuous representation of S as nonexpansive mappings on C if Ty = TTy for
all s,t € S and s — Tsx is continuous for each x € C. The following definition
[28] is crucial in the nonlinear ergodic theory of abstract semigroups. Let S be
a topological space and Let C(S) be the Banach space of all bounded real valued
continuous functions on .S with supremum norm. Let E be a reflexive Banach space.
Let u : S — E be a continuous function such that {u(s) : s € S} is bounded and
let i be a mean on C(S). Then there exists a unique element zy of E such that

ps{u(s),x*) = (z0,2%), Va*e E*.
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We call such zy the mean vector of u for p and denote by 7(u)u, i.e., 7(p)u = 2. In
particular, if S = {Ts : s € S} is a continuous representation of S as nonexpansive
mappings on C' and u(s) = Tsx for all s € S, then there exists zy € C such that

ws(Tsw,x™) = (z0,2™), Va* e E*.
We denote such 2o by T),z.

4. STRONG CONVERGENCE THEOREMS

Let Y be a nonempty subset of a Banach space E and let Y* be a nonempty
subset of the dual space E*. Then, we can define the annihilator Y| of Y* and the
annihilator Y+ of Y as follows:

Yi={zeFE:f(x)=0foral feY"}
and

Yit={feE :f(x)=0forallzcY}.
We know the following result from Megginson [25].

Lemma 4.1 ([25]). Let A be a nonempty subset of E. Then
(4%), = spama,
where Spand is the smallest closed linear subspace of E containing A.

Let T : E — E be a bounded linear operator. Then, the adjoint mapping
T* : B* — E* is defined as follows:
(x, T*x*) = (Tx,x")

for any x € F and x* € E*. We know that T™ is also a bounded linear operator
and [|T'|| = ||T*|]. If S and T are bounded linear operators form E into itself and
a € R, then (S +T)" = S*+T* and (aS)" = «(S)". Let I be the identity operator
on F. Then, I'* is the identity operator on E*. Let T** : E** — E** be the adjoint
of T*. Then we have T**(r(FE)) C 7(E) and 7~ T**1 = T, where 7 is the natural
embedding from E into its second dual space E**; see [25].

Lemma 4.2. Let S be a commutative semitopological semigroup with identity. Let
E be a strictly convex, smooth and reflexive Banach space, let S = {Ts : s € S} be
a continuous representation of S as linear contractive operators of E into itself and
let F'(S) be the set of common fized points of Ts, s € S. Then JF(S) is a closed
linear subspace of E* and JF(S) = NeesF(T¥) = {2z~ Tsz: 2 € E, s € S}*, where
J: E — E* is the duality mapping and T s the adjoint operator of Ts.

Proof. From Corollary 2.3, we have
(x — Tsx, Ju) =0
forallz € E, s € S and u € F(S). We also have that
(x — Tsx, Ju) =0 < (z, Ju) = (Tsz, Ju)
< (z, Ju) = (z,T; Ju)
& (z, (I =T7)Ju) =0,
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where I* is the identity operator in £*. Since this equation holds for all z € E, we
have (I* —T7)Ju = 0 and hence T Ju = Ju. Then JF(S) C F(T7) for all s € S.
This implies that JE(S) C NsesE (T7). Since |[TY|| = ||T5]| < 1, we can get the
same fact about 7. So, we obtain that

Ji Nses F(TS) C NsesF(T7™),

where J, : E* — E** is the duality mapping of £*. Under assumptions on E, we
know that J, = J~1 and Tr* =1T,. Then, we have

msESF(Ts*) C JmsES F(Ts**) = JmsES F(Ts) = JF(S)

So, we obtain that Nseg F(Ty) = JF(S) and hence JF(S) is a closed linear subspace
of E*. Finally, we show that NyesF(T¥) = {# —Tsz : z € E, s € S}*. Let
Ss =1 —1Ts for all s € S, where [ : E — F is the identity operator on E. If
x*€{z€ E*:Sf2=0:s¢€ S}, then we have
(Ssy,27) = (y, Ssa™) = 0

for all y € F and s € S. This implies 2* € {z — T,z : z € E, s € S}*. We know
that S¥ = I" —TF and {z € E* : Sz =0:s € S} = NgesF(TY). So, we have
NsesF(T¥) C {z —Tsz: z € B, s € S}*. On the other hand, if #* € {z — Tyz: z €

s

E, s € S}, then we have (Syy,2*) =0 for all y € E and s € S. Since
(y,Ssz") = (Ssy,2") =0

for all y € E and s € S, we have S;z* = 0 and hence z* € F(T7) for all s € S.
This implies {z — Tz : 2z € E, s € S} C NgesF(TY). Then, we have

NeesF(T¥) ={z —Tsz: 2 € E, s € S}*.
This completes the proof. O

Theorem 4.3. Let S be a commutative semitopological semigroup with identity.
Let E be a strictly convex, smooth and reflexive Banach space, let S = {Ts: s € S}
be a continuous representation of S as linear contractive operators of E into itself
and let {S, : a € I} be a net of contractive linear operators of E into itself such
that F(S) C F(Sy) for all a« € I. Suppose Ts0 S, = SqoTs foralla€ I and s € S.
Then, the following are equivalent:

(1) {Saz} converges to an element of F(S) for all x € E;

(2) {Sazx} converges to 0 for all x € (JF(S))L;

(3) {Sax —Ts o Sax} converges to 0 for allz € E and s € S.
Furthermore, if (1) holds, then {Sax} converges to Rpsyx € F(S), where Rp(s) =
J*1HJF(S)J and W g sy is the generalized projection of E* onto JF'(S).

Proof. Suppose (1). Then, for any = € E, Sqax € R(x; F(Sa)) C R(z; F(S)) for
all @ € I. We know from Lemma 2.5 that R(z; F(S)) N F(S) consists of at most
one point. Since R(x; F'(S)) is closed and {S,z} converges strongly to an element
z of F(S), we have R(z; F(S)) N F(S) = {z}. Let Rx be the unique element
z of R(x; F(S)) N F(S). Then, a mapping R : E — F(S) defined by z = Rz
is a retraction of E onto F(S). Furthermore, we know from Corollary 2.3 that
(x — Sax, Ju) =0 for all uw € F(S,) and a € I. So, we have

(4.1) (x — Rz, Ju) =0, Yue F(S)
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From Rx € F(S), we also have (x — Rz, JRz) = 0 and thus
(4.2) (x — Rz, JRx — Ju) =0

for all u € F(S). So, from Lemmas 2.7 and 2.8, R is the unique sunny generalized
nonexpansive retraction of E onto F'(S). Therefore, from Theorem 2.10, we have

R = Rps) = J 'ps)d,

where 11 (s is the generalized projection of E* onto JF(S). If z € (JF(S))L,
then we have (z, Ju) = 0 for all u € F/(S). From (4.1), we also have (z—Rx, Ju) =0
for all u € F(S). So, we get (Rz,Ju) = 0 for all u € F(S). This implies Rz €
(JE(S))L. From Rz € F(S)N(JF(S))L and F(S)N(JF(S)), = {0}, we have that
Sax — Rp(syz = 0. Then, we obtain (2).

Suppose (2). From Lemma 4.2, JF(S) is a closed linear subspace of E*. Then,
we have from [2, 3, 10, 9] that for any = € F,

r = Rps)yr + Pups)

where P jr(s)), is the metric projection of £ onto (JF(S))1. So, we have from (2)

that

€1

Sat = SQ(RF(S):E + P(JF(S))L;'L')
= SQRF(S)CC + SaP(JF(S))J_x
= Rz + Salyrs) @
— RF(S)l' € F(S).
Then, we obtain (1). Furthermore, we know from Corollary 2.3 that z — Tsx €

(JF(S)), for all x € F and s € S. So, we have from (2) that S,(x — Tsz) — 0.
Thus we have from T5 0 S, = S, o T, that for any z € £ and s € 5,

Soxr —Ts 08,06 = 8,0 — S, 0Tsx
= So(z —Tsx) — 0.
Then, we obtain (3).

Suppose (3). We have from (3) and T 0 S, = S, o Ts that for any z € E and
seS,

So(z — Tsx) = Sqx — So(Tsx)
= Sax — So 0 Ts(x)
= Sax — T 0 8,(x)
— 0.

So, we have that {S,y} converges to 0 for all y € {x — Tsz : x € E, s € S}. From
Lemmas 4.2 and 4.1, we have

(JES)L={2-Tz:2€E, scS}t), =span{z —Tux:xz € E, s€ S}.

Take x € (JF(S)).1. Then, for any € > 0, we have that there exist {a;}? ; C R and
{yi}y C{z —Tsx : x € E, s € S} such that ||z — > | a;yi|| < e. Thus we have

Suz] = HSO‘ Zn: aiy; + (S’am — S, Zn: aﬂ/i) ‘
=1 =1
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n n
< )Sazaiyi +)Sa$_sazaiyi
=1 i=1
n n
< ’Sazaiyi + Hx—zaz‘yi
=1 =1

n
<3 JailllSayill + e

i=1

and hence
n
lim sup || Sez|| < lim sup (Z la;|||Savill + 6) =e.
@ @ i=1

Since € > 0 is arbitrary, we have that for any x € (JF(S))1, Sax converges to 0.
Then, we obtain (2).

Furthermore, if (1) holds, then we have from the proof of (1) that for any x € E,
{Saz} converges strongly to Rps)z € F(S). O

Using Theorem 4.3, we have the following useful result.

Theorem 4.4. Let S be a commutative semitopological semigroup with identity.
Let E be a strictly convex, smooth and reflexive Banach space, let S = {Ts : s € S}
be a continuous representation of S as linear contractive operators of E into itself
and let {T,, : n € N} be a sequence of linear contractive operators of E into itself
such that F(S) C F(T,,) for alln € N. Let S;, =T, 0T,_10---0Ty for alln € N
and suppose that Tso0 S, = Sy, oTs for alln € N and s € S. Then, the following are
equivalent:

(1) {Snhz} converges to an element of F(S) for all x € E;
(2) {Snz} converges to 0 for all x € (JF(S))L;
(3) Spx —Ts0Spx— 0 forallz € E and s € S.

Furthermore, if (1) holds, then {S,x} converges to Rp(syr € F/(S), where Rp(s) =
J*IHJF(S)J and ;g sy is the generalized projection of E* onto JF'(S).

Proof. For any n € N, S, =T, 0T,,_10---07] is a linear contractive operator on
E and F(S) C F(S,). Furthermore, from the assumption, T 0 S,, = S,, o T} for all
n € N and s € S. So, we have the desired result from Theorem 4.3 O

5. APPLICATIONS

In this section, using Theorems 4.3 and 4.4, we obtain some strong convergence
theorems for commutative families of linear contractive mappings in Banach spaces.
In 2003, Bauschk, Deutsch, Hundal and Park showed the following theorem [4].

Theorem 5.1. Let T be a contractive linear operator on a Hilbert space H; i.e.
IT|| < 1, and let M be a closed linear subspace of H. Consider the following
statements;

(1) im0 [|T"x — Pyrz|| = 0 for all x € H;

(2) M = F(T) and T"x converges to 0 for all x € M~*;

(3) M =F(T) and T"x — T2 — 0 for allz € E.
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Then, all statements are equivalent.

Using Theorem 4.3, we can obtain an extension of the above theorem to commu-
tative families of linear contractive mappings in Banach spaces.

Theorem 5.2. Let E be a strictly convexr, smooth and reflexive Banach space and
let M be a closed linear subspace of E such that there exists a sunny generalized
nonexrpansive retraction R of E onto M. Let S be a commutative semitopological
semigroup with identity and let S = {Ts : s € S} be a continuous representation of
S as linear contractive operators of E into itself. Then the following are equivalent:

(1) {Tsx} converges to the element Rx of M for all x € E;

(2) M = F(S) and {Tsx} converges to 0 for all x € (JM),;

(3) M =F(S) and Tsx — Ts1yx — 0 for allz € E and t € S.
Furthermore, if (1) holds, then R = Rp(s) = J_1HJF(3)J, where 1 jps) is the
generalized projection of E* onto JF(S).

Proof. If (1) holds, then it is obvious that F(S) C M. In fact, let z € F(S) and
z ¢ M. Since Tsz = z, s € S and {T,z} converges to the element Rz, we have
Mz = z and hence z € M. This is a contradiction. Conversely, take z € M. Then
we have Rz = z. Since {T,z} converges to the element Rz = z, we have that for
any t € S, {Tsy+2z} converges to the element T;z because T is continuous. On the
other hand, {T,4;2z} converges to the element z. So, we have T;z = z. This implies
M C F(S). Then we get M = F(S). Define S; = Ty for all s € S. Then, we have
F(S) C F(Ss) and Ty 0o Sy = S50 Ty for all s,t € S. So, we have the desired result
from Theorem 4.3. 0

Remark 5.3. If M is a closed linear subspace of a Hilbert space H, then there exists
the metric projection P of H onto M. In a Hilbert space, the metric projection P
of H onto M is coincident with the sunny generalized nonexpansive retraction R,
of H onto M.

Applying Theorem 4.4, we obtain a strong convergence theorem of Mann’s type
for commutative semigroups of linear contractive operators in a Banach space. Be-
fore obtaining this result, we need the following lemma.

Lemma 5.4 (Eshita and Takahashi [8]). Let {a,} be a sequence of [0,1] such that
Yo (1 —ap) =o00. Let {by} and {e,} be sequences of [0,00) such that

b1 < anby + (1 — an)en, YneN
and lim,_,~ £, = 0. Then lim,_,~ b, = 0.

Theorem 5.5. Let S be a commutative semitopological semigroup with identity. Let
E be a strictly convex, smooth and reflexive Banach space and let S = {Ts: s € S}
be a continuous representation of S as linear contractive operators of E into itself.
Let {pn} be a sequence of means on C(S) which is strongly asymptotically invariant,
i.e., for each s € S, |[lfpn — pnl| — 0, where I¥ is the adjoint operator of ls. Let
{an} be a sequence of real numbers such that 0 < o, <1 and > .2 (1 — ay) = 0.
Then, a sequence {x,} generated by v1 =z € E and

Tnt1 = Ty + (1 — )Ty, xn, nEN
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converges strongly to the element Rx of F'(S), where R = Rps) = J_1HJF(S)J and
Hr(s) is the generalized projection of E* onto JF(S).

Proof. Let T,, = ol + (1 — )Ty, for all n € N, where I is the identity operator on
E andlet S, =T,0T1T,-10---01Tj for all n € N. Then, we have that z,11 = Syx.
For any n € N, we have ||T,,|| <1 and F(S) C F(T,). Indeed, we have

[Tnll = lland + (1 = an) Ty, | < anllI]l + (1 = an)|| Ty, || < 1.

We show F(S) C F(Ty). If x € F(S), then T, x = aplz + (1 — a,)T),,, v = x and
hence F(S) C F(T},). We also have that T;0T),, =T}, 0T, foralln € Nand s € S.
In fact, we have that for any z € F, s € S, y* € E* and n € N,

(TTy,x,y*) = (Tp,x, TS y™)
= (n)(Tez, TSy")
= ()T Thz, y*)
= ()t (TiTsw, y")
= (T, Tsz,y").
Then T 0T}, =T}, o Ts.
Next, we show that T5 0.5, = S, o T for all s € S. When n = 1, we have that
for any s € S, z € E and y* € £,
(Ts o S1z,y*) = (Tg o Thx,y*)
= (Ts (a1l + (1 —a1)Ty,z,y%))
=((ail+ (1 —a)Tyz,T;y"))
= ay(z, TJy") + (1 — o) () e(Th, Ty)
= ay(Tsz,y*) + (1 — o) () (TsTyw, y")
= ay(Tex,y*) + (1 — o) (1) (Ti T, y")
(a1 Tsx + (1 — 1)1, Tox, y™)
= (T o Tsz,y")
= (S10Tsz,y").
Then T 051 = S10T,. Suppose that for some k € N, T505;, = S 0T, forall s € S.
Then, we have that for any s € S,
Ts0Sp+1 =Ts0Tkq 0S5k
=T (oS + (1 — ay)Ty, o Sk)
= T OSk—I—(l—ak) OSk
=o;Ts 08, + (1 — Oék) #kTs o Sk
= agl o SpTs + (1 — ay) T}, o ST
= Tiq1 0 SiTs
= Sk+10Ts.
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Then, by induction, we have that Ts 0 .S, = S, 0o Ts for all n € N and s € §. To
complete the proof, it is sufficient by Theorem 4.4 to show that for any s € S,
|z — Tsxn|| = 0, asn — oo.

From 0 € F(S), we have that

|Znt1ll = llanzn + (1 — an) Ty, 20|
< aplznll + (1 = an) | Ty, za|
< apllznll + (1 = an)l|2|
< |zl
and hence ||z, || < ||z||. Using this, we have that for any s € S and y* € E*,

‘<Tunxn —Tso0 Tﬂ/an/’y*) = [(n)e{T1xn, ¥*) — (pn) e Tewn, T3 y™)|
= (n)e{Tizn, y*) — () e{Ts+tTn, y7)|
= |(pn = Lpn)e(Tin, y™)|
< llpn = Lpnllsup [(Tizn, y™)|

tesS

< lpn = Ll llzn 17|
< lpn = Gl 1y

and hence
(5.1) | T — Ts 0 Ty || — 0.
We also have that for any s € S,
[#n+1 = Tszpiall = llon(zn — Tswn) + (1 = om) (T, 20 — TsTp, an)
< apl|zp — Tsxp|| + (1 — ap) || Ty, xn — TsTy, znl|-
We obtain from (5.1) and Lemma 5.4 that
lim ||Tsz, —x,]| =0, VseS.

n—o0

By Theorem 4.4, {x,} converges strongly to the element Rz of F(S), where R =
Rp(s) = J*1HJF(3)J and I1;p(s) is the generalized projection of E* onto JF(S).
This completes the proof. Il

From Theorem 4.3, we can show a mean strong convergence theorem for com-
mutative semigroups of contractive linear operators in a Banach space; see Yosida
[39].

Theorem 5.6. Let S be a commutative semitopological semigroup with identity.
Let E be a strictly convex, smooth and reflexive Banach space, let S = {Ts: s € S}
be a continuous representation of S as linear contractive operators of E into itself.
Let {pa} be a net of strongly asymptotically invariant means on C(S), i.e., for each
s €8, |lipa — pall — 0, where I¥ is the adjoint operator of ls. Then, for each
v € E, {T,,x} converges strongly to the element Rx of F(S), where R = Rp(s) =
J_lﬂJF(S)J and 11 ;p(s) is the generalized projection of E* onto JF(S).
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Proof. For any «, the operator T}, is a contractive linear operator. Furthermore,
we have F'(S) C F(T,,) and Tj oT =T, oTs for any o and s € S. In fact, if
u € F(S), then we have that for any y € E*,

(Tuat,y") = (pa)e(Tru, y*) = (pa)e(u, y*) = (u, y")

and hence T),,u = u. This implies F'(S) C F(T,,). We also have that for any
reFE seS, y* e E* and q,

<TsTuaxay*> Ty, T* y)

(

(Ma) <Tt$ T Yy >
(Ma) (T Tz, y*)
(

Then Ts o T, = 1T,, oTs. To complete the proof7 it is sufficient to show that
T,,x—TT,,x — 0 for all z € F and s € S. In fact, we have

[(Tpaw = Ts 0 Tpow, y™)| = |(pa)e(Tiw, y™) — (pa)e(Tew, Tsy™)|
= () e(Tew, y*) = (pa)t(Tsvi2, y7)|
< llta = Lpallsup [(Tia, y7)|

< [l — l*uaHHlely |

and hence
|Tpo — Ts 0 Ty || < |lpta — Lspallll]-

So, we obtain that T, . — Ts o1, , x — 0 for each x € E and s € S. Using
Theorem 4.3, {T},,x} converges strongly to the element Rz of F'(S), where R =
Rips) = J*1HJF(3)J and Il ;p(s) is the generalized projection of £* onto JF(S).
This completes the proof. [

Remark 5.7. In Theorem 5.6, note that the point z = lim,, T}, x is characterlized
by the sunny generalized nonexpansive retraction R = Rp(s) = J - Jr(s)J of B
onto F'(S). Such a result is still new even if the operators Ty, s € S are linear.
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