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ABSTRACT. Let C be a convex closed unbounded set in a Banach space X and
T : C — C a mapping which satisfies a condition weaker than nonexpansivity
defined by T. Suzuki. Assume that {z,,} is the sequence of the Ishikawa iterates of
T,ie. x, = S"x where S is an average of the mapping T" and the identity. In this
paper, we prove that the limit of ||x, — Tz, || is equal to the minimal displacement
of T, similarly as in the case of nonexpansive mappings as proved in [3]. By
using this result and some weak additional conditions concerning asymptotic
contractivenes, we prove the existence of fixed points for some applications.

1. INTRODUCTION

Several generalizations of the notion of nonexpansivity have appeared in the last
years and some fixed point results have been proved for these classes of mappings
(see, for instance, [2], [12], [21], [23]). One of the most relevant extension was defined
by T. Suzuki in [22]:

Definition 1.1. Let M be a metric space. A mapping 1" : M — M is said to satisfy
condition (C) if

1

Besides [22], some other papers [1], [6], [8], [9], have studied the behavior of
mappings which are defined on bounded convex subsets of a Banach space and
satisfy condition (C). Many relevant contributions on this type of mappings have
also been achieved by S. Dhompongsa and his research group (see, for instance, [4],
[5], [17]). In this paper we are going to show some results for mappings satisfying
condition (C) on unbounded domains.

When T is a nonexpansive mapping defined on a bounded convex subset of a
Banach space, S. Ishikawa [15] proved that the average of T and the identity (i.e.
the mapping S = (1 — o)l +aT, o € (0,1)) is asymptotically regular, which means
that lim,, ||S"z—S""1z| = 0 for every € C, and, in consequence, the sequence S™x
is an approximate fixed point sequence for T'. The same was proved for mappings
satisfying condition (C) and defined on a bounded convex domain (lemma 6 in
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[22]), and, in fact, this is the main tool to obtain fixed point results for this class of
mappings.

In Section 2 we study Ishikawa iterations for mappings satisfying condition (C)
on unbounded domains. In this case, similarly to the case of nonexpansive mappings
on unbounded domains, the minimal displacement of the mapping can be positive
and so, it is not possible to obtain asymptotic regularity for the Ishikawa iterates.
However, Ishikawa’s result can be also understood as follows: the limit of ||z, — Tz, ||
is equal to the minimal displacement of T, x,, = S™x being the iterates of the
average of the nonexpansive mapping 71" and the identity. The same can be said for
mappings which satisfy condition (C) according to lemma 6 in [22]. Thus, in the
case of a nonexpansive mapping defined on an unbounded domain, with a non-null
minimal displacement, we can ask if the convergence of ||z, — Tx,|| to the minimal
displacement still holds. In [3] it is proved that this is, in general, the case. (In fact,
the result in [3] shows the convergence for Kranosels’kii-Milman iterates). By using
some technical lemmas we can prove that the same is true for Ishikawa iterates of
mappings satisfying condition (C) which are defined on unbounded domains.

In Section 3 we use the results of Section 2 to prove fixed point results for map-
pings satisfying condition (C) on unbounded sets. Since, in the unbounded setting,
mappings satisfying condition (C) (even nonexpansive mappings) can be fixed point
free (consider, for instance a displacement) we need to assume some additional con-
ditions. In the case of nonexpansive mappings it is usual to assume that the mapping
is, in addition, asymptotically contractive (see, for instance, [16], [13]). We define
the notion of scalar asymptotic contractiveness which is strictly weaker than asymp-
totic contractiveness (as we show in Example 3.3), and we prove that this condition
suffices to prove the existence of a fixed point. Thus, our results in this section
extend those in [16], [13] in two different directions, replacing nonexpasivity by
condition (C) and asymptotic contractiveness by scalar asymptotic contractiveness.

2. ISHIKAWA ITERATIONS FOR MAPPINGS SATISFYING CONDITION (C)

In the following K will be a closed convex subset of a Banach space X and
T : K — K a mapping which satisfies condition (C). For some o € (1/2,1) we
denote S = (1 — a)l + aT. A more general condition than condition (C) is defined
in [9] as follows:

Definition 2.1. Let M be a metric space. A mapping V : M — M is said to
satisfy condition (C)) if for some A € (0,1)

Mz, V) <d(z,y) = d(Vz,Vy) < d(z,y).

Note that S satisfies condition C, where r = 1/(2«a) < 1 [9].

Without loss of generality we assume that 0 € K. For a given mapping V : K —
K, we denote by rg (V) = inf{||]x — Vz| : « € K} the minimal displacement of the
mapping V on K. For an arbitrary z¢p € K we denote x,, = S(x,,—1) and y,, = Tz,

The following lemma shows some basic properties of the sequences {z,,} and {y,}
which are implicitly in [22]. Since we will use these properties in several proofs, we
prefer to state them explicitly.

Lemma 2.2. (a) For every n € N we have ||yn+1 — Yn| < [|[Tn+1 — zn]|-
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(b) The sequences {||xn — ynl||} and {||zn+1 — zn||} are nonincreasing.

Proof. Since

1 1
llen =Tzl = Sllen =yl < allzn = yall = llzn = 244

condition (C) implies
[9n+1 = ynll = [[T2pg1 = Tapl| < [|2ne1 — 2al|-
To prove (b) note that

[Zn41 = yns1ll = 11— a)(@n = yn) + Yo — Yns1
< (A =a)llzn —ynll + llzn — znsal
= (1=a)flzn —ynl + [[zn — (1 = )zn — ays||
= (I =a)lzn = ynll + allzn = yal = l2n = yall
Finally, since z,4+1 — x, = a(yn, — x,) the monotonicity of ||z,4+1 — x| is now

obvious. O

Note that the above lemma implies that the sequence {y,} is bounded if and
only if {z,,} is bounded. In this case, the following lemma shows that the minimal
displacement must be null.

Proposition 2.3. Assume that the sequence {x,} is bounded. Then, lim, ||z, —
Ynll = 0. In particular r(T) =0 .

Proof. As in the proof of lemma 6 in [22], note that {x,} and {y,} are bounded
sequences which satisfy z,41 = ayp + (1 — @)zp, and [|ypn+1 — ynl| < |Tnt1 — zp]| for
every n € N. Thus, by lemma 3 in [22] (see also [10]) lim,, ||y, — x| = 0. O

The following lemma (for non-expansive mappings) appears in [11] (inequality
9.12 in lemma 9.4).

Lemma 2.4. For every n,k € N we have
(2:1) [[ynk = @nll = (1= ) ([ynsr = Ttk = lyn — zall) + (1 + k) |[yn — za]-

Proof. The proof is similar to that of inequality 9.12 in [11] for nonexpansive map-
pings using the previous lemma to replace some conditions derived from the non-
expansivity. We include the proof for the sake of the completeness.

We proceed by induction on k. If £ = 0 (2.1) is trivial for every n. Assuming
that (2.1) holds for a given k and all n. Replacing n with n + 1 in (2.1) yields

[Yntht1 — Tnpa] = (1— a)_k[\|yn+k+1 — Tkt = lynt1 — 2ngal]
(14 ko)llgnst — znsal
Also, by lemma 2.2 (a)

lYnirr1 — Tor1ll < (1= a)|yngrsr — Tull + l|Ynirs1 — ynll
k

< (=) [Yn+k1 — @l + az Yn+i+1 — Yn+ill
i=0
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k
< (1= )|[Yn+h+1 —znl + az |Zntit1 — Tntill-
=0
Now, combining the above two inequalities:
lynsrir —aall > (1= )" D lynirir — 2okl = [9ns1 — 2npa]
(1 =) (1 + k) [yn+1 — Tng
k
—a(l—a)™! Z [Znti+1 — Tpail-
=0

Since ||Zntit1 — Tntil| = @l|yn+i — Tntil|, and since the sequence {|yn, — zn|} is

nonincreasing (by lemma 2.2 (b)) and 1+ ka < (1 —a)~*, we have

[Ynirrt — 2l > (L= ) F D g1 — Tl = lynsr — Tnga ]
+(1 =) (1 + ka)l[ynt1 — zpa|
—a*(1 = )7 (k + 1) [lyn — 22|
= (1-a) "D lynirs1 — Tasrrrll = [|Yn — 2nl]
H(1 =) (14 k) = (1= )" ] ynpr — 2|
+H(1 =) D —a?(1 = @) " (k + 1)]||yn — @
(1—a)” (k+1) 19nttt1 = Tngr—1ll = [[9n — 2nll]
+H(1 =) 1+ ka) — (1= ) F D]y, —
+H(1 =) "D —a?(1 = @) 7 (k + 1)]||yn — @
= (1= ) " D lynirrr = Tograrll = [[yn — 2nll]
T+ (k+1)a)l[yn — zn-
Thus (2.1) holds for k£ + 1, completing the proof. O

Q

Y

The following lemma is inspired on Lemma 6.4 in [19]

Lemma 2.5. Denote L = lim ||y, — x,|| and let € be an arbitrary positive number.
Choose n such that |||z, — yn|| — L| < €/2. Then, for every k € N one has

Yy — Yntkll €
- >L - —
ka ka(l — a)k

Proof. By lemmas 2.2 and 2.4 we obtain

Hyn—f—k - ynH > ||yn+k - CCnH - Hxn - ?/nH
> (1= ) (Iyntk — Znall = 20 — val))
+ (L+ka)|zn —ynl = 20 — ynl
= (1= ) (Iynsk — Tntll = |20 = ynll) + kallzn — ynl)
> kallan — yul ~ 5

2(1 — a)k”
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Thus,
Yyn — Yntkll € €
Wn = Yntkll S Ny — )] = = > L— —
170 = gl 2ka(l — )k — ka(l — )k

O

If T is a non-expansive mapping, we have | T*2 — T*y|| < ||z — y| and so, the
distance between T*z and T*y keeps bounded by the distance between z and y.
This is not true for mappings satisfying condition C'. However, the following lemma
shows that, in this more general case, the distance between two orbits keeps bounded
(even if the orbits do not).

Lemma 2.6. For every z,y € K and every k € N one has
1552 = S*y|| < ale,y) =: [lz = y|| + 2llz — Sz|| + [ly — Syl.
In particular, S*z is bounded if and only if S*y is.

Proof. The inequality is obvious for £k = 0. By induction, assume that it holds for
k=0,1,...,n. If [|[S"x — S" x| < ||S™x — S™y|| condition C, for S implies that
| Sy — Sntly|| < 1Sz — S™y|| < a(x,y). Otherwise, by using lemma 2.2 we
obtain [|S™x — S"y|| < [|S™x — S" x| < ||Sx — z|| and we have

15" e — "yl < (|1S" e — SMa|| + ||S™a — ™y + [1S™y — S™Hy|
< 2fle = Szl + ly — Syll < alz, y).

0

Lemma 2.7. Assume that the sequence {x,} is unbounded. Then, L =: lim,, ||z, —
Ynl|| does not depend on the initial value x.

Proof. Consider two initial values x, * and denote L, L* the corresponding limits
and =, yn T, , Y. the corresponding iterates. Assume L* < L and choose d such

that L* +d < L. Denote M = 2(”T$7x|l¥+a(x’m*)) and choose k such that M/k < d/3
and €,n such that m < d/3, |L —||lzn —ynll| < eand |[L* — ||z} —yi|]| < €.

We apply lemma 2.5 and lemma 2.6 to obtain

Hyn - ynJrkH €
L <
- ka + ka(l — a)k
o = sl = ol s = el
ka
o 2Tz s+ e = vl s
ko

- 2|Tx — x| + |z, — ), 4 ll + 120 — 23]l + |20k — 25, 44l /3
- ko

M Y iy — Tl
< = 1=0 n+i+1 n+i d/3
- ka + ka +d/

k—1

< 2d/3+ Zi:o Hx;kz]:z - y;:-H‘H
< 2d/3+ ||z —yrl| <2d/3+ L*+e< L*+d< L.
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Theorem 2.8. Let K be a closed convex subset of a Banach space andT : K — K a
mapping which satisfies condition (C). For some o € (1/2,1) let x,, be the Ishikawa
iterates. Then, lim,, ||z, — Tzy| = rx(T).

Proof. If {zy} is bounded, Proposition 2.3 implies that rx(7) = 0 = lim, ||z, —
Txy,||. If {x,} is unbounded, the result is an easy consequence of lemma 2.7 and
lemma 2.2 (b). O

3. FIXED POINT FOR GENERALIZED NON-EXPANSIVE MAPPINGS ON UNBOUNDED
SETS

The following notion has been used in [20] and has proved to be very useful to
obtain fixed points of nonexpansive mappings on unbounded domains (see [16], [13])

Definition 3.1. Let C be a subset of a Banach space X. A mapping f: C — X is
said to be asymptotically contractive on C' if there exists xg € C' such that

bmeup 1£@) = F@o)]

< 1.
veCz| w00 1T — Tol|

We are going to consider a weaker condition:

Definition 3.2. Let C be a subset of a Banach space X. A mapping T': C — C'is
said to be an asymptotically strongly pseudo-contractive mapping on C' if there is
xg € C such that

Ty — T
im M <1,
|z]|—o0,2eC jeJ(z—x0) ||T — 0|
where J(x —z0) = {j € X* : [|j]| = |z — 0| and j(z — x0) = ||z — z0]*}-

The following example shows that asymptotically strongly pseudo-contractiveness
is a strict generalization of asymptotic contractiveness

Example 3.3. Let C' = {(z.y) € R? : & > 0,y > 0}. Easily, C is a convex and
closed subset of R%. Let f: C — C such that

o= (0L ).
Then,

e f is a non-expansive mapping. Indeed, let (z,v), (z',y") € C

R I [ |

x—a
2

IN

'II I—\wyll'

< @=2"y =yl
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e f is not asymptotically contractive. Indeed, otherwise, we have (¢, o) such

that
limsup Hf(xa y) B f(x(b yO)H
l@w)l—oe (@) = (0, 90)ll
which is a contradiction, because

<1

1£(.0) = S0l _

— Jimsup 1(0,2) — f(xo,y0)ll

1 > limsup =1.
z—oo  |[(#,0) = (z0, 50| z—oo  ||(2,0) = (zo,0) |l
e f is asymptotically strongly pseudo-contractive. Indeed,
[k 2. )]
2 2
o )P+ 02l
2[|(z, y)l

Theorem 3.4. Let K be a closed convex locally weakly compact subset of a Banach
space X with normal structure and T : K — K an asymptotically strongly pseudo-
contractive mapping which satisfies condition (C). Then, T' has a fized point.

Proof. For v € (1/2,1) denote S = (1 — o)l + oT. We claim that {S"x} is a
bounded sequence. Indeed, otherwise there exists a < 1 such that for large enough
n there exists j € J(S" 1x — o) such that

Jj (8" — Sxo)

157 e — o2

§(S"x — S tw) + §(S" e — o) + j(zo — Sz0)
151w — o2

18" — 5" el ||Swo — o]

1 .
- |57ty —wol|  [|S™ e — x|

Taking limits as n tends to infinity and using that the sequence ||S"x — S" Lz| is
nonincreasing (lemma 2.2 (b)) we obtain the contradiction a > 1. By Proposition
2.3 there exists an approximate fixed point sequence {z,} for T in K. The same
argument as above shows that {z,} is bounded. Let C' be the asymptotic center
of {x,}. Since K is locally weakly compact, C' is convex weakly compact and
nonempty. The existence of a fixed point follows from Proposition 3.4 and Theorem
4.4 in [18]. 0

In fact, we have proved above that asymptotically strongly pseudo-contractiveness
implies that there exists a bounded closed subset of K which is invariant for T'. Thus,
the above theorem could be also stated in the following more general (and abstract)
form:

Theorem 3.5. Let K be a closed convex locally weakly compact subset of a Banach
space X and T : K — K an asymptotically strongly pseudo-contractive mapping
which satisfies condition (C). Assume that T belongs to a type of mapping such that
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any convexr weakly compact set has the FPP for this class. Then, T has a fized
point.

Remark 3.6. In [14] a weaker asymptotic condition is considered. To do that, it is
assumed that C' is a nonempty unbounded closed convex subset with 0 € C, and
G : X x X — R is a mapping which satisfies the conditions

(gl) G(A\z,y) = AG(z,y) for any z,y € X and A > 0,

(g2) ||z]|? < G(z,x) for any z € X.

For a mapping T : C' — C the following asymptotic condition is assumed

lim sup GIz,z)

< 1.
||| =0 (ki

It is easy to check that asymptotically strongly pseudo-contractiveness can be re-
placed by the above condition and Theorem 3.4 still holds. However, in [7] the
following asymptotic condition is considered to obtain fixed point results for pseudo-
contractive mappings: “There exists R > 0 such that for every z € C with ||z| > R
the inequality j(7(x)) < ||z||* holds for every j € J(z)”. It is a open problem
to know if Theorem 3.4 still holds whenever this condition replaces asymptotically
strongly pseudo-contractiveness.
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