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(iv) EP (f) is closed and convex.

In addition, Wataru Takahashi, Jen-Chih Yao and Fumiaki Kohsaka mentioned
in their published work “The fixed point property and unbounded sets in Banach
spaces” the following nonlinear mapping. Let E be a smooth strictly convex and
reflexive Banach space, let J be the duality mapping of E and let C be a nonempty
closed convex subset fo E. Then the mapping T : C → C is said to be nonspreading
if

ϕ(Tx, Ty) + ϕ(Ty, Tx) ≤ ϕ(Tx, y) + ϕ(Ty, x)

for all x, y ∈ C, where ϕ(x, y) = ∥x∥2−2⟨x, J(y)⟩+∥y∥2, ∀x, y ∈ E. They considered
the class of nonspreading mappings to study the resolvents of a maximal monotone
operators in the Banach space. In the case when E is a Hilbert space, we know that
ϕ(x, y) = ∥x − y∥2 for all x, y ∈ E. So, a nonspreading mapping T : C → C in a
Hilbert space H is defined as follows:

2∥Tx− Ty∥2 ≤ ∥Tx− y∥2 + ∥Ty − x∥2(1.2)

for all x, y ∈ C.
Recently, Iemoto and Takahashi [5] proved and defined the follwing nonlinear

mapping T : C → C called hybrid which is also deduced from a firmly nonexpansive
mapping :

∥Tx− Ty∥2 ≤ ∥x− y∥2 + 2⟨x− Tx, y − Ty⟩(1.3)

for all x, y ∈ C. Now, we know that a nonspreading mapping is deduced from
a firmly nonexpansive mapping; see [6, 7, 10]. Moreover, a strong convergence
theorem of the hybrid type for nonspreeading mappings have been proved by Mat-
sushita and Takahashi [8], followikng the terminology of Browder-Petryshyn [3].
It clearly mentioned and proved that a mapping T : D(T ) ⊆ H :→ H is k −
strictly pseudononspreading if there exists k ∈ [0, 1) such that

(1.4) ∥Tx− Ty∥2 ≤ ∥x− y∥2 + k∥x− Tx− (y − Ty)∥2 + 2⟨x− Tx, y − Ty⟩,
for all x, y ∈ D(T ). While it is clear that every nonspreading mapping is k-strictly
psedononspreading. We also say that the class of k-strictly pseudononspreading
mapping provides more general approach than the class of nonspreading mappings
(see example [9]).

Recently, in 2013, it was then acknowledged by Zhao and Chang [13] after they
proposed an iterative algorithm for equilibrium problem and a class of strictly psue-
dononspreading mappings which is more general than the class of nonspreading
mapping which was studid in 2010 by Kurokawa and Takahashi. Zhao and Chang
explored an auxiliary mapping in their theorems and proofs and under suitable con-
ditions, some weak and strong convergence theorems are proved. They obtained the
following result :

For each Si : C → C, i = 1, 2, . . . is a ki - strictly pseudononexpansive mapping
with k := supi≥1ki ∈ (0, 1). For given β ∈ [k, 1), denoted by Si,β := βI + (1− β)Si.

(1.5)


x1 ∈ C chosen arbitrary,

f(un, y) +
1
rn
⟨y − un, un − zn⟩ ≥ 0, ∀y ∈ C,

xn+1 = α0,nun +
∑∞

i=0 αi,nSi,βun,
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where {αi,n} ⊂ (0, 1) and {rn} satisfy the following conditions:

(a)
∑∞

i=1 αi,n = 1, for each n ≥ 1;
(b) for each i ≥ 1, lim infn→∞ α0,nαi,n > 0;
(c) {rn} ⊂ (0,∞) and lim infn→∞ rn > 0.
(I) If F :=(

∩∞
i=1 F (Si))

∩
EP (f) ̸= ϕ, then both {xn} and {un} converge weakly

to some point x∗ ∈ F;
(II) In addition, if there exists some positive integer m such that Sm is semi-

compact, then both {xn} and {un} converge strongly to x∗ ∈ F.
We see that each step of (1.5) the infinite series

∑∞
i=0 αi,nSi,βun have to be

computed before we calculate the value of xn. This makes the calculation more
complicated. In this research, the purposes are to improve and simplify the iteration
process of Zhao and Chang. Moreover, we provide some numerical examples of the
studied problem.

2. Preliminaries and lemmas

Throughout this paper, we denote by H a real Hilbert space with inner product
⟨·, ·⟩ and norm ∥ · ∥. We also denote by N the set of natural numbers. In a Hilbert
space, it is known that

Lemma 2.1 ([9]). Let H be a real Hilbert space. Then the following well known
results hold:

(i) ∥tx+ (1− t)y∥2 = t∥x∥2 + (1− t)∥y∥2 − t(1− t)∥x− y∥2, for all x, y ∈ H
and for all t ∈ [0, 1].

(ii) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩ for all x, y ∈ H.
(iii) If {xn}∞n=1 is a sequence in H which converges weakly to z ∈ H then

lim sup
n→∞

∥xn − y∥2 = lim sup
n→∞

(∥xn − z∥2 + ∥z − y∥2), ∀y ∈ H.

Lemma 2.2 ([1, 11]). Let {an}∞n=1 be a sequence of non-negative real numbers
satisfying the condition

an+1 ≤ (1− αn)an + αnβn, n ≥ 0,

where {αn}∞n=1 and {βn}∞n=1 are real sequences such that

(i) {αn}∞n=1 ⊂ [0, 1] and
∑∞

n=1 αn = ∞;
(ii) lim supn→∞ βn ≤ 0. Then limn→∞ an = 0.

Lemma 2.3 ([9]). Let C be nonempty closed convex subset of a real Hilbert space
H. and let T : C → C be k-strictly pseudononspreading mapping. If F (T ) ̸= ∅, then
it is closed and convex.

Lemma 2.4 ([9]). Let C be nonempty closed convex subset of a real Hilbert space
H. and let T : C → C be k-strictly pseudononspreading mapping. Then (I − T ) is
demiclosed at 0.

Lemma 2.5 ([13]). Let T : C → C be strictly pseudononspreading mapping with
k ∈ [0, 1) Denote by Tβ : βI + (I − β)T , where β ∈ [k, 1), then

(i) F (T ) = F (Tβ);
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(ii) the following inequality holds:

∥Tβx− Tβy∥2 ≤ ∥x− y∥2 + 2

1− β
⟨x− Tβx, y − Tβy⟩, ∀x, y ∈ C;(2.1)

(iii) Tβ is an quasinonexpansive mapping, that is,

∥Tβx− p∥2 ≤ ∥x− p∥2, ∀x ∈ C, p ∈ F (T ).(2.2)

3. Main results

We first prove some useful lemma for our main result. The following result was
proved in [12].

Lemma 3.1 ([12]). Let p > 1, r > 0 to be fixed numbers. Then a Banach spaces X
is uniformly convex if and only if there exists a continuous, strictly increasing, and
convex function g : [0,∞) → [0,∞), g(0) = 0, such that

∥λx+ (1− λ)y∥p ≤ λ∥x∥p + (1− λ)∥y∥p − wp(λ)g∥x− y∥,(3.1)

for all x, y in Br = {x ∈ X : ∥x∥ ≤ r}, λ ∈ [0, 1], where wp(λ) = λ(1−λ)p+λp(1−λ).

So if p = 2 we have ∥λx+ (1− λ)y∥2 ≤ λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)g∥x− y∥,

By above lemma we can prove a new lemma as follows.

Lemma 3.2. Let X be a uniformly convex Banach space and r > 0 is constant.
Then there exists a continuous, strictly increasing, and convex function g : [0,∞) →
[0,∞), g(0) = 0, such that

∥Σn
i=1αixi∥2 ≤ Σn

i=1αi∥xi∥2 − α1α2g(∥x1 − x2∥),(3.2)

for all n ≥ 2 such that xi ∈ Br = {x ∈ X : ∥x∥ ≤ r}, αi ∈ (0, 1) and Σn
i=1αi = 1

Proof. Let X be a uniformly convex Banach space and r > 0 is constant. According
to Lemma 3.1, there exists a strictly increasing, and convex function g : [0,∞) →
[0,∞), g(0) = 0, such that

∥λx+ (1− λ)y∥2 ≤ λ∥x∥2 − λ(1− λ)g(∥x− y∥), for all x, y ∈ Br.

Assume
∥∥Σn−1

i=1 βiyi
∥∥ ≤ Σn−1

i=1 βi∥yi∥2 − β1β2g (∥y1 − y2∥) , for all yi ∈ Bi =

{x ∈ X : ∥x∥ ≤}, βi ∈ (0, 1) and Σn−1
i=1 βi = 1. Let αi ∈ (0, 1) such that Σn

i=1αi = 1

and {xj} ⊂ Br. Then Σn−1
i=1

αi
1−αn

xi ∈ Br. By Lemma 3.1 we have

∥Σn
i=1αixi∥2 =

∥∥∥∥(1− αn)Σ
n−1
i=1

αi

1− αn
xi + αnxn

∥∥∥∥2
≤ (1− αn)

∥∥∥∥Σn−1
i=1

αi

1− αn
xn

∥∥∥∥2 + αn∥xn∥2

≤ (1− αn)Σ
n−1
i=1

αi

1− αn
∥xi∥2 − α1α2g(∥x1 − x2∥) + αn∥xn∥2

= Σn
i=1αi∥xi∥ − α1α2g(∥x1 − x2∥).(3.3)

By mathematical induction, there exists a continuous, strictly increasing, and con-
vex function g : [0,∞) → [0,∞), g(0) = 0, such that

∥Σn
i=1αixi∥2 ≤ Σn

i=1αi∥xi∥2 − α1α2g(∥x1 − x2∥),
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for all n ≥ 2 such that xi ∈ Br = {x ∈ X : ∥x∥ ≤ r}, αi ∈ (0, 1) and Σn
i=1αi = 1 �

Next we prove our main result.

Theorem 3.3. Let H be a Hilbert space, C be a closed and convex subset of H,
{Si} is a class of ki-strictly pseudononspreading mappings, ϕ : C × C → R be a
bi-function that satisfies (A1)− (A4) and Si,βi

= βiI + (1− βi)Si where βi ∈ [k, 1).
Let {xn} and {un} be a sequence defined by

(3.4)


x1 ∈ C

ϕ(un, y) +
1
rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C,

xn+1 = α0,nun +Σn
i=1αi,nSi,βun,

where {αi,n} ⊂ (0, 1) and {rn} satisfies the following condition:

(a)
∑n

i=1 αi,n = 1, for each n ≥ 1;
(b) for each i ≥ 1, lim infn→∞ α0,nαi,n > 0;
(c) {rn} ⊂ (0,∞) and lim infn→∞ rn > 0.
(I) If F := (

∩∞
i=1 F (Si))

∩
EP (f) ̸= ϕ, then both {xn} and {un} converge weakly

to some point x∗ ∈ F;
(II) In addition, if there exists some positive integer m such that Sm is semi-

compact, then both {xn} and {un} converge strongly to x∗ ∈ F.

Proof. Let p ∈ F . By Lemma 3.1, un = Trnxn, p ∈ F (Trn). Since Trn is quasi-
nonexpansive, we have ∥un−p∥ ≤ ∥Trnxn−p∥ ≤ ∥xn−p∥. By Lemma 2.5, we have
Si,β is quasi-nonexpansive and p ∈ F (Si,βi

), that is ∥Si,βi
x − p∥ ≤ ∥x − p∥ for all

x ∈ C. Then

∥xn+1 − p∥ = ∥α0,nun +Σ∞
i=1αi,nSi,βi

un − p∥
≤ α0,n∥un − p∥+Σ∞

i=1αi,n∥Si,βi
un − p∥

≤ α0,n∥un − p∥+Σ∞
i=1αi,n∥un − p∥

= ∥un − p∥
≤ ∥xn − p∥, ∀n ∈ N.(3.5)

That is ∥xp+1 − p∥ ≤ ∥un − p∥ ≤ ∥xn − p∥. So limn→∞ ∥xn − p∥ exists. Moreover,
limn→∞ ∥xn − p∥ = limn→∞ ∥un − p∥. Hence {xn} and {un} are bounded. And
since∥Si,βi

xn − p∥ ≤ ∥xn − p∥ and ∥Si,βi
un − p∥ ≤ ∥un − p∥, then {Si,βixn and

{Si,βi
un} are also bounded. Let r = sup ∥un − p∥. Then un − p, Si,βi

un ∈ Br for
all i, n ≥ 1. So by Lemma 3.1, there exists a continuous strictly increasing convex
function g : [0,∞) → [0,∞), g(0) = 0 such that

∥α0,n(un − p) + Σn
i=1αi,n (Si,βi

un − p)∥2 ≤ α0,n∥un − p∥2 +Σn
i=1αi,n∥Si,βi

un − p∥2

−α0,nα1,ng (∥un − Si,βi
un∥)

for all n ≥ 2. Then,

∥xn+1 − p∥2 = ∥α0,n(un − p) + Σn
i=1αi,n (Si,βi

un − p)∥2

≤ α0,n∥un − p∥2 +Σn
i=1αi,n∥Si,βi

un − p∥2

−α0,nαi,ng (∥un − Si,βi
un∥)

≤ α0,n∥un − p∥2 +Σn
i=1αi,n∥un − p∥2
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−α0,nαi,ng (∥un − Si,βi
un∥)

= ∥un − p∥2 − α0,nαi,ng (∥un − Si,βi
un∥)

≤ ∥xn − p∥2 − α0,nαi,ng (∥un − Si,βi
un∥) .(3.6)

So α0,nαi,ng (∥un − Si,βi
un∥) ≤ ∥xn − p∥2 − ∥xn+1 − p∥2 → ∞. when n → ∞.

By condition(b), g (∥un − Si,βi
∥) → 0 when n → ∞. Since g is strictly increasing

function such that g(0) = 0 we have,

lim
n→∞

∥un − Si,βi
un∥ = lim

n→∞

1

1− βi
∥un − Si,βi

∥ = 0.

Since Trn is firmly nonexpansive, we have

∥un − p∥2 = ∥Trnxn − Trnp∥
2

≤ ⟨Trnxn − Trnp, xn − p⟩
= ⟨un − p, xn − p⟩

=
1

2

{
∥un − p∥2 + ∥xn − p∥2 − ∥xn − un∥2

}
(3.7)

Hence ∥un − xn∥2 ≤ ∥xn − p∥2 − ∥un − p∥2. That is limn→∞ ∥un − xn∥ = 0
Then

∥xn − Si,βi
≤ ∥xn − un∥+ ∥un − Si,βi

un∥+ ∥Si,βi
un − Si,βi

xn∥
≤ ∥xn − un∥+ ∥un − Si,βi

un∥

+

{
∥xn − un∥2 +

2

1− βi
|⟨un − Si,βi

, xn − Si,βi
xi⟩|

}1/2

→ 0.

Hence we have,

lim
n→∞

∥xn − Sixn∥ = lim
n→∞

1

1− βi
∥xn − Si,βi

xn∥ = 0.

Since {xn} is bounded, there exists {xnj} ⊂ {xn} such that xnj ⇀ w. Since Si,βi
is

demiclosed, we have w ∈
∩∞

i=1 F (Si,βi
). Suppose {xni} ⊂ {xn} such that xni ⇀ w∗.

and w ̸= w∗. So w∗ ∈
∩∞

i=1 F (Si,βi
). Since limn→∞ ∥xn−w∥ and limn→∞ ∥xn−w∗∥

exist, by opial’s property of H, we have,

lim inf
nj→∞

∥xnj − w∥ < lim inf
nj→∞

∥xnj − w∗∥

= lim
n→∞

∥xn − w∗∥

= lim
nj→∞

∥xni − w∗∥

= lim inf
ni→∞

∥xnj − w∥

= lim
n→∞

∥xn − w∥

= lim
nj→∞

∥xnj − w∥

This is a contradiction. So for each weak convergent subsequence, it converges
weakly to w. So we have xn ⇀ w and also un ⇀ w. Since un = Trnxn by (A2),
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we have ⟨y − uni ,
1
rni

(uni − xni)⟩ ≥ ϕ(y, uni), y ∈ C. Since (1/rni)(uni − xni) → 0

and uni ⇀ w, by (A4), we have ϕ(y, w) ≤ 0, y ∈ C. For each t ∈ (0, 1), y ∈ C, let
yt = ty+(1−t)w. Then yt ∈ C. From (A1) and (A4), 0 = ϕ(yt, y)+(1−t)ϕ(yt, w) ≤
tϕ(yt, y). So ϕ(yt, y) ≥ 0. Let t → 0, by (A3), we have ϕ(w, y) ≥ 0, ∀y ∈ C. Hence
w ∈ EP (ϕ). That is xn ⇀ w and un ⇀ w such that w ∈ F . Thus the proof of
(I) is completed. To prove (II), let S1 is semi-compact. Since ∥xn − S1xn∥ → 0,
then there exists {xnj} ⊂ {xn} such that xnj ⇀ u∗ ∈ C. Since xnj ⇀ w, we have
u∗ = w. So xnj → w. Hence limn→∞ ∥un − w∥ = limn→∞ ∥xn − w∥ = 0 �

4. Example and numerical results

In this section, we give an example and numerical result for our main theorem.

Example 4.1. Let H = R and C = [−9, 3]. And let

S1 : [−9, 3] → {0, 1} be defined by

S2x =

{
0, [−9, 2];
1, (2, 3].

S2 : [−9, 3] → [−9, 3] be defined by

S2x =

{
x, [−9, 0);
−3x, [0, 3].

f(x, y) = y2 + xy − 2x2. Find x̂ ∈ [−9, 3] such that x̂ ∈ F (S1) ∩ F (S2) ∩ EP (f) .

Solution. To see that S2 is k-strictly pseudononspreading, if x, y ∈ [−9, 2], then

|x− y|2+k|x− S1x− (y − S1)|2 + 2⟨x− S1, y − S1y⟩
= |x− y|2 + k|x− S1x− (y − Ty)|2 + 2⟨x, y⟩
= x2 + y2 + k|x− S1x− (y − S1y)|2

≥ 0 = |S1x− S1y|2

for all k ∈ [0, 1). If x, y ∈ (2, 3], then

|x− y|2+k|x− S1x− (y − S1)|2 + 2⟨x− S1, y − S1y⟩
= |x− y|2 + k|x− 1− (y − 1)|2 + 2⟨x− 1, y − 1⟩
= (k + 1)|x− y|2 + 2(x− 1)(y − 1)

≥ 0 = |S1x− S1y|2

for all k ∈ [0, 1). If x ∈ [−9, 2) and y ∈ (2, 3], then

|x− y|2+k|x− S1x− (y − S1)|2 + 2⟨x− S1, y − S1y⟩
= |x− y|2 + k|x− (y − 1)|2 + 2⟨x, y − 1⟩
= x2 − 2xy + y2 + k|x(y − 1)|2 + 2x(y − 1)

= x2 − 2xy + y2 + k|x− (y − 1)|2 + 2xy − 2x

≥ (x− 1)2 + y2 + k|x− (y − 1)|2 − 1

≥ (x− 1)2 + y2 − 1
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> 3 > 1 = |S1x− S1y|2

for all k ∈ [0, 1). So S1 is k-strictly nonspreading for all k ∈ [0, 1) and we can let
β1 =

1
2 . To see that S2 is k−strictly pseudononspreading, if x, y ∈ [−9, 0), then

|S2x− S2y|2 = |x− y|2

= |x− y|2 + k|x− x− (y − y)|2 + 2⟨x− x, y − y⟩
= |x− y|2 + k|x− S2x− (y − S2y)|2 + 2⟨x− S2x, y − S2y⟩

for all k ∈ [0, 1). For all x, y ∈ [0, 3], we have |S2x− S2y|2 = 9|x − y|2, |x − S2x −
(y − S2y)|2 = 16|x− y|2 and 2⟨x− S2x, y − S2y⟩ = 32xy ≥ 0. Thus

|S2x− S2y|2 = 9|x− y|2

= |x− y|2 + 1

2
|x− S2x− (y − S2y)|2

≤ |x− y|2 + 1

2
|x− S2x− (y − S2y)|2 + 2⟨x− S2x, y − S2y⟩.

If x ∈ [−9, 0) and y ∈ [0, 3] we have |S2x − S2y|2 = |x + 3y|2 = x2 + 6xy + 9y2,
2⟨x− S2x, y − S2y⟩ = 0, and 1

2 |x− S2x− (y − S2y)|2 = 8y2. Hence

|S2x− S2y|2 = |x+ 3y|2

= (x+ 3y)2

= x2 + 6xy + 9y2

≤ x2 + 6xy + 9y2 − 8xy

= x2 − 2xy + 9y2

= |x− y|2 + 1

2
|x− S2x− (y − S2y)|2 + 2⟨x− S2x, y − S2y⟩.

Hence, for all x, y ∈ [−9, 3], we obtain

|S2x− S2y|2 ≤ |x− y|2 + 1

2
|x− S2x− (y − S2y)|2 + 2⟨x− S2x, y − S2y⟩.

Thus S2 is 1
2−strictly pseudononspreading, and we can let β2 =

1
2 .

For r > 0 and z ∈ [−9, 3], by Theorem 1.1 , there exists x = Trnz ∈ [−9, 3] that
is for each y ∈ [−9, 3] that is f(x, y) + 1

r ⟨y − x, x− z⟩ ≥ 0.
Hence

ry2 + (rx+ x− z)y − (2rx2 + x2 − xz) = ry2 + rxy − 2rx2 + xy − x2 − yz + xz

= r

(
y2 + xy − 2x2 +

1

r
(y − x)(x− z)

)
= r

(
f(x, y) +

1

r
⟨y − x, x− z⟩

)
≥ 0

Put G(y) = ry2 + (rx+ x− z)y− (2rx2 + x2 − xz). Then G is a quadratic function
of y with coefficient a = r, b = rx+ x− z and c = −(2rx2 + x2 − xz). Consider:

b2 − 4ac = (rx+ x− z)2 + 4r(2rx2 + x2 − xz)

= z2 − 2(rx+ x)z + (rx+ x)2 + 8rx2 + 4rx2 − 4rxz
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= z2 − 2rxz − 2xz + r2x2 + 2rx2 + x2 + 8r2x2 + 4rx2 − 4rxz

= z2 − 6rxz − 2xz + 9r2x2 + 6rx2 + x2

= z2 − 2(3rx+ x) + (9r2 + 6r + 1)x2

= [z − (3r + 1)x]2 ≥ 0.

Since G(y) ≥ 0 for all y ∈ [−9, 3], we have b2−4ac ≤ 0. Hence z−(3r+1)x = 0 and
z = 3rx+ x. So we have x = Trz = z

3r+1 . Let αi,n = 1
2i+1 +

1
n2n−1 . We can see that

Σn
i=1αi,n = 1 for all n ≥ 1 and lim infn→∞ αi,n = lim infn→∞

1
2i+1+

1
n2n−1 = 1

2i+1 > 0.
Let rn = n

n+1 ∈ (0,∞). Now we give numerical result for our algorithm. Let

βi =
1
2 , αi,n = 1

2i+1 +
1

n2n−1 , rn = n
n+1andSi = S2 for all i = 3, 4, . . . . Then algorithm

becomes

(4.1)


x1 = 1,

un = xn
3rn+1 ,

xn+1 = α0,nun +Σn
i=1αi,nSi,βi

un.

n xn zn
1 1.000 0.400

2 0.300 0.100

3 0.051 0.015

4 0.009 0.002

5 0.003 0.001

6 0.002 0.000
...

...
...

Table 1:

Conclusion. Table 1 show that the sequence {xn} and {zn} converge to 0 which
solves both the equilibrium problem of f and the fixed point problem of {Si}.
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