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WEAK AND STRONG CONVERGENCE THEOREMS FOR
STRICTLY PSEUDONONSPREADING MAPPINGS AND
EQUILIBRIUM PROBLEM IN HILBERT SPACES

THANWARAT BUTSAN

ABSTRACT. The purpose of this paper is to prove a convergence theorem for
finding common fixed point of a countable family of k-srictly pseudononspread-
ing mappings and equilibrium point of a bifunction. Moreover, some numerical
example of the proposed method is also given. The main results of the paper
improve and extend those in the literature.

1. INTRODUCTION

For f: C x C — R as a bifunction with R being set of real numbers and C' being
a nonempty closed convex subset of a real Hilbert space, the equilibrium problem
of fis to find = € C such that f(z,) > 0 for all y € C. The solution set of such a
problem is denoted by EP(f) and the following four condition are assumed to be
satisfied by the bifunction f: C'x C' — R:

(A1) f(z,x) =0, Vz € C;

(A2) f is monotone, i.e. f(z,y) + f(y,x) <0, Vz,y € C;

(A3) ¥,y 2 € C, limy_gs f(t2+ (1 ),y) < f(z,p);

(A4) Vz € C,y — f(z,y) is convex and lower semicontinuous.

We know the following theorem; see, for instance, [2, 4].

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H
and let f be a bifunction from C x C to R satisfying (A1) — (A4). Let r > 0 and
x € H, Then, there exists z € C' such that

(1.1) f(z,y)—i—%(y—z,z—@ZOfor all y € C.

Further, for any » > 0 and « € H, define T, : H — C by z = T,z. Then, the
following holds:

(i) Tis single valued;

(ii) T}is firmly nonexpansive, i.e., for any =,y € H,

| Tz — TT?JH2 <(Trx — Try, o —y);

(iii) F(T;) = EP(f);
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(iv) EP(f) is closed and convex.

In addition, Wataru Takahashi, Jen-Chih Yao and Fumiaki Kohsaka mentioned
in their published work “The fixed point property and unbounded sets in Banach
spaces” the following nonlinear mapping. Let E be a smooth strictly convex and
reflexive Banach space, let J be the duality mapping of E and let C' be a nonempty
closed convex subset fo E. Then the mapping T : C' — C is said to be nonspreading
if

o(Tx,Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x)
for all z,y € C, where ¢(z,y) = ||x||*—2(z, J(v))+||y||?, Vz,y € E. They considered
the class of nonspreading mappings to study the resolvents of a maximal monotone
operators in the Banach space. In the case when F is a Hilbert space, we know that
é(x,y) = ||z — y||? for all 2,y € E. So, a nonspreading mapping 7' : C — C in a
Hilbert space H is defined as follows:

(1.2) 2|7z — Ty|* < | Tz - y||* + | Ty — |?

for all x,y € C.
Recently, Iemoto and Takahashi [5] proved and defined the follwing nonlinear
mapping T : C' — C called hybrid which is also deduced from a firmly nonexpansive

mapping :
(1.3) T2 = Ty|* < ||z —y|* +2(x — T,y — Ty)

for all z,y € C. Now, we know that a nonspreading mapping is deduced from
a firmly nonexpansive mapping; see [6, 7, 10]. Moreover, a strong convergence
theorem of the hybrid type for nonspreeading mappings have been proved by Mat-
sushita and Takahashi [8], followikng the terminology of Browder-Petryshyn [3].
It clearly mentioned and proved that a mapping 7" : D(T) C H :— H is k —
strictly pseudononspreading if there exists k € [0,1) such that

(14) Tz~ Ty|* < |lo = yl* + kllz = Tz — (y — Ty)|* + 2(e — Tz,y — Ty),

for all x,y € D(T). While it is clear that every nonspreading mapping is k-strictly
psedononspreading. We also say that the class of k-strictly pseudononspreading
mapping provides more general approach than the class of nonspreading mappings
(see example [9]).

Recently, in 2013, it was then acknowledged by Zhao and Chang [13] after they
proposed an iterative algorithm for equilibrium problem and a class of strictly psue-
dononspreading mappings which is more general than the class of nonspreading
mapping which was studid in 2010 by Kurokawa and Takahashi. Zhao and Chang
explored an auxiliary mapping in their theorems and proofs and under suitable con-
ditions, some weak and strong convergence theorems are proved. They obtained the
following result :

For each S; : C — C,i =1,2,... is a k; - strictly pseudononexpansive mapping
with k := sup;>1k; € (0,1). For given § € [k, 1), denoted by S; g := I + (1 — [5).S;.

x1 € C chosen arbitrary,
(1.5) f(unay)‘i'i(y_umun_zﬁ >0, VyeC,
Tn+1 = Qo pln + Zfio O‘i,nsi,ﬁunv
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where {a;,} C (0,1) and {r,} satisfy the following conditions:
(a) D2, i =1, for each n > 1;
(b) for each i > 1,liminf,, o0 g ntin > 0;
(¢) {rn} C (0,00) and liminf, .7, > 0.
(I) ¥ F:=(N;2, F(S:)NEP(f) # ¢, then both {x,} and {u,} converge weakly
to some point xx € [F;
(IT) In addition, if there exists some positive integer m such that S, is semi-
compact, then both {x,} and {u,} converge strongly to zx € F.

We see that each step of (1.5) the infinite series ) ;°, ;,S;sun have to be
computed before we calculate the value of x,. This makes the calculation more
complicated. In this research, the purposes are to improve and simplify the iteration
process of Zhao and Chang. Moreover, we provide some numerical examples of the
studied problem.

2. PRELIMINARIES AND LEMMAS

Throughout this paper, we denote by H a real Hilbert space with inner product
(-,-) and norm || - ||. We also denote by N the set of natural numbers. In a Hilbert
space, it is known that

Lemma 2.1 ([9]). Let H be a real Hilbert space. Then the following well known
results hold:

) lltw + @ = Oyl* = tha]* + 1 = )llyl* =t = )lla —yl*,  forallz,y € H

and for all t € [0, 1].
(ii) [lz +yl? < ||z + 2(y, 2 + y) for all z,y € H.
(iil) If {xn}o, is a sequence in H which converges weakly to z € H then
limsup 2 — g2 = limsup([lzn — 212 + |2 = yl|?), Vy € H.
n—o0

n—oo

Lemma 2.2 ([1, 11]). Let {an}>2, be a sequence of non-negative real numbers
satisfying the condition

An+1 < (1 - an)an + an/Bna n > 07
where {on Y021 and {Bn}52, are real sequences such that

(i) {an}il, C[0,1] and 3772 4 an = oo;
(ii) imsup,,_so0 Bn < 0. Then lim,_,o a, = 0.

Lemma 2.3 ([9]). Let C be nonempty closed convex subset of a real Hilbert space
H. and let T : C — C be k-strictly pseudononspreading mapping. If F(T) # 0, then
it 1s closed and conver.

Lemma 2.4 ([9]). Let C be nonempty closed convex subset of a real Hilbert space
H. and let T : C — C be k-strictly pseudononspreading mapping. Then (I —T) is
demiclosed at 0.

Lemma 2.5 ([13]). Let T : C — C be strictly pseudononspreading mapping with
k € [0,1) Denote by Tg : BI + (I — B)T', where § € [k, 1), then
(i) F(T) = F(Tp);
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(ii) the following inequality holds:

2
(21) Tz = Tayll* < llo = y[* + = gte —Tsz,y = Tpy), Yo,y € C;
(iii) T is an quasinonexpansive mapping, that is,
(2.2) 1 Tsx = p||* < |l — pl|*,Vz € C,p € F(T).

3. MAIN RESULTS

We first prove some useful lemma for our main result. The following result was
proved in [12].

Lemma 3.1 ([12]). Let p > 1,7 > 0 to be fized numbers. Then a Banach spaces X
is uniformly convex if and only if there exists a continuous, strictly increasing, and
convex function g : [0,00) — [0,00),g(0) = 0, such that

B e+ 1=yl < Ml + (1= Nyll” = wp(Ngllz = yll,
forallz,y in B, = {x € X : ||z| <7}, A €[0,1], where wy(X) = A1—=X)P+IP(1-N).
So if p = 2 we have Az + (1 — Ny[|? < Allz[* + (1 = )]lyll> = A1 = Ngllz —yll,

By above lemma we can prove a new lemma as follows.

Lemma 3.2. Let X be a uniformly convexr Banach space and r > 0 is constant.
Then there exists a continuous, strictly increasing, and convex function g : [0, 00) —
[0,00),9(0) =0, such that

(3:2) IZiyciail|? < BEjau|zil|® — arang(f|zn — 2],

for all n > 2 such that x; € B, ={x € X : ||z <71}, € (0,1) and £} joy =1
Proof. Let X be a uniformly convex Banach space and r > 0 is constant. According

to Lemma 3.1, there exists a strictly increasing, and convex function g : [0, 00) —
[0,00),g(0) = 0, such that

12z + (1= Nyl* < Allz]|* = AL = Ng(lla = yll), for all 2,y € B,

Assume ||S75' Bl < S Billwill? — BiBeg (lyr — well), for all y; € B =
{z € X :||lz|| <},Bi € (0,1) and XI'}'3; = 1. Let o; € (0,1) such that X7 ja; = 1
and {z;} C B,. Then vl .. ¢ B,. By Lemma 3.1 we have

=1 1—a,
2
_ Q4
IS o P = H(l—an>zy:fl et
—
Q5 2
< (1—ap) ‘Z?:lll L x, —i—anHmnHQ
-
_ Q4
< (=)l = arasg(flan = 22l) + ol
n
(3.3) = Y i@l — aroeg(|ler — x2]).

By mathematical induction, there exists a continuous, strictly increasing, and con-
vex function g : [0, 00) — [0,00), g(0) = 0, such that

IS0 ]| < B il |® — arang(llzn — z2]),
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for all n > 2 such that z; € B, = {z € X : ||z]| <r},a; € (0,1) and £ jo; =1 O
Next we prove our main result.

Theorem 3.3. Let H be a Hilbert space, C be a closed and convex subset of H,
{Si} is a class of ki-strictly pseudononspreading mappings, ¢ : C x C — R be a
bi-function that satisfies (A1) — (A4) and S; g, = Bil + (1 — 3;)S; where p; € [k, 1).
Let {x,} and {u,} be a sequence defined by

xr1 € C
(3-4) d)(una y) + i<y — Up, Up — xn) >0, Vy e C,

Tn
Tp41 = Qo nUn + E =19, nS',,Buna

where {on} C (0,1) and {r,} satisfies the following condition:
(a) Yoi aim =1, for each n > 1,

(b) for each i > 1,liminf, o agpnovipn > 0;

(¢) {rn} C (0,00) and liminf, o 7, > 0.

(I) IfF:= (N2, F(S:)) NEP(f) # ¢, then both{xy,} and{u,} converge weakly
to some point xx € IF;

(IT) In addition, if there exists some positive integer m such that Sy, is semi-
compact, then both {x,} and {u,} converge strongly to xx € F.

Proof. Let p € F. By Lemma 3.1, u, = T, x,,p € F(T,,). Since T, is quasi-
nonexpansive, we have ||u, —p|| < ||Tr, zn —p|| < ||, —p||. By Lemma 2.5, we have
Si g is quasi-nonexpansive and p € F(S; g,), that is [|S; g, — p|| < ||z — p]| for all
x € C. Then

[Zner —pl = llaonun + EZ10inSi g;un = pl|
< aomllun —pll + 332 i.8;Un = Pl|
< agpllun —p +E?i104i,n|\un -l
= llun = pl|
(3.5) < ll@n—pll, VR eN.
That is ||zpt+1 — || < [|un — pl| < ||zn — pl|. So limy, o ||zn — pl| exists. Moreover,
limy, o0 || 2n, — pl| = limp—o ||un — p||. Hence {z,} and {u,} are bounded. And

sincel| Sy, — pll < e — pll and [[Sys,un — pl| < [[un — pl. then {Si5,,, and

{Sig,un} are also bounded. Let r = sup ||u, — p||. Then u, — p, S; g,un € B, for

all i,m > 1. So by Lemma 3.1, there exists a continuous strictly increasing convex

function g : [0,00) — [0,00), g(0) = 0 such that

lao,n(un = p) + Eiyin (Sigun = p)I° < aomllun = pl* + SiiinllSisun — pl?
—a0,n 01,09 (|[tn — Si g, unll)

for all n > 2. Then,

|zni1 = plI* = llaou(un —p) + Sii@in (Sigun — p)|°
< agpllun = pl* + S inllSipun — pll?
—a0,n0ing ([[un — Si,g,unll)
< aopnllun —p”2 + X i llun — p”2
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—00,n0ing (Hun - Sz,ﬁzunH)
= Jlun = plI* = @0.ning ([lun = Sigunll)
(3.6) < an = plI? = aoncing (llun — Sigunll) .

So aonaing (un — Sigunll) < llon = pl* = 2ns1 — plI> = oco. when n — oc.
By condition(b), g (||un — Sig,||) — 0 when n — co. Since g is strictly increasing
function such that g(0) = 0 we have,

[un = Sig:ll = 0.

Since T, is firmly nonexpansive, we have

lun = plI* = Ty, 2n — Tpp|?
S <Trn$n - T’/‘np7 Ty — p>
= <un — P, Tn _p>
1
(3.7) = g{llunfpllu 20 = Pl = [0 — unl®}

Hence ||un — 2n|]? < |20 — p||? = ||un — p||?. That is lim,, o0 ||t — || =0
Then

lzn —Sig; < |on — unll + |lun — Sigunll + |1Si,8,un — Si g,z
< Jwn = unll + [Jun — Sigunll
9 1/2
+{’$"_u"”2+ |<“n—5@6ﬂ’n—5¢,ﬁi%>!}
1 -8
— 0.
Hence we have,
. . 1
i [l — Szl = lim o~ Sigal =0

Since {z,} is bounded, there exists {z,,} C {z,} such that x,;, — w. Since S; g, is
demiclosed, we have w € (;2; F'(S; 3,). Suppose {zy, } C {z,} such that z,, — w*.
and w # w*. Sow* € 2, F (S;p,). Since limy, o0 ||y —w|| and limy, o0 ||z, —w*||
exist, by opial’s property of H, we have,
liminf ||z, —w| < liminf |z, —w"|
M j—00 nj—>00
= lim |z, — v
n—oo
lim ||z, —w"|
n;—»00
= liminf ||z, — w||
N;—» 00

= lim ||z, —w|
n—oo

= lim ||z, —w|
nj—00 7

This is a contradiction. So for each weak convergent subsequence, it converges

weakly to w. So we have z,, — w and also w,, — w. Since u,, = T, z, by (A2),



WEAK AND STRONG CONVERGENCE THEOREMS 317

we have (y — up,, %(um —Tp,;)) > &Y, un,), y € C. Since (1/rp,)(upn, — xpn;) = 0
and u,, — w, by (A4), we have ¢(y,w) <0, y € C. For each t € (0,1), y € C, let
yr = ty+(1—t)w. Then y; € C. From (Al) and (A4), 0 = ¢(ys, y)+(1—1)d(y, w) <
to(ye,y). So d(ye,y) > 0. Let t — 0, by (A3), we have ¢p(w,y) >0, Vy € C. Hence
w € EP(¢). That is x,, = w and u, — w such that w € F. Thus the proof of
(I) is completed. To prove (II), let Sy is semi-compact. Since |z, — Sizy| — O,
then there exists {z,,} C {z,} such that x,,; — u* € C. Since z,; — w, we have
u* = w. So x,; — w. Hence limy, ;o ||ty — w| = limy, 00 [|2n — w]| = 0 O

4. EXAMPLE AND NUMERICAL RESULTS

In this section, we give an example and numerical result for our main theorem.

Example 4.1. Let H =R and C' = [-9,3]. And let
S1:[-9,3] — {0,1} be defined by

SQ.’I,' _ { Oa [_972]7
1 .
Sy : [—9,3] — [-9, 3] be defined by

_ z, [_910);
ST = { —3z, [0,3].

f(z,y) = y* + 2y — 22°. Find 7 € [-9, 3] such that Z € F(S;) N F(S2) N EP(f) .
Solution. To see that So is k-strictly pseudononspreading, if =,y € [—9, 2], then
|z — y|*+klz — Siz — (y — S1)* + 2(z — S1,y — S1y)

= |z —y[> + klz = S1z — (y = Ty)|* + 2(,y)
= a2? +y? + klz — Sz — (y — S1y)l°
>0 =[Sz — Syl
for all k € [0,1). If x,y € (2, 3], then
|z — y|P+klz — S1z — (y — S1)* + 2(x — S1,y — S1y)
=z —yP+klz—1-(y-DP+2(x-1y-1)
= (k+ 1Dz —y|* +2(x — 1)(y — 1)
>0 =[Sz — Syl
for all k € [0,1). If x € [-9,2) and y € (2, 3], then
& — y[*+klz — S1z — (y — S1)[* + 2(z — S1,y — S1y)
= |z =yl + ko —(y - DP +2(z,y — 1)
=a? =20y +y* + kla(y — 1)) +22(y — 1)
=22 = 2xy+ 1P+ klz— (y— 1) 4 22y — 22
> (-1 +y’ +hlz—(y-1P -1
> —1)%+y* -1
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>3>1= |Sll' — Sly|2
for all k € [0,1). So S is k-strictly nonspreading for all k£ € [0,1) and we can let
B = % To see that Sy is k—strictly pseudononspreading, if =,y € [—9,0), then
|Sox — Soy* = |z —yf
= o~y +klz—z—(y—y)P+20e—zy—y)
= |z =y + klz — Sox — (y — Soy)|* + 2(z — Saz,y — Say)
for all k € [0,1). For all z,y € [0,3], we have |Soz — Say|? = 9|z — y|?, |x — Sox —
(y — Say)|? = 16|z — y|? and 2(x — Sax,y — Say) = 32zy > 0. Thus
|Sax — Soyl* = 9|z —y[?
1
=z =y + S|z — Sow — (y = Say)?
1
<lz—yl+ §|~T — Sox — (y — Say)|* + 2(z — Saz, y — Say).
If z € [-9,0) and y € [0,3] we have |Sox — Soy|? = |z + 3y|? = 22 + 62y + 992,
2(x — Sow,y — Soy) = 0, and |z — Sox — (y — S2y)|* = 8y*. Hence
Sox — Soy* = |z +3yf?
= (z+3y)°
x? + 6xy + 9y>

z? + 6zy + 9y* — 8xy
= 22— 2zy + 9y2

IN

1
= |z —y]®+ §|x — Sox — (y — Soy) |2 + 2(x — Sox,y — Say).
Hence, for all z,y € [—9, 3], we obtain
1
|Sox — Soy|? < |z —y|* + §|x — Sox — (y — Soy) |2 + 2(x — Sox,y — Say).

Thus 59 is %—Strictly pseudononspreading, and we can let 8y = %

For r > 0 and z € [—9, 3], by Theorem 1.1 , there exists z = T}, z € [—9, 3] that
is for each y € [—9,3] that is f(z,y) + +(y —z, 2 — z) > 0.
Hence

ry? 4 (re+ o —2)y — 2rat +2? —x2) = ry’ +ray —2r2® + oy —2® —yz oz

= (w2 e )

) ;(f(w,y)+i<y—x,fﬂ—2>)

Put G(y) = ry* + (rz +x — 2)y — (2ra® + 2% — x2). Then G is a quadratic function
of y with coefficient a = 7,b = rz + x — z and ¢ = —(2rz? + 22 — z2). Consider:

b —dac = (rx +x — 2)* +4r(2ra® + 2 — 12)
=222z +a)z+ (re+2)? + 8ra? 4 4ra® — draz
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= 2% — 2rzz — 2xz + 22 4 2ra? + 2% 4 8r22® + dra? — draz
=22 — 6roz — 22z + 9r’2? + 6ra® + 22
=22 = 2(3rz + x) 4 (9r® + 6r + 1)2?
=[z—Br+1Dz*>0.
Since G(y) > 0 for all y € [~9, 3], we have b2 —4ac < 0. Hence z— (3r+1)z = 0 and

z=3rx+x. So we have x = T,z = ﬁ Let a;p, = 21% + # We can see that

Y0, = 1foralln > 1and liminf, o o;, = liminf, 21%4—# = 22% > 0.
Let r, = ;25 € (0,00). Now we give numerical result for our algorithm. Let
B; = %,am = ﬁ—i—ngn%,rn = nLHcmdSi = Sy for all i = 3,4,.... Then algorithm
becomes
xr1 = 17
(4.1) Up = 3087,
Tn+1 = QonlUn + Zglzlai,nsi,ﬂiun-
n| x, Zn
1 | 1.000 | 0.400
2 1 0.300 | 0.100
3 | 0.051 | 0.015
4 1 0.009 | 0.002
5 | 0.003 | 0.001
6 | 0.002 | 0.000
Table 1:

Conclusion. Table 1 show that the sequence {z,} and {z,} converge to 0 which
solves both the equilibrium problem of f and the fixed point problem of {S;}.
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