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FISHER QUASI-CONTRACTION OF PEROV TYPE

MARIJA CVETKOVIC AND VLADIMIR RAKOCEVIC

ABSTRACT. Perov [27] used the concept of vector valued metric space, and ob-
tained a Banach type fixed point theorem on such a complete generalized metric
space. In this article we study fixed point results for the new extensions of Fisher’s
quasi contraction to cone metric space, and we give some generalized versions of
the fixed point theorem of Perov. As corollaries, we generalized some results of
Zima [36] and Borkowski, Bugajewski and Zima [4] for a Banach space with a
non-normal cone. The theory is illustrated with some examples. It is worth
mentioning that the main result in this paper could not be derived from Fisher’s
result by the scalarization method, and, hence, indeed improves many recent
results in cone metric spaces.

1. INTRODUCTION

There exist many generalizations of the concept of metric spaces in the literature.
Perov [27] used the concept of vector valued metric space, and obtained a Banach
type fixed point theorem on such a complete generalized metric space. After that,
fixed point results of Perov type in vector valued metric spaces were studied by many
other authors (see e.g., [9, 13,29, 30, 33] for some works in this line of research).
Let us point out that Perov theorem and related results have many applications
in coincidence problems, coupled fixed point problems and systems of semilinear
differential inclusions.

Let (X,d) be a complete metric space. A map T : X — X such that for some
constant A € (0,1) and for every z,y € X

(1.1) d(Tz, Ty) < \- max{d(a:,y),d(:c,T:c),d(y,Ty),d(m,Ty),d(y,Ta:)},

is called quasi-contraction. Let us remark that Ciri¢ [6] introduced and studied
quasi-contraction as one of the most general contractive type map. The well known
Ciri¢’s result is that quasi-contraction T" possesses a unique fixed point.

Fisher [10] extended the definition of quasi-contraction to include all mappings T’
of a metric space X into itself such that for some constant A € (0, 1), and for some
fixed positive integers p and ¢,

d(TPz, T%) < X - max {d(Trx,Tsy),d(Trx,T’"lx), d(Tsy, T%y) :
0<r,r <p and Ogs,s’gq}.
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It is proved that if T" is a continuous mapping on the complete metric space Xinto
itself satisfying the inequality, then 1" has a unique fixed point. Further, it is shown
that the condition that T be continuous is unnecessary if g (or p) = 1.

L. G. Huang and X. Zhang [15] (see also [35]) used the concept of cone metric
spaces as a generalization of metric spaces. They have replaced the real numbers (as
the co-domain of a “metric”) by an ordered Banach space. The authors described
the convergence in cone metric spaces and introduced their completeness. Then
they proved some fixed point theorems for contractive mappings on cone metric
spaces. Recently, in [1,18] and [31] some common fixed point theorems were proved
for maps on cone metric spaces. However, in [1,15,18,19] and [34] the authors
usually use the normality property of cones in their results.

D. Ili¢ and V. Rakocevié¢ [19] introduced quasi-contractive mappings in cone met-
ric spaces, and proved a fixed point theorem for such mappings, when the underlying
cone is normal. Z. Kadelburg, S. Radenovi¢ and V. Rakocevi¢ [22], without using
the normality condition, proved related results, but only in the case when contrac-
tive constant A € (0,1/2). Later, Haghi, Rezapour and Shahzad [32] and also Gaji¢
and V. Rakocevi¢ [12] proved same results without the additional assumption and
for A € (0,1) by providing a new technical proof; see ([11,14,16]) for the more
related results.

In this article we study fixed point results for the new extensions of Fisher’s
quasi contraction to cone metric space, and we give some generalized versions of
the fixed point theorem of Perov. As corollaries we have generalized some results
of Zima [36] and Borkowski, Bugajewski and Zima [4] for a Banach space with a
non-normal cone. The theory is illustrated with some examples. It is important
to mention that the main result in this paper could not be derived from Fisher’s
result by the scalarization method, and indeed improves many recent results in cone
metric spaces.

Consistent with [15] (see, e.g., [1-3,7,12,17,21,31,34] for more details and recent
results), the following definitions and results will be needed in the sequel.

Let E be a real Banach space. A subset P of F is called a cone if:

(i) P is closed, nonempty and P # {0};
(ii) a,b € R, a,b >0, and x,y € P imply az + by € P;

(iii) PN (—P) ={0}.

Given a cone P C FE, we define the partial ordering < with respect to P by x <y
if and only if y — x € P. We shall write z < y to indicate that x < y but = # vy,
while z <« y will stand for y — z € int P (interior of P).

The cone P in a real Banach space E is called normal if

(1.2) inf{[lz +y| : z,y € P and |[lzf| = [ly|| =1} >0,
or, equivalently, if there is a number K > 0 such that for all z,y € P,
(1.3) 0 <z <y implies ||z]| < K |ly]| .

The least positive number satisfying (2.2) is called the normal constant of P. It is
clear that K > 1.

Definition 1.1. Let X be a nonempty set, and let P be a cone on a real ordered
Banach space E. Suppose that the mapping d : X x X — FE satisfies:
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(d1) 0 < d(z,y) for all z,y € X and d(z,y) =0 if and only if z = y;
(d2) d(z,y) = d(y,x) for all z,y € X ;
(d3) d(x,y) < d(x,z) +d(z,y) for all x,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

It is known that the class of cone metric spaces is bigger than the class of metric
spaces.

Example 1.2. Let £ = [!, P = {{Jjn}HZI € E:xz, >0, for all n}, (X,p) be a

metric space and d : X x X — F defined by d (z,y) = {p(;;y)} - Then (X, d) is

a cone metric space.

Example 1.3. Let X =R, F =R" and P = {(z1,...,2,) € R" : x; > 0}. It is easy
to see that d : X x X — FE defined by d(z,y) = (|lx — y|, ki|lx — yl|, - .., kn—1]z — y|)
is a cone metric on X, where k; > 0 for all i € {1,...,n — 1}.

Example 1.4 ([7]). Let E = C*[0,1] with ||z = ||z, + [|2|, on P={z € E :
x(t) > 0,t € [0,1]}. This cone is not normal. Consider, for example,

1 —sinnt 1+ sinnt
t) = ——— d t) = ———.
) =— 15 ad wl=—
Since, ||zn|| = |lynll = 1 and ||z, + yul| = %H — 0, it follows by (1.1) that P is

non-normal.
Let X be a nonempty set and n € N.

Definition 1.5. A mapping d : X x X — R" is called a vector-valued metric on X
if the following statements are satisfied for all x,y,z € X.

(d1) d(z,y) > 0, and d(x,y) = 0, if and only if x = y where 0,, = (0,...,0) € R";

(d2) d(z,y) = d(y, z);
(d3) d(z,y) < d(z,z) +d(z,y).

If x = (x1,...,20),y = (Y1,--.,yn) € R™, then z < y means that z; < y;,
i = 1,...,n. This partial order determines normal cone P = {z = (x1,...,2,) €
R™:2; >0,i=1,2,...,n} on R", with the normal constant X = 1. A nonempty
set X with a vector-valued metric d is called a generalized metric space.

Throughout this paper we denote by M,,,, the set of all n x n matrices, by
M, (R) the set of all n x n matrices with nonnegative elements. It is well known
that if A € M,, ,,, then A(P) C P if and only if A € M,, ,(RT). We write © for the
zero n X n matrix and I,, for the identity n x n matrix. For the sake of simplicity
we will identify row and column vector in R™.

A matrix A € M,, ,(R") is said to be convergent to zero if A" — © as n — .

Theorem 1.6 (Perov [27,28]). Let (X,d) be a complete generalized metric space,
f:X— X and A € My, ,(RT) be a matriz convergent to zero, such that

d(f(z), fly)) < A(d(z,y)), =z,y€ X.
Then:
(i) f has a unique fixed point x* € X;



342 M. CVETKOVIC AND V. RAKOCEVIC

(ii) the sequence of successive approximations x, = f(xn—1),n € N converges to
z* for all xg € X;

(i) d(zn,z*) < A™(I, — A)~!(d(z0,71)), n € N;

(iv) if g + X — X satisfies the condition d(f(z),g(x)) < ¢ for all z € X and
some ¢ € R™, then by considering the sequence y, = g"(x¢),n € N, one has

d(yn, ") < (In — A) "} (e) + A™ (I, — A) ' (d(wo, 21)), n € N.

For completeness of the paper and convenience of the reader, in Section 2 we
collect some basic definitions and facts which are applied in subsequent sections.

2. PRELIMINARIES

In the following we suppose that E is a Banach space, P is a cone in E with
intP # () and < is the partial order on E with respect to P.

Let {z,,} be a sequence in X, and z € X. If for every ¢ in F with 0 < ¢, there is
no such that for all n > ng, d(x,,z) < ¢, then it is said that {x, } converges to z,
and we denote this by lim,, . x,, = x, or z,, = x, n — oo. If for every c in E with
0 < ¢, there is ng such that for all n,m > ng, d(z,,xmn) < ¢, then {x,} is called
a Cauchy sequence in X. If every Cauchy sequence is convergent in X, then X is
called a complete cone metric space.

Let us recall [15] that if P is a normal cone, even in the case intP = (), then
xn € X converges to x € X if and only if d(x,,z) — 0, n — oco. Further, z,, € X is
a Cauchy sequence if and only if d(zy, zy,) — 0, n,m — co.

Let (X,d) be a cone metric space. Then the following properties are often used
(particulary when dealing with cone metric spaces in which the cone need not be
normal):

(p1) If u <vand v < w then u K w;

(p2) If 0 < u < ¢ for each ¢ € int P then u = 0;

(p3) If a < b+ c for each ¢ € int P then a < b;

(pa) f 0 <z <y,and a >0, then 0 < ax < ay;

(ps) If 0 < x,, < yp, for each n € N, and lim,, o0 z,, = x, limy, 00 Y = y, then
0<z<y;

(ps) If 0 < d(zp,z) < by, and b, — 0, then z,, — x;

(p7) If E is a real Banach space with a cone P and if a < A\a, where a € P and
0<A<1,thena=0;

(pg) If c € int P, 0 < a,, and a,, — 0, then there exists ng such that for all n > ng
we have a, < c.

From (pg) it follows that the sequence {z,} converges to z € X if d(zp,z) — 0
as n — oo and {z,} is a Cauchy sequence if d(zp,zmy) — 0 as n,m — oo. In
the situation with a non-normal cone we have only one part of Lemmas 1 and 4
from [15]. Also, in this case the fact that d(xy,y,) — d(z,y) if 2, - z and y, — y
is not applicable.

We write B(FE) for the set of all bounded linear operators on E and Z(F) for
the set of all linear operators on E. Z(E) is a Banach algebra, and if A € #(F)
let

r(A) = lim [ A"|"/" = inf | A" /",
n—oo n
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be the spectral radius of A. Let us remark that if 7(A) < 1, then the series > -2 A"
is absolutely convergent, I — A is invertible in Z(F) and

im = (I— A
=0

Furthermore, if ||A]| < 1, then I — A is invertible and
1

I-A) < ———.
I1( ) H_l—HAII

3. MAIN RESULTS
In this section we prove our main results. We start with some auxiliary results.

Lemma 3.1. Let (X,d) be a cone metric space. Suppose that {x,} is a sequence
in X and that {b,} is a sequence in E and b, — 0,n — oo. If there exists ny € N
such that 0 < d(xp, xy) < b, for each n > ny and each m > ng, then {x,} is a
Cauchy sequence.

Proof. For every ¢ > 0 there exists n; € N such that b, < ¢,n > ny. It follows
that 0 < d(zp, zm) < ¢,m > n > max{ng,n1}, i.e., {z,} is a Cauchy sequence. [

Lemma 3.2. Let E be Banach space, P C E cone in E and A : E — E a linear
operator. The following conditions are equivalent:

(i) A is increasing, i.e., x <y implies A(z) < A(y).

(ii) A is positive, i.e., A(P) C P.
Proof. If A is monotonically increasing and p € P, then, by definitions, it follows
p >0 and A(p) > A(0) =0. Thus, A(p) € P, and A(P) C P.

To prove the other implication, let us assume that A(P) C P and z,y € E are
such that z <y. Now y —x € P, and so A(y —z) € P. Thus A(x) < A(y). O

Definition 3.3. Let (X, d) be a cone metric space. A map f : X — X such that
for some A € B(F), r(A) < 1 and for some fixed positive integers p and ¢, and for
every x,y € X, there exists

ue Fh(z,y) = {d(f”af, Foy)d(fre, 7 x) d( S0y, 1) -

0<r,7<p and 0<s,s’<q}.

such that

d(fPx, fhy) < A(u),
is called (p, ¢)—quasi-contraction (Fisher’s quasi-contraction, F quasi-contraction)
of Perov type.

The results in the next theorem are applied to the cone metric spaces in the
case when cone is not necessary normal, and Banach space should not be finite
dimensional. This extends the results of Perov for matrices, and also as a corollary
we generalize Theorem 1 of Zima [36].
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Theorem 3.4. Let (X,d) be a complete cone metric space and P be a cone with
int P # (. Suppose the mapping f : X — X is a (p, q)—quasi-contraction of Perov
type, A(P) C P and let f be continuous. Then f has a unique fized point in X and
for any x € X, the iterative sequence {f"x} converges to the fized point.

Proof. We will assume that p > q.
Let x € X be arbitrary. We shall show that {f"z} is a Cauchy sequence. First
we prove that

(3.1) d(f*z, fPr) < (I - AT Aw()),  n2=p,

where
wie)= ) d(f', fFx).
0<i<p
Clearly, (3.1) is true for n = p. Suppose that (3.1) is true for each m < ny — 1, and
let us prove (3.1) for m =ng > p+ 1.
Because f is (p, q¢)—quasi-contraction, there exist 7, j € N, such that

(32) d(f™z, fPx) < A(d(f'z, fz)).

(1) If 4,5 < p, then

a(f"z, f’x) Ad(f'e, fPa) +d(fPa, fx))
Aw(x)) < (I = A) " A(w(x).
Remark that we have used that i # j in this inference, but if i = j (3.1) evidently
hogs). If p<i<mng, j<pthen (3.1) and (3.2) imply
d(f™x, fPe) < A(d(f'z, fPx)) + A(d(fPx, fz))
< AU - A A(w(@) + Aw(@))

(I = A~ Alw(2)).

(3) For p < i < ng, p<j < ng, we have

d(f™z, fPe) < AR(d(fPx, fPr)),

where ig < por jo <pand 1l <k.

Assume that at least ig < p.

d(f™w, ffx) < AMA(fPx, fPx) + ANd(fPa, for))
< AMw(x)) + AMI = A) T Aw(x))
< (1= A) 7 A(w(),
since jo < j < ng, so the inequality (3.1) holds in this case.
(4) For i = ng, j < p, the triangle inequality, A(P) C P and (3.2) imply
d(f"x, fPx) < A(d(f™w, fPx)) + A(d(fPz, fx))
< A(d(f"z, fPx)) + Aw(z)),

<
<

so (3.1) is satisfied.
(5) Finally, consider i = ng and p < j < ng.
If j = ng, it follows d(f™z, fPx) < A(0) i.e. d(f™x, fPz) = 0.
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Otherwise,
(3.3) d(f™x, 7)< Ad(f7, Fx)),
and there exist ig < jg < ng, 79 < p and some 1 < kg such that
d(fx, fow) < AN (d(for, for)).

If jo < p, then (3.1) follows by the last inequality and (3.3). Notice that if jo < ng,
then

d(frox, fPr) < AMR(d(fiox, flox))
< AMR(d(fox, fPa)) + ATTRO(d(fPa, fox)
< AR (w(z)) + AMR(T — A) T Aw(a))
= AMR(1 — AN — A+ A)(w(x))
(3.4) < (I-A)" 1A( (x)).
But if jo = ng, then
(3.5) d(f*x, fPx) < AR(d(fox, fPx)) + AR, fr0x).

Then, for some k1 > 1 and i1 < j1 < ng, i1 < p, d(fPzx, fzx) < Akl(d(filx,fjla:)),
so by (3.5) we get
(3:6)  d(f™x, fPx) < AMTR(d(fox, fPx)) + AMTROR(A( s, ).
Again, if j; < ng, as in (3.4), we have (3.1). Otherwise,
d(frow, frx) < AMR(A(fOr, fFa) + ATRTR(d(fRa, fPa)
AR 2R (g pg o)
Hence, for arbitrary n € N,

d(frox, fPz) < AR(d(fox, fPx))

n—1
+ 3 AR (s, fra)) 4 AVTROERL A(fl, froa))

m=1
n—1

S ARk A () + AT (d( fit, foz))
m=0

(I = )7L AR (w(2)) + AMHRr R (g (fha, fro))
(I = A)  Aw(z)) + AT (d(flre, fror).

However, Altkotnki(q(fiigy frox)) — 0, n — oo. For each ¢ > 0 there exists
ne € N such that AlFkotnky(g( firg fmog)) < ¢ for n > n, so

d(f™ox, fPr) < (I — A A(w(z)) +¢, ¢>0,
ie. d(frox, fPr) < (I — At A(w(z)).

Thus, by induction, we have obtained (3.1) for every n € N. Now, let us prove

IN

IN A

that, for each n,

(3.7) d(frz, fiz) < (I — A~ Hw(z)), j=0,1,2,...,p.
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This follows by (3.1), since

d(f"z, fx) d(f"x, fPx) + d(fPe, fx)
(I—A) " Aw(x)) + w(x)
= (I—A) H(w(x)).
Because f is a (p,q)—quasi-contraction, and according to the (3.7) we get that
form>m>pm=kp+r,0<r<p k>1

d(f"z, fx) < AR(d(f'x, fa)) < AN = A)Hw(@)),

where 0 <7< j<nandi<np.
Remark that A*(I — A)~Y(w(x)) — 0, k — oo (m — oo), implies that {f"x} is
a Cauchy sequence in X. We will prove that z = lim f"z € X is a unique fixed
n—oo

point of f.
Since f is a continuous, it follows that fz = z. The uniqueness of z follows from
the definition of (p, ¢)—quasi-contraction. O

In the particular case of Theorem 2 when g = 1 (or p = 1), the condition that f
be continuous is unnecessary (see [10]). We then have

Theorem 3.5. Let (X, d) be a complete cone metric space and P be a cone, int(P) #
0. Suppose the mapping f : X — X is a (p,1)—quasi-contraction of Perov type,
A(P) C P. Then f has a unique fized point in X and for any x € X, the iterative
sequence { f"x} converges to the fized point.

Proof. Let x be an arbitrary point in X. Then, as in the proof of Theorem 3.4, the
sequence {f"z} is a Cauchy sequence in the complete cone metric space X and so
has a limit z in X. For n > p, we now have

d(z,f2) < dlz f"x) +d(f'z, f2)
= d(z, f"x) + d(fP P, f2)
< d(z, fMo) + Alun),

where
< {d(fo"_px,fZ%d(fo"_pr,2)7d(frf"_”x,frlf"_piv%d(z,fZ) 0 <’ < p}'

But,
d(f" " Pa, fz) <d(f"f" P, 2) + d(z, f2),

so, since lim f"x = z, for each ¢ > 0 we may choose ng for which
n—oo

d(ffz,z),d(f"z, f"x) < ¢, n,m > ng. Choose n > ng + p, then
d(z, fz) < c+A(d(z, fz))+ A(c) for any ¢ > 0.

By observing ¢ = £, n € N, we get d(z, fz) < A(d(z, fz)) i.e. fz = z because
(I — A)~1(P) C P. Uniqueness obviously follows. O

When p = ¢ = 1, we have the following corollary:
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Corollary 3.6. Let (X,d) be a complete cone metric space and P be a cone with
int P # (). Suppose the mapping f : X — X is a (1,1)—quasi-contraction of Perov
type (Cirié’s quasi-contraction), that is for some constant A € B(E), r(A) < 1 and
A(P) C P and for every x,y € X, there exists

u € O(f,r,y) ={d(z,y),d(x, fr),d(y, fy),d(z, fy),d(y, fx)},
such that
d(fz, fy) < A(u).

Then f has a unique fixed point in X and for any x € X, the iterative sequence
{f™x} converges to the fized point.

Remark 3.7. Let us remark that Du [8] has investigated the equivalence of vectorial
versions of fixed point theorems in generalized cone metric spaces and scalar versions
of fixed point theorems in (general) metric spaces (in usual sense). He has shown
that the Banach contraction principles in general metric spaces and in TVS-cone
metric spaces are equivalent. His theorems also extend some results in Huang and
Zhang [15], Rezapour and Hamlbarani [31] and others.

Du [8] has used the nonlinear scalarization function & and function d¢ as follows:
Let d¢ = & o d, where & is defined by

ée(u) =inf{r e R:u € re — P},

for each u € E for some e € intP. Then d¢ is a metric on X by Theorem 2.1 of [8]. If
T is a Fisher’s quasi-contraction with A € (0, 1), and for some fixed positive integers
p and ¢, then applying Lemma 1.1 of [8], we have

(3.8) de(TPx, Ty) < A - max {dg(TTJ:,Tsy),dg(Trfc,Trlzn), de(T?y, T y) :

0<r, 7 <p and Ogs,s’gq}.

Hence, Theorem 4.2 of [11] directly follows from Fisher’s result by Theorem 2 of [10].
However, if T is a Fisher’s quasi - contraction restricted with a linear bounded map-
ping, we cannot conclude that there exists some A € (0, 1) such that (3.8) is satisfied,
and so Theorem 3.4 could not be derived from Fisher’s result. Therefore, Theorem
3.4 indeed improves the corresponding result of [10]. Similar observations are valid
for the Ciri¢’s quasi-contraction of Perov type and for the Banach’s contraction of
Perov type [5]. For some more recent results see [20,23,24].

Remark 3.8. Let us remark that the initial assumption A € M, ,(RT), in Perov
theorem, is unnecessary. Based on the previous comments, we obtain the next
result, were we do not suppose that A(P) C P.

Theorem 3.9. Let (X,d) be a complete cone metric space and P be a normal
cone with a normal constant K. Let the mapping f : X — X be a continuous
(p, q)— quasi-contraction of Perov type, K||A|| < 1 Then f has a unique fixed point
in X and for any x € X, the iterative sequence {f"x} converges to the fized point.
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Proof. Without loss of generality, we may assume that p > ¢. Let x € X be
arbitrary, and
n(x)= > |d(f'z, fa)|.
0<i<j<p
We shall prove that

n KA
(3.9) ld(f"z, fPx)| < m “n(z), n>p.

Obviously, the inequality (3.9) holds for n = p. Suppose that (3.9) holds for every
n <ng—1, ng > p. If n =ng, then

(3.10) d(f"x, fPx) < A(d(f'z, f'z)),
where 7,5 € {0,...,n0}. Few different cases will be discussed.
(1) If 0 <i,5 < p, then
KA
ld( "0z, fPo)|| < KA - n(z) £ -— = - n(z).
1— K| Al

(2) If p<i < npand j < p (analogously i < p, p < j < ng), then the induction
hypothesis and the triangle inequality imply

. KAl
Jatgmoa, o)l < ol ate) + KA 1o
k|4
= Tox4] "

(3) In this case, consider p < i,j < ng. There exist ig, jo < ng, ip < p such that
ld(f'm, fz)|| < (K|JA*d(fox, for)]),
for some k > 1. The inequality (3.9) is satisfied if iy = jo. If jo < p, then

K| A
a7, 7)) < AN o) < gl o)
Otherwise,
ld(f™x, fPo)l| < (KA (d(foz, fP)| + [d(fPe, fo)])
k1 KAl
< (K[AD™ (n(=x) + T—K|A| -n(z))
KAl
= W'U(@;

because K| A| < 1.
(4) Assume that i = ng. By
ld(f™oz, fPa)|l < K||Alllld(f™, fPo)l| + K[| Allld(fPz, f2)],

if j <p, (3.9) evidently follows.
Otherwise, if p < j < ng, there exist some iy < jo < ng, ig < p and kg > 1 for
which A A ‘
ld(fmow, f)|| < (K| AN ld(fox, fFor)|.
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Evidently, for jo < p, (3.9) is satisfied. Similarly as previously shown in the proof
of Theorem 3.4, (3.9) holds if jo < ng by induction hypothesis.

If jo = no, then again as in the proof of Theorem 3.5, there are some i1 < j; < ny,
i1 < pand ki > 1 that satisfy ||d(fPxz, frox)|| < (K| A ||d(f 2, f7*2)|]. Then
ld(f™x, fPx)|| < (K| AN FPlld(fow, fPa)l| + (K[ A]) Rt jd(ffe, fra))).
Again, if j1 < no, (3.9) easily follows. If j; = ng, then after m — 1 more steps, we
get

ld(foz. fPa)l| < (K|JA]) ™ ld(for, fPa)|

i=m—1

+ D (KAt d(fe, fPa))

=1
AR d(fPa, froa)].

Analogously as in the proof of Theorem 3.4, the inequality (3.9) is satisfied in this
case.

Hence, (1)-(5) imply that the inequality (3.9) holds for any n > p.
Let n>m>2p,m=(k+1)p+r, k€ NO0<r<p. Toestimate d(f"x, f"x),
observe p < iy m < jnm < nand k£ > 1 for which
ld(f e, [ < (KA d(fmm, frm)]].
Then
2(K || A

by (3.9) and triangle inequality. So, {f™z} is a Cauchy sequence in a complete cone
metric space X, thus li_>m fTx = z for some z € X. Since f is a continuous, fz = z.
n oo

ld(f"z, f"2)| <

Obviously, z is a unique fixed point of f in X because K| Al < 1. O

Theorem 3.10. Let (X, d) be a complete cone metric space and P be a normal cone
with a normal constant K. Suppose that the mapping f : X — X is a (p,1)—quasi-
contraction of Perov type, K| Al < 1. Then f has a unique fized point in X and
for any x € X, the iterative sequence {f™x} converges to the fized point.

Proof. Let x be an arbitrary point in X. Then, as in the proof of Theorem 3.9, the
sequence {f"z} is a Cauchy sequence in the complete cone metric space X and so
has a limit z in X. For n > p, we now have d(f"x, f(z)) < A(u,), where

Up, € {d(f’"f”px, F2),d(f" " P, 2), d(f7 f" P, £ ), d(z, f2) 0 < ryr! < p}-

But, recall that li_)m d(ffz,z) =0and lim d(f"z, f™z)=0. Since
n (o ¢]

Az, f2) = lim d(f"z, f2) < A(d(z, £2)),

and P is a normal cone, from the norm inequality ||d(z, fz)| < K||A]|||ld(z, f2)]|, we
get fz = z. Uniqueness obviously follows.

When p = ¢ = 1, we have the following corollary:
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Corollary 3.11. Let (X,d) be a complete cone metric space, P a normal cone with
a normal constant K. If the mapping f : X — X is a (1,1)—quasi-contraction
of Perov type (éim'é’s quasi-contraction), that is for some operator A € AB(E),
K| Al <1 and for every x,y € X, there exists

ue C(f,z,y) = {d(x,y),d(x, fx),d(y, fy),d(z, fy),d(y, fr)},
such that
d(fz, fy) < A(u),
then f has a unique fized point in X and for any x € X, the iterative sequence
{f"x} converges to the fixed point of f.

Example 3.12. Let E = Cg([0,1],| - [|) and P = {f € E: f(t) > 0}. (X,p) a
metric space and d : X x X + F defined by d(x,y) = p(z,y)¢, where ¢ : [0,1] — RT
is continuous. Then (X, d) is a normal cone metric space and the normal constant
of P is equal to K = 1.

To apply our results let us consider the solution of the equation (I — Q)x = b,
where b € E is given, I,Q € #B(E) and [|Q? —aQ| < 1—a, 0 < a < 1 (see
Theorem 3 of [33]). Let us take X = E, p(x,y) = || — y||, and define T : X — X
by T'(z) = b+ Q(x). Now, it is easy to see that T' is continuous. If z,,z¢ € X and
Ty, — g, that is d(x,, z¢) — 0, then

1d(T (2n), T (o)l = 1d(Q(xn), Qo)) | < [|QI] - |d(xn, z0) | — O.
Let us remark that T(T(z)) = b+ Q(b) + Q*(x) , so T?(z) — T?*(y) = Q*(x — y).
Thus
T*(x) = T*(y) = Q*(z—vy)
= (Q*—aQ)(x —y) + (aQ)(z —y)
(@Q* = aQ)(z —y) + (aT(x —y).

Hence,

IT?(2) = T* ()| < (Q* = aQ)| - |z — yll + |a| - | T(x = y)],
and
IT2(2) = T* ()| < (1(Q* = aQ)|| + @) max{||lz — y]|, | T (z — y)||}-
It follows

IT%(z) = T*()lle < (1(Q* = aQ)|| + a) max{||z — yllo, |T(z — y)ll¢}-
Finally we have
A(T2(2), T(y)) < A(u),

where u € {d(x,y),d(Tx, Ty)} and A€ B(E) is defined by A(u) = (||(Q*—aQ)||+a)u,
u € F.

Because 0 < A = [|(Q? — aQ)|| + @ < 1we can apply Theorem 3.9 to conclude
that there is a unique z € E such that T'(z) = z, i.e., (I — Q)x = b. Moreover, for
any z € X, the iterative sequence {T"z} converges to the fixed point = of T.
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