2 Pug

§ 2 =
Journal of Nonlinear and Convex Analysis § § Mdm P"H'Shas
Volume 16, Number 3, 2015, 467472 \.% MJ ISSN 1880-5221 ONLINE JOURNAL

© Copyright 2015

A PROJECTED LANDWEBER METHOD WITH VARIABLE
STEPS FOR THE SPLIT EQUALITY PROBLEM

FENGHUI WANG AND CHANGSEN YANG

Dedicated to Prof. Sompong Dhompongsa on the occasion of his 65th birthday

ABSTRACT. In this paper we consider the split equality problem (SEP): find
x € C,y € @ such that Az = By, where C and @ are nonempty closed convex
subsets of R™ and R™, A is a p X n matrix, and B is a p X m matrix, respectively.
One drawback of the existing algorithm for the SEP is that one has to compute or
estimate the matrix norms. In this paper, we construct a new algorithm in a way
that the implementation of the algorithm does not need any prior information of
the matrix norms. Under some mild conditions, we establish the convergence of
the proposed algorithm to a solution of the SEP.

1. INTRODUCTION

We consider a problem that consists of finding a pair (z,9) € R™ x R™ such that
(1.1) zeC, ye @, and Az = By,

where C' and () are nonempty closed convex subset of R™ and R™, Aisap xn
matrix, and B is a p X m matrix, respectively. There are several methods solving this
problem. In particular, Byrne and Moudafi [3] proposed the following algorithm:
choose an arbitrary initial guess x, calculate:

zpp1 = Po(z, — 0AT (Azy, — Byg))
Yki1 = Po(xr, — 0BT (Byx — Axy)),

which is an application of the well-known projected Landweber method. Here g is
the constant-step whose choice is mainly relying on the norms of matrixes A and
B.

Problem (1.1) is called the split equality problem (SEP) [8], which can be regraded
as an extension of the the well-known split feasibility problem (SFP). Indeed when
B is the identity matrix, the SEP is then reduced to the SFP: find & satisfying the

property:
(1.3) zeC and Az € Q.

(1.2)
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The SFP has been proved very useful in dealing with a variety of signal processing
and image recovery [4, 7]. An efficient method that solves the SFP is due to Byrne’s
CQ algorithm [1]:

(1.4) 241 = Po(xy — 0AT (I — Pg)Awxy),

where the stepsize g is a fixed real number in (0,2 A[|~2). Compared with the
original algorithm in [5], the CQ algorithm (1.4) is more easily performed because
it dose not involve matrix inverses. However, to implement the CQ algorithm, one
has to compute or estimate the value of || A||, which is not always possible in practice.
To overcome this drawback, many authors have conducted worthwhile research on
the CQ algorithm so that the choice of the step does not depend on the matrix
morms (see for instance [7, 11, 13, 10, 14, 15, 16]).

A similar question of Byrne and Moudafi’s method also arises: Does there exist
a way to select the step in algorithm (1.2) that dose not depend on the matrixes
norms? It is the purpose of this paper to answer the above question affirmatively.
By using the idea in the variable-step CQ algorithm, we construct a new method in a
way that the implementation of algorithm (1.2) does not need any prior information
of matrix norms. Under some mild conditions, we establish the convergence of the
proposed algorithm.

2. THE ALGORITHMS

In this section we will introduce our iterative scheme to solve the SEP. Choose
an arbitrary initial guess x1, calculate:
(2.1) [ Ti1 = Po(wy — oA (Azy, — Byy))
Y1 = Po(zr — o BT (Byy, — Axy)),
where g}, is a sequence of positive real numbers such that

oo o0
(2:2) So=o Y di<oo
k=0 k=0

It is clear our choice of the step does not need any information on the matrix norms
of A and B.

The following lemmas play an important role in our subsequent convergence anal-
ysis.
Lemma 2.1 ([9]). Let (e;) and (si) be positive real sequences. Assume that ), €, <
oo. If either (i) sp11 < (14€x)Sk, or (1) Sk+1 < Si+e€g, then the limit of (sy) exists.

Let C be a nonempty closed convex subset of R™. Denote by Pc the projection
from R™ onto C; that is,

Pox = argmin|jz —y||, zeR"™
yeC

The projection operator has the following properties (see [6]).
Lemma 2.2. Let Po be the projection operator onto C. Then for any x,y € R™,
(i) Pc is nonexpansive, i.e.,

|Pox — Poyl| < [lx = yl|,
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(ii) Po is firmly nonexpansive, i.e.,
IPcx — Peyl* < (x — y, Pz — Pey),
(iii) I — Pc is firmly nonexpansive.
Denote by S the solution set of the SEP, namely
S={(z,y):z € C,y € Q,Ax = By}.
For x € R",y € R™, let z = (x,y) be an element in the product space R" x R™

with the norm
2]l = VllzlI2 + [l

3. CONVERGENCE ANALYSIS

Let us now establish the convergence analysis of the proposed algorithm.

Theorem 3.1. If the SEP is consistent, namely S # 0, then the sequence z, =
(Tn, yn) generated by (2.1) converges to an element in S.

Proof. Let 6 = max(||A|?, | B||?). Taking z* = (z*,y*) € S, we have that
lze1 — 211> = || Pe(ax — ok AT (Azy, — Byy)) — 2*||
< ||(wk — 2*) — ok AT (Azg — By |1?
= ||z — z*||* — 201 (A(z), — x*), Az — Byg)
+ il AT (Azy — Byy)|I?
< |lzp — 2*||* = 206 (A(z), — z¥), Az), — Byy,)
+ 016]| Azy. — Bygll?,
and also that
lye1 —y*11° = [|1Po(yx + o1 B (Azy, — Byy)) — y*||?
< (ye = ¥*) + ox BT (Azy, — Byp)||?
= [lyx — v*II” + 201(B(yr, — y*), Ax), — Byy)
+ il BT (Azy, — By)|?
< lyk — y* 11> + 20k (Blyr — y*), Ax), — Byy)
+ 00| Azy, — By |*.
Since Ax* = By*, adding up the last two inequalities yields
201 — 2*[1% < llz — 2*|1* — 2010]| Azy, — Byy|)?
+ 2028 || Azy, — Byg||*.
On the other hand, it follows that
| Az, — Bysll? = | A(ek — %) + Bly" — )
< (IAllllzx = 2*[| + I Blllly* — yxll)?
< 20(flere — ™12 + Iy — well)

= 26|z — 2*||2.

(3.1)
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Substituting this into (3.1), we have
(3-2) 2kt = 2*17 < (1 + ow) |z — 2*|* — 200k ]| Azy, — By

where o, = 46%07. It is readily seen that Y o, < oo due to (2.2). By Lemma
2.1, we conclude that the sequence (||zx — z*||) is convergent; in particular, (z) is
bounded.

We next prove that limy, ||Azy — Byg|| = 0. Take M > 0 so that

l|lzi — 2| < M, V keN.
From (3.2), it follows that
2601 Ay — Byill* < 2k — 201 = llze1 — 2[1* + oll2r — 2"
<2k = 22 = zpsn — 2I2 + Moy,
which immediately implies that
k k
20 ) 0jllAzj = Byj||* < |lan = 2|* + M? ) 7.
=1 j=1
Taking the limit by letting kK — oo in the last relation yields
0o
(3.3) > okll Az — Byi|® < oc.
k=1
This together with the assumption ), o, = co particularly implies that
liminf | Az — By|| = 0.
k—o0
To prove limy||Axr — Byg|| = 0, it suffices to verify the existence of the
limy, ||Azy, — Bygl|. Actually, we have that
|A(zrs1 = z)|| < Al Po(zr — ok AT (Azy, — Byg)) — @i
< ||Alllex AT (Azy — Byy)|
< dok||Azk — Bykll,
and also that
1B (g1 — yi)ll < 1B Po(yr + ox BT (Azx — Byr)) — il
< |BlllloxBT (Azy. — Bys)|
< do || Az — Bygl|-
Let ar = Az — Byk. By the last two inequalities, we have
lag+1 — ag|l = |(Azg+1 — Byg+1) — (Azg — Byy)||
< A(zr = zp) | + (1B (Yrt1 — wr)l
< 200k || Azy, — Byl
= 200k ||ak||-
Hence, we have

lars1ll” = llarl]® + 2(ar, aps1 — ar) + llaps1 — agl?
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< llagll® + 2llaxllar+1 = arll + llagtr — ax®
< lar|? + 46 orllax|* + 46° of || ax|?
< llak|® + 460k |ax|* + 85°M>of,
where the last inequality follows from the following estimates:
lakl = |Azx — Az™ + By* — By
< Vo(llok — 2| + llyw — v7l)
< V20(lak — 2| + llye — y* )2
= V26||zx — 2*|| < V26 M.
Setting np = 460 ||ax||* + 8(53M2gi, we have
(3.4) a1l < llakl* + .

It is clear that >, ni < oo due to (3.3) and (2.2). We can therefore apply Lemma 2.1
to (3.4) to get the existence of the limy, || Az, — Bygl||. Hence limy || Az, — Byg|| = 0.

Finally, we show that every cluster point of (z) is in the set S. Suppose that a
subsequence (2x;) = (zx;, ;) of (21) converges to a point 2 = (&, 7). It is readily
seen that & € C, g € Q). Consequently

|Az — Bj|| = lim ||Azy, — Buyy, ||
Jj—o0o
= lim ||Azy — By| =0,
k—o0

that is, 2 = (2,9) € S. Note that lim ||z, — z|| exists for all z € S. In particular, we
have that lim ||z — 2| exists. Since, however, the subsequence (2;) converges to 2,
we must have lim ||z — &|| = 0. Therefore z;, — 2 € S, or equivalently z; — Z and
Y — U Il

Remark 3.2. The above result can be easily extended to the infinite dimensional
Hilbert spaces. The only difference is that one can establish the weak convergence
of the proposed algorithm to a solution of the SEP.
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