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COMMON FIXED POINT FOR (¢,9)-WEAK CONTRACTIONS
ON ORDERED GAUGE SPACES AND APPLICATIONS

VILDAN OZTURK AND DURAN TURKOGLU

ABSTRACT. In this paper, we establish a fixed point theorem for four mappings
satisfying (1), p)-weakly contractive conditions on ordered Gauge spaces. We also
give applications to integral equations.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory became one of the most interesting area of research in the
last fifty years. Contractice type mappings on a complete metric space which are
generalizations of Banach contraction principles was studied [1,3,11,13,15-17,22,23,
27]. Existence of fixed points in partially ordered metric spaces was first investigated
in 2004 by Ran and Reurings [21] and then by Nieto and Lopez [19]. In this direction
many authors gived some generalisations of fixed point theorems [2,5,6,8,14,18,20,
22,24-26]. In 2011 Chifu and Petrusel [10] presented some fixed point theorems for
p—contractions on ordered and complete gauge space. After Cherichi and Samet [9]
proved new coincidence and fixed point theorems for mappings satisfying generalized
weakly contractive conditions on the setting of ordered gauge spaces and gived
some applications for integral equations. These theorems generalized many existing
results in the literature.

The purpose of this paper is to present a new fixed point theorem for four map-
pings that satisfy generalized weak contractions in ordered gauge space.

Definition 1.1. Let X be a nonempty set. A map d: X x X — [0,400) is called
a pseudo-metric in X whenever

(i) d(z,z) =0 for all z € X,
(ii)) d(z,y) =d(y,z) for all z,y € X |
(iii) d(z,y) < d(z,2)+d(z,y) forall z,y,z € X.

Definition 1.2. Let X be a nonempty set endowed with a pseudo-metric d. The
d — ball of radius € > 0 centered at x € X is the set

B(z,d,e)={ye X :d(z,y) <e}.

Definition 1.3. A family f = {d) : A € A} of pseudo-metrics is called separating
if for each pair = # y, there is a dy € F such that dy (z,y) # 0.

Definition 1.4. Let X be a nonempty set and f = {d) : A € A} be a separating
family of pseudo-metrics on X. The topology 7 (F ) having for a subbasis the family
B(F)={B(x,dy,e):x € X, dy € F, ¢ >0} of the balls is called the topology in
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X induced by the family f . The pair (X, 7 (F)) is called a gauge space. Note that
(X,7(F)) is Hausdorff because we require F to be separating.

Definition 1.5. Let (X, 7 (F)) be a gauge space with respect to the family F =
{dy : A € A} of pseudo-metrics on X. Let {z,,} be a sequence in X and z € X.

(i) The sequence {x,} converges to x if and only if
VAEA, Ve>0, INeN 35 dy(xy,z)<e, Yn> N.

In this case, we denote z,, LN

(ii) The sequence {x,} is Cauchy if and only if
VAeA, Ve>0,INeN 3 d\(zpyp,an) <e, ¥Yn >N, peN.

(iii) (X, 7 (F)) is complete if and only if any Cauchy sequence in (X, 7 (F)) is
convergent to an element of X.

(iv) A subset of X is said to be closed if it contains the limit of any convergent
sequence of its elements.

Definition 1.6. Let f = {d): A € A} be a family of of pseudo-metrics on X.
(X, F, =) is called an ordered gauge space if (X, 7 (F)) is a gauge space and (X, <)
is a partially ordered set.

Definition 1.7 ([9]). Let (X,7(F)) be a gauge space and f,g : X — X are
giving mappings. We say that the pair {f, g} is compatible if for all A € A,
dy (fgxn,gfry) — 0asn — oo whenever {z,} is a sequence in X such that fz, Lt
and gz, L+ for some t € X.

For more information about gauge space, the reader can refer to [12].
Throughout this paper we need following definitions.

Definition 1.8 ([4]). Let (X, <) be a partially ordered set. A pair (f,g) of selfmaps
of X said to be weakly increasing if fr < gfz and gx < fgx for all z € X.

Definition 1.9 ([2]). Let (X, <) be a partially ordered set and f and g be two
selfmaps on X . An ordered pair (f,g) said to be partially weakly increasing if
fr =2 gfxforall z € X.

Note that a pair (f,g) is weakly increasing if and only if ordered pair (f,g) and
(g, f) are partially weakly increasing.

Definition 1.10 ([2]). Let (X, <) be a partially ordered set. A mapping f is called
weak annihilator of g if fgx < x for all z € X.

Definition 1.11 ([2]). Let (X, <) be a partially ordered set. A mapping f is called
dominating if <X fx for each x in X.

Definition 1.12. X be a non-empty set and let f,7 : X — X. The mappings f,T
are said to be weakly compatible if they commute at their coincidence points, that
is, if fx = Tx for some x € X implies that fTx =T fx.

We also use two classes of function in this paper [11],

(Cl) @={p|p:][0,00) — [0,00) is lower semi continuous, ¢ () > 0 for all ¢ >
0, ¢ (0) = 0}.
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(C2) ¥ ={¢|9¢:][0,00) = [0,00) is continuous and non-decreasing with v (¢) =
0 if and only if t = 0}.

2. MAIN THEOREM

Theorem 2.1. Let X be nonempty set and (X, F, =) be an ordered complete gauge
space. Suppose that f,g,S and T are four self mappings on X, {T, f} and {S, g}
be partially weakly increasing with f(X) C T(X) and g(X) C S(X) dominating
maps f and g are weak annihilators of T and S, respectively. Suppose that there
exist control functions ¢ and @ such that for every comparable elements x,y € X
and for all A € A

(2.1) Y(dx (fz,9y)) < (M (2,y)) — (M (z,y)),

where,

M (1’,:[/) = max {d)\ (Sa:,Ty) >d/\ (f'rv Sl‘) 7d>\ (gvay) )

dy (Sz,gy) + dy (fz,Ty) }
. .

If for a nondecreasing sequence {x,} with x, =< y, for all n and y, — u implies
that x,, = u and eitherakly compatible

(a) {f,S} are compatible and one of f or S is continuous and {g, T} are weakly
compatible
(b) {g,T} are compatible, g or T is continuous and {f, S} are weakly compatible

then f,g,S and T have common fized point. Moreover, the set of common fixzed
points of f,q,S and T is well ordered if and only if f,g,S and T have one and
only one common fized point.

Proof. Let xy be an arbitrary point in X. Costruct sequences {z,} and {y,} in
X such that yo,—1 = frop—o = Txop—1 and yo, = gron—1 = STo,. By given
assumptions, To,—2 = frop—2 = T2o,—1 = fT22,—1 = Top—1 and x2,—1 X gTop—1 =
Sxon = Sgxa, X x9,. Thus for all n > 1 we have z, =< Tp41.

Step 1. We will prove that lim,, o0 dx (yn+1,yn) =0, for all A € A.

Let A € A. We distinguish two cases.

Firstly, we suppose that there exists n € N such that dy (y2n, y2n+1) = 0. From

(2.1)

(2.2) Y (dx (Y2nt1,Y2nt2)) = ¥ (dx (fT2n, 9T2n41))

<Y (M (z2n, 2nt1)) — @ (M (T2n, Tant1)) »
where

dx (Szon, Txon+1) , dx (fron, STon) ,

M (xQTH $2n+1) = max d)\ (ngn—i—l: T$2n+1) s
dx(Szan,g9z2n+1)+dr(fTon,TT2n+1)
2

— max { d)\ (y2n7 y2n+1) ,d)\ (y2n+1, y?n) , }
B d ) n d n s n
dx (Y2n+2; Y2n+1) 5 A (Y2n Y2 +2)+2A(y2 +1,Y2n41)

dx (Y2n+2, Y2n+1) }

= max {dA (Yon+2, Y2n+1) 5 9
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= d (y2n+2ay2n+1) .
Hence, by (2.2)

Y (dx (Yan+1, Y2n+2)) < U (dx (Y2nt1,Y2n+2)) — @ (dx (Yon+1, Yont2)) -

Thus ¢ (dx (Y2n+1,Y2n+2)) = 0. As ¢ (t) = 0 if and only if ¢ = 0. Continuing this
process dy (Yan+2, Yan+3) = 0. Then our claim holds.

In second case, we take dy (Yon, Yon+1) > 0 for each n € N. Since z9, and z9,+1
are comparable, by (2.1)

Y (dx (Yon+1,Y2nt2)) = ¥ (dr (fron, 9Tans1))

Y (M (220, Tant1)) — ¢ (M (720, T2n+1))
W (M (x2n, Tont1)) ,

VANVAN

which implies that

(2.3) dx (Yon+1, Yon+2) < M (Ton, Tont1)
where

dy (Szon, TTont1) , dx (fron, Sxan),

M (zapn, Tan41) = max dy (9z2n+1, TTon+1) ,
dx(Szan,gront1)+dr(fron,TTont1)
7

— max { d)\ (y2n7 an—i—l) 7d)\ (y2n+17 y2n) , }
B d n-,Y2n +d n+1,Y2n
dx (Y2n+2, Y2n+1) » A (Y2n,Y2n+2) 2A(y2 +1,Y2n+1)

< dx (Y2n, Yon+1) > A (Y2n+2, Y2n+1) 5
>~ max dx (Y2n,Y2n+1)+dxr (Y2nt1,Y2n4+2)
2

= max {dx (y2n, Yont1) , dx (Y2nt2, Y2nt1)} -

If M (xon,x2n+1) = dx (Y2n+2, Y2n+1), this is contradiction. Therefore
M (22, T2n+1) = dx (Y2n, Yont1) -

Hence from (2.3), we obtain ¥(d) (Y2n+1, Y2n+2)) < ¥ (dx (Y2n, Y2n+1)) -

Since 1 is nondecreasing dy (Y2n+1, Y2n+2) < dx (Y2n, Y2n+1) -

Similarly we can show that dy (y2n, Yon+1) < dx (Y2n—1, Yon) -

Therefore {d) (y2n+1,Y2n)} is monotone decreasing sequence which is bounded
below by 0. Since {dy (y2n+1,¥2n)} is monotone and bounded there exists r > 0
such that dy (Yn+1,Yn) = 7 as n — 0.

From (2.1) and lower semicontinuity of ¢,

nlglolo sup Y(dx (Yn+1,yn)) < nlg{)lo sup (M (Tn+1,2n)) — nhan;o inf (M (zn+1,2n)),

which implies that ¢ (r) < ¢ (r) — ¢ (r).So r = 0, and limy, 00 d) (Yn+1,Yn) = 0.
Step 2. Now, we will show {y, } is Cauchy sequence in the gauge space (X, T (F)).
For this it is sufficient to show that {y2,} is Cauchy in (X,7T (F)). Suppose to
the contrary. Then there exists a (\,e) € A x (0,00) for which we can find two
subsequences {xap, } and {xa,, } of {z,} with 2mj > 2nj > k such that

(2.4) dx (Y2mys Yoni) = €,
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and
(2.5) d (Y2my—2: Y2n,,) < €.

Using (2.4), (2.5) and triangular inequality

& <dy (Y2my» Y2ny,)
<dx(Y2my,» Y2my—1) + dx(Y2my -1, Yam—2) + dx (Y2my,—2, Yon,,) -
Letting k — oo , limy_,o0 dx (Y2n,,, Y2m, ) = €. Again, the triangular inequality
dx (Y2my,> Yony,) < dx (Y2my> Y2my—1) + dx(Y2my,—1, Y2ny, )
dx(Y2my,—15 Yony) < dx (Y2my—1, Y2my, ) + dx (Y2my,» Y2ny,) -
Letting £ — oo ,we have limg_,o, d) (ygmk_l,ygnk) =ec. As

dy (SxanvTmekfl) ,dy (fonka Saj?nk) s

M (zon,, Tom,—1) = max dx (9z2my—1, TT2m;—1) ,
dA(S-Tan 7gx2mk,71)+d)\(fm2nkaT$2nk)
2

d/\ (ankamek—l) 7d)\ (y2nk+17 y?nk) )
= maXx d/\ (mekv y?mk—l) P

dx (Yany, W2my, )+dx(Yan, +1,Y2n;, )
2

thus limy_,o0 M (22p, , Tam,—1) = max {5, 0,0, %} =e. From (2.1),

Y (dx (Y2n,+1,Y2me)) = ¥ (dx (f22nys 9T2my—1))
< (M(22n,, T2my—1)) — @ (M (220, Tom,—1)) -

Taking limit as k — oo implies that ¢ (¢) < 9 (¢) —¢ (&) which yields that ¢ () = 0.
So € = 0 which is a contradiction. Hence {y2,} is a Cauchy sequence. Since
(X,T(F)) is complete gauge space, there exists z € X such that ya, L 2 as
n — 0o. Therefore as n — oo

F F, F, F F, F

Yont1 = 2, Topt1 = 2, foon = 2z and yopy2 = 2, STant2 = 2, gTant1 = 2.
Step 3. We will show that z is a common fixed point of f, g, 5 and T. Assume that
S is continuous. Since {f, S} are compatible, we have
fSxonta LNy S fronto LNy as n — 0o.

Also, 2,41 = 9Z2n41 = ST2n42. Now

Y(dA(fSxant2, 9Tont1)) < ¥ (M (Szant2, Tant1)) — @ (M (Szopt2, Tan+1))
where,

dy (SSzant2, Txont1),

M (S$2n+2, 33'2n+1) = max dy (fS$2n+2, SS$2n+2) ydy (g$2n+17T$2n+1) )
dx(S822n42,9%2n41)+dr (f STant2,TTon+1)
2

On taking limit as n — oo, we obtain

¥ (dx (57, 2)) < ¥(dx (Sz,2)) — ¢ (dr (5%, 2)).
Thus Sz = z.
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F
Now, Zop+1 =X gTont1 and gropt1 — 2 a8 N — 00, Taut1 = z and (2.1)

Y(AA(f 2, gz2n+1)) < (M (2, 22041)) — ¢ (M (2, T2n+1))

where,

d Txoni1),d 7 :
M(Z,902n+1)—max{ A (52, Troni) ,dx (f2,5%2) }

dx(Sz,9%2nt1)+dr(f2,TT2n 11
dx (922n+1, TTon11), Al + )2 Al +1)

On taking limit as n — oo, we have ¥(dx(fz,2)) < ¥ (dx(fz,2)) — ¢ (dxr (fz,2))
and dy)(fz,z) =0 for all A € A. In the virtue of the separating structure of f, this
implies that fz = z.

Since f(X) C T (X), there exists a u € X such that fz = Tu. Suppose that
gu # Tu.Since z X fz =Tu =X fTu < u implies z < u. From (2.1), we obtain

¢ (dx (Tu, gu)) = ¢ (dx (f2, gu)) < (M (2,u)) — ¢ (M (2,u)),

where
dy (Sz,Tu),dy (fz,5z2),dy (gu,Tu),
M (z,u) = max d (S2,9u)+d (f2,Tu)
2
{ d)\ (Z’ Z) ad)\ (Za Z) 7d>\ (gU,TU) ) }
= Inax dx(gu,Tu)+dx(Tu,Tu)
2

= dy(gu,Tu).

Thus, ¢ (dy (Tu, gu)) < ¥ (dy (Tu, gu)) — ¢ (dx (T'u, gu)) , this a contradiction with
definition of . Hence, dy(T'u, gu) = 0. From separating structure of f, Tu = gu.
Since g and T are weakly compatible, gz = gfz = gTu = Tgu =T fz = Tz. Thus
z is a coincidence point of g and T

Now, since xo, = fxo, and fxa, L oasn— oo, implies that x9, = z, so

¥ (dx (fran, 92)) < & (M (220, 2)) = ¢ (M (220, 2)) ,

where

dy (Sxon, Tz),d) (fron, Sxen),dx (92, T2),
M (z2n, z) = max dx (S3n,92) +da (fE20,T2) ;
D)

on taking limit as n — oo, we have ¢ (dy (z,92)) < ¥ (dx (z,92)) — ¢ (dx (2, g2)) and
dy (z,9z) = 0. By separating structure of F, z = gz. Therefore fz = gz = Sz =
Tz = z.

The proof is similar when f is continuous.

Similarly, the results follow when (b) holds.

Now suppose that the set of f,g,.S and T is well ordered. We claim that common
fixed point of f,g,S and T is unique.Assume on the contrary that, fw = gw =
Sw=Tw =w and fv=gv=5Sv=Tv=uvbut w#v. From (2.1)

¥ (dx (w,v)) = (d (fw, gv)) < ¢ (M (w,v)) — ¢ (M (w,v)),

where

M (w7 U) = max{ d/\ (S’LU, T’U) ’d)‘ (fw7 Sw) 7d)\ (gU; T'U) ) }

dr(Sw,gv)+dx (fw,Tv)
2
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dx (w,v) +dy (w,v) }

= max {dA (w,v),0,0, 5

= dy(w,v),

and ¥ (dy (w,v)) < ¥ (dy (w,v))—¢ (dy (w,v)) . This is a contradiction. So dy (w,v) =
0. Thus w = v. Conversely, if f,g,.S and T have only one common fixed point then
the set of common fixed point of f, g, S and T being singleton is well ordered. [

Corollary 2.2. Let X be a nonempty set and (X, F,=) be an ordered complete
gauge space.Suppose that f, S, T are three selfmappings on X, (T, f) and (S, f)
be partially weakly increasing with f(X) C T (X), f(X) C S(X) and dominating
map [ is weak annihilator of T and S. Suppose that there exist control functions i
and @ such that for every two comparable elements x,y € X and for all A € A

¥ (dx (fz, fy)) < ¢ (M (2,y)) — ¢ (M (z,y)),

where

M (z,y) = max {dA (Sz,Ty) ,dy (fz,Sz),dx (fy, Ty), dy (Sz, fy) +dy (fz,Ty) } |

2

is satisfied. If for a nondecreasing sequence {x,} with x,, <y, for alln and y, — u
implies that x, =< u and either

(a) {f,S} are compatible, f or S is continuous and {f,T} are weakly compatible or
(b) {f,T} are compatible, f or T is continuous and {f, S} are weakly compatible

then f,S and T have a common fixed point. Moreover, the set of common fixed
points of f,g,S and T is well ordered if and only if f,S and T have one and only
one common fized point.

Corollary 2.3. Let X be a nonempty set and (X, F,=) be an ordered complete
gauge space. Suppose that f, g, T are three selfmappings on X. (T, f) and (T, g)
be partially weakly increasing with f(X) C T (X), g(X) C T (X) and dominating
map f and g are weak annihilators of T'. Suppose that there exist control functions
¥ and @ such that for every two comparable elements x,y € X and for all A € A,

P (dx (fr,9y)) <& (M (2,y)) = ¢ (M (2,9)),

where

_ dx (Tx,Ty),dx (fz,Tx),dx (9y,Ty),
M (z,y) = max d (T,gy)+dx (f,Ty) )
2

is satisfied. If for a nondecreasing sequence {x,} with x, =< yy for alln and y, — u
implies that x,, =< u and either

(a) {f,T} are compatible, f or T is continuous and {g,T} are weakly compatible
or
(b) {g,T} are compatible, g or T is continuous and {f,T} are weakly compatible,

then f,g and T have a common fixed point. Moreover, the set of common fixed
points of f,g and T is well ordered if and only if f,g and T have one and only one
common fixed point.
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Example 2.4. Let X = [0,1] U {2,3,4,...} with usual ordering and A = {1/2" :
n € N} and f = {d)},cp Where dy : X x X — [0, 00)

0, ifr=yor {z,y}nA= {z,y},

d)\ (.f, y) = .

1 ifetyand (g} NA% {2},

Then d) is pseudometric on X and (X, F, <) be an ordered complete gauge space.
20 if 0 <z <3,

Let ¢, : [0,00) — [0,00) be defined by ¢ (z) =¢ 1 ifz € (3,1] , andg(z)=

x, otherwise

z,y € X.

P2t if0<z <4, . :
and selfmappings f,g,5,T on X be given by

0, otherwise
0 ifzr<i
Loitee (1], o o
F@=3 T heciy + d@={  hitec@d]
v e (23, ) z, ifze(5,1]U{2,3,...}
0, if < 3, 0, if o <1,
T (z) = 1 ifze (1], , S(@)=19 22-1, ifze(},1],
x—1, ifzxe{2,3,...} xz, ifxe{2,3,...}

f,9,5 and T satisfy all conditions of Theorem 2.1 and 0 is a unique common fixed
point.

3. APPLICATIONS

Let T be set of functions a : [0,00) — [0, 00) satisfying
(i) a is locally integrable on [0, c0),
(i) for all & > 0, we have [; a(t)dt > 0.

Theorem 3.1. Let X be a nonempty set and (X, F, =) be an ordered complete gauge
space. Suppose that f,g,S and T are four self mappings on X, {T, f} and {S, g}
be partially weakly increasing with f(X) C T (X) and g(X) C S(X) dominating
maps [ and g are weak annihilators of T and S, respectively. Suppose that
dx(fz,9y) M(z,y) M(z,y)
ax(t)dt < / ax(£)dt — / ba (1),

0 0 0
where,

d)\ (Sl’, Ty) ad/\ (fxv SIE) 7d)\ (gya Ty) )
M (z,y) = max dx (S.gy)-+ds (f2.Ty) ’
2

for every comparable elements x,y € X and for all A € A, where ax,by € T'. If
for a nondecreasing sequence {x,} with x,, =< yy for all n and y, — u implies that
Tn = u and either

(a) {f, S} are compatible and one of f or S is continuous and {g, T} are weakly
compatible



COMMON FIXED POINT ON GAUGE SPACES 481

(b) {g,T} are compatible, g or T is continuous and {f, S} are weakly compatible

then f,g,S and T have a common fixed point. Moreover, the set of common fixed
points of f,g,S and T is well ordered if and only if f,g,S and T have one and
only one common fized point.

Proof. Tt follows from Theorem 2.1, by taking for all A € A,
¢ t
Y (t) = /aA(s)ds and @ (t) = /b,\(s)ds, t>0.
0 0
It is clear that ¢ and ¢ satisfy condition (C1) and (C2). O
Corollary 3.2. Let (X, [, =) be an ordered complete gauge space and f, S, T : X —

X be mappings, (T, f) and (S, f) be partially weakly increasing with f (X) C T (X),
f(X) C S(X) and dominating map f is weak annihilator of T and S. Suppose that

dx(fz,fy) M (z,y) M(z,y)
ax(t)dt < / ax(t)dt — / b(t)dt,
0 0 0
where
dx (Sz,Ty) . dx (fz, Sz) . dx (fy,Ty),
M (z,y) = max { (52, 9) 4 (J2Ty) } ’

for every comparable elements x,y € X and for all A € A, where ax,by € T'. If
for a nondecreasing sequence {x,} with x,, =< y, for all n and y, — u implies that
Tn = u and either

(a) {f, S} are compatible, f or S is continuous and {f, T} are weakly compatible
or
(b) {f, T} are compatible, f or T is continuous and {f,S} are weakly compatible

then f,S and T have a common fixed point. Moreover, the set of common fixed
points of f,g,S and T is well ordered if and only if f,S and T have one and only
one common fized point.

Corollary 3.3. Let (X, F,=) be an ordered complete gauge space and f, g, T : X —
X be mappings, (T, f) and (T, g) be partially weakly increasing with f (X) C T (X),
g(X) CT(X) and dominating map f and g are weak annihilators of T. Suppose
that

dx(fz,9y) M(z,y) M(z,y)
a)\(t)dt < / a,\(t)dt — / b)\(t)dt,
0 0 0
where

d/\ (TZ',Ty) 7d)\ (f.ZU,TLU) 7d)\ (gy7 Ty) )
M (z,y) = max dx(Tz,gy)+dx (f,Ty) ’
2

for every comparable elements x,y € X and for all X € A, where ay,by € I'. If
for a nondecreasing sequence {xy} with x, <y, for all n and y, — w implies that
Ty S u and either
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(a) {f,T} are compatible, f or T is continuous and {g, T} are weakly compatible
or

(b) {g,T} are compatible, g or T is continuous and { f, T} are weakly compatible,

then f,g and T have a common fixed point. Moreover, the set of common fixed
points of f,g and T is well ordered if and only if f,g and T have one and only one
common fixed point.
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