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CONVERGENCE CRITERIA OF A VISCOSITY COMMON
FIXED-POINT ITERATIVE PROCESS FOR ASYMPTOTICALLY
NONEXPANSIVE SEMIGROUP IN BANACH SPACES

JANTANA AYARAGARNCHANAKUL

ABSTRACT. Let X be a real arbitrary Banach space and let C' be a nonempty
closed convex subset of X. Let F = {T'(t) : ¢ > 0} be the semigroup of asymp-
totically nonexpansive self-mappings on C' such that F' # (), where F' is the set
of fixed points of T'(¢) for all ¢ > 0. Let f : C' — C be a contractive mapping,
{an},{Bn} be real sequences in [0,1] and {¢,} be a sequence of positive real
numbers. Define {z,} and {y»} to be the iterative sequences
Yn = Oénf(xn) + (1= an)(Buwn + (1 - ﬂn)(T(tn))nxn)v
T+t = Ynf(Yn) + (1= 10)(0nyn + (1 = 6n)(T(tn))"yn), n > 1.

Some strong convergence theorems of the sequence {z,} to an element of F'

are established under appropriate conditions.

1. INTRODUCTION

The concept of asymptotically nonexpansive self-mappings which is a general-
ization of the class of nonexpansive self-mappings was first introduced in 1972
by Goebel and Kirk [3]. They proved that any asymptotically nonexpansive self-
mapping of a nonempty closed convex bounded subset of a uniformly convex Banach
space possesses a fixed point. Since then, the weak and strong convergence problems
of iterative sequences (with errors) for asymptotically nonexpansive self-mappings
have been studied by many authors (see, for examples, [1-2, 5-6 and 9]). Recently,
in 2008, Lou, Zhang and He [8] studied the viscosity approximation fixed point
for asymptotically nonexpansive self-mappings in Banach spaces. They proved the
following theorems.

Theorem 1.1. Let K be a nonempty closed convexr subset of a Banach space X
which has a uniformly Gateaux differentiable norm and T : K — K an asymptoti-
cally nonexpansive mapping with F(T) # 0 and f a contraction on C. Let {ay, }, {Bn}
be a sequence in (0,1) satisfying

Cl: lim a,, =0; C2: lim

n—0o00 n—o0o Qi

Then the sequence {z,} defined by
Zn+1 = anf(zn) + (1 - O(n)TnZn,

2010 Mathematics Subject Classification. 4TH10, 47TH09, 46B20.

Key words and phrases. Asymptotically nonexpansive mappings, asymptotically nonexpansive
semigroup, Banach space, common fixed point.

This research is partially supported by Centre of Excellence in Mathematics, the Commission
of Higher Education, Thailand. The author also owes special thanks to Prof. Suthep Suantai for
his kind suggestion during the preparation of this paper.



522 JANTANA AYARAGARNCHANAKUL

converges strongly to the unique solution of the variational inequality:
p € F(T) such that (I — f)p,j(p—x¥)) <0 Vz* € F(T).

Theorem 1.2. Let K be a nonempty closed convex subset of a uniformly convex
Banach space X which has a uniformly Gateauz differentiable norm andT : K — K
an asymptotically nonexpansive mapping with F(T) # 0 and f a contraction on C.
Let {an}, {Bn} be a sequence in (0,1) satisfying

=0.

o0
Ky — 1
C1: lim ay, = 0; 02:2%:00 C3: lim -2~
n—oo 1 n—oo [e7%

For arbitrary x¢ € K, let the sequence {x,} be defined iteratively by
Tn+1 = O‘nf(xn) + ann + ’YnTnxn-

Assume
(i) an, Bn,1m € [07 1]70471 + B+ =1
(i1) 0 < liminf, 0 Bn < limsup,,_, fn < 1;
(iii) T satisfies the asymptotically regularity; lim, o || Tz, — T2, || = 0.
Then the sequence {xy} converges strongly to the unique solution of the varia-
tional inequality:

p € F(T) such that (I — f)p,j(p—x*)) <0 Vz* € F(T).

Let X be a Banach space and let C' be a nonempty closed convex subset of
X. A one parameter nonexpansive semigroup is a family F = {T'(t) : ¢ > 0} of
self-mappings of C such that

(i) T(0)x = x for all x € C;

(ii) T(t + s)x =T (t)T(s)x for t,s > 0 and = € C;

(iii) limy_,o+ T'(t)z = x for x € C;

(iv) for each ¢t > 0, T'(t) is nonexpansive, i.e.,

IT(#)x = T@yll < |z —yll,

for all x,y € C.
In [8], Song and Xu give some strong convergence theorems for the viscosity
iteration process

Tn+1 = anf(l'n) + (1 - an)T(tn)$n7
in a real reflexive strictly convex Banach space with a uniformly Gateaux differen-

tiable norm. Here f is a contractive mapping on C| i.e., a mapping for which there
is some « € (0, 1) such that

1f (@) = fW)l < allz =yl
for all x,y € C. They proved the following theorem.

Theorem 1.3. Let E be a real reflexive strictly convex Banach space with a uni-
formly Gateaux differentiable norm, and K a nonempty closed convex subset of E
and {T'(t)} a uniformly asymptotically reqular nonexpansive semigroup from K into
itself such that F = (oo F(T(t)) # 0, and f : K — K a fized contractive mapping
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with contractive coefficient B € (0,1). Suppose limy, oo t, = o0, and «, € (0,1)
such that limy, o0 0, = 0 and Y07 | o = 00. If {xy} is given by

Tnt1 = anf(xn) + (1 —apn)T(ty)xn, n>1,

then the sequence {x,} converges strongly to some common fized point p of solution
of F such that p is the unique solution in F to the co-variational inequality:

(f(p) =p,J(y—p)) <0 Vy € F.

In this paper, we study a one parameter asymptotically nonexpansive semigroup.
Let X be a Banach space and let C' be a nonempty closed convex subset of X. A one
parameter asymptotically nonexpansive semigroup is a family F = {T'(¢) : t > 0}
of self-mappings of C' such that

(i) T(0)z = z for all z € C;

(i) T(t+ s)x =T(t)T(s)x for t,s > 0 and z € C,

(iil) lim;_,o+ T'(t)x = z for x € C;

(iv) for each t > 0, T(t) is asymptotically nonexpansive, i.e., there exists a
sequence {r,(f)} C [0,1) with ri = 0 as n — oo such that

(T )" = (TE) "yl < 1+ )|z -yl
for all x,y € C' and n > 1.
We give some strong convergence for the viscosity iterative process defined by
Yn = anf(@n) + (1= an)(Barn + (1= Bu)(T(tn)) " 2n),
(1'1) Tn+1 = 'Ynf(yn) + (1 - ’Yn)(ényn + (1 - 6n)(T(tn))nyn)a n>1,

where {t,} is a sequence of positive real numbers.
We need the following lemmas for our main results.

Lemma 1.4 (See [4, Lemma 2.1)). Let {an}, {bn} and {0,} be sequences of non-
negative real numbers satisfying the inequality

ant+1 < (14 0n)an + by, for alln.

If >0 1 0p < 00 and Y07 | by < 00, then
(1) limy, o0 ay exists.
(2) limy,—y00 an, = 0 if {an} has a subsequence converging to zero.

Lemma 1.5. Let C' be a nonempty closed subset of a Banach space X and T'(¢) :
C — (' be an asymptotically nonexpansive self-mapping for each ¢ > 0 with the
fixed point set F' = (,oq F(T(t)) # 0, where F(T') is the set of all fixed points of
the mapping T. Then F' is a closed subset in C.

Proof. Let {p,} be a sequence in F such that p, — p as n — oo. Since C is
closed and {p,} is a sequence in C, we must have p € C. Since T'(t) : C — C is
asymptotically nonexpansive, we obtain

1T#)p — pull = |T#)p — T()pull < (1 +71)llp = pall,

for each t > 0. Taking limit as n — oo, we get

|T(t)p —p| <0,
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for each ¢ > 0, which implies that T'(t)p = p, for each ¢ > 0. Hence p € F. The proof
is complete. O

2. MAIN RESULTS

In this section, we present our main results. The first theorem gives the necessary
and sufficient condition for the convergence of the sequence {z,} defined in (1.1).

Theorem 2.1. Let X be a real Banach space and let C' be a nonempty closed convex
subset of X. Let F = {T(t) : t > 0} be an asymptotically nonexpansive semigroup
of self-mappings of C such that F = (5, F(T(t)) # 0 in C. Assume that, for each

t >0, T(t) is an asymptotically nonexpansive mapping with respect to r,(f) such that

Yool rn < 00, where 1y, = Sup;sq r,(lt). Let f: C'— C be a contractive mapping and
let {an}, {Bn}.{m} and {6,} be real sequences in [0,1] such that > 7 o < 00
and Y07 | n < 00.
Then, the iterative sequence {x,} defined in (1.1) converges to a common fixed point
of T'(ty) if and only if

liminf d(z,, F) = 0.

n—oo

Proof. The necessity is obvious, so it is omitted. We now proof the sufficiency. Let
p € F. Since T(t) : C — C is an asymptotically nonexpansive mapping for ¢ > 0
and C is a nonempty closed convex subset of X, we have

[yn = pll = llan f(zn) + (1 = an) (Bnzn + (1 = Ba)(T'(tn))"zn) — pl|
< apllf(zn) = pll + (1 — an)Bulln — pl
+ (1= an)(d = ) (T'(tn))" 2n — pl
< apallzn, — pll + anll f(p) — pll + (1 = an)Bulln — Dl
+ (1= an)(1 = Bu) (L + ) [ — pll
< anallzn, — pl| + anllf(p) = pll + (1 — an)Ballzn — pl|
+ (1= an)(1 = B)[[zn — pll + i (1= an) (1 = Ba) & — pll
< (1= (1 —=a)an +ra)llen —pll + onllf(p) — pll
(2.1) < (L4 ro)llan = pll + ol f(p) — plI-
Similarly we have that
[2nt1 = pll < (L4 70)llyn — pll + mllf (p) — plI-
From this and (2.1), we have
[2nt1 = pll < (L4 r){(L+7r0)ll2n — |l + anll f(p) = plI} + Wl f(p) — Pl
< @+ rp) A+ ra)llzn = pll + [(1+70)on + Wl f (p) — pll
= (1472 +ro)llwn — pll + [(1 + r)an + vl f(p) — pll
(22) = (L4 cn)llzn = pll + bn,

where ¢, = (2 4+ ry) and b, = [(1 + rp)an + W]l f(p) — pl|. Since > 02 ry <
oo, we have that {2 + r,} and {1 + r,} are bounded. Thus ) 7, a, < oo and
Yol Y < 00, imply that Y 2 ¢, < oo and ) -, b, < co. Hence Lemma 1.4
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implies that lim,,_,~ ||z, —p|| exists. Thus {z,,} is bounded and so are {(T'(¢,))" "z}
and {f(z,)} because T(t,) is asymptotically nonexpansive and f is contractive.
Now since {x,} is bounded and from (2.1), we conclude that {y,} is bounded and

so are {(T'(tn))"yn} and {f(yn)}.
We next turn to another calculation for ||y, — p|| and ||zp41 — p|| as follows.
1yn = pll = llan f(zn) + (1 = an) (Brwn + (1 = Bu) (T (tn))"2n) — pl|

< an|[f(2n) = (T(tn))" xnll + (1 — an)Bullzn — pl
+ (1= Bn + anfB) |[(T'(tn)) 20 — pl|

< an|[f(2n) = (T(tn))" xnll + (1 = an)Bullzn — pl
+ (1= Bn + anfn) (L+ 7)) arn — p

= an[f(2n) = (T(tn))"znll + (1 = an)Bullzn — pl
+ (1= Bu - anB)llan = pll 470 (1= Ba -+ anfo) o — p

= (L4 ra(1 4 anf))lzn — pll + anllf(zn) = (T(tn)) "2l

(2.3) < (L4 2rp)lzn — pll + el f (2n) — (T(tn))" 20|
Similarly, we have that
(2.4) [#n41 = pll < (14 2r)llyn — pll + Wl f(yn) — (T(£)" yull-

Putting (2.3) in (2.4), we obtain that

[Zns1 = pll < (14 2r0)2 ||z — pll + (L + 2rp) | f(z0) = (T(tn))"za
+ [ (Yn) = (T (tn)) " ynll
(2.5) = (L +dn)llzn = pll + €n,

where d,, = 4rp, (1 + 1) and e, = (1 + 2rp)an || f(zn) — (T(t0)) " nll + Yoll f(yn) —
(T(tn))"yn||- By the assumption that > 7, 1, < 00, > 00 @y < 00, D07 Y < 00,
and {(T(ty))"zn}, {(T(tn))"yn}, {f(xn)} and {f(yn)} are bounded, we have that
d>ooe  dy <ocoand Y o7, e, < oo. Hence Lemma 1.4 tells us that lim, o ||z, — p||
exists. Thus {||x, — p||} is bounded. Let L = sup,, ||z, — p||. We can rewrite (2.5)
as

(2.6) [#n41 = pll < llzn —pll + Ldn + € for n > 1.
From this and by induction, we obtain, for m,n > 1 and p € F, that
n+m—1 n+m—1
(2.7) |Znim —pll < llzn —pll+L Y dit+ Y e
=n =n

Also from (2.6), we obtain
d(xpi1, F) < d(xn, F) + Ld, + ey.

By the assumption liminf,, o d(2p, F) = 0 and because Y o (Ld, + e,) < o0,
Lemma 1.4 tells us that

(2.8) lim d(x,, F) = 0.

n—oo
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We now show that {z,} is a Cauchy sequence in X. Let € > 0. From (2.7) and since
Yooe dp < oo and Y o2 e, < 00, there exists ng such that, for n > ng, we have

(2.9) d(zn, F) < e/G,idi < €/(3L) and iei < ¢€/3.

By the first inequality in (2.9) and the definition of infimum, there exists py € F
such that

(2.10) |xn, — poll < €/6.

Combining (2.7),(2.9) and (2.10), we obtain

||$no+m - anH < Hxnoer — pol| + ||$no — pol|

no+m—1 no+m—1
<2lwn, —poll +L D di+ Y e
1=ng 1=ng

<€/3+¢€/3+€/3 =k,

which implies that {z,} is a Cauchy sequence in X. But X is a Banach space, so
there must be some ¢ € X such that z,, — ¢. Since C'is closed and {z,,} is a sequence
in C, we have that ¢ € C. Now d(z, F) — 0 and z,, — q as n — oo, the continuity
of d(-, F') implies that d(q, F') = 0. Thus ¢ € F because F' is closed, by Lemma 1.5.
Therefore {x,} converges to a common fixed point of T'(¢), as desired. O

If 8, = 0 =9, for all n, then the iterative sequences in (1.1) become

Yn = anf(xn) + (1 - an)(T(tn))nxna
(2.11) Tntr = Ynf(Wn) + (1 =7)(T(tn)) " yn, n =1,

and we have the following result for a fixed point of T'(¢).

Corollary 2.2. Let X be a real Banach space and let C' be a nonempty closed
convex subset of X. Let F = {T(t) : t > 0} be an asymptotically nonexpansive
semigroup of self-mappings of C such that F = (oo F(T(t)) # 0 in C. Assume
that, for each t > 0, T(t) is an asymptotically nonexpansive mapping with respect to
rg) such that Y ° | rp < 00, where 1, = Sup;~g rﬁlt). Let f: C — C be a contractive
mapping and let {an} and {yn} be real sequences in [0,1] such that Y o2 |y, < 00
and Y 07 yn < 00. Then, the sequence {x,} defined in (2.11) converges to a fized
point of T(t) if and only if

liminf d(z,, F) = 0.

n—oo

We also have the following results involving asymptotic regularity and an auxil-

iary strictly increasing nonnegative function as in Ayaragarnchanakul [1].

Corollary 2.3. Let X,C,T(t)(t > 0) and the iterative sequence {x,} be as in
Theorem 2.1. Suppose that the conditions in Theorem 2.1 hold and
(1) the mapping T(t)(t > 0) is asymptotically reqular in x,, i.e.,

liminf ||z, — T(t)z,| =0, t>0;
n—o0
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(2) liminf, o [|zn — T (t)zy|| = 0 implies that
liminf d(z,, F) = 0.

n—oo

Then the sequences {xy,} converges to a common fized point of T(t).

For a sequence {t,}, where ¢, > 0 for all n > 1.

Yn = anf(xn) + (1 - an)(/@nxn + (1 - 6n)(T(tn))nxn)7
(2'12) Tn+l = 'Ynf(yn) + (1 - '7”)(6nyn + (1 - 6n)(T(tn))nyn)a n Z 1.

Theorem 2.4. Let X,C be as in Theorem 2.1 and the iterative sequence {x,} be
as in (2.12). Suppose that the mapping T (t;) is asymptotically nonexpansive and
asymptotically reqular in x,, the conditions in Theorem 2.1 hold, and there exists
an increasing function g : R — R* with g(r) > 0 for all r > 0 such that

e — T(ti)xnl] > g(d(xn, F), VYi>1 ¥Yn>1.

Then the sequences {x,} defined in (2.12) converges to a common fized point of
T(tyn).

Proof. To apply Theorem 2.1, we prove that liminf, . d(z,, F) = 0. From the
assumption that ||z, — T(t;)z,|| > g(d(zy, F)) for i > 1 and for n > 1, we have

% Yl = T(tzal| = gld(za, F)),
i=1

for n > 1 and m > 1. Since T'(¢;) is asymptotically regular in xz,, this implies that

(2.13) liniinfg(d(xn,F)) =0.

Suppose that liminf,, o d(zy, F)) = L > 0. By definition of infimum, there exists
an N such that

. L

for all m > N. Equivalently,

L

9

for all n > m > N. Since g is increasing, we have that

d(xpn, F) >

o(den 7)) 2 9(5).

for all n > m > N. This implies that

L
liminf g(d(zn, F)) > g(—) >0,

n—00 2

which contradicts (2.13). Hence liminf,,_ o d(zy, F') = 0, as desired. O
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