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ASYMPTOTIC STABILITY FOR TWO NONLINEAR
MATHEMATICAL MODELS STEMMING FROM CELL
POPULATIONS

XTIAO LIANG

ABSTRACT. In this paper, we are concerned with two nonlinear mathematical
models, which stem from two nonlinear systems of partial differential equations
describing cell populations dynamics. We obtain some new results about the
behaviors, including the global asymptotic stability, of solutions of these nonlinear
systems, which lead to the corresponding results given in previous work as special
cases. Moreover, an application with simulation is presented to illustrate the
general result.

1. INTRODUCTION

Inspired by the works [1, 2, 3, 4, 5], we investigate in this paper the global asymp-
totic stability for two nonlinear mathematical models, which stem from two systems
of partial differential equations describing cell populations dynamics (see (1.4) and
(1.6) below) and are more general than the mathematical models considered in [5, 1].

The first one is the following differential system,

%P(t) =d(t)q(P)h(S(#)) + (b — pp — kZ()) (1),

(1) § L 2()=—pzZ() + K2 (1)),

%S(t) =2(1 = d(t=7))q(P(t=7))h(S(t=7))e "7 =d(t)q(P(t))h(S(t)),

where py > 0, b, k, up, us and 7 are nonnegative constants, d(t) is a uniformly
Lipschitz continuous with 0 < d(t) < 1, ¢(+) is a continuous and strictly decreasing
function with

(1.2) lim q(z) =0,

T—+00
and h(-) is a continuous function satisfying
(1.3) 0<h(x) <Lz (Vzx>0), h(z) >0 (V2 >0)

(L is a positive constant). This system originates from a model of cell population
with three cell compartments (the precursor cell compartment partly in the bone
morrow and partly in the blood fluid, the red blood cell compartment in the blood
fluid, and the stem cell compartment in the bone morrow), where P(t), Z(t) and
S(t) are the total number of precursor cells, red blood cells, and stem cells at time
t respectively, up, puz and ug are the lost rates of precursor cells, red blood cells,
and stem cells respectively, d(t) is the proportion of cells entering the precursor
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cell stage with a maturity level zero at time ¢, b is the division rate of cells with
all maturation level, and 7 is the time duration of the cell division process. More
precisely, the model (1.1) can be transformed from the structured model of Grabosh
and Heijmans [2]

(1.4)

aatp(t» ) + @D(E(t))i(g(x)zo(tv z)) = b(@)p(t, ) — P(E(t))a(2)p(t, z) — ppp(t, ),
d

J— +OO
9 2() =~z 2(0) + WD) / o(2)p(t, z)dz,

under some conditions including some boundary conditions, where p(t, x) is the den-
sity of the precursor cells at time ¢ and maturation z (x is the level of maturation),
E(t) is the number of proteins acting between the red blood cell compartment Z(t)
and the precursor cell stage P(t) (= 0+°° p(t, z)dx) at time t, 1) (E(t)) is a decreasing
function in E, a(z), b(x) and g(z) are real functions.

The second one is the following nonlinear system,
(1.5)
{N/(t) — o + 7+ (MR (D) +2(1 = rp)e#rTq(M(t — 7)A(N (L — 7)),

M'(t) = —pupM(t) + rvh(N(t)) + 2rpe *PTq(M(t — 7))h(N(t — 7)),

where pps is a positive constant, uy, up, rn, 7p and 7 are nonnegative constants,
q(+) and h(-) are given functions as in the model (1.1). This model originates from
a transport system with three cell compartments also, where N(t) and M (t) are
the total number of nonproliferating cells and maturing cells at time t respectively,
un, pp and pps are the lost rates of nonproliferating cells, proliferating cells and
maturing cells respectively, vy and rp are the rates of nonproliferating cells and
proliferating cells differentiating in mature cells respectively, ¢ is the rate of non-
proliferating cells becoming proliferating cells, and 7 is the time duration of the
cell division process. Actually, the model (1.5) can be transformed from the partial
differential equation

(1.6)
+00
%n(t,x) + %n(t,x) = - <,UN +7rv+q </0 m(t,x)dw)) n(t,x),
5t T) + ;Tm(t, z) = —pmm(t, ),
%p(t’ x) + %p(t, x) = —upp(t,r)

under some boundary conditions, where n(t,z), m(t,x) and p(t,x) are the cell
population densities of nonproliferating, proliferating and maturing cells at time ¢
and age x respectively.

For the special case of

the model (1.1) with

d(t) is independent of ¢, that is, d(t) = d (d is a constant),
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and o

(@) = o
was studied in [5] in terms of the characteristic equations and Rouches theorem.
Moreover, for the special case of h(z) = z (z > 0), the model (1.5) was studied
in [1] in terms of the characteristic equations and Lyapunov functions respectively.
From [2, 5], we see that a decreased number of red blood cells leads to a decreased
amount hemoglobin, thus to a decrease in the arterial oxygen tension. Then, the
proteins cause an increased influx of red blood cells into the blood. Moreover, it is
known that the increased influx flow could also be led also by a sudden release of
nearly mature precursor cells, a higher division rate of stem cells, an increased flow
from the stem cell compartment to the precursor cell compartment, or a sudden
change of the number of nonproliferating cells. Therefore, the models (1.1) (the
rate d(t) is dependent on t) and (1.5) with nonlinear A(-) would be more suitable
for describing the cell population. As one can see, under our setting, we not only
allow h(z) = z, but also allow

hz) =22 +p—/p, or h(z)=ksinz; x>0,

x sin x
or h(m):kixw or h(x):'L;J+xV’; x>0,
(w >0,k >0,and v > 1 are constants). Furthermore, h could be other nonlinear
functions with (1.3).
The rest of this paper is organized as follows. Section 2 is devoted to the study
of behaviors of the solutions of the mathematical model (1.1). In Section 3, we
investigate behaviors of the mathematical model (1.5). Finally, an application with

simulation is presented to illustrate the criterion in Section 4.

forc,® >0and n € N,

2. ON THE MATHEMATICAL MODEL (1.1)
Theorem 2.1. For any positive initial data, the unique solution (S(t), P(t), Z(t))
of (1.1) is positive.
Proof. Since the initial data is positive, we have
(2.1) S(t) >0, P(t)>0, Z(t) >0, forallte[-7,0].
Our strategy next is as follows.
(1) We prove that it is impossible that neither S(¢) nor P(t) is positive.
(2) We prove that it is impossible that P(t) is positive but not S(t).
(3) We prove that it is impossible that S(¢) is positive but not P(t).
(4) We prove that Z(t) is positive.
Firstly, let’s prove (1).
If this is not true, i.e., if neither S(¢) nor P(t) is positive, then
ts := min{t € [0,+00); S(t) =0} >0, and tg < +oo,
tp :=min{t € [0,400); P(t)=0} >0, and tp < +oo.
So,
(2.2) S(t)>0 (Vtelo,ts)), S(ts)=0,
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(2.3) S(tg) = lim 2 =5ts)

<0,
t—ts™ t—1tg

P(t)>0 (Vte[0,tp)), P(tp)=0, and P'(tp)<O0.

Case 1: tg < tp.
In this case, we have
P(t)>0 (Vtel0ts)).
Hence, in view of (1.1), (2.1) and (2.2), we obtain

S'ts) = 2(1—d(ts —7))q(P(ts — 7)h(S(ts — 7))e "7 — d(ts)q(P(ts))h(S(ts)),
2(1 —d(ts — 7))q(P(ts — 7))h(S(ts — 7))e "7
(2.4) > 0,
This contradicts (2.3).

Case 2: tp < tg.
In this case,
S(it)>0 (Vtelo,tp]).

Therefore, by (1.1) and (1.3), we see that
(2.5)
P'(tp) = d(t)q(P(tp))h(S(tp))+(b—pup—kZ(tp))P(tp) = d(t)a(P(tp))h(S(tp)) > 0,
which contradicts that P'(tp) < 0.

Consequently, we know that (1) is true.

Now, let’s prove (2).

If this is false, i.e., if N(¢) is positive but not S(t), then 0 < tg < 400 and (2.3)
is true. Moreover, by the positivity of P(t), we get (2.4) from (1.1), (2.1) and (2.2),
which contradicts (2.3). Hence, (2) is true.

Next, let’s prove (3).

If this does not hold, i.e., if S(¢) is positive but not P(¢). Then, then 0 < tp < 400
and P'(tp) < 0. Thus, it follows from the positivity of S(¢), (1.1) and (1.3) that
(2.5), which contradicts that P’(tp) < 0. Therefore, (3) holds.

In conclusion, both S(¢) and P(t) are positive.
Finally, in view of (1.1) and the positivity of P(t), we obtain

Z(t) = Z(0)e =R g PO)s 5 o ¢ >0,
This means that (4) holds. O

Theorem 2.2. Let (S(t), P(t), Z(t)) be a solution of (1.1) for a positive initial
data, and b < p,. Then

(1) limy—y 400 S(t) = 0 implies that
lim P(t)=0, lim Z(t)=0;

t—+o00 t——+00
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(2) the boundedness of S(t) for t > 0 implies that P(t) and Z(t) are bounded
fort>0.
Proof. It follows from Theorem 2.1 that
(2.6) S() >0, P(t)>0, Z(t)>0, for ¢ > 0.

We divide the case of b < p,, into two cases: b < pp, with b—p,+pz > 0 and b < p,
with b — p, +pz < 0.

Case 1: b < py, with b — pp, +pz > 0.

By (1.1), we have

(cor=o(P(t) + 22))) = VP (1) + Z'(1)
+(up — b)er=II(P(t) + Z(1))

)e!
= d(t)q(P(t)h(S(t))elrr )
+(b— pp)Pt)err=0t — 1y, Z(t)elrr—blt
+(pup — b)e PO (P(t) + Z(t))
= d(t)q(P(t)h(S(t))er)
—(b— pp + pz) Z(t)eWr=D >0,

Since b— pp + pz > 0, ¢(+) is a continuous, positive and decreasing function, we see
by (2.6) and (1.3) that for ¢ > 0,

P(t)+2(t) < (P(0)+ 2Z(0)el#r)t  elompr)t /0 " d()q(P())h(S(s))erPds

t
< (P(())-|—Z(()))e(b—up)t+Lq(p(0))e(b—up)t/ S(s)elrr=bs s
0
< (P(0) + Z(0)e"~#P) 4 Lg(P(0))el®—#r)* / ® S(s)erbs g
0
t
(2.7) +Lq(P(0))elbmr)t / S(s)elrr—bsgs,
3

Clearly, lim;_, 1~ S(t) = 0 implies that S(¢) is bounded, that is, there is a constant
C > 0 such that

(2.8) St <C  (Vt>0).

Therefore, if b < p,, then by (2.7) and the Mean Value Theorem, we know that
there is a £ € [£,] such that,

(np—b)t
e 3 —1

P(t)+Z(t) < (P(0)+ Z(0))eb=rP)t £ CLg(P(0))eb—1+)
Hp —0b

t
+Lg(P(0))e* )5 (¢) / elrr =03 s

3
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2(b—pp)t

3 — elb—np)
< (PO) + 20Dl OLg(PO) =G
1 62(177;,;#
(2.9) +LQ(P(0))S(§)ﬁ,

which goes to 0 as t — +oo since lim;_, 4 S(t) = 0. Hence, by (2.6) we get
tilgloo(P(t) + Z(t)) = 0.

Consequently,
lim P(t)=0, lim Z(t)=0.

t—+o00 t—+o0
Case 2: b <y, with b — pp, +puz < 0.
By (1.1), we have

(2 (P(t) + Z(t)) = el2H(P'(t) + Z'(1)) + pzel = (P(t) + Z(t))
= d(t)g(P(t))h(S(t))e'=" + (b — pup)P(t)e"?!
—puzZ(t)e" 7t + uget st (P(t) + Z(t))
= d(t)g(P(t))h(S(t))e"#!
+(b— pp + pz)PA)eHr=0t ¢ >,
So,

P(t)+Z(t) < (P(0)+ Z(0))erzt + e“Zt/O d(s)q(P(s))h(S(s))e!?%ds

< (P(0) + Z(0)e " + Lg(P(0))e 7" /O " S(s)erzds

IN

(P(0) + Z(0))e "2 + Lq(P(0))e "2 /O * S(s)et75ds

(2.10) +Lq(P(0))e 2! [t S(s)et?%ds.

By the similar arguments as those in Case 1 above, we obtain

lim P(t) =0, tlg_noo Z(t) = 0.

t—4o00

Consequently, (1) is true.

Moreover, if (2.8) holds, then by (2.7) (or (2.9)) and (2.10) we see that P(t)+ Z(t)
is bounded for ¢t > 0, so does P(t) and Z(t) respectively due to (2.6). Thus, (2) is
also true. g

Theorem 2.3. Assume that d(t) = d. Then
(1) (0,0,0) is a steady state (equilibrium) of (1.1).
(2) If b < pp and d # (1 + %e“sT)fl, then (0,0,0) is the only steady state of
(1.1).
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(3) If b> pp and d # (1 + %6“57-)71, then (1.1) has only one non-trivial steady
state (0, 52, b= ).

Proof. Recall that a steady state (equilibrium) of (1.1), is a stationary solution
(S*, P*, Z*), that is, (S*, P*, Z*), satisfies

(2.11) dg(P*)h(S*) = (up—b+kZ*)P
(2.12) pzZ* = kZ*P*,
(2.13) 2(1 — d)g(P*)h(S")e ST = dg(P*)h(S*).

Clearly, (0,0,0) is a steady state of (1.1). So (1) is true.
From (2.13), we see that

[2(1 — d)e #sT — d]h(S*) =0
This means that S* =0 if d # (1 + 6“57) . Therefore, if

1 ~1
b<pup and d#<1+26“5T> ,

then by (2.11), we get P* = 0. Moreover, we know that Z* = 0 from (2.12). So (2)
holds.
Furthermore, if

1 ~1

d # <1 + 26”3T> and b> up,
then by (2.11) and (2.12), we see that (3) is true. O
Theorem 2.4. Let b < up and

1 -1
(1 + 26“5T) <d(t), t>0.

Then for any positive initial data, the solution (S(t), P(t), Z(t)) of (1.1) tends to
(0,0,0).

Proof. In view of Theorem 2.1, (2.6) holds.

Set

W(t) = S(t) + QeNST/t (1 —d(s))q(P(s))h(S(s))ds, t>T.

Then
W(t) >0, t >,

and by (1.1),

W'(t) = S'(t)=2(1—d(t—7))e "Tq(P(t—7))h(S(t—T))

+2(1 = d(t))e " Tq(P())h(S(1))

(2.14) = 20— d@)e T — d(e)g(P()A(S(E)).
Since

1 -1
<1 + 2e“ST> <d(t) <1, t>0,



632 XIAO LIANG

we have
2(1 —d(t))e "™ —d(t) <0, t>0.
This, together with (2.14), (2.6), (1.3) and the properties of the function ¢, implies
that
W'(t) <0, t>.

This means that W (¢) is strictly decreasing. Hence, W (t) is bounded on [T, +00).
So S(t) is bounded for ¢ > 0. By (2) of Theorem 2.2, we know that P(t) and Z(t)
are bounded for ¢ > 0. Therefore, we see by (1.1) that P’(¢) and S’(¢) are bounded

on for t > 0. This means that P(¢) and S(t) are uniformly Lipschitz continuous on
[0, +00). Consequently,

e W/(t) is uniformly continuous on [7, +00).

o lim W(t) = gf W (t).

t——+o0

By virtue of the well-known Barbalat’s Lemma, we have

lim W'(t) = 0.
t——4o00
This, together with (2.14), the boundedness of P(¢) and (1.3), shows that

Thus, by (1) of Theorem 2.2,
lim P(t)=0, lim Z(t)=0.

t——+o0 t——+o00

The following result is a direct consequence of Theorem 2.4

Corollary 2.5. Let b < pup and d(t) = d with

1 —1
<1 + 2€HST> < d

Then the steady state for (1.1) is global asymptotically stable.

3. ON THE MATHEMATICAL MODEL (1.5)

Theorem 3.1. For any positive initial data, the unique solution (M(t), N(t)) of
(1.5) is positive.

Proof. 1t is directly conclusion of a similar argument as that of proving that S(¢) is
positive in Theorem 2.1. O
Theorem 3.2. Let (M(t), N(t)) be a solution of (1.5) for a positive initial data.

(1) If N(t) is bounded, then M(t) is bounded.
(2) Iflimysi00 N(t) =0, then limy_y oo M(t) = 0.
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Proof. In view of Theorem 3.1,
(3.1) M(t) >0, N(t)>0, for t>0.
By (1.5), we have
(e“MtM(t))/ = eMMlr N h(N () + 2rpet M= FPTg(M(t — 7))h(N(t — 7)), t>0.

Therefore, for ¢ > 7,

t
M(t) — e_uju(t_T)M<7—)+rN/‘ euh{(s—t)h(N(S))ds

(3.2) +27“pe_’””/ e“M(S_t)q(M(s —7))h(N(s —7))ds.

Noting that [ is decreasing and N(t) is bounded, it is easy to show by (3.2) and
(1.3) that (1) is true.

Next, we prove (2).

Since limy_ 400 N(t) = 0, N(t) is bounded. From (1) we know that M (t) is also
bounded. Hence, there is a constant C; > 0 such that

N(t) < Cy, M(t) <y, (Vt>0).
Thus, by (3.2) and (1.3), we obtain, for ¢t > 7,
M(t) = e MMt (etMT M (T)

2(t+71)
3

4 [T RN () + 2rpe ) O Tg(M (5 = T))h(N (s - T>>ds)

T

e Mt /2(“ (rnh(N(s)) + 2rpe *PT)etm =) g (M (s — 7))h(N (s — 7))ds

3

—T 2t -
< e Hut <e“MTC'1 +[rn + QTPG_MPTQ(O)]LC&e“M(%S ) 3 T)

¢
(3.3) —|—e_“Mt[rN + 2rpe_“PTq(0)]L/ e”M(S_T)N(S — T)ds.

2(t+7)

3

It is clear that

(3.4) lim e*the#M(Qt;T)Qt T lim e—uM(H'TT)Qt;T

t—+o00 3 t—+o00 3 =0

Moreover, by the Mean Value Theorem, we know that there is a £ € [@, t] such

that

2(t47) 2(t47)

t t
e Mt / METIN (s —7)ds = e PMIN(E—7) / el (5=7) gg
3
e_l'LIWT _ ef:u'M(HTT)

= N(E-7) ar ,
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which goes to 0 as t — o0 since limy_,; N(¢) = 0. This fact, together with (3.3),
(3.4) and (3.1), implies that

lim M(t) = 0.
t—+00
O
Theorem 3.3. Let
(3.5) 2(1 —rp)e *PTL —1]q(0) < pun + rn.

Then
(1) (0,0) is the only steady state of (1.5);
(2) for any positive initial data, the solution (M(t), N(t)) of (1.5) tends to
(0,0).

Proof. The proof of (1) is obvious.

Next, we prove (2).

Let (M(t), N(t)) be a solution of (1.5) for a positive initial datum. Then (3.1)
is true by Theorem 3.1.

Define

U(t) = N(£) +2(1 — rp)e T / J(M(s)h(N(s))ds, &> .

Then
(3.6) U(t) >0, t>T,
and by (1.5),
U'(t) = N'(t)+2(1— rp)e T[g(M()A(N (1) — a(M(t — ))h(N (t — 7))]
B7) = —lpy+raIN(E) = g(M(#)N () +2(1 - rp)e” " Tq(M (1)) h(N(1)).

(i) If2(1 —rp)e #P"L —1 > 0, and (3.5) holds, then by (3.7), (1.3), (3.1), (1.3)
and the properties of 8, we obtain
U'(t) < —lpn +rnIN() —a(M(6)N(t) +2(1 —rp)e "7"Lqg(M(t))N(t)
= —lun +ry|N(@) + [2(1 —rp)e #PTL — 1 q(M(2))N(t)
—[un +rN]N(t) +[2(1 —rp)e *PTL — 1]g(0)N(t)
= {20 —rp)e """L —1]q(0) — [un + rn]} N (t)
(3.8) < 0, t>r.
(i) If 2(1 —rp)e *PTL—1 < 0, then by (3.7), (1.3), (3.1), (1.3) and the properties
of B, we have
U'(t) < —[un +rn]N(t) —q(M(4))N(t) +2(1 —rp)e " La(M(t))N(t)
= —[un +rn]N(@) +[2(1 —rp)e #PTL — 1]q(M (1)) N (t)
(3.9) <0, t>t
Consequently we see that if (3.5) holds, then

U'(t) <0, t>T.

IN
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Hence, U(t) is strictly decreasing, which means that U(t) is bounded on |7, +00).
Thus, N(t) is bounded on [0, +00). (1) of Theorem 3.2 shows that M(t) is bounded
on [0,+00). By the same argument as that in the proof Theorem 2.4, we obtain

. / -
(3.10) Jlim U'() = 0.

Next, by virtue of the idea and similar arguments given in [3], we can prove that

(3.11) lim N(t) = 0.

t—+o00

For paper’s completeness as well as readers’ convenience, we present the whole proof
as follows.

Suppose (3.11) is false. Then there exists at least an ¢y > 0 such that for every
n € N, there is t, > n such that

N(tn) > €.

The boundedness of N (t) implies that there exists a subsequence {t,, } of {t,} such
that

tn, > 71 forall k> ko

where kg is a fixed positive integer, and

lim N (t,,)=a>¢ >0,
Jm N () =a 2

where « is a constant.
If 21 —rp)e "L —1 > 0, and (3.5) holds, then by the property of /3, (3.1),
(1.3) and (3.7), we obtain

lim U (t,,) < lim {[2(—rp)e "L - 1g(0) — [un +ra]} N((ta,))

k——+oc0 k—+o0
= « {[2(1 —rp)e PTL —1]q(0) — [pun + T’N]}
< 0, t>T.

which contradicts (3.10).
Moreover, if 2(1 —rp)e ™ #PTL — 1 < 0, then, by (3.9), we have

lim U’ (tn,) = —pn lim N (t,,) = —una <0,

k—+4o0 k—4o00

which contradicts with (3.10) also.
Therefore, (3.11) holds. This, together with Theorem 3.1, shows that

lim M(t) =0.

t——+o0
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4. AN APPLICATION WITH SIMULATION

Example 4.1. Consider the following nonlinear differential system, which could be
used to model a cell population

(4.1)
: 1 N ()
N'{it) = =-2(1
®) ( T 102 ) [T+ 4 x 105N (7))
N 192N (¢ — 0.05) o
[T+ 10 201 — 0.05) |1+ 4x 105N(t —0.05)] =
M(#) 0.96N (1)
M) = —
®) 2 T Tr4x105N(D)
. 192N (¢ — 0.05) oo
\ [1+ 1020 (t — 0.05)125][1 + 4 x 108N (t — 0.05)]" =
Take

1

pn =052, rn =048, q(M)= 11101237135
2N

h(N) = Trixi0sy P 0.5, pup=—201n0.96,
7=0.05, pupy =05, L=2.
Then it is easy to see that (3.5) is satisfied for (4.1). Therefore, by virtue of Theorem
3.3, we know that for all positive initial data, the solution (M (t), N(t)) of (4.1)
tends to (0,0). This means that for the model (4.1), the cell population extinct
definitely.
On the other hand, solving the problem (4.1) on [0, 20] with history M (¢) = 100,

N(t) = 100 for t < 0, by means of the Matlab package DDE23, we obtain Figure
1 below. This figure illustrates numerically that the conclusion of Theorem 3.3

Model for T = 0.05.
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FiGURE 1

very well, which shows clearly that for the model (4.1), the cell population extinct
definitely.
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