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ON GENERAL SYSTEM OF VARIATIONAL INEQUALITIES IN
BANACH SPACES*

A. E. AL-MAZROOEL B. A. BIN DEHAISH, A. LATIF, AND J. C. YAO!

ABSTRACT. Let X be either uniformly smooth or a reflexive Banach space which
has a weakly continuous duality map J, with gauge ¢. In this paper we propose
an implicit iterative method and another explicit iterative method for solving a
general system of valriational inequalities in X. These two methods are based
on Korpelevich’s extragradient method and Halpern’s iterative method. Fur-
thermore, we prove that under appropriate conditions the suggested algorithms
converge strongly to some solutions of the considered general system of variational
inequalities.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C be a
nonempty closed convex subset of H and Pg be the metric projection of H onto
C. Let By,Bs : C — H be two mappings. Recently, Ceng, Wang and Yao [9]
introduced and considered the following problem of finding (z*,y*) € C' x C such
that

(1.1)

which is called a general system of variational inequalities (GSVI), which p; and
po are two positive constants. The set of solutions of problem (1.1) is denoted by
GSVI(C, By, Bs). It is clearly to see that problem (1.1) covers as special case the
following classical variational inequality problem (VIP) of finding x* € C such that

(1.2) (Az*,x —2*) >0, VreCl.

The solution set of the VIP (1.2) is denoted by VI(C, A). Variational inequality
theory has been studied quite extensively and has emerged as an important tool in
the study of a wide class of obstacle, unilateral, free, moving, equilibrium problems.
It is now well known that the variational inequalities are equivalent to the fixed
point problems, the origin of which can be traced back to Lions and Stampacchia
[13]. This alternative formulation has been used to suggest and analyze projection
iterative method for solving variational inequalities under the conditions that the
involved operator must be strongly monotone and Lipschitz continuous.

(mBry*+o*—y*x—2*) >0, Vael,
(uoBox™ + y* — x*,x —y*) >0, VaeC,
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Recently, Ceng, Wang and Yao [9] transformed problem (1.1) into a fixed point
problem in the following way:

Lemma 1.1 (see [9]). (For given z,y € C, (z,y) is a solution of problem (1.1) if
and only if T is a fived point of the mapping G : C — C defined by

(1.3) G(z) = Po[Pc(x — peBax) — i B1Po(z — paBax)], Vo € C,
where § = Po (T — peBaX).

In particular, if the mappings B; : C — H is B;-inverse strongly monotone for
i = 1,2, then the mapping G is nonexpansive provided p; € (0,24;) for i =1, 2.

Let X be a real Banach space whose dual space is denoted by X*. Let U =
{z € X : ||z|| = 1}. A Banach space X is said to be uniformly convex if for each
e € (0,2], there exists 6 > 0 such that for all =,y € U,

lz—yll >e = Jz+yll/2<1-0.

It is known that a uniformly convex Banach space is reflexive and strict convex. A
Banach space X is said to be smooth if the limit

g I+ ] = ]

t—0 t
exists for all x,y € U. It is also said to be uniformly smooth if this limit is attained
uniformly for z,y € U. The norm of X is said to be the Frechet differential if for
each x € U, this limit is attained uniformly for y € U. Also, we define a function
p:[0,00) = [0,00) called the modulus of smoothness of X as follows:

1
p(r) = sup {5z +yll + lz —yl) —1:2y € X, all =1, Iyl =7}.

It is known that X is uniformly smooth if and only if lim,_,¢ p(7)/7 = 0. Let ¢ be a
fixed real number with 1 < ¢ < 2. Then a Banach space X is said to be g-uniformly
smooth if there exists a constant ¢ > 0 such that p(7) < ¢7? for all 7 > 0. As
pointed out in [17], no Banach space is g-uniformly smooth for g > 2.

Let X* be the dual of X. The normalized duality mapping J : X — 2% is
defined by

J(x) = {a" € X"t (z,2") = |z|* = |]2"[*}, Vzx € X,

where (-, -) denotes the generalized duality pairing. It is an immediate consequence
of the Hahn-Banach theorem that J(z) is nonempty for each x € X. Moreover, it is
known that J is single-valued if and only if X is smooth, whereas if X is uniformly
smooth, then the mapping J is uniformly continuous on bounded subsets of X.
Let C' be a nonempty closed convex subset of a real Banach space X. A mapping
T : C — C is called nonexpansive if

|2~ Ty| < lle —yll, Va,y e C.

We use the notation — to indicate the weak convergence and the one — to indicate
the strong convergence.

Definition 1.2. Let A: C — X be a mapping of C' into X. Then A is said to be
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(i) accretive if for each x,y € C there exists j(z — y) € J(xz — y) such that

where J is the normalized duality mapping;
(ii) a-strongly accretive if for each z,y € C there exists j(z —y) € J(x —y) such
that
(Az — Ay, j(z —y)) > allz — y|%,
for some « € (0,1);
(iii) S-inverse-strongly-accretive if for each x,y € C' there exists j(z — y) €
J(z — y) such that

(Az — Ay, j(z —y)) > Bl| Az — Ay,

for some 5 > 0;

(iv) A-strictly pseudocontractive if for each z,y € C there exists j(z — y) €
J(x — y) such that

(Az = Ay, j(z =) < o =y = Az —y — (Fz - Fy)|”
for some X\ € (0,1).

Very recently, Yao, Liou, Kang and Yu [20] studied the following general system
of variational inequalities (GSVI) in a real smooth Banach space X, which involves
finding (2*,y*) € C' x C such that

(1 4) </’LlBly* +a* - y*a J(‘T - l’*)> > 0’ Vr € Ca
' (uoBox* +y* —z*, J(x — y*)) >0, VzeC,

where C' is a nonempty, closed and convex subset of X, By, By : C — X are two
nonlinear mappings and p; and ps are two positive constants. Here the set of
solutions of GSVI (1.4) is denoted by GSVI(C, By, B2). In particular, if X = H, a
real Hilbert space, then GSVI (1.4) reduces to GSVI (1.1) which was considered by
Ceng, Wang and Yao [9].

In [20], Yao, Liou, Kang and Yu constructed two algorithms for solving GSVI
(1.4) in a uniformly convex and 2-uniformly smooth Banach space: one implicit
algorithm and another explicit algorithm. They proved the strong convergence
of the proposed methods [20, Theorems 3.5 and 3.7], by vietue of the following
inequality in a 2-uniformly smooth Banach space X.

Lemma 1.3 (see [18]). Let X be a 2-uniformly smooth Banach space. Then
lz +ylI* < [le]® + 2{y, J(2)) +2|lwyl|*, Va,y € X,
where k 1s the 2-uniformly smooth constant of X and J is the normalized duality
mapping from X into X*.
Define the mapping G : C' — C as follows
G(z) == Ho(I — mB)Io(I — peBa)z, Vw e C.

The fixed point set of G is denoted by 2. We remark that in [20, Theorems 3.5 and
3.7], the Banach space X is assumed to be both uniformly convex and 2-uniformly
smooth. According to Lemma 1.3, the 2-uniform smoothness of X guarantees the
nonexpansivity of the mapping I — p; B; for a;-inverse-strongly accretive mapping
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B; : C — X with 0 < p; < % for i = 1,2, and hence the composite mapping
G : C — C is nonexpansive where G = Ilo(I — pu1B1)IlIo(I — p2Bs). However,
the uniform convexity of X guarantees that there holds the demiclosedness prin-
ciple for nonexpansive mappings. Naturally, it is interesting to know whether the
uniform convexity and 2-uniformly smoothness of X can be replaced by the weaker
geometrical property of X or not. The main purpose of this paper is to consider
the above mentioned question and to give an affirmative answer. We will propose
implicit and explicit algorithms based on Korpelevich’s extragradient method [11]
and Halpern’s iterative method [15] to find approximate solutions of GSVI (1.4).
Strong convergence results of these two methods will be established under very mild
conditions. We observe that some recent results in this direction have been obtained
in,eg., (2, 3,4,5,6,7, 8, 14].

2. PRELIMINARIES

The following lemmas will be used in the sequel. Lemma 2.1 can be found in [19]
and Lemma 2.2 is an immediate consequence of the subdifferential inequality of the
function 3| - |2
Lemma 2.1. Let {s,} be a sequence of nonnegative real numbers satisfying

Sp41 < (1 - an)sn + anfn + Yn, Yn >0,
where {an}, {Bn} and {vn} satisfy the conditions:
(i) {an} C [07 1]7 Z;.LOZO Qp = O0;
(i) limsup,,_,o Bn < 0;

(ii)) >0 (Yn > 0), 302 < 0.
Then limsup,,_,., Sn, = 0.

Lemma 2.2. In a smooth Banach space X, there holds the inequality
|z +yll* < llz|* +2(y, J(z +y)), Vr,yeX.

Recall that a gauge is a continuous strictly increasing function ¢ : [0, c0) — [0, 00)
such that ¢(0) = 0 and p(t) — oo as t — oo. Associated to a gauge ¢ is the duality
map J,: X — 2X" defined by

Jo(x) = {z* € X*: (z,27) = [lz[le(=]]) and [J2"]| = (ll2[))}, Ve e X.

Following Browder [1], we say that a Banach space X has a weakly continuous
duality map if there exists a gauge ¢ for which the duality map J, is single-valued
and weak-to-weak® sequentially continuous (i.e., if {x,} is a sequence in X weakly
convergent to a point z, then the sequence J,(xy) converges weak*ly to J,(x)). It
is known that [P has a weakly continuous duality map for all 1 < p < co. Set

(1) = /Otcp(s)ds, > 0.

Then

Jo(x) = 08(||z)), Vxe X,
where 0 denotes the subdifferential in the sense of convex analysis. The first part of
the following lemma is an immediate consequence of the subdifferential inequality,
and the proof of the second part can be found in [12].
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Lemma 2.3. Assume that X has a weakly continuous duality map J, with gauge
©.
(i) For all xz,y € X, there holds the inequality

B[z +yll) < e(ll]) + (v, Jo(z + ).

(ii) Assume a sequence {xy,} in X is weakly convergent to a point x. Then there
holds the identity
lim sup @(||z,, — y||) = limsup &(||x, — z||) + @(||ly — =), Yy e X.
n—oo n—oo
Let D be a subset of C' and let II be a mapping of C' into D. Then I is said to
be sunny if
M (x) + t(z — I (x))] = 1 (),
whenever II(z) + t(x — II(z)) € C for x € C and t > 0. A mapping II of C into
itself is called a retraction if II? = II. If a mapping II of C into itself is a retraction,
then II1(z) = z for every z € R(II) where R(II) is the range of II. A subset D of
C is called a sunny nonexpansive retract of C' if there exists a sunny nonexpansive
retraction from C' onto D. The following lemma concerns the sunny nonexpansive
retraction.

Lemma 2.4 ([16]). Let C' be a nonempty closed convexr subset of a real smooth
Banach space X, D be a nonempty subset of C' and II be a retraction from C onto
D. Then II is sunny and nonexpansive if and only if

(= (z),J(y — 1(2))) <0,
forallx € C andy € D.

It is well known that if X = H a Hilbert space, then a sunny nonexpansive
retraction [lo is coincident with the metric projection from X onto C; that is,
Illc = Po. Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space X and let T': C' — C be a nonexpansive mapping
with the fixed point set Fix(T') # (). Then the set Fix(T) is a sunny nonexpansive
retract of C.

3. IMPLICIT ITERATIVE SCHEMES

In this section, we introduce our implicit iterative schemes and show the strong
convergence theorems. First, we give several useful lemmas. Lemmas 3.1 and 3.2
can be showed easily and therefore the proofs will be omitted.

Lemma 3.1. Let C' be a nonempty closed conver subset of a smooth Banach space
X and let the mapping B; : C' — X be A;-strictly pseudocontractive and o;-strongly
accretive with a; + X\j > 1 for i =1,2. Then, for u; € (0,1] we have

1—042' 1
10 = piBie = (L =Byl < {5+ Q=) (14 ) fla =yl VaryeC

for i = 1,2. In particular, if 1 — 1?31 (1 — 17\10‘2) < p; <1, then I — u;B; is

nonexpansive for i =1,2.
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Lemma 3.2. Let C be a nonempty closed convex subset of a smooth Banach space
X. Let Ilc be a sunny nonexpansive retraction from X onto C and let the mapping
B; : C — X be \;-strictly pseudocontractive and o;-strongly accretive with o + Ay >
1 fori=1,2. Let G: C'— C be the mapping defined by

G(z) = lc[llc(x — p2Bax) — py Billo(x — paBax)], Vr € C.

If li’)\l (1 — ,/1;—?1') < p; <1, then G : C' — C is nonexpansive.

Lemma 3.3. Let C be a nonempty closed convex subset of a smooth Banach space
X. Let llo be a sunny nonexpansive retraction from X onto C' and let the mapping
B; : C — X be \;j-strictly pseudocontractive and ay-strongly accretive for i = 1,2.
For given z*,y* € C, (xz*,y*) is a solution of GSVI (1.4) if and only if x* =
e (y* — mBiy*) where y* = Ic(z* — paBax™).

Proof. We can rewrite GSVI (1.4) as

(3.1) (z* = (y* — mBry*), J(x —a*)) >0, Vz€C,
' (y* — (z* — peBoz™), J(x —y*)) >0, Vx e C.
The conclusion then follows from Lemma 2.4. O

Remark 3.4. By Lemma 3.3, we observe that
xt = lolllo(x* — peBax™) — i Bille(x™ — paBax™)],

which implies that x* is a fixed point of the mapping G. The set of fixed points of
the mapping G will be denoted by €.

Now, in order to solve GSVI (1.4), we first introduce an implicit algorithm. Let
C be a nonempty closed convex subset of a smooth Banach space X. Let Il be a
sunny nonexpansive retraction from X onto C. Let the mapping B; : C — X be
Ai-strictly pseudocontractive and «y-strongly accretive with a; +A; > 1 for i = 1, 2.

14);/\< - \/?) < <1fori=1,2. Let
F : C — X be a-strongly accretive and A-strictly pseudocontractive with e+ > 1.

Now, take t € (0,1). For given 6, € [0, 1), we define a mapping 7; : C — C by
(3.2) Tww=tu+ (1 —t) (I —0.F)Ilc(I — p1B1)IIc(I — puaBo)x, Yz e C,
where v € C' is a fixed element.
Define another mapping S;
(3.3)
Sy = lc(I = 6,F)1c(I — p1Bi) o (I — paBa)x
= 1c[(1 = 0)I + 0,1 — F)|llc(I — puB1) (I — peBo)z, V€ C.

Then T; is rewritten as

(3.4) Tix =tu+ (1 —t)Six, VzeC.

In what follows, we assume that

Let us show that Sy : C — C' is nonexpansive. As a matter of fact, utilizing the
arguments similar to those in Lemma 3.1, we can derive

—
(I = F)z— (I = F)y|l < |z —yl, Vo,yel.
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Since av + A > 1, we get I_T"‘ < 1. It is clear that I — F' is nonexpansive and hence

I—-6,F = (1—0;)1+6,(I—F) is nonexpansive. So, IIc(I—6,F) is nonexpansive. We
note that by Lemma 3.1, IIo(I — p;B;) is nonexpansive for ¢ = 1,2. Thus, it follows
from (3.3) that S; : C' — C' is nonexpansive. This together with (3.4), implies that
T; : C — Cis a contraction. Therefore, the Banach contraction principle guarantees
that T; has a unique fixed point in C, which we denote by xy; that is,

(3.5) ¢t =tu+(1—1t)Sixy = tu+ (1 —t)[Ic(I — 6. F) (I — p1 Br) o (I — poBa)xy.
We now state and prove our first result.

Theorem 3.5. Let C' be a nonempty closed convex subset of a reflexive Banach
space X which has a weakly continuous duality map J, with gauge ¢. Let B; :
C — X be \;-strictly pseudocontractive and «;-strongly accretive with o; + A\; > 1

for i = 1,2. Assume that 1 — 1i3\2 (1 — 1;—?”) < p; <1 fori=1,2. Let

F:C — X be a-strongly accretive and A-strictly pseudocontractive with o + A > 1.
Fixuw e X and t € (0,1). Let x; € C be the unique solution in C to Eq. (3.5),
where 0; € [0,1),Vt € (0,1) and lim;_,g+ 6;/t = 0. Then 2 # 0 if and only if

(3.6) limsup ||z¢]| < o0,
t—0+

and in this case, {x¢} converges ast — 07 strongly to an element of 2.
Proof. If 2 # (), we can take p € {2 to derive from (3.5) that, for t € (0, 1),

e —pll - < tllu—pl + (1 = 1)[[Sez: — pl|
< tllu—pl + (L= )| Sewe — Sepll + [|Sep — pl|)
= tllu—pl + (1 = ) St — Sepll + [ (I = 0:F)p — Hepl|)
< tllu—pll + (1 =Bz — pll + 0 F(p)l;

which implies that

0,
(3.7) lze = pll < flu = pll + I E @)
Because lim; o+ 0/t = 0, we get from (3.7) that
(3.8) lim sup [lag[| < |[pl| + [lu = pl| < o0

t—0t
and hence (3.6) holds.
Conversely, assume (3.6); that is, {x;} remains bounded when ¢ — 0T; hence

F(G(z¢)) is bounded, where G is defined as in Lemma 3.2. Because, in terms of
(3.5)

t
(39) Tt — G(.’Et) == 1— t(u - .TL‘t) + StCCt - G(CL‘t),
we obtain
loe = Gl < 15 llu— 2l + [|1Size — Gla)|
= ol — @il + [ Ho(G(a) — 0.F (G(x1) — HoG(ay)|
< t5llu = @l + 0l F(Ga)l,

which hence yields
(3.10) lim [|zy — G(at)|| = 0.

t—0t
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Now assume t, — 07. Because X is reflexive and {z;, } is bounded, we may
assume that z;, — 2 for some z € C. Because J, is weakly continuous, we have by
Lemma 2.3,

limsup @(||z¢, — z||) = limsup &(||xt, — z||) + @(||]z — 2||), Vze X.
n—oo

n—oo
Put
f(z) =limsup @(||x¢, — z|]), Va e X.

n—o0

It follows that
f(x) = f(2)+ &(|z - 2||), VzeX.
From (3.10), we obtain

F(G() = limsup By, — G(=)])

(3.11) = limsup &(|Glar,) — G()])
< limsup &(|lay, — =) = f(2).

On the other hand, however,
(3.12) f(G(2) = f(2) + 2([|G(2) — =)
Combining Egs. (3.11) and (3.12) yields

o([|G(2) = =[) < 0.

Hence, G(z) = z and z € {2; so {2 is nonempty and we further prove that the entire
net {z;} actually strongly converges. Indeed, what has been shown above is that if
tn, — 0% and s, — 0T are chosen so that z;, — z and z5,, — w, then z,w € 2 and
x¢, — z and x5, — w. So it remains to show that z = w. Toward this, we observe
that, for ¢t € (0,1) and p € (2,

zy —p = (1=1)(Stzr — Sep) + t(u — p) + (1 = )(Sep — p).
It follows that
(xt —p, Jp(zt —p)) = (1 = ){(Stwt — Sep, Jp(2t — p))
+t(u —p, Jp(xe — p)) + (1 = t)(Stp — p, Jy (2t — p)).

Because (z, J,(x)) = ||z|¢(||z|) for all z € X, we deduce from the last equation
that

lze = plle(lze —pl) - < (1= D)[ISexe — Sepll| Jp(2: — p)l
+t(u = p, Jp(xr = p)) + (1= D[Sep = pll[| Jo (21 — )|
< (1 =t)llze = plle(lze — pl) + t{u — p, Jo(x1 — p))
+(1 = )|l (I = 6, F)p — Heplle(lz: — pl)
< (1 =t)[lze — plle(llze — pll)
+t(u = p, Jo(ze = p)) + O F (D)l — pll)-

Therefore,

(3.13) lze = plle(llze = pll) < (u=p, Jp(zr = p)) + %!!F(p)llw(\lxt —rl)-
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Now taking the limit in (3.13) through ¢, — 0 and noting that z;, — z and
lim;_,o+ 0¢/t = 0, we have

(3.14) Iz = plle(llz = pll) < (u—p, Jo(z = p)), Vpe L.
In particular,
(3.15) Iz = wlie(lz = wl) < u—w, Jo(z = w)).

Interchange z and w to attain
(3.16) [w = zlle(fJw = 2[]) < (u— 2, Jo(w = 2)).
Adding up (3.15) and (3.16), we obtain
2|z = wlle(llz —wll) < (2 = w, Jp(z = w)) = ||z = wllp(||z — wl)-
Hence ||z — w|l¢(]|z — w]||) = 0, and we must have z = w. O

We next establish the version of Theorem 3.5 in a uniformly smooth Banach
space.

Theorem 3.6. Let C' be a nonempty closed convex subset of a uniformly smooth
Banach space X. Let B; : C — X be \;-strictly pseudocontractive and o;-strongly

accretive with a; + A; > 1 for i =1,2. Assume that 1 — As (1 - ,/1;\—:’“) < <1

T+
fori=1,2. Let F : C' = X be a-strongly accretive and \-strictly pseudocontractive
with a+X>1. Firu e X andt € (0,1). Let s € C be the unique solution in C
to Eq. (3.5), where 0, € [0,1),Vt € (0,1) and lim;_,o+ 0;/t = 0. Then 2 # 0 if and
only if (3.6) holds and in this case {x} converges ast — 07 strongly to an element
of 12.

Proof. The necessity of (3.6) follows from (3.8). To see the sufficiency, we first
notice that both (3.9) and (3.10) hold. Let now {¢,} be a sequence in (0,1) such
that ¢, — 0 as n — oo. Define a function g on C by

1
(3.17) g(xz) = LIMn§||$tn —z|), Vrecd.

(Here LIM denotes a Banach limit on [*°.)
Let K be the set of minimizers of g over C; that is,

K={zeC:g(z)= Iylggg(y)}-

It is easily known that K is a closed bounded convex nonempty subset of C. Because
of (3.10), K is also G-invariant (i.e., G(K) C K). Because a uniformly smooth
Banach space has the fixed point property for nonexpansive mappings, G admits a
fixed point in K. Denote by v such a fixed point of G. Because v is a minimizer of
g over C, it follows that, for x € C,

0 <lg(v+s(x—v))—g)]/s
(3.18) _ LIMn%(H(fL‘tn —v) +s(v— :p)||2 — ||@y, — v||2)/s,

Because the duality map J is uniformly continuous over bounded subsets of X, we
can take the limit as s — 0 under the Banach limit LIM to get

LIM, (z — v, J (2, —v)) <0, Vrel.
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In particular,
(3.19) LIM,, (u — v, J(z¢, —v)) < 0.
Because J = J, with ¢(t) =t for all t € [0,00), it follows from (3.13) that

0
(3.20) e =l < (u— v, (2 — p)) + fIIF(p)Hllwt —pll, Vpe L

In particular,
0
(3:21) 2, = vl* < (u— v, J(ze —v)) + %I!F(v)llllﬂftn — vl
n

Adding (3.21) to (3.19) and noting 6;, /t,, — 0, we obtain
LIM,, ||z, — v| < 0.

Hence there is a subsequence of {z,}, still denoted {z;,}, converging strongly to
v.

To see that the entire net {z;} actually converges strongly as ¢ — 0, we assume
that there is another sequence {s;} in (0,1), s; — 0 as j — oo, such that xs, — 2.
Then we have z € 2. From (3.20) we have

0,

|z, = 2l < (u = 2, T (20, = 2)) + NP2, — 2]

n

Letting n — oo yields
(3.22) v —z|? < (u—2zJ—2)).
Similar argument gives us
(3.23) |z —v||* < (u—wv,J(z —v)).
Adding up (3.22) and (3.23) yields
2|z — vl < (5 — v, J(z — ) = |12 — o
Hence z = v, and {x;} must be strongly convergent as ¢t — 0. O

Theorems 3.5 and 3.6 show that if X either is reflexive and has a weakly contin-
uous duality map or is uniformly smooth, then in the case of 2 # (), we can define
a mapping @ : C — (2 by setting
(3.24) Q(u) = s — lim z,

t—0+

where z; is the unique solution to the fixed point equation (3.5). The final result of
this section verifies that @) is the sunny nonexpansive retraction from C onto (2.

Theorem 3.7. Let C' be a nonempty closed convex subset of a reflexive Banach
space X . Assume, in addition, X either has a weakly continuous duality map or is
uniformly smooth. Assume 2 # (. Then under the conditions of Theorems 3.5 (or
of Theorems 3.6), Q is the sunny nonexpansive retraction from C onto 2.
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Proof. We first show that @ is indeed a retraction from C' onto {2. As a matter of
fact, assuming p = G(p) implies via (3.5) (where u = p) that

lze —pll = 1[(1 = t)(Sezy — Sep) + (1L — £)(Sep — p)||
< (1= 0)[|Ssxe = Sipll + (1 = )| (I = 6,F)p — Hepl|
< (1 =t)|lze — pll + 6| F(p)l,
so we have

2 — pl| < *HF( ik
which together with lim;_,q6;/t = 0, implies that

—pll = 1i —pl =0.
1Q(p) = pll = lim |l — pll

Hence Q(p) = p for all p € 2 and Q is a retraction onto 2.
To show that @ is sunny nonexpansive, by [?] (see also [?]), it suffices to show
that

(3.25) (u—Qu),J(p—Qu)) <0, YueC, Vpe
or equivalently,
(3.26) (u—Q(u), Jo(p — Q(u))) <0, YueC, Vpe L.

In the case that X has a weakly continuous duality map J,, we compute that, for
pef,

(xe — G(@1), Jp(zr — p)) = (@t — p, (2 — ) + (p — G(21), Jp (2 — p))
> ([ PH lp = G(@e)De(llze — pl)
> 0.
Next notice by (3.5)
Ty — U= f¥[9§t — G(x) + G(x) — Spxy],
to deduce that
<37t — U, Jcp(xt _p)> = 115 <xt - G(xt)7 Jw(xt p)>
— (G (1) — Spwe, Jp (e — p))
(3.27) < LG () = Seaell (|| — pH)
= 1THUCG(»”%) He(I = 6:F)G ()|l o([|ze — pl])
< B F(G(xr)) (|2 — pl])-

Because 6;/t — 0 and z; — Q(u) as t — 07, taking the limit as ¢t — 07 in (3.27),
we obtain (3.26).

In the case that X is uniformly smooth, by repeating the above argument with
the gauge op(t) =t for all t € [0, 00), we obtain (3.25). O
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4. EXPLICIT ITERATIVE SCHEMES

In this section, we introduce our explicit iterative schemes which are the dis-
cretization of the implicit iterative schemes (3.5), and show the strong convergence
theorems.

Algorithm 4.1. Let C' be a nonempty closed convex subset of a real smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let By, By :
C — X be two nonlinear mappings. Let F': C — X be a-strongly accretive and
A-strictly pseudocontractive. For arbitrarily given xy € C, let the sequence {x,} be
generated iteratively by

(4.1) wpy1 = Bou+ (1= Bn)lc(I — v F) (I — p1Br) o (I — p2B2)xn, Yn >0,

where {5,} C (0,1), {y} C [0,1), u € C is a fixed element and p, us are two
positive numbers.
In particular, if By = By = A, then (4.1) reduces to the following:

(4.2) zpy1 = Buu+ (1 = Bp) (I — W F)c(I — p1A) (I — poA)zy,, Vn > 0.

Theorem 4.2. Let C' be a nonempty closed convex subset of a reflexive Banach
space X which has a weakly continuous duality map J, with gauge @. Let B; : C' —
X be \;-strictly pseudocontractive and oy-strongly accretive with a; + Ay > 1 for

i =1,2. Assume that 1 - 2% (1-/'55) < w1 fori=1,2. Let F: C — X
be a-strongly accretive and \-strictly pseudocontractive with o + X > 1. Let 2 # ()

and assume that
(i) Brn — 0 and 21010:0 B = 00;
(ii) limp—o0 Yn/Bn = 0;
(iii) Zfzozl ’ﬁn - 5n—1| < 00 or limy, a0 Bn—l/ﬁn =1;
(iv) Zle "771 — Yn-1| < 00 orlim, ;o "Yn - ’Ynfll/ﬁn =0.
Then the sequence {x,} generated by scheme (4.1) converges strongly to an
element of {2.

Proof. For each n > 0, let .S,, be defined by
Spr = Hc(I - ’)/nF)Hc(I — ,u,lBl)Hc(I — M2B2>$, Ve e C.

Then we know that
(i) the scheme (4.1) is rewritten as

(4.3) Tnt1 = Bpu+ (1 — B)Spxn, Yn > 0;
(ii) Sy, is nonexpansive by the similar argument to that of the nonexpansivity of
Sy in (3.5);

(iii) Spp = (I — v, F)p for all p € £2.
Thus, we deduce that for p € {2,
(4.4)
[Zns1 = pll = [|Bau —p) + (1 = Bn) (Snzn — p)||
< Bullu = pll 4 (L = Bn)[|Snn — pll
< Ballu = pl| + (1 = Bn)(|Snen — Spp| + [|Snp — pll)
= 671”“’ _pH + (1 - /Bn)(HSnl'n - San + HHC(I - ’VnF)p - HCP”)
< Ballu = pll + (1 = Bn)l|lzn — pll + Wl F'()]]-
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Because lim,, o0 v, /Brn = 0, we may assume without loss of generality that v, < 3,
for all n > 0. Hence, from (4.4) we get

[£nt1 = pll < Bulllu = pll + 1F@)) + (1 = Bo)llen —pll,  ¥n=0.

By induction, we conclude that
(4.5) [2n = pll < max{||u —pll + [F(D)I], lzo = p[}, Vn = 0.

Therefore, {x,} is bounded, so are the sequences {G(z,)} and {F(G(x,))}. Also,
from (4.1), we have

[Zn+1 — G(xn)ll < Bullu — G(zn)| + (1 = Bu)|Sntn — G(z0)||
= Ballu — G(zn)|| + (1 = Bo) (I — v F)G(zn) — HoG(zn)||
< Ballu = Glzn)[| + (1 = Bp) | F(G(zn))||
< Bullu = G(zn)[| + Wl F(G(2n)) |,

which together with 8, — 0 and v, — 0, implies that
(4.6) 1 (|1 — Glaa)]| = 0.

Now we note that
In+l — Tp = Bnu + (1 - ﬁn)snxn - Bn—lu - (1 - /Bn—l)Sn—lxn—l
= (/Bn - Bn—l)(u - Sn—lxn—l) + (1 - /Bn)(Snxn - Sn—lxn—l)-
Thus, it follows that

Hmn—‘rl - Jjn” < (/Bn - /Bn—l)HU - Sn—lxn—l” + (1 - ﬁn)”snxn - Sn—lin—ln
< (1 - 6n)["5nxn - Snxn—lH + ”Snxn—l - Sn—lfrn—lH]
+|ﬁn - ﬁn—l’”u - Sn—lxn—ln
= (1 = Bu)lISnwn — Spn-all + [[Hlc(I — v F)G(2p-1)
—1lc(I — Y1 F)G(2n-1)l]]
—Hﬁn - /Bn—lmu - Sn—lxn—IH
< (1 =B)lllzn — zp-1ll + lvn — -1 | F(G(zn-1)) ]
—Hﬁn - ﬁn—lmu - Sn—lxn—IH
< (1 - ﬂn)”xn - xn—lH + M(’/Bn - 5n—1‘ + ‘P)/n - 'Yn—l’):
where sup,~o{||F(G(xyn))|| + |[u — Spzn|} < M for some M > 0. So, utilizing
Lemma 2.1, from conditions (i), (iii) and (iv) we obtain that

nh_g)lo [#n41 — @all =0,
which together with (4.6), implies that
(4.7) lim |z, — G(x,)|| = 0.

n—oo

Because {2 is the fixed point set of the nonexpansive mapping G, we see from
Theorem 3.7 that there exists a unique sunny nonexpansive retraction ) from C'
onto 2. Let ¢ = Q(u). We then claim that

(4.8) limsup(u — q, J,(zn — q)) < 0.

n—oo

Indeed, take a subsequence {zy, } of {x,} such that
(4.9) lim sup(u — g, Jo (20 — q)) = Him (u = g, Jo(@ny —))-
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Because X is reflexive and {z,} is bounded, we may further assume that x,, —

Z € C. Because J, is weakly continuous, we have by Lemma 2.3,

limsup @(||xy,, — z||) = limsup &(||zp, — Z||) + ¢(||z — Z|]), Vze X.
k—o00 k—oo

Put
f(:L‘):hmsup QS(Hﬁnk—fEH)a Vr € X.

k—o00

It follows that
f(z) = f(@)+ o(|lz —2[), VzeX
From (4.7), we obtain

f(G(z)) = limsup &(|[zn, — G(Z)])

k—o0
(4.10) = limsup #(|Glar,) — G(3))
< lim sup B(lam, — &) = £(5).

k—o0

On the other hand, however,
(4.11) f(G(2) = f(2) + 2(|G(2) — 7
Combining Eqs. (4.10) and (4.11) yields

o([|G(7) — z]) < 0.
Hence, G(z) = ; i.e., & € £2. So, from (4.9) and (3.25), we have

lim sup(u — ¢, Jp(2n — q)) = (u — ¢, Jo(Z — q)) < 0.

n—o0

).

That is, (4.8) holds. Finally to prove that z,, — ¢, we apply Lemma 2.3 to get
(4.12)
D(|lznt1 —gl) = 2(|(L = Bn)(Snzn — @) + Bulu — g)l|)
= 45(”(1 — Bn)(Snn — Snq) + Bn(u — q) + (1 = Bn)(Sng — 9)l])
< ( ) (HS In anH) + /Bn<u q, Jtp(xn—i—l - Q)>
+(1 = Bn){Sng — g, Jcp(xn-i-l —q))
_/871) (Hxn_qu)+5n< J
+(1 - Bn)Han —qlle(llznt — QH)
Br) @([n — qll) + Bnlu — ¢, Jp(zns1 — q))
+(1 = B)llHo(I =y F)q — HCQH‘P(Hxn—H —q|)
< (1= Bn) (|20 — qll) + Bnlu — ¢, Jp(zni1 — q))
Tl F (@) le(lzns1 — all)
= (1 — Bn) @(Hxn - QH) + Bn[<u —4q, J«p(xn-‘rl - Q)>
+ (/B[ F(@)[[ e[| 2nt1 — qll)]

IN

o(Tnt1 —q))

/\

< (1= Ba)2(|lzn — qll) + Bul(u —q, J@(xn—H —q)) + (7a/Bn)B);

where sup,, o | F(q)||¢([|zn — qll < B for some 8 > 0.

By virtue of condition (ii) and (4.8), we apply Lemma 2.1 to (4.12) to conclude

that ||z, —¢|| = 0 as n — oo.

g
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Remark 4.3. Because for 1 < p < oo and p # 2, the space LP, which is uniformly
smooth, fails to have a weakly continuous duality (see [10], [21]), there is no doubt
that Theorem 4.2 is not applicable to LP. So it is useful to consider the convergence
of scheme (4.1) in the case where the underlying space X is uniformly smooth.

Theorem 4.4. Let C' be a nonempty closed convex subset of a uniformly smooth
Banach space X. Let B; : C — X be \;-strictly pseudocontmctive and o;-strongly

accretive with o; + A > 1 for i 1+>\ (1 1/1/\%) <p <1

7

fori=1,2. Let F: C = X be a—strongly accretive and A-strictly pseudocontractive
with o+ X > 1. Let 2 # () and assume that

(i) B —0 andzzooﬁn:oo;
(ii) hmnﬁoo 'Yn/ﬁn =0;
(iil) B 5n n71| <7, Vn>1 for some T > 0;
)
)

|/Bn_ﬁn—1‘ _ O

(iv hmn%ooT— ;
n

(v) limp—e0

Then the squence {z,} generated by scheme (4.1) converges strongly to an
element of {2.

Proof. For each n > 0, let .S, be defined by
Spx = (I — o F)c(I — p1B1)lIo(I — peB2)x, VYx e C.

Then we know that

(i) the scheme (4.1) is rewritten as

Tn+l1l = /Bnu + (1 - ﬁn)snxn, Vn > 0;

(ii) Sy, is nonexpansive by the similar argument to that of the nonexpansivity of
St in (3.5);

(iii) Spp = o (I — vy F)p for all p € £2.
Repeating the same argument as in (4.5), we can deduce that for p € §2,

[n — pll < max{|[u —p| + [[F(p)[|, 2o — pll}, Vn=0.

Therefore, {z,} is bounded, so are the sequences {G(zy)} and {F(G(zy))}. Re-
peating the same arguments as in the proof of Theorem 4.2, we can conclude that

|’Yn—ﬁ’;n—1| =0.

lim [|zn41 — G(zn)[| =0
n—oo
and
nh_ggo [Znt1 —2zn[ =0

which hence yield

(4.13) Tim o, — G| = 0.

Observe that

Hl‘n—‘rl - xn” < (/Bn - /Bn—l)HU - Sn—ll'n—l” + (1 - 6n)||8nxn - Sn—lxn—ln
< (1= B)lllSnwn — Spzn—1ll + e (I — v F)G(Tn-1)
—Ilo(I — -1 F)G(2p-1)]]
'Hﬁn - ﬁn—1|||u - Sn—lxn—lH

< (1 - ﬁn)”xn - xn—l” + M(’/Bn - Bn—l‘ + "‘}/n - 7n—1|)7
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where sup,,>o{ | F'(G (zn))[|+[|u—Snxn ||} < M for some M > 0. Then it immediately
follows from condition (iii) that

|Zn+1 — 20| <(1-8 )Hxn — ZTp—1]| 4 M|5n — Brn1] + |7 — -1l
= n
Bn Bn Bn

_ 1= pylEn g B 1
= (=B 4 (= Ba)llen = a5 - 5
_’_M|Bn - ﬁn71| + h/n _'7n71|
B
_gylzn =zl - 11
< (1= B — a5 - 5|
+M<Wn —Bﬁn—ll L b _/8771—1‘)
(1= gyl = @nall AR
= (0= AT R Al —anall |- g
1Ba = Bucl , o = m
Mgt Tt
< -ttty g, )
n—1
|Bn = Bn-1] | | — yn—1]
M (gt Tt
_ 1 - gylzn =2l
=050

|Bn —6§n—1’ I 7n _5;”_1|>]

Utilizing Lemma 2.1, from conditions (i), (iv) and (v) we conclude that

+ Ba [T”xn — ||+ M(

i MEntt = 2all _
n—00 ﬁn

Because (2 is the fixed point set of the nonexpansive mapping G, we see from
Theorem 3.7 that there exists a unique sunny nonexpansive retraction @} from C
onto 2. Let ¢ = Q(u). We then claim that

(4.14) limsup(u — q, J(z, — q)) < 0.

n—oo

Indeed, take a subsequence {z, } of {x,} such that

(4.15) liTILri)solépm —q,J(zn —q)) = klgg(}(u —q,J(zn, —q)).
Define a function g on C by

(4.16) g(z) = LIMk%Ha:nk _ 2|, VaeC.

(Here LIM denotes a Banach limit on [*°.)
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Let K be the set of minimizers of g over C; that is,
K={xeC:g(x)=ming(y)}.
yeC

It is easily known that K is a closed bounded convex nonempty subset of C'. Because
of (4.13), K is also G-invariant (i.e., G(K) C K). Because a uniformly smooth
Banach space has the fixed point property for nonexpansive mappings, G admits a
fixed point in K. Denote by v such a fixed point of G. Because v is a minimizer of
g over C, it follows that, for x € C,

0 <lg(v+s(z—v))—g(v)]/s
= LIMo5 (| (2n, = v) + s(v = 2)|* = [z, — v]*)/s.

Because the duality map J is uniformly continuous over bounded subsets of X, we
can take the limit as s — 0 under the Banach limit LIM to get

LIMy(x — v, J(zp, —v)) <0, VxeC.

(4.17)

In particular,
(4.18) LIMy(u — v, J(zp, —v)) < 0.
On the other hand, observe that for p € {2,

Tn+l — P = (1 - Bn)(Snxn - np) + Bn(u - p) + (1 - Bn)(snp _p)'
Then it follows that

Hxn _pH2 + <$n+1 — Tn, J(l'n - p))
= <xn - D J(xn - p)> + <$n+1 — Tn, J(xn _p)>

= (Znt1 —p, J (20 — p))

(1 - /Bn)< nTn — Snp, J(xn _p)>

+Bn< 7J(xn_p)>+(1 _Bn)<Snp_p7J(xn_p)>
< (1= B)lISnxn — Snplll|lzn — pll

+Bn<u - D, J(‘rn _p)> + (1 - ﬁn)”snp _pHHxn - p”
< (1= Bn)llzn —pl?

+/Bn<u - D, J(‘rn _p)> + (1 - Bn)HHC(I - ’YnF)p - HCp”Hxn - p“
< (1= Bn)llzn —pl?

+Bn(u = p, J(zn — p)) + Wl F @)l — pll,

which hence yields
|z = pl* < 2{@n — 2nsr, I (@0 — ) + (u—p, J (2, — )
+ 22| F@)|lzn — pl
< bentizenl i — pll 4 (u — p, T (@0 — ) + ZIFO)|20 — pl-

In particular,

@41 — Zny | g
|, —0ff* < == 3 @, — vl 4 (= v, Ty, — ) + [ F @) [[[J2n, — vl
Nk Nk

Because ”x"’“gli_x”’“” — 0 and gﬂ — 0, it follows from (4.18) that

LIMy||zn, — v < 0.
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So there exists a subsequence of {zy, }, still denoted {zy, }, converging strongly to
v. Consequently, from (4.15) it immediately follows that
limsup(u — ¢, J(zn — q)) = (u—¢,J(v —q)) < 0.

n—oo

This shows that (4.14) holds. Finally to prove that =, — ¢, we apply Lemma 2.2
to get

(4.19)
[#n1 —qll* = (1 - ﬁn)( wtn — q) + Buu — q)||?

= [|(1 = Bn)(Snxn — Snq) + Bn(u —q) + (1_5n)(an_Q)H2

< (1= Bu)lISnan — Sngll? + 2Bn{u — ¢, J (Tni1 — q))
+2(1 = B)(Snq — ¢, J (Tns1 — )

< (1= Ba)llwn —all? + 2Bn(u —q, J(@ns1 — q))
+2(1 = Bn)[1Sng — dqllllzn1 — 4l
= (1= Bn)llzn — qll* + 280 (v — ¢, J (2041 — )
+2(1 = Bn) [ (I — v F)q — chllllfvn+1 —q
< (1= Bp)l|wn — QH2 + 2Bp(u — q, J(Tpns1 — q))

+27 [ F ()l |2n41 — gl
= (1= Bn)llzn — qll* + 28u[(u — ¢, J (¥nt1 — )
+ (/B IF (@) |2n+1 — all]
< (1= Bu)llen — all?* + 28n[(u — ¢, J (@n41 — @) + (1/Bn) B,

where sup,,~¢ | F(q)||[|zn —q|| < B for some 3 > 0. Note that the uniform continuity
of J over bounded subsets of X together with (4.14), leads to

limsup(u — q, J(Zn+1 — q))

n—oo
= lini}sup(w — ¢, J(xn—q)) + {(u—q,J(xps1 — q) — J(xn — q)))
= limsup(u — ¢, J(zn — q)) < 0.
n—oo

By virtue of condition (ii), we apply Lemma 2.1 to (4.19) to conclude that ||z, —¢q| —
0 as n — oo. O

Remark 4.5. As an example, we consider the following sequences:
(i) for given s € (0, 1], {Bn} is chosen as

1
=——, Vn2>0;
ﬁn (n + 1)8’ n = )
(i) for given ¢ € (1, 1], {7} is chosen as
1
=——— VYn>0.
’YTL (n + 1)t7 n =

Then conditions (i)-(v) of Theorem 4.4 are satisfied.
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