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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
EXTENDED s-CONVEX FUNCTIONS AND APPLICATIONS TO
MEANS

BO-YAN XI AND FENG QI

ABSTRACT. In the paper, the authors introduce a new concept “extended s-
convex functions”, establish some new integral inequalities of Hermite-Hadamard
type for this kind of functions, and apply these inequalities to derive some in-
equalities of special means.

1. INTRODUCTION

Throughout this paper, we use the following notations:
(1.1) R = (—00,00), Rg=10,00), and Ry = (0,00).

The following definitions are well known in the literature.
Definition 1.1. A function f: I C R — R is said to be convex if
(1.2) fQz+ (1 =Ny) <Af(2)+ (1 -N)f(y)
holds for all z,y € I and A € [0,1].
Definition 1.2 ([5]). A function f: I C R — Ry is said to be P-convex if

(1.3) fAz+ (1 =XNy) < fz)+ fy)
holds for all z,y € I and A € [0,1].

Definition 1.3 ([6]). A function f: I C R — Ry is said to be a Godunova-Levin
function if f is nonnegative and

flz) )
(1.4) fOx+ (1 =Ny < DY + 11—
holds for all z,y € I and A € (0,1).

Definition 1.4 ([7]). Let s € (0,1] be a real number. A function f : Ry — R is
said to be s-convex (in the second sense) if

(1.5) fOz+ (1= Ny) <X f(@) + (1= N)f(y)
holds for all z,y € I and A € [0,1].
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In recent decades, a lot of inequalities of Hermite-Hadamard type for various
kinds of convex functions have been established. Some of them may be recited as
follows.

Theorem 1.5 ([4]). Let f : I° C R — R be a differentiable mapping on I° and
a,b e I° with a < b. If |f'(x)| is convez on [a,b], then

‘f )+ fb a/ fa ‘ (b= a)(If" ()l + |/ (®)])

(1.6) S

Theorem 1.6 ([9]). Let f: I C Ry — R be differentiable on I° and a,b € I with
a<b. If |f'(x)|? is s-convex on [a,b] for some fized s € (0,1] and ¢ > 1, then

LTI

b—a/l 1=1/q 2+1/25 1/a / q / ql/q
<0G) ] e rem

Theorem 1.7 ([8]). Let f : I C Ry — R be differentiable on I°, a,b € I with a < b,
and f' € Lla,b]. If | f'(x)|? is s-convez on [a,b] for some fized s € (0,1] and ¢ > 1,

then
) <] ()

(1.8) ‘f(”
’(“”) T“Df’ el (5017}

@i s
Theorem 1.8 ([12]). Let f : I C Ry — R be differentiable on I°, a,b € I with
a <b, and f" € L[a,b]. If |f'(z)| is s-convez on [a,b] for some s € (0,1], then

wo) 4+ sm+ar(50)] - s [ s

s —4)65Tt +2 x 5572 — 2 x 3572 4.2
65t2(s + 1)(s + 2)

x)dz

1,1
where = + = =
p+q

<!

(b—a)(If' (@) + 1)),

1,1 _
where;—i—a—l.

Some inequalities of Hermite-Hadamard type were also obtained in [1, 2, 3, 10,
11, 13, 14, 15, 16, 17, 18] and related references therein.

In this paper, we will introduce a new concept “extended s-convex functions”,
establish some new integral inequalities of Hermite-Hadamard type for extended
s-convex functions, and apply these newly established integral inequalities to derive
some inequalities of special means. These results generalize inequalities stated in
Theorems 1.5 to 1.8.
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2. DEFINITION AND LEMMAS

We first define the concept “extended s-convex functions” and establish an inte-
gral identity.

Definition 2.1. For some s € [—1,1], a function f : I € R — R is said to be
extended s-convex if

(2.1) fOz+ (1= Ny) <Xf(x)+ (1= N)f(y)
holds for all z,y € I and X € (0,1).

It is obvious that the extended 1-convex function, 0-convex function, and —1-
convex function are just the usually convex function in Definition 1.1, the P-convex
functions in Definition 1.2, and Godunova-Levin convex function in Definition 1.3,
respectively. It is also clear that Definition 2.1 extends Definition 1.4.

For establishing new integral inequalities of Hermite-Hadamard type for extended
s-convex functions, we need the following integral identity.

Lemma 2.2 ([17, Lemma 2.1]). Let f : I C R — R be differentiable on I° and
a,be I witha <b. If f' € L[a,b] and \,un € R, then

Af(a);uf(b)Jr?—;—uf(aer) /f

—b;“/01[<1—A—t>f’(m+<1—t>“§b)+<u 0y’ (tgbm—t)b)]dt-

Lemma 2.3. Let s> —1,0<¢<1,we R\ {0}, n >0, andw+mn>0. Then

1
(2.2) /0 |€ — t](wt 4+ n)° dt
2(wé +n)°*2 — [0+ (s + 2)w]n™ ! — [2wE + 1 + sw(€ — 1) — w](w +n)**!
wi(s+1)(s+2) ’
In particular, if (w,n) = (1,0), (1,1), (=1,1), or (—1,2) respectively, then
s 26572 — (s +2)+5+1
/ et = ey
1 s+2_ s — s s+1 _ s _
/ - el + o ar = 2EHD ( (:f)f)(s 4122) 421
20— &)+ (s +2)¢ —
/ N PG} [P S
e dp e 22T+ (542922 4 (s+2)( -5 -3
/O E—tl2— 1) dt = et |

Proof. These follow from straightforward computation of definite integrals. O

3. SOME INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE

Now we are in a position to establish some new integral inequalities of Hermite-
Hadamard type for differentiable extended s-convex functions.



876 B.-Y. XI AND F. QI

Theorem 3.1. Let f : I C R — R be differentiable on I°, a,b € I with a < b,
f' e Lla,b], and 0 < A\, u < 1. If | f(x)|? for ¢ > 1 is an extended s-convex function
on [a,b] for some fired s € [—1,1], then

(1) when —1 < s <1, we have

Ma)+pfd) 2—=X—p (a+Dd 1 b
‘ 5 + 5 f< ) _a/a f(x)dz
b—a 1/q 1 1-1/q s
S2s/q+2[(s+1 s+2] {(2_/\+A2> {22=2

+ (s +2)A =225+ (s +2)A — s = 3}/ (a)|7 + {22*T% — (s + 2)A + s
1 1 1-1/q
) (2—u+u2) (202 = (s + 2+ 5+ 1) /(@)

+ {22 = p)" 2+ [(s+2)p— 2125 + (s + 2)u — s — 3}[f'(b) }Uq};

(2) when s = —1, we have
a b
(3.1) ‘f( +b> _bia/ f(z)dz
< o {[@m2 - D@+ PN @+ 2m2 - DI,

Proof. For —1 < s < 1, since |f'(z)|? is extended s-convex on [a, b], by Lemmas 2.2
and 2.3 and by Holder integral inequality, we have

‘Af(a)+uf(b) +2—A—ﬂf<a+b> _bia/abf@)dx

2 2 2
1
a[/ 11—\

f’(ta+(1—t)a+b>‘dt
/ Iz

(5o
ool
v [

(s
5
< g () 1 —tanlM
[/0 1= X —t(L+0°1f (@) + (1 — 0)*]f (B)]9) dt} g

. ( /0 ] dt>ll/q [/0 = (£ @) + 2 — 1 (b)) dt} Uq}

b
<
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—u 1-1/q
= Tbs/qu { <; At AQ) [(8—1—1)1(34—2) [(2(2 =)+ ((s +2)A - 2)2°H

1/q

+(s+2)A—s=3)|f'(a )|q+(2/\3+2+s+1—(s+2))\)f’(b)M]
1-1/q
Hamnrit) ey e s 1= G D)l @

1/q
+ (2(2 — ,u)s+2 +((s+2)pu— 2)2SH +(s+2)pu—s— 3)|f’(b)\q]} }

For s = —1, since |f/(z)|? is extended —1-convex on [a,b], by Lemma 2.2 and
Holder integral inequality, we have

(a+b) _a/f Jda
gb;a[/olf’<ta+(1—t)a;rb>‘(1—t)dt+/ol f(t;bJr(l—t)b)’dt}

<y= /aq{ Ml(l -Y d’f] o [/01(1 — (@) @F 1= B)) dt} )

4 (/01 tdt)l_l/q [/Olt(t_l\f’(a)\q 20 B dt] Uq}

= o (@02 = DIF @I+ O+ 1P @)+ @2 - DI )]

Theorem 3.1 is proved. O

Corollary 3.2. Under conditions of Theorem 3.1,
(1) ifg=1 and —1 < s < 1, we have

M(o) +pf () | 2= A—pi <a+b) —a/f \da

2 2

< b—a
— 25T2(s 4+ 1)(s + 2)
+ (s +2)(A— ) = 2| f'(a)| + [2A°T2 + 2(2 — p)**?
+((s+2)p—2)2 + (s +2)(n— A) = 2] f(b)]};

(2) if¢g=1 and s = —1, we have

sy (%50) 5o / Fa)da

Corollary 3.3. Under conditions of Theorem 3.1,

(3.2) {[202 = V)2 4+ 21772 4 (s + 2)A — 227!

< (b—a)(In2)[|f"(a)] + [ (B)I]-

(1) when A\ =p and —1 < s < 1, we have

‘Af(a);f(b)ﬂl_» (;b> b_a/f )da
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b—a 1 Yarq 1-1/a
= 25/q+2 [(s +1)(s+ 2)] < AT )\2> {[(2(2 — A2
(s +2A=2)2M 4 (s +2A—5—3)|f(a)|7 + (2X°T2 + 5+ 1
— (s+2N)|F/ )V + [(2a5t2 - (s+2)A+s+1)|f’(a)yq
+ (22 =N (54 2)A— 227 4 (s + 2)A — s — 3) [ £/(B)[7] /)
(2) when A =p, -1 <s<1,and q=1,

‘)\W+(l)\)f<a+b) b_la/bf(x)d:c

2
_ (b= a2 =) X (s + DA = 22 — 1} (1 ()] + 170
- (s+1)(s+2)25+1 ’
(3) when —1 < s<1 and A =p =1, we have

f(a)—gl—f(b) N bia/bf(x)dx
o

[ (o 5o LT

1
_ 0 —a)[lf’(a)lq+ TROIONS [ 14 (1/2) ]1/‘1
(s+1)(s+2) '
Remark 3.4. The mequahty (1.7) is a special case of (3.5) applied to 0 < s < 1.
The inequality (1.9) can be deduced from (3.4) applied to A =y = 1 and 0 < s <

1. These show that Theorem 3.1 and its corollaries generalize some main results
obtained in [9, 12].

l\D

Corollary 3.5. Under conditions of Theorem 3.1,
(1) when s =1, we have

M(a)+puf(d) 2=X—p . (a+b 1 b
‘ 0 2ty (20 L [ e

a

1-1/
x { (; — A+ )\2> ' [(4— X + 1202 — 2X3) [ /(a)[9 + (2 — 3X+ 2X%) | £/(b)[9] /¢

1-1/q
(gonrt) =B 2 @+ - 9128 -2 01

(2) when s =1 and g =1, we have

M(a)+uf(d) 2=X—p . (a+b
P B () i o
b

< ;Ta{(ﬁ—gxﬂw—zﬁ—swm ) (@) +(6—-3A+2X3—9p+12%—241%) | £ (b) |}
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(3) when s =1 and A\ = p,

PUEIOL oy (250) L s

b—a/1\Y1/1 9 1-1/q
<2 (12> <2—)\+)\>
< {[(4= 9N+ 1222 = 2)3)| /()] + (2 — 3A + 2X3) | 7(b)]7] /*

+ (2= 30+ 20%) £/ ()|7 + (4 — 9A + 12)2 — 223) | f/(0)|7] V)
(4) when s =1, g =1, and A = p, we have

(3.6) ‘W+(1—A) (“+b> _a/f
b—

(1 —2X+2X3) [| (@) + | £ (b)]].
Remark 3.6. Letting A = 1 in (3.6) yields the inequality (1.6) in [4].

Corollary 3.7. Let f: I CR — R be differentiable on I°, a,b € I with a < b, and
'€ La,b]. If | f'(x)|? is convex on [a,b] for ¢ > 1, then

;[f(a);rf(b)+f<a+b>} _a/ f@

Sbl—Ga{P\f’(a)lq:\f’( W]W [If >|qzs|ff< )|q]1/q}7

slr@vso s (5] -k [ rwas

<o [37|f’(a)lq4;8|f’(b)lq]1/" N [8\f’(a)lq 1537|f’(b)lq]1/"}7

s ar ()] - [ rwar
< S0 [olrfo +29!f’(b)|"]1/q [ +61|f'<b>qr/q}‘

- 72 90 90

Theorem 3.8. Let f: 1 CR — R be differentiable on I°, a,b € I with a < b, and
'€ La,b]. If | f'(x)|? for ¢ > 1 is an extended s-convex function on [a,b], then for
€(-1,1] and 0 < A\, u <1,

M(a)+pf(d) 2—X— i a+b
‘ 2 T <2> b—a /f Jdo

: b;a[<s+1>1<s+2>r/q{<;A“Z)l :

X [(2(1 — AN+ (s+2)A = 1)|f(a)|*
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(a+b
"3
,(a+b\]|?
f(z=>

1/q
O ) (s 2 1)|f’(b)!q] }

< b—a 1 Ha 1_ A+ A2 171/(1[((1 — A)FT2ostL 4 gps 2
—25/a+2 | (s 4+ 1)(s+ 2) 2

+ s+ 14 ((s+2)A—1)2° = (s + 2)A)|f'(a)|?
+ (202 = (s + A + s+ 1) £/(0)]1]*

1 1-1/q
+ ( —u+u2> (20" = (s + 2)p+ s + 1) | f'(a) |

880

q} 1/q

+ (2N £ 541 (s +2)))

1 1-1/q
2
*(2‘“*“)

X {(2/ﬁ+2 +s+1—(s+2)p)

2
+ (1= p) 225t 4 252 4 (s 4+ 2)u—1)2° — (s + 2)u+ s + 1) [ f/(b)|9] l/q}.

Proof. By similar arguments as in the proof of Theorem 3.1 and by the extended
s-convexity of the function |f’(x)|9, we have

Moa)+uf(d) 2—X—p , (a+b 1P
’ 2 Ty f( 2 >_b—a/af(x)dx

([ 1/
I s B L
ST T S

_ b—a{(l_HAzy ”q[(sﬂl((2<1_A>s+2+<s+z>x—1)\f’<a>\q

14 \\2 )(s +2)
0
5]

£)°[f'(b)

,<a—|—b

1 2 =/ +2
_— 2’ 1—(s+2
+<2 u+u> [s+1 o) <(u +s+1—(s+2)pu)

+ (2N = (s +2)A +5+1)

GO
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P4 < (3) Ir@r+ o

leads to Theorem 3.8. O

Combining this with

Corollary 3.9. Under conditions of Theorem 3.8, when ¢ =1, we have

'Af(a)—zwf(b)Jr?—;\—ﬂf(”b) _a/f )da

b—a / S S
< 4(84—1)(84-2){[2(1—)\)s+2—|—(s+2))\—1]\f(a)|+ [2)\ 2 4 92
+(s+2)(1=A=p)+s]

PS50+ RO 02 4 -1l
b—a

< g g L~ V2 A 2 (s DA - 1
+ (s +2)(1= A= p) +s]If (@) + 24777 4 (1 = )22
+ 252 4+ (s +2) (1= A —p) + ((s+2)u — 1)2° + s] | f'(b)|}.
Corollary 3.10. Under conditions of Theorem 3.8, if A = u, then

PUIDLIOL () - 5 [ reyas

<= ; - {(s + 1)1(5 + 2)] : G SAT AZ) 11/q{ {(2(1 ST DA @

(a+b\|?
2

1/q
+ (2L =N+ (s +2)A — 1)\f’(b)]q] }

+ (2N £ 541 (s+2)N)
a+b\|?
()
1-1/q b—a 1/q
= <; At /\2> 9s/at2 [(s n 1)1(3 n 2)] {[2F (1= A" 20072
—(s+2A+((s+2)A=1)2° + s+ 1)|f'(a)|?
+ (202 = (s + A+ s+ 1)|f/(0)]1] "
+ (2N 2 — (s +2)A + s+ 1)[f'(a)]? + (2A* + (1 — A)*H225*!
F((s+2A—1)2° — (s + 2)A+ s+ 1) £/ (B)]1] /9.

Remark 3.11. The inequality (1.8) can be deduced from letting A\ = p = 0 in
Corollary 3.10.

1/q
] + {(%S*? +s5+1

—(s+2)X)

Corollary 3.12. Under conditions of Theorem 3.8, when s = 1, we have

Af(a);uf(b)+2;uf(a+b> _a/ fo
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- 1 1-1/

<b4a<613> q{<;—A+/\2> q[(1—3A+6>\2—2/\3)|f/(a)’q
a a1/q

()]

1 1-1/q
+(2—u+u2> [(2u3—3u+2)

+ (23 = 3X1 +2)

,(a+b\]|?
2

1/
o -2 o0 )

b—a (1\( (1 2 oy 2 3\[ £ )[4

+ (23 =30+ 2) £/ (b)) + (1

1-1/q
5 —u+u2> [(26% = 3u+2)| ()|

+ (4 — 9+ 12p* — 24°) yf'(b)|q]1/q}.

Theorem 3.13. Let f: I CR — R be differentiable on I°, a,b € I with a < b, and
f’ € Lla,b]. If | f'(x)|? for ¢ > 1 is an extended s-convex function on [a,b], then for
€(—1,1] and 0 < A\, <1,

(1) when q =1, we have

’/\f )+ pf(b +2—/\—uf<a+b> /f
2

b—a
— 28+2(8 + 1)

{ <;—>\+>\2) PO+ 1) f'<a>|]+(;—u+;ﬂ) (DI @)

2) when ¢ > 1, we have

f +uf 2—-A—p . [a+b 1 b
+—3 f< 5 >—b_a/lf(x)dx

b—a (qg—1 1-1/q
PO I S
= 9s/q+2 <2q — 1>
1/q (2g-1)/(q—1) | (2¢—1)/(g—1)11=1/q[5s+1 1N (141D
() ey A ) ) G

+[M(2q71)/(q71) +(1- M)(2q71)/(q71)} 1—1/q[|f/(a)|q F 2 1) (b ]1/‘1}

Proof. For g > 1, by the extended s-convexity of |f'(z)|? on [a, b], Lemma 2.2, and
Holder integral inequality, we have

‘Af()+uf()+2—>\—ﬂf<a+b> _a/ o

SRSt
w [

f (t;b +(1— t)b> ‘ dt]
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b—a 1 1-1/q
o\ _ ¢]9/(g—1)
<25/q+2{</0 1= A—1 dt)

1
[ [ @+ oir@e+a-olrer) dt]

" </01 = e/t dt>1_1/q [/Ol(tslf’(@q + (2= 1)1 (b)]9) dt] Uq},

A direct calculation yields

1/q

1
el gy — 47 @D/ 4 — Qa1 /D)
/0|1 A —t| dt Qq_l[A +(1=2X) 1,

1
_alaD gy — 1711 a1/ | _ ) @a-D /D)
[ ar = I F(1-p) ]

A straightforward computation gives

@ = DIf (@) + |f'(b)]*
s+ 1

_ @+ @ =)
s+ 1

)

1
/0 [(L+1)%|f (@)|?+ (1 —2)°| £/ (b)]Y] dt =

1
[ i@+ - olro) a
0
Substituting the last four equalities into the first inequality and simplifying establish
the inequality (3.7).

For ¢ = 1, utilizing the extended s-convexity of | f'(z)|? on [a, b], Lemma 2.2, and
Holder integral inequality, we have

M(a)+puf®) 2—A—p, (a+b 1 b
‘ 2 T f( 2 >_b—a/af(x>dx

_ 1 b
gb a[/ yl—A—t\f’<ta+(1—t)a+ )‘dt
4 1Jo 2

+/01 | =1 f’<ta;b+(1—t)b>'dt]

<t {([Tn-a-nar) [0+ ons@i+ o - 0o

+ (/01 M—tdt> /Ol[ts\f/(aﬂ+(2—t)5|f’(b)|} dt}
- 25+g(_sj—1){ (; — At /\2) [1F/®)] + 25 = 1)|f'(a)]]

" (; —H/f) [ = 1)l 0)] + |f’<a>r]}-

Theorem 3.13 is thus proved. U

Corollary 3.14. Under conditions of Theorem 3.183,
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(1) when A = p and ¢ > 1, we have

AL LIOL (o) - ! L s
2 2
b —a q - 1 1_1/q 1 1/q (2 —1 _ — — 1-1
cV-afq9=2 q—1)/(g—1) _ \)2a—1)/(g-1)11-1/a
— 2s/a+2 <2q—1> <s+1) i A=A )

< {[@F = DI @7+ 17/ ®)7] T+ [| /(@) + 2+ = 1)) f(0)|1] 7}
(2) when A =pu=0,1 and ¢ > 1, we have

a+b g—1 1-1/q 1 1/q
(5)-52 /f <) ()

x{[?“ >|q+\f<>u”q (£ (@) + 2+ = 1)|7'(0)]1] "/}

and
Q* 1 1-1/q 1 1/q
_25/‘I+2 2q—1 s+1

fla
s -a/ s
x {[ @ = DIF @I + 1O+ [ @l + @ =1l
Corollary 3.15. Under conditions of Theorem 3.183,

(1) when ¢ =1 and s =1, we have

‘Af(a);ruf(b)Jr?—; o <a+b) /f )da

< () o sl + (2 — et ) BP0+ @)

(2) when ¢ >1 and s =1, we have
2—\— — 1\
Mla) £ pf(8) 2= A= (atb /f e < b (=L
2 2 2 ) b— 22/q+2 2 — 1
x {[ACeD/G@=1) 4 (1 = \)@a-D/a-1]1 1/‘1[3”0 (@) + | (b)]? ]1/‘1
H[pRa D/ (1 - M)(2q71)/(q71)]1—1/‘1“f (@)]7 + 3| f'(b ]1/‘1}

(3) when q =1, A\ = pu, and s =1, we have

< b= . {(1—2)\+2)\2)[\ F@)l+ 1o}

(4) when ¢ > 1, A =p, and s =1, we have
(3.9)

() s frond= (52

(3.8)
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x [A@a=D/a=1) 4 (1 — )\)(261—1)/((1—1)]1—1/q[|f/(a)‘q (b)) e

Theorem 3.16. Let f: I CR — R be differentiable on I°, a,b € I with a < b, and
" € Lla,b]. If |f'(x)|? for ¢ > 1 is an extended s-convex function on [a,b], then,
forse (=1,1] and 0 < A\, u <1,

(1) when q =1, we have

M(a)+pf®) 2—-A—p , (a+b 1 b
’ 2 T f( 2 >_b—a/af(x)dx

SM{<;_A+A2>[IW(@)I+ <a;b>‘]
)

(g [ (757)| o
< g (5 -2+ 2 )12+ DIF @I+ £ O]

+(5-n+ )l @l+ @+ DIFOI

(2) when g > 1, we have

’Af(a)+uf(b)+2—/\—uf(a+b> /f Vda
2 2

b—afqg—1 1-1/q 1 \Y4 (2q—1)/(q— _ _1)71-1
< —1)/(q—1) _ ) 2a—1D)/(a-1)]1-1/a
() () e ey

<[y (50)]
<[lr(“3) q+|f’(b)lq]l/q}

< b—a [(qg—1 1-1/q 1 1/q

= 2s/a+2\ 2¢ — 1 s+1
% {[ 2q 1)/(g—1) + (1 o )\)(qul)/(qfl)] 1-1/q [(25 + 1)‘f/ a)‘q + ‘f/ ’q] 1/q
+[M(2q71)/(q71) +(1- M)(2q71)/(q71)]1—1/q [ (@)]9+ (2° + )| (b ]1/‘1}

1/q =y
} [0/ (1 — gy a1

Proof. For ¢ > 1, since |f'(x)|? is extended s-convex on [a,b], by Lemma 2.2 and
Holder integral inequality, we have

‘/\f()+uf()+2—>\ uf<a+b> /f )dz

2
[/ 1) <ta—|—(1—t) +b>‘dt
+/0 Iz

f <t2 +(1— t)b) ’ dt}
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< b;a{</1 \1—A—tyq/(q—1)dt>1_1/q
[/0 (1@ + 0 -orfr(“57)

>dtr/q
o mmeevae) (e (550 < 0 ovror)ad T
If ¢ = 1, we have
)-

M) £pfl)  2=2-p, (“ 0 bia/bf(x)dx

2 2
<ta+(1—t) +b>‘dt

_a[/ L=A=tlf 2
b [t (1 <1Zt>b) a
([ - r-a) [ (e a-orle(557)]) of
(/ a4t [ (el (55)] + a- o) ad

Theorem 3.16 is thus proved. O

Corollary 3.17. Under conditions of Theorem 3.16,
(1) when ¢q =1 and A\ = p, we have

(3.10) ‘W+(1—A)f<“;b) —b_la/abf(x)d:c
<wa(Gree) r@ieer (230 s o]

< gty (37 A+ %)@ 4 DI @I+ PO

(2) when ¢ > 1 and X\ = p, we have

CESEETINRESO TR JI

1-1/ 1/q
Lo a< q—1 > q( L ) (ACID/a=1) | (1 _ )2a-D/ta=D)] 1=V

=71 \9g—1
<{|r@ils (“’)

b—a 1/q _
(2 -1)/(g—1) _ \\(2¢-1)/(g—1)71-1/a
< e (£2) 7 (k) e e s ey

< L[+ DI @I+ £ O+ 1/ @) + @+ DIF O] 7).
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Corollary 3.18. Under conditions of Theorem 3.16,

(1) when ¢ =1 and s =1, we have

REERLIES SEUE [
<G irar (4]

+(5-nr) (0] + 1]}
<P (G2 @i irons (5 - i@l ol

(2) when ¢ >1 and s =1, we have

M@ a0 22Azmp(10) L pa

2 2 2
b—a (qg—1 1-1/q
c 20 (472
— 91/q+2 <2q— 1>

(2a-1)/(a=1) | (1 — \)2a—1)/(a—1)]1~1/a
A +(1=\) ]

q 1/q
n f’(a)\q}

q 1/q
SECHN
b—a (qg—1 1-1/q - - ) .
< 22/‘1+2<2q—1> {[/\(2q 1)/(q 1)+(1_)\>(2q 1)/(q 1)] q
[3‘f/(a)|q 4 ‘f/(b)’q]1/q+[u(2q71)/(q71)
h T 1
(L= ) BV 8101 ),

@D/ 4 (1 — H)mq_n/(q_l)]l—l/q[

4. APPLICATIONS TO MEANS

Finally, we apply some inequalities of Hermite-Hadamard type for extended s-
convex functions to construct some inequalities for means.
For two positive numbers a,b € R, let

(4.1)

pstl _ g5+l 1/s

[@+n@_®} , s#0,—1and a #b,
b—a

PN =-1

A(%b):a—kb and Lg(a,b) =< Inb—1Ina’ S and a # b,
2 bb 1/(b—a)

(a> ) s=0and a#b,

e\a

a, a=b.

They are called the arithmetic and generalized logarithmic means of two positive
numbers a and b respectively.
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Let f(z)=aforx >0,s>0,and¢>1. f0<(s—1)g<land0<s—1<1,
then

1tz + (1 — t)y)]? < s [t(s—l)qx(s—l)q +(1— t)(s—l)qy(s—l)q]
< @)1+ (1 =) T ()l
forx,y>0and t € (0,1). If -1 < (s—1)¢g<0and —1 <s—1<0, then
[tz + (1= )7 < £7HF (@)1 + (1= )" ()]
for z,y > 0and ¢t € (0,1). If -1 < (s —1)¢g < land -1 < s —1 < 1, then

|f'(2)|9 = s92(5~ D% is an extended (s — 1)-convex function on [a, b].
Applying Corollary 3.3 to |s|92(5~14 yields the following theorem.

Theorem 4.1. Letb>a>0,¢>1,0<s<2, -1<(s—1)g<1,and0 <A< 1.
Then

(4.2)

s 1.8 s s (b_ a)s 1 1 1 2 1-1/a
‘)\A(a ,0%)+(1-X)A%(a, b)—Ls(a,b)‘ < 26072 | 5(s 1 1) 5—)\4-)\

) {22 = X+ 25((s + DA = 2) + (s + 1A — 5 — 2)als~ 1
+ (20 45— (s + DADE D)L (205 45— (54 1)A)al Ve
+ (22 =N 2°((s + DA — 2) + (s + 1A — s — 2)plDe) /9L,
Specially, if ¢ =1, then
(4.3) |AA(a®,6%) + (1 — \)A®(a,b) — LE(a,b)]

Taking f(x) = z° for > 0 and s > 0 in Corollary 3.10 derives the following
inequalities for means.

Theorem 4.2. Letb>a>0,¢>1,0<s<2, -1<(s—1)g<1,and0 <A< 1.
Then

{@=2N X p s+ DA =225 = 1} A(e* L 0.

_a)s 1/q 1-1/q
|AA(a®,b%) + (1= X)A%(a,b) — Li(a, b)| < (b 4) [3(311)} (;—M—)\Q)

x {[(20 =N + (s +1)A - 1)a(5_1)q + (23— (s + DA+ S)A(S_l)q(a, b)) Ya
+ (AT = (s 4 DA+ 5) ACTD9(q,b) + (2(1 — A+ (s + 1)A — 1)p(—Da] V),
In particular, if g =1, then

AA(a®,0%) + (1 — N)A%(a,b) — L (a, b)’

< b—a
~2(s+1)

Letting f(x) = «® for z > 0 and s > 0 in Corollary 3.14 generates inequalities
below.

{20=M)" T+ (s+D)A-1]A(a* 1, 0" )+ [2A° T +s—(s+1)A| A5 (a, b) }.
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Theorem 4.3. Letb>a>0,¢g>1,0<s<2,and 0 <A< 1.
(1) Ifg>1and -1 < (s —1)q <=1, then

‘/\A(as, b*) + (1 — \)A®(a,b) — L¥(a, b)'

1-1/ 1/
< bmas (a= 1\ gy -
95— 1/at2\ 2g — 1 s

+(1— )\)(2%1)/(471)] 1*1/‘1{ [(2° — at~ba 4 b(sfl)Q] 1/q
+ a1 4 (25 — 1)ple= D)9,
(2) If g =1, then

(4.4) ‘)\A(as, b%)+ (1—\)A%(a, b)— L(a, b)‘ < (1’8;“1)3 (;—A+)\2>A(as_1, ).

From Corollary 3.17, it follows that
Theorem 4.4. Letb>a>0,g>1,0<s<2,and 0 <A< 1.
(1) If¢g>1and -1 < (s —1)qg <1, then

‘AA(CLS, b*) + (1 — X\)A*(a,b) — L%(a, b)

<(b—a)s qg—1 1=1/a s\ V4
- 4 2qg—1 s

[AGe=D/a=D) 4 (1 - A)(Qq—l)/(q—l)}lfl/q{ [a®=D9 4 AG=Da(q, p)] 1/q
+ [AG=D9(q, b) 4 pls—Da] 7Y,
(2) If ¢ =1, then

(4.5) ‘)\A(as, b*) + (1 — \)A%(a,b) — L¥(a, b)‘

<? 5 £ <; - A+ )\2> [A(a®=10"71) + A°7H(a,b)].
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