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ON THE CONNECTEDNESS OF EFFICIENT SOLUTIONS FOR
GENERALIZED KY FAN INEQUALITY PROBLEMS*

ZAI YUN PENG AND XIN MIN YANGT

ABSTRACT. In this paper, we give a density theorem of efficient solution to gen-
eralized Ky Fan Inequality problem when f-solution is set-valued. By using the
density result, we provide a sufficient condition for the connectedness of efficient
solutions to the generalized Ky Fan Inequality problem without monotonicity.
Our results are new and different from the corresponding ones in the literature.
Some examples are given to illustrate our results.

1. INTRODUCTION

The Ky Fan Inequality is a very general mathematical format, which embraces
the formats of several disciplines, as those for equilibrium problems of Mathematical
Physics, those from Game Theory, those from (Vector) Optimization and (Vector)
Variational Inequalities, and so on. It is well known that the famous Ky Fan in-
equality [8, 9] has proved to be fundamental for existence studies in many fields
of mathematics, including optimization-related problems. Since then, it has been
extended and generalized to vector-valued mappings. The Ky Fan Inequality for
a vector valued mapping is known as the generalized Ky Fan Inequality. In the
literature, existence results for various types of (generalized) Ky Fan Inequalities
have been investigated intensively; see [3, 5, 6, 10, 11, 16, 20] and the references
therein.

On the other hand, one of the most important problems for (generalized) Ky
Fan Inequality is to investigate the properties of the solutions set. Among many
desirable properties of the solutions set, the connectedness is of considerable in-
terest, since it provides the possibility of continuously moving from one solution
to any other solution. In [18], Lee et al. investigated the path-connectedness of
the set of weakly efficient solutions and the set of efficient solutions for a class of
Ky Fan Inequality in finite-dimensional spaces. In [7], Cheng discussed the con-
nectedness of the set of weakly efficient solutions for a class of Ky Fan Inequality
in finite-dimensional spaces by using scalarization method. In [12], Gong obtained
the connectedness of the set of Henig efficient solutions and the set of weak effi-
cient solutions to the vector-valued Hartman-Stampacchia variational inequality in
normed spaces by using scalarization method. Recently, Gong [13] introduced the
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concepts of f-efficient solution, Henig efficient solution, globally efficient solution,
weakly efficient solution, superefficient solution and cone-Benson efficient solution
to Ky Fan Inequalities and gave some scalarization characterizations for various
proper efficient solutions. By using the scalarization results, he investigated the
connectedness of the Henig efficient solutions set, globally efficient solutions set,
weakly efficient solutions set, superefficient solutions set and cone-Benson efficient
solutions set for Ky Fan Inequalities in locally convex spaces. Very recently, Gong
and Yao [14] introduced the concept of positive proper efficient solutions to a class
of vector Ky Fan Inequality. They showed that, under some suitable conditions, the
set of positive proper efficient solutions is dense in the set of efficient solutions to
the vector Ky Fan Inequality. By virtue of the density result, they first discussed
the connectedness of the set of efficient solutions for the Ky Fan Inequality with
monotone bifunctions in real locally convex Hausdorff topological vector spaces.

In above mentioned works, the monotonicity plays an important role in deriving
the connectedness of the sets of various (proper) efficient solutions to (generalized)
Ky Fan Inequalities. We also observed that the density result and connectedness
theorem of (weak) efficient solutions has been established under the critical assump-
tion of C-strict/strong monotonicity, which implies that the f-solution set of the
(Generalized) Ky Fan Inequalities ((G)KFIs, in short) is a singleton (eg. [13, 14]).
However, it is well known that the f-solution set of the (G)KFI may be general,
but not a singleton. In this paper, without assumption of monotonicity, we obtain
a density result of positive proper efficient solutions for a class of GKFI. Then, by
using density result, we discuss the connectedness of the efficient solutions set for
the GKFI in metric spaces when the f-solution set is set-valued. Our main results
extend and improve the corresponding ones of Gong [13, 14].

The rest of the paper is organized as follows. In Sect. 2, we introduce a class
of generalized Ky Fan Inequality, and recall some concepts and their properties.
In Sect. 3, we first give the density theorem of positive proper efficient solution
sets to GKFI under the case that f-solution is a general set. Then, we discuss
the connectedness of efficient solution mappings to the GKFI in metric spaces,
and compare our main results with the corresponding ones in the recent literature
([13, 14, 21]). We also give some examples to illustrate our results. The final short
Sect. 4 includes some concluding remarks.

2. PRELIMINARIES

Throughout this paper, if not otherwise specified, d(-,-) denote the metric in any
metric space. Let B(0,d) denote the open ball with radius 6 > 0 and center 0 in
any metric linear spaces. Let X and Y be two real linear metric spaces. Let Y* be
the topological dual space of Y, and C be a closed, convex and pointed cone in Y
with nonempty topological interior intC.

Let

C*={feY": f(y) 20, Vy € C}

be the dual cone of C. Denote the quasi-interior of C* by C*, i.e.,

CHi={feY": f(y) >0, vy e C\{0}},
and assume C* # () in the paper.
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Let A be a nonempty subset of X and F': Ax A — Y be a vector-valued mapping.
We consider the following generalized Ky Fan Inequality (GKFI) of finding x € A
such that

(GKFI) F(xz,y) ¢ —K, for all y € A,

where K U {0} is a convex cone in Y.

Definition 2.1 ([12]). A vector z € A is called a weak efficient solution to the
(GKFI), iff

F(x,y) ¢ —intC, for all y € A.
The set of the weak efficient solutions to the (GKFI) is denoted by V,, (A, F).

Definition 2.2 ([12, 13]). Let f € C* \ {0}. A vector x € A is called a f-solution
to the (GKFI), iff
F(F(.y)) >0, Yy € A,
The set of the f-solutions to the (GKFI) is denoted by V¢ (A4, F).

Definition 2.3 ([14]). (i) A vector x € A is called a efficient solution to the
(GKFI), iff
F(l‘ay) g _C\{O}v \V/y €A
The set of the efficient solutions to the (GKFI) is denoted by V (A, F).
(ii) A vector x € A is called a positive proper efficient solution to the (GKFI)
if there exists f € C* such that

f(F(x,y)) >0, Yy € A.

Special case:

If for any =,y € A, F(z,y) := ¢(x,y) + ¥(y) — ¢¥(x), where p : Ax A =Y
and ¥ : A — Y are two vector-valued maps, the (GKFI) reduces to the vector
equilibrium problem (VEP) considered in [12, 13, 14, 21].

Throughout this paper, we always assume V(A, F) # 0 and V;(A,F) # () in A.
This paper aims at investigating the connectedness of efficient solutions for (GKFT).

Now we recall some basic definitions and their properties which are needed in
this paper.

Definition 2.4. Let F': X x X — Y be a vector-valued mapping.

(i) F(-,-)is called C-monotone on Ax A, iff for each z,y € A F(x,y)+F(y,x) €
—C.

(ii) F(-,-) is called C-strongly monotone (i.e., C-strictly monotone in [13]) on
A x A, iff F'is C-monotone on A x A, and for any each z,y € A with x # y,
F(z,y) + F(y,x) € —intC.

(iii) F(x,-) is called C-convex(C-concave) on convex set A if, for each x1, 29 € A
and t € [0,1],tF(z,x1)+ (1—t)F(z,22) € F(z,tx1+(1—t)z2)+C(F(x, tx1+
(1 —t)ze) € tF(x,x1) + (1 — t)F(x,22) + C).

(iv) A set D C Y is called a C-convex set, iff D 4+ C is a convex set in Y.

Definition 2.5 ([1, 2]). Let F': A = X be a set-valued mapping, and given \ € A.

(i) F is called lower semicontinuous(l.s.c, in short) at \, iff for any open set V
satisfying V () F'(X) # 0, there exists § > 0, such that for every A € B(},4),

VNF\) #0.
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(ii) F is called upper semicontinuous(u.s.c, in short) at A, iff for any open

set V satisfying F'(\) C V, there exists § > 0, such that for every A\ €
B()\,6),F(\) C V.

(iii) F is said to be closed if Graph(F) = {(A\,z) : A € A and z € F(\)} is a
closed set in A x X.

We say F is l.s.c(resp. u.s.c) on A, iff it is Ls.c(resp. u.s.c) at each A € A. F' is said
to be continuous on A, iff it is both l.s.c and u.s.c on A.

Definition 2.6. A vector-valued mapping F(-) is called C-convexlike on A, iff for
any x1,z2 € A and any t € [0, 1], there exists z3 € A such that tF(z1) + (1 —
t)F(azg) € F(xg) +C.

Remark 2.7. (i) F' is C-convexlike on X if and only if F(X) + C' is convex.
(ii) From the definitions, we can obtain immediately the following implications
for the map F':

C — convexity = C — convexlikeness

However, one simple example in [19] (Example 3.2) show that the converse impli-
cation is generally not valid. Hence, the class of C-convexlike maps is larger than
the class of C-convex maps.

Lemma 2.8 ([2, 4]). Let X andY be topological spaces, T : X =Y be a set-valued
mapping. T is l.s.c at x9 € X if and only if for any net {x,} C X with xo — o
and any yo € T(x9), there exists yo € T(xo) such that yo, — yo.

Lemma 2.9 ([1]). Let S: K =Y be a set-valued mapping. If S is closed andY is
compact, then S is upper semicontinuous.

3. CONNECTEDNESS OF EFICIENT SOLUTIONS FOR (GKFTI)

In this section, we obtain an important density result for (GKFI), then we further
discuss the connectedness of efficient solutions to the (GKFTI).
Define set-valued mapping H : C* \ {0} = A by

H(f):=ViAF), feC"\{0}.
Firstly, we establish the following lemma.

Lemma 3.1. Let f € C*\ {0}. Suppose the following conditions are satisfied

(i) A is a nonempty compact set;
(ii) F(-,-) is continuous on A x A;
(iii) For each x € A\ Vy(A, F), there exists y € Vy(A, F) such that

F(z,y)+ F(y,x) + B(0,d"(x,y)) C —C,

where v > 0 s a positive constant.
Let us define set-valued mapping H : C*\ {0} = A by

H(f) :=Vi(A,F), feC"\{0}.
Then we have H(-) is l.s.c on C*\ {0}.
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Proof. Suppose to the contrary that there exists fo € C* \ {0}, such that H(f) be
not l.s.c at fp. Then, there exist a sequence {f,} € C*\ {0} with f, — fo and
xo € H(fp) such that for any x,, € H(f,),xn # 0.

Since zgp € A and A is nonempty compact, then there exists Z, € A, such that
Ty, — x9. Obviously, z, € A\ H(f,). By (iii), there exists y, € H(f,) such that

(3'1) F(j:m yn) + F(ym jn) + B(07 dr(ina yn)) c —C,

where v > 0 is a positive constant.

For y, € H(f,) implies y, € A, because A is nonempty compact, there exist
yo € A and a subsequence {y,, } of {y,}, such that y,, — yo. In particular, for
(3.1), we have

(3.2) F(i'nkvynk) + F(ynkvjnk) + B(0, dr(fnkvynk)) c-C.
Taking the limit as ny — +o00, it follows from the continuity of F' we have
(3.3) F(x0,y0) + F(yo, x0) + B(0,d"(x0,50)) C —C.

Assume that z¢ # yo, by (3.3), we can obtain F(zg,y0) + F(yo,x0) € —intC.
Thus, it follows from fy € C* \ {0}, we have

(3.4) Jo(F (0, 90) + F(yo, z0)) < 0.
Noting that xg € H(fy) and yo € A, we have
(3.5) fo(F(z0,y0)) = 0.

Moreover, since y,, € H(fy,) and Z,, € A, it follows from the continuity of fo and
F that

(3.6) fo(F (yo, z0)) = 0.
By (3.5),(3.6) and the linearity of fy, we have

fO(F(-TanO) + F(yovl‘O)) = 0.
which contradicts (3.4). Therefore xg = yo. This is impossible by the contradiction
assumption. Therefore, H(-) is l.s.c on C* \ {0}. The proof is complete. O
Theorem 3.2. Let f € C*\ {0}. Suppose the following conditions are satisfied:

(i) A is a nonempty compact set;
(ii) F(-,-) is continuous on A X A;
(iii) For each x € A\ Vy(A, F), there exists y € Vy(A, F) such that

F(Jﬁ‘,y) + F(y,l‘) + B(Ov dr(x,y)) - _Ca
where v > 0 s a positive constant.
(iv) For each x € A, F(xz,-) is C-convezlike on A.
Then,

| VH(A,F) C V(4,F) ch< U Vf(A,F)>.
fect fect
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Proof. By definition, we can easily obtain
(3.7) U Vi(A,F) C V(A F) C V(A F).
fect

Since for any x € A, F(x,-) is C-convexlike, then F'(z, A)+ C' is a convex set. From
Lemma 2.1 in [12], we have

(3.8) VoA, F) = | Vi(AF).
fec=\{0}
By (3.7) and (3.8), we can get

(3.9) U A cvar c | VviAF).
fect fec=\{o}

Hence, we need to prove that

U Vi F) ca(l v F)).

fec=\{0} fecst

By the definition of set-valued mapping H (f) = V¢(A, F') and by virtue of Lemma
3.1, we know that H(-) is lower semicontinuous on C* \ {0}.
Let 20 € Usec\ oy V(A, F). Then, there exists fo € C*\ {0} such that

xg € Vi (A, F) = H(fo).
Since C* #£ ), let g € C* and set

fn = fO + (1/n)g.

Then, f, € C* We show that {f,} weak* converges to fo with respect to the
topology B(Y*,Y).

For any neighborhood U of 0 with respect to 5(Y™*,Y), there exist bounded
subsets B; C Y (i =1,2,...,m) and € > 0 such that

m
({feY*:sup|f(y)| <€} CU.
i=1 yeB:
Since B; is bounded and g € Y*,|g(B;)| is bounded for i = 1,...,m. Thus, there
exists N such that
sup [(1/m)g ()| < & i =1,...,m, n> N,
yeB;
Hence (1/n)g € U, that is, f, — fo € U. This means that {f,} weak® converges to
fo with respect to 5(Y*,Y).
Since H(-) is Ls.c at fp, then for sequence {f,} € C*\ {0}, fn — fo and zg €
H(fo), there exists x, € H(fn) =V, (A, F) C Ujec: Vi(A, F), such that z, — zo.
This means that

2o € cz( U Vf(A,F)>.

fect
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By the arbitrariness of zo € Uecn oy Va,# (1), we have

(3.10) U vAF cd( U Vf(A,F)>.

fec=\{o} fect
By (3.9) and (3.10), we obtain that

U vita Fycviapy cal | viam)).
fect fect

The proof is completed. O

Remark 3.3. Theorem 3.2 improves and extends Theorem 2.1 of [14]. In [14], under
the condition of C-strong monotonicity, the f-solution set for GKFT is confined to
be a singleton (also see, Theorem 3.2 in [13]). In our paper, we use condition (iii)
in Theorem 3.2 to weaken this condition. Moreover, the f-solution set may be a
general set, but not a singleton. The following example is given to illustrate the
case.

Example 3.4. Let X = R,Y = R%,C = R% := [0, 400) x [0,+00),4 = [-1,1].
For each z,y € A, define the mapping F: X x X — Y by
F(z,y) = (— x> + 13:2 - 1al:%y -2, 1023 (y2 + 131;2>>
2 3 2

For any given p > 0, let f((z,y)) = iy It follows from a direct computation that
Vi(A, F) = [0,1]. Obviously, the f-solution set of GKFI is set-valued, but not a
singleton.

Clearly, conditions (i) (ii) (iv) of Theorem 3.2 are satisfied. The assumption (iii)
can be checked as follows:

For any z € A\ Vy(4,F) = [~1,0), there exists y =0 € V(A,F) and r = £ > 0
such that

1 1 1
Fla,y) + F(y,x) + BO,d"(2.y)) =( —a® + Sa? = iy —2,1005 (y? + 527 )

1, 1 1
+ ( —y oyt - gy%x —2,10y3 (x2 + §y2>>
+B(0,d"(z,y))

1
:( —a®+2a? -2, 5:1;%) +(—2,0)+B(0,d" (z,0))

1
:< — 2%+ 5302 —4,533%) + B(0,d"(z,0)) Cc —C.

By Theorem 3.2, we can obtain that (J,cc: Vi(A, F) C V(A F) C cl(Ujpecr V(A F)).

However, the condition of C-strong monotonicity in [14](or called C-strict mono-
tonicity in [13]) does not hold. Indeed, for any x € A\ Vy(A, F)) = [-1,0), there
exists y = —z € V§(A, F) = [0, 1], such that

1 1 1
Flz,y) + Fy,z) = <—$3+§$2—§$%y—2,10$%<y2+§x ))
1 1 1
(vt gt e 2008 (o 1 7))
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_ (x2 + gg;% - 4,0) e —acC.

where OC' is the boundary of C. Obviously, F'(z,y)+ F(y,x) ¢ —intC, which implies
F(-,-) is not C-strongly monotone on A x A. Then, the density Theorem 2.1 in [14]
is not applicable.

Now, we establish a sufficient condition for connectedness of efficient solutions to
(GKFI).
Theorem 3.5. Let f € C*\ {0}. Suppose the following conditions are satisfied:

(i) A is a nonempty compact convex set;
(ii) F(-,y) is C-concave on A and F(-,-) is continuous on A x A,
(ili) For each x € A\ Vi(A, F), there exists y € V§(A, F) such that

F(l’,y) + F(y,fl’) + B(Oa dr(x’y)) - _Ca
where v > 0 is a positive constant.
(iv) For each x € A, F(x,-) is C-convezlike on A,
(v) F(A,A) is a bounded subsets of Y.
Then, V (A, F) is a connected set.

Proof. The proof is divided into the following three steps :

Step 1 Vy(A, F) is a convex set on A.
In fact, for any fixed y € A, let x1,22 € Vy(A, F) and A € [0,1]. Then, Azy +
(I —=Xazxg € Aand

(3.11) f(F(z1,y)) >0,

(3.12) F(P(a2,3)) > 0.
Multiplying both side of (3.11) by A and of (3.12) by 1 — A\, and together with
the C-concavity of F' with respect to the first argument yields
FIFEQzr 4+ (1= Nag,y)) = M (F(z1,y)) + (1 = A f(F(22,y)) = 0.

It follows that Azq+ (1 —A)zo € Vi(A, F). Therefore, V¢ (A, F) is convex. It follows
that for any f € C*\{0}, H(f) is a connected set.

Step 2 It is clear that C*\{0} is convex, so it is a connected set.

Step 3 Now we show that H(-) is upper semicontinuous on C*\{0}.
Since A is compact, by Lemma 2.9, we need only to prove that H is closed. Let
{(fa»xa) : @ € I'} be a net such that

{(far2a) : @ € I} C Graph(H) = {(f,z) € (C*\{0}) x A: 2z € H(f)}
and
(far@a) = (f,20) € (C™\{0}) x A4,
where f, — f means that {f,} weak*converges to f with respect to the strong
topology S(Y*,Y) in Y*. Since z, € H(f,), « € I, one has

(3.13) fo(F(2a,y)) 20, Vy € A
By assumption, D = {F(x,y) : x,y € A} are bounded subsets of Y. Define
Pp(y*) :=sup{|y*(u)| : w € D}, y* € Y*.
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It is easy to see that Pp is a seminorm of Y*. For arbitrary € > 0,
U={y"eY": Pp(y") <e}
is a neighborhood of zero with respect to S(Y*,Y'). Since f, — f — 0, there exists
ag € I such that f, — f € U,V a > ag. It follows that
Pp(fa— f) =sup{|(fa — f)(u)| : uw € D} < &, whenever a > «y.

Therefore, for any y € A,

(3.14) [(fo = H)(F(za, )| = [fa(F(2a,y)) = f(F(za,9))] <e.
It follows from (3.14) and the continuity of f and F', we can get that

lim | f(F(20,9)) = fa(F(2a,y))| < lim[f(F(zo,y)) = f(F(2a;y))]

+lm [ f(F(2a,Y)) = fa(F(Tasy))]
= 0.

This fact together with (3.13) yields,

f(F(zo0,y)) >0,Vy €Y.
It follows that zo € V3(A, F) = H(f). Therefore, H is a closed mapping, and so H

is upper semicontinuous on C*\{0}. From Theorem 3.1 in [17] (or Theorem 3.1 in
[24)),

U v F)
fec\{o}
is a connected set. Using a similar method, with suitable modifications, we can get
Ufec: V(A F) is a connected set.
Furthermore, by the Theorem 3.2, we have,

U Vi(A.F) c V(A F) CCl( U Vf(A,F)>.
fect fect

So, we can obtain V (A4, F') is a connected set. This completes the proof. O

Remark 3.6. Theorem 3.5 generalizes and improves Theorem 2.2 of Gong and Yao
[14]. In Theorem 3.5, the assumption of C-strong/strict monotonicity is removed
by assumption (iii), where the f-solution set is not necessary a singleton, may be
a general one. And the mapping F' that is a C-convex mapping is extended to the
C-likeconvex mapping.

Moreover, we also can see that the obtained result improves the ones of [13, 21],
where the strong assumptions that F'(z,z) = ¢(z,2) > 0 and F(0,0) = 0(or ¥(0) =
0 and ¢(0,0) = 0) is not necessary.

Now, we give an example to illustrate our result extends those of [13] and [14, 21].

Example 3.7. Let X =R, Y =R?,C=R2,A=[-1,1],and let F: X x X =Y
be a vector-valued mapping defined by

3 1 7

F — <_ 2 Sy — = = ) A

(x,y) x+3x+2y 2,3xy+3x, Va,y €

Let f = (0,2) € C*\ {0}, it follows from a direct computation that V;(A, F) =
[0, 1](not a singleton).
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We can verify that A is a nonempty compact convex set, F'(-,y) is C-concave on
A and F(+,-) is continuous on A x A. Obviously, conditions (i) (ii) (iv) and (v) of
Theorem 3.5 are satisfied.

For any z € A\ V¢(A, F'), there exists y =0 € V¢(A, F) and r = 1 > 0 such that

Fz,y) + F(y,z) + B(0,d" (z,y))

= (—x +3x+§y—%g 2+%>
+( y +3y+2:r % g 2+% )+B(0,d’"(fv,y))
= (~? s 2 0 4 (Se - 50) + BO.0 @ 0)

14
= (— 2+ %1‘ —11, ?:17) + B(0,d"(x,0)) C —C.

Thus, the condition (iii) in Theorem 3.5 is satisfied. It is clear that F(A, A) are
also bounded subsets of Y. By virtue of Theorem 3.5, we conclude that V (A, F) is
a connected set.

However, Theorem 2.2 in [14] is not applicable because F' (or ¢) is not C-
strongly /strictly monotone on A x A. Indeed, for any x € A\ V¢(A,F) = [-1,0),
there exists y = —x € V§(A, F) = [0, 1], such that

3 17 14
F(x,y)+ F(y,z) = (—$2+3$+§y ?gzcy —i-?x)
+( 2 g4 3 EZ 2+1—4)
) ) 21' 9 3y 39

= (=222 —11,0) & —intC,

which means F(-,-) is not C-strongly monotone on A x A. Then, Theorem 2.2 of
[14] is not applicable, and Theorem 3.2 in [13] is also invalid.

Moreover, we observe that F'(0,0) # 0, i.e., the condition that F(0,0) = 0(or
¥(0) = 0 and ¢(0,0) = 0) in Theorem 3.2 of [21] is not satisfied. Meanwhile, the
condition that F'(z,x) = ¢(z,x) > 0 in Theorems 4.1-4.5 of [13] is also not satisfied.
Therefor, the corresponding results of [13, 21] are also inapplicable.

4. CONCLUSIONS

In this paper, we study some properties of efficient solutions set. The connected-
ness of efficient solutions for GFKI is established by using density theorem without
monotonicity.

Now one open problem arises in a natural way: Can we establish the connect-
edness of Henig/super/weak efficient solutions set for GFKI or set-valued GFKI
without using monotonicity ? This is a very interesting and valuable topic, and we
will investigate it in our future work.

REFERENCES

. Aubin and I. Ekeland, Applied Nonlinear Analysis, John Wiley, New York, 1984.

. Aubin and H. Frankowska, Set-Valued Analysis, Birkhanser, Boston, 1990.

. Ansari and J. C. Yao, An existence result for the generalized vector equilibrium, Appl.
ath Lett. 12 (1999), 53-56.

m"U“U



ON THE CONNECTEDNESS OF EFFICIENT SOLUTIONS 917

[4] C. Berge, Topological Spaces, Oliver and Boyd, London, 1963.
[5] M. Bianchi, N. Hadjisavvas and S. Schaibles, Vector equilibrium problems with generalized
monotone bifunctions, J. Optim. Theory Appl. 92 (1997), 527-542.
[6] H. Brezis, L. Nirenberg and G. Stampacchia, A remark on Ky Fan’s minimaz principle, Boll.
Unione Mat. Ital. (IIT) VI (1972), 129-132.
[7] Y.H. Cheng, On the connectedness of the solution set for the weak vector variational inequality,
J. Math. Anal. Appl. 260 (2001), 1-5.
[8] K. Fan, Ezxtensions of two fized point theorems of F. E. Browder, Math. Z. 112 (1969), 234-240.
[9] K. Fan, A minimaz Inequality and Applications, in Inequality III, Shihsha, O. (ed.), Academic
Press, New York, 1972, pp. 103-113.
[10] F. Giannessi, Vector Variational Inequilities and Vector Equilibria. In Mathematical Theories,
Kluwer, Dordrechet, 2000.
[11] F. Giannessi, A. Maugeri and P. M. Pardalos, Equilibrium Problems: Nonsmooth Optimization
and Variational Inequality Models, Kluwer Academi Publishers, Dordrecht, 2001.
[12] X. H. Gong, Efficiency and Henig efficiency for vector equilibrium problems, J. Optim. Theory
Appl. 108 (2001), 139-154.
[13] X. H. Gong, Connectedness of the solution sets and scalarization for vector equilibrium prob-
lems, J. Optim. Theory Appl. 133 (2007), 151-161.
[14] X. H. Gong and J. C. Yao, Connectedness of the set of efficient solutions for generalized
systems, J. Optim. Theory Appl. 138 (2008), 189-196.
[15] X. H. Gong, Connectedness of Efficiency solution sets for set-valued maps in normed spaces,
J. Optim. Theory Appl. 83 (1994), 83-96.
[16] N. Hadjisavvas and S. Schaibles, From scalar to vector equilibrium problems in the quasimono-
tone case, J. Optim. Theory Appl. 96 (1998), 297-3009.
[17] Y. D. Hu, The efficiency Theory of Multiobjective Programming, Shanghai: Shanghai Science
and Technology Press, 1994.
[18] G. M. Lee, D. S. Kim, B. S. Lee and N. D. Yun, Vector variational inequalities as a tool for
studing vector optimization problems, Nonlinear Anal. 34 (1998), 745-765.
[19] Z. H. Li, Benson Proper Efficiency in the Vector Optimization of Set-Valued Maps, J. Optim.
Theory Appl. 98 (1998), 623-649.
[20] X. J. Long, N. J. Huang and K. L. Teo, Existence and stability of solutions for generalized
strong vector quasi-equilibrium problems, Math, Comput. Modelling 47 (2008), 445-451.
[21] X. J. Long and J. W. Peng, Connectedness and compactness of weak efficient solutions for
vector equilibrium problems, Bull. Korean Math. Soc. 48 (2011), 1225-1233.
[22] Q. Y. Liu, X. J. Long and N. J. Huang, Connectedness of the sets of weak efficient solutions
for generalized vector equilibrium problems, Math. Slovaca. 62 (2012), 123-136.
[23] Q. S. Qiu and X. M. Yang, Connectedness of Henig weakly efficient solution Set for set-valued
optimization problems, J. Optim. Theory Appl. 152 (2012), 439-449.
[24] A. R. Warburton, Quasiconcave vector mazimization: connectedness of the sets of Pareto-
optimal and weak Pareto-optimal alternatives, J. Optim. Theory Appl. 40 (1983), 537-557.
[25] R.Y. Zhong, N. J. Huang and M. M. Wong, Connectedness and Path-Connectedness of solution
sets to symmetric vector equilibrium problems, Taiwan. J. Math. 13 (2009), 821-836.

Manuscript received June 3, 2013
revised October 31, 201

Zai yun Peng

College of Science, Chongqing JiaoTong University, Chongqing 400074, China
E-mail address: pengzaiyun@126.com

Xin min Yang

Department of Mathematics, Chongqing Normal University, Chongqing 400047, China
E-mail address: xmyang@cqnu.edu.cn



