&2 Pug
.
%

Journal of Nonlinear and Convex Analysis § Mdm P"“'Shas

Volume 16, Number 6, 2015, 1025-1040 AowwCll _/SSN 1880-5221 ONLINE JOURNAL
! © Copyright 2015

Yok%

MULTIPLICITY RESULTS FOR SYSTEMS OF FIRST ORDER
DIFFERENTIAL INCLUSIONS

M. FRIGON AND M. LOTFIPOUR

Dedicated to the memory of Professor Francesco S. De Blasi

ABSTRACT. Multiplicity results are obtained for systems of first order differen-
tial inclusions with periodic boundary or initial value conditions. To this aim,
we introduce notions of strict solution-tubes. The cases where the nonlinearity
satisfies an upper or lower semi-continuity condition are considered. Our results
are new even in the particular cases where the nonlinearity is single-valued or it
has real values.

1. INTRODUCTION

In this paper, we establish multiplicity results for the following system of first
order differential inclusions:

2/ (t) € F(t,z(t)) ae. tel0,1],

(L) £(0) = 2(1);

where F' : [0,1] x R" — R" is a set-valued mapping with compact values which
satisfies an upper or lower semi-continuity condition. In this first case, the values
are also convex.

The theory of differential inclusions is well developed in the literature, see for
example [4, 6, 11, 12] and the references therein. One approach to obtain existence
results for problem (1.1) is to establish the existence of fixed points to the associated
Poincaré operator [2, 3, 8, 9, 10, 19, 22]. Here, we use an other approach which is
to obtain a solution as a fixed point of a compact operator defined on the space of
periodic, continuous functions on [0, 1].

In order to establish the existence of a solution for (1.1), we use the notion of
solution-tube for problem (1.1) similar to the notion of solution-tube introduced
in [13], (see also [15] and [16] for systems of first order differential equations). In
the particular case where F' has real values (n = 1), the notion of solution-tube
coincides with the notions of lower and upper solutions a < 3, see [1, 5].

To our knowledge, here, the first multiplicity results for problem (1.1) are estab-
lished. Indeed, there are no multiplicity results in this generality but there are some
in the particular case where F' has real single values, see for example [20, 21]. In
order to obtain the existence of at least three solutions of (1.1), we introduce the
notions of strict solution-tubes of (1.1). It is inspired by a notion introduced in [14]
for second order system of differential equations. It is worth to mention that our
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results are new even in the particular cases where the nonlinearity is single-valued
or it has real values.

This paper is divided in five sections. Section 2 contains preliminaries on set-
valued mappings. In section 3, we obtain existence and multiplicity results in the
case where F' satisfies an upper semi-continuity condition and has convex, compact
values. In section 4, the convexity assumption on the values of F' is removed and the
upper semi-continuity condition is replaced by a lower semi-continuity condition. In
the last section, we present multiplicity results for the following system of first order
differential inclusions with initial condition:

2'(t) € F(t,z(t)) ae. tel0,1],
z(0) = xo.

2. PRELIMINARIES

In what follows, we will use the following notations: I = [0,1], L'(I,R") is
the space of integrable functions; C(I,R™) is the space of continuous functions
endowed with the usual norm || - ||o; W11(I,R") is the Sobolev space {z € C(I,R") :
x is absolutely continuous and 2’ € L'(I,R")}. We denote W}D’I(I,R") ={z €
WHL(ILR™) : 2(0) = #(1)}. Let L : WhY(I,R") — LY(I,R™) be defined by

(2.1) L(x) =1

It is well known that the continuous linear operator L+id : W};l (I,R") — LY(I,R")
is invertible.

For sake of completeness, we recall some definitions. Let X and Y be topological
spaces, and Z a measurable space. We say that a set-valued mapping F': X — Y is
compact if FI(X) = Uzex F(x) is relatively compact, and F' is upper semi-continuous
(u.s.c.) (resp. lower semi-continuous (l.s.c.)) if {x € X : F(xz) N B # 0} is closed
(resp. open) for every closed (resp. open) set B C Y. We say that a set-valued
mapping F : Z — Y is measurable if {z € Z : F(z) N B # 0} is measurable for
each closed set B C Y. The reader is referred to [7, 11, 17, 18] for more details on
set-valued mappings.

Here are some conditions which permit to obtain more precision on the location
of the solutions of (1.1).

Lemma 2.1. Let F : I x R® — R"™ be a set-valued mapping. Assume there exist
ve WL, R™) and p € WH(I,]0,00)) such that ||v(0) — v(1)|| < p(0) — p(1) and

(2.2) F(t,z) C{y eR": (z—o(t),y —v'(1)) <llz —v@®)]p'(t)}
a.e. t € I and for all x € R™ such that ||z —v(t)|| > p(t).

Then any solution x € WHL(I,R™) of (1.1) satisfies ||z(t) — v(t)|| < p(t) for all
tel.

Proof. Let assume that x is a solution of (1.1) such that

J={tel:]alt) - o) > p(t)} #0.
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Let t1 be the largest ¢ € J such that
[#(t1) —v(t)] = p(t1) = Sup lz(t) —v(@)]| = p(t).
Since x satisfies the periodic boundary condition,
2(0) ~ w(0)]| = p(0) < (1) ~ (1) + [o(1) = w(0)]| = p(0) < (1) ~ w(1) ]|~ p(1).
So, t1 > 0. Let ¢ty < ¢1 be such that [tg,t1] C J. Then
0 < flz(t) — o)l — p(tr) — [[2(to) — v(to) [l — p(to)

= [ 4 (1) = o0l - 0 a

0

[ 0O V)

Contradiction. O

3. UPPER SEMI-CONTINUITY CONDITION

3.1. Existence result. In this section, we consider the case where the mapping F
is upper semi-continuous with respect to the second variable.

Definition 3.1. A set-valued mapping F' : I x R” — R” with nonempty closed,
convex values is said to be Carathéodory if the following conditions hold:
(i) t — F(t,x) is measurable for every x € R™;
(ii) @ — F(t,z) is upper semi-continuous for a.e. t € I;
(iii) for every r > 0, there exists h, € L'(I,R) such that for almost every ¢ € T
and every = € R" satisfying ||z|| < r, one has ||y|| < h,(t) for all y € F(t, x).

Remark 3.2. A single-valued mapping f : I x R" — R™ is Carathéodory if and
only if F' = {f} is Carathéodory in the sense of Definition 3.1.

Definition 3.3. A set-valued mapping F' : I x R® — R" is integrably bounded if
there exists h € L'(I,R) such that for almost every ¢t € I and every z € R", one
has [|y|| < h(t) for all y € F(t,z).

For a set-valued mapping F : I x R” — R", we define F : C(I,R") — L'(I,R")
by

F(z) = {y € L'(I,R") : y(t) € F(t,z(t)) a.e. t € I}.

Arguing as in the proof of Proposition 4.1 in [13], we obtain the following result.
Proposition 3.4. Let F : I x R® — R" be an integrably bounded, Carathéodory
set-valued mapping with nonempty, closed, conver values. If L'(I,R") is endowed
with the weak topology, then the associated operator F : C(I,R™) — L'(I,R") is
u.s.c. and has nonempty, compact, convex values.

To a set-valued mapping F': I xR” — R", we associate the set-valued operator
(3.1)  F : C(I,R") — C(I,R") defined by F=io(L+id)"'oF,

where L is defined in (2.1) and i : WLH(I,R") — C(I,R") is the continuous em-
bedding. Using Proposition 3.4, it is easy to prove the following result.
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Proposition 3.5. Let F': I xR"™ — R" be an integrably bounded, Carathéodory set-
valued mapping with nonempty, closed, convex values. Then the associated operator
F : C(,R") — C(I,R™) is u.s.c., compact and has nonempty, compact, convex
values.

We consider the problem
2 (t) +z(t) € F(t,z(t)) ae. te]0,1],
z(0) = z(1).
It is well known that if F' is Carathéodory and integrably bounded then (3.2) has a
solution. We present the proof for sake of completeness.

(3.2)

Proposition 3.6. Let F' : I x R™ — R" be an integrably bounded, Carathéodory
set-valued mapping with nonempty, closed, convex values. Then (3.2) has a solution
x € WHY(I,R™). Moreover, there exists a bounded open set Q C C(I,R™) such that
the topological degree deg(id — F,Q) = 1.

Proof. A fixed point of F is a solution of (3.2). Let H : [0,1] x C(I,R") — C(I,R")
be defined by H(\, z) = AF(z). Proposition 3.5 insures that H is an u.s.c., compact
set-valued mapping with nonempty, compact, convex values. Hence, there exists a
bounded open set Q C C(I,R") such that H ([0,1] x C(I,R")) C Q. The topological
degree theory implies that

1 = deg(id, 2) = deg(id — H(0,-),Q?) = deg(id — H(1, ), ) = deg(id — F, Q).
Thus, (3.2) has a solution. O

Here is the notion of solution-tube of (1.1). It generalizes the notion of upper
and lower solutions in the case where F' has real values. It will play a crucial role
in what follows.

Definition 3.7. Let (v,p) € WL, R"™) x WHL(I,]0,00)). We say that (v, p) is a
solution-tube of (1.1) if the following conditions hold:

(i) for a.e. t € I and for any = € R™ such that ||z — v(t)|| = p(t), there exists
y € F(t,x) such that

(z—v(t),y —'(t)) < p(t)p'(t);
(il) v'(t) € F(t,v(t)) for a.e. on {t € I : p(t) = 0};
(iii) [lv(0) = v()] < p(0) = p(1).
We denote
T(v,p) ={z € C(I,R"): ||lz(t) —v(t)|| < p(t) for all t € I}.

Notice that when the problem has only one equation (i.e. n = 1), then for o < 3
respectively lower and upper solutions of (1.1), one has (ﬁ;—a, 8 5 ) is a solution-
tube of (1.1). The reader is referred to [1] for the definition of upper and lower

solutions.

Remark 3.8. In the case where the nonlinearity is single-valued, we consider the
following system of first order differential equations:

2'(t) = f(t,z(t)) ae. te]0,1],

(8:3) z(0) = z(1).
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We say that (v, p) € WH(I,R?) x WHI(I,[0,00)) is a solution-tube of (3.3) if it is
a solution-tube of (1.1) with F' = {f}.

The existence of a solution-tube insures the existence of a solution to (1.1).

Theorem 3.9. Let F : I x R" — R" be a Carathéodory set-valued mapping
with nonempty, closed, convex values. Assume there exists (v,p) € WH(I,R") x
WH(I,[0,00)) a solution-tube of (1.1). Then, problem (1.1) has a solution x €
WEL(I,R™) such that ||z(t) — v(t)|| < p(t) for everyt € I.

Proof. We denote the projection of x on the closed ball centered in v(t) of radius
p(t) by

S i e = o(0)] < p(t),
' 0Py = w(t) + 2% (@ = v(®) if [lz — v()]| > p(t).

Let us define G(, ) : I Xx R" — R"™ and F, ;) : I x R" — R" respectively by

{zeR": (x —v(t),z —'(t))
<o)l —v(t if ||z —v(t)|| > p(t) > 0,

55 Guyr =] SPOEOI e ] > o)
v'(t) if p(t) = 0,
R™ otherwise.

and

(3.6) F(lhp) (t,z) = Z(tv,p) T F(t, j(t,’u,p)) N G(%p) (t,z).

It follows from the definition of solution-tube that F{, ,y has nonempty values. It
is easy to verify that F{, ;) is Carathéodory and has convex, compact values. Also,

the fact that ||Z(. || < [[v]lo + [|pllo and the condition (iii) of Definition 3.1 imply
that F, ,) is integrably bounded. It follows from Proposition 3.6 that the problem
o'(t) + z(t) € Fly (L, x(t)) ae. tel0,1],
2(0) = z(1);
has a solution # € WH1(I,R"). Observe that for almost every t € I and every
r € R" such that ||z —v(t)[| > p(t), one has for every u € F{, ,(f, ), there exists
2 € Gy p)(t, ) such that u = T, ,) + 2, and hence,
<l‘ - U(t)a Uu—r— Ul(t)> = <‘T - v(t))j(t,v,p) - $> + <:L‘ - U(t)7 z = U/(t»
< (p(t) =z —v@®)])) llz — v(®)]
(3.7) POl o] it o) >0,
0 if p(t) =0
<P ®llz =@,

since p/(t) = 0 almost everywhere on {t € I : p(t) = 0}.
It follows from Lemma 2.1 that the solution & verifies ||Z(t) — v(t)|| < p(t) for all
t € I. Therefore,

B0y = &) and  F (L 2(1) C 2(t) + F(t,&(t) ae. tel.
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So, % is a solution of (1.1). O

3.2. Multiplicity results. In order to establish our multiplicity results, we intro-
duce the notion of strict solution-tube of (1.1).

Definition 3.10. Let (v,p) € WHH(I,R?) x WHL(I,(0,00)). We say that (v, p) is
a strict solution-tube of (1.1) if the following conditions hold:

(i) there exists a l.s.c. mapping € : I — (0, 00) such that for a.e. ¢t € I and all
z € R™ such that p(t) — e(t) < ||z — v(t)|| < p(t), there exists y € F(t,x)
such that

(@ —v(t),y —'(t)) < p(t)p (t);
(i) lv(0) = o()] < p(0) = p(1).
Obviously, a strict solution-tube is a solution-tube of (1.1).

Remark 3.11. In the case where the nonlinearity is single-valued, we say that
(v,p) € WEHLHIL,R™) x WHL(T,(0,00)) is a strict solution-tube of (3.3) if it is a strict
solution-tube of (1.1) with F' = {f}.

Definition 3.12. Let (v, p1) and (ve,p2) be two strict solution-tubes of (1.1).
They are said compatible if the l.s.c. functions €; and ey in Definition 3.10(i) can
be chosen such that for a.e. ¢t € I and all z € R™ such that

pi(t) — €i(t) <[l —vi(®)[| < pi(t) fori=1,2,
there exists y € F'(¢,z) such that
(@ — vi(t),y — V(1) < pi(t)pl(t) fori=1,2.
Remark 3.13. Any two strict solution-tubes of (3.3) are compatible.
Here is our main theorem for Carathéodory set-valued mappings.

Theorem 3.14. Let F : I x R™ — R" be a Carathéodory set-valued mapping with
nonempty, closed, conver values. Assume the following conditions hold:

(i) there exists (vo, po) a solution-tube of (1.1);
(ii) there exist (v1,p1) and (va, p2) two compatible strict solution-tubes of (1.1)
such that

(a) T(vi,pi) C T(vo, po) fori=1,2;
(b) T(v1,p1) NT(v2, p2) = 0.
Then problem (1.1) has at least three distinct solutions xo,x1, 12 € WH(I,R™) such
that z; € T(vj, pj) and xo & T'(vi, p;) fori=1,2 and j =0,1,2.
Proof. For : = 1,2 define K; : I x R" — R" by
{z e R": (x —vi(t), z — vj(t))
Ki(t,z) = < pi(t)pi(1)} if pi(t) — €(t) < |lz —vi(®)ll < pi(t),
R™ otherwise.

The set-valued mapping K; is measurable in ¢, u.s.c. in x, and has nonempty closed,
convex values.
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For j =0, 1,2, Condition (ii)(a) implies that p;(t) > 0 for all t € I. Let Z(;,, ,)
and Gy, ,,)(t, ) be defined in (3.4) and (3.5) respectively. We define Fj : I x R" —
R"™ by

Fg(t, .%') = j(t,vo,po) + F(t, 'f(t,vo,po)) N G(vo,po)(t7 .1‘) n Kl(t, iL') N KQ(t, x),

FL(t, @) = Z(tp0,p1) + F (6 T 00,01)) N Gopn) () VKLt 2) N Ko (Tt 1))

Fg(t, .%') = f(t7v27p2) + F(t, i’(th’pz)) N G(Uz,m)(t, {L‘) N Ky (t, i’(th’pz)) N Kg(t, x)

In view of assumption (ii)(a), Fj is integrably bounded by the function h(t) =
r + h,(t) for r = ||lvollo + ||pollo and h, the function given in Definition 3.1(iii).
Assumptions (i) and (ii) imply that for almost every ¢ € I,

0+ F(t, j(t,vmﬂo)) N G(WO,PO)(t’ x) C Kq(t,x) N Ka(t,x) if ||z — vo(t)]| > po(t),
0 # F(t, f(t7v07p0)) NKi(t,z) N Ka(t,z) C G(vo,po)(tvx) if ||z — vo(t)|| < po(t).
Also,
(0 # F(t7i'(t,v1,p1)) NKi(t,z)N K2(taj(t,v1,p1)) C G(vl,m)(tvl‘)
if [z — o1 (B)]| < p1(D),
0 # F(t7j(t,v1,p1)) N G(vl,pl)(t7x) C Ki(t,z)N KQ(t7j(t7U17P1))
il —v1(8)]| > p1(6) and [, p0) — v2(8)| £ (2(8) — ealt), po(1)).
For almost every ¢t € I and for x € R™ such that
lz —vi(@®)[| > p1(t) and  [[Zr0, p0) — v2(@)] € (p2(t) — €a(t), p2(t)),
there exists a sequence {x,} such that
Ty — j(t,m,m)? and H:Bn - Uk(t)H S (pk(t) — ék(t),pk(t)) for k=1,2.

Since (v1,p1) and (ve, p2) are compatible strict solution-tubes, there exists z, €
F(t,zy) such that

(@n — vk(t), 2n — v (1)) < pr(t)pp(t) for k=1,2.

The sequence {z,} being bounded, it has a subsequence converging to some z € R™.
Since y — F(t,y) is u.s.c., we deduce that

zZ € F(t’j(tﬂn,pl))’
and
(Z(t01,01) = VE(t), 2 — 0k (1)) < pu(t)pp(t) for k=1,2.
In particular, by definition of Z(;,, ,,), one has
(@ —v1(t),z —01(t) < |lz — v ()] P1 (1)

So,

2 € F(t,Z(10,p1)) N Glorpn)(t2) N Ko (t, T, 1)) C Ki(t, ).
We get similar relations by interchanging the role of 1 and 2. Therefore,

F;(t,x) has nonempty values for a.e. ¢t € I, for all z € R" and for j =0,1,2.

It is easy to verify that F} is a Carathéodory set-valued mapping with closed, convex
values.
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Let F; : C(I,R™) — C(I,R™) be the operator associated to F; defined in (3.1).
It follows from Proposition 3.6 that there exists an open bounded set Q C C(I,R")
such that

(3.8) deg(id — F;,Q2) =1 for j =0,1,2.
Thus, there exists z; € WHL(I,R") a solution to
Z'(t) +z(t) € Fj(t,z(t)) ae tel,
z(0) = z(1).
We define the open set
Uj={x e C(I,R") : ||x(t) —v(t)]| < p;(t) for all t € I}.
Observe that Fj(t,x) C F,, ,.)(t, ) the function defined in (3.6). So, by (3.7),

(3.95)

—x+ Fi(t,z) C{y €R": (3 —v;(t),y — (1)) < llz —v; (1)l p5(8)}
a.e. t € I and for all z € R" such that ||z — v;(t)|| > p;(t).

Lemma 2.1 implies that all solutions of (3.9;) are in U;. So
(3.10) {reQ:0ex—Fjx)} CcU; forj=0,1,2.
Observe that for every x € U,

x(t) = (t>(t,’l}]’,p]’) for all t € I.
Hence, for j =0,1,2,
(3.11) z(t) + F(t,z(t)) D Fj(t,z(t)) ae. tel foralxzeU;.
Now, we show that
(3.12) Si={xeQ:0cx—-Fix)cU; fori=1,2.

Without loss of generality, assume this is false for ¢ = 1. Then, using (3.10), there
exists x € S7 such that

B={tel:|z(t)—ui)]=p(t)} #0.
Observe that 0 ¢ B. Indeed, the periodic boundary condition, and Definition 3.10
imply that
12:(0) = v1(0)]] < [l(1) = oD + [Jor (1) = v2(0)[} < p2(0).
Let t; = inf B > 0. Since p1(t1) —e1(t1) < ||z(t1) —va(t1)]| = p1(t1), the lower semi-

continuity of €; and the continuity of x, v; and p; imply that there exists 0 < tg < t1
such that

pr(t) — e1(t) < ||lz(8) — i (B)]] < pr(t) for all £ € [to, ).

By definition of the mappings K71, F1 and Z(;, ),

2'(t) +z(t) € Fi(t,z(t)) C x(t) + K1(t,z(t)) ae. t € [to,t1).
Thus,
(2(t) — v (8),2 (1) — i (6) < pr(DA(E) ae. tE [fo,t).
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Consequently,
0 < pi(to) = [|x(to) — v (to)|?

= [ 4 (1) - ol - )

0

=2/7mw—muwﬂw—%u»—mwAQMt

to

< 0;

which is a contradiction. o
For i = 1,2, by (ii)(a), for every x € U;,

z(t) = w(t,vi,pi) = %(t,vo,po) for all t € I,

and

"= G(vi7pi)(t7x<t)) = G(v07p0) (t, .%'(t)) forall t € I.
So,
(3.13) Fo(z) = Fi(z) forall x € U;.

The topological degree theory, combined with (3.8), (3.12), and (3.13) imply that
deg(id — Fo, O\(T1 U Th) )
= deg(id — Fo, @) — (deg(id — Fo, Uy) + deg(id — Fo, U2))

= deg(ld Fo, ) (deg(id — F1, U1) + deg(id — Fo, Ug))
= deg(id — Fy, ) — (deg(id — F1, Q) + deg(id - 7, 2))
=1—(1+1).

So, for j = 0,1,2, problem (3.9;) has a solution z; € T'(vj, pj). Moreover, zg ¢
T (v1, p1)UT (va, p2). Assumption (ii)(b) implies that x1 and x5 are distinct. Finally,
using (3.11), we conclude that xg, x1 and z2 are three distinct solutions of (1.1). O

In the particular case where the nonlinearity is single-valued, we consider the
system of first order differential equations (3.3) and we obtain the following corollary.

Corollary 3.15. Let f : I x R®™ — R" be a Carathéodory single-valued function.
Assume the following assumptions are satisfied:
(i) there exists (vo, po) a solution-tube of (3.3);
(i) there exist (v1,p1) and (va, p2) two strict solution-tubes of (3.3) such that
(a) T(vs, pi) C T(vo,po) fori=1,2;
(b) T(v1,p1) NT(v2,p2) = 0.
Then problem (3.3) has at least three distinct solutions xo, v1,x2 € WHH(I,R™) such
that x; € T'(v;, pj) and xo ¢ T(vs, p;) fori=1,2 and j =0,1,2.

We obtain the following corollary for real valued nonlinearity.
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Corollary 3.16. For i = 1,2, let oy, 3; € WHY(I,R), and let F : I x R — R be
a Carathéodory set-valued mapping with nonempty, closed, conver values. Assume
the following conditions hold:

(i) ai(t) < B1(t) < Ba(t) and ai(t) < ao(t) < Pao(t) for allt € I;
(i) there exists t € I such that p1(t) < aa(t);
(iii) @;(0) < ai(1) and B;i(0) > B;(1) fori=1,2;
(iv) fori=1,2, there exists a l.s.c. mapping €; : I — (0,00) such that,
- F(t, :):) [al(t),00) # 0 for a.e. t € I and all x € R such that a;(t) <
x < o;(t) +€(t);
- F(t,z) N (=00, Bi(t)] # O for a.e. t € I and all z € R such that
Bi(t) = x> Bi(t) — &(t);
(v) - there exits y € F(t,x) such that y > max{a/(t),cb(t)} for a.e. t €1
and all x € ( 1(8), a1(t) + e (t )) ( 2(t), aa(t) + g(t)),
- there exits y € F(t,x) such that y < mm{ﬁl( ), B5(t)} for ace. t €1
and all z € (B1(t) — e1(t), fr(t)) N (Ba(t) — ea(t), Ba(t))
- fori,j € {1,2} with i # j, there exits y € F(t,x) such that (t) y <

BU(1) for ace. t € I and allz € (Bi(t)—ei(t), Bi(D)) N (s (1), oy (D)+e5 ¢ )_

Then problem (1.1) has at least three distinct solutions xo,xl,xg € WHI(I,R) such
that x; € T'(vj, pj) and xo ¢ T(vs, p;) for i =1,2 and j =0,1,2

Proof. Let
UO:a1+52 and o _ P
2 2 7
and for i =1, 2,
U‘_ai‘i‘ﬁi and B
i = B Pi = 5

Assumptions (i), (iii) and (iv) imply that (vg, po) is a solution-tube of (1.1) and
(vi, pi) are strict solution-tubes of (1.1) for i = 1,2. It follows from (v) that (v1, p1)
and (ve, p2) are compatible strict solution-tubes. Theorem 3.14 gives the conclusion.

U

Remark 3.17. In the particular case where F' is single-valued, condition (v) of the
previous corollary can be omitted. Indeed, it follows directly from (iv).

Assuming the existence of more strict solution-tubes leads to the existence of
more solutions of (1.1). The proof is left to the reader.

Theorem 3.18. Let F' : I x R® — R" be a Carathéodory set-valued mapping with
nonempty, closed, convex values and let m > 2. Assume the following conditions

hold:

(i) there ezists (vo, po) a solution-tube of (1.1);
(ii) there exist (v1,p1), .-, (Um, pm) strict solution-tubes of (1.1) such that
(a) T(Uiv Pz) - T(UOa PO) f07" i=1,...,m;
(b) T'(vi,pi) NT(vj,pj) =0 for alli,j € {1,...,m} such that i # j;
(c) the l.s.c. functions e€y,..., €y in Definition 3.10(i) can be chosen such
that for a.e. t € I and all x € R™ such that card(I(t,x)) > 2, there
exists y € F(t,x) such that

(& —wi(t),y —vi(t)) < pi(t)pi(t) for alli € I(t,x),
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where
It,z) ={ie{l,....m}:pi(t) — &(t) < ||z — v ()| < pi(t)}.

Then problem (1.1) has at least m + 1 distinct solutions xg, ..., T, € WH(I,R")
such that z; € T(vj, pj) and xo & T'(vi, p;) fori=1,...,m and j =0,...,m.

4. LOWER SEMI-CONTINUITY CONDITION

4.1. Existence result. In this section, we consider a mapping F' lower semi-
continuous with respect to the second variable. In this case, F' may have non-convex
values.

Definition 4.1. A set-valued mapping F' : I x R” — R" with nonempty closed
values is lower semi-continuous type ((1sc)-type) if the following conditions hold:
(i) (t,z) — F(t,x) is L ® B-measurable (here [ x R" is endowed with the
o-algebra generated by subsets C' x D where C' C I and D C R" are respec-
tively Lebesgue and Borel measurable);
(ii) = +— F(t,x) is lower semi-continuous for a.e. t € I;
(iii) for every r > 0, there exists h, € L'(I,R) such that for almost every ¢ € T
and every = € R" satisfying ||z|| < r, one has ||y|| < h,(t) for all y € F(t, x).

Let us recall that to a set-valued mapping F : I x R® — R", we associated
F: O(I,R") — LY(I,R") defined by
F(z)={y € L'(I,R") : y(t) € F(t,z(t)) a.e. t € I}.
Arguing as in the proof of Proposition 4.3 in [13], we obtain the following result.

Proposition 4.2. Let F : I x R" — R"™ be an integrably bounded, (lsc)-type set-
valued mapping with nonempty, closed, values. If L*(I,R™) is endowed with the
usual norm topology, then there exists a continuous single-valued selection

f:C(I,R") — L*(I,R") such that f(z) € F(z) for all x € C(I,R™).

It follows from the previous proposition that to a (Isc)-type set-valued mapping
F: I xR" — R" we can associate the single-valued operator

(4.1) f: C(I,R") — C(I,R") defined by f=rio(L+id)"'of,

where L is defined in (2.1) and i : WH(I,R?) — C(I,R") is the continuous em-
bedding. The associated operator f is continuous and compact.

It is also well known that if F' is (Isc)-type and integrably bounded, then (3.2)
has a solution.

Proposition 4.3. Let F' : I x R" — R"™ be an integrably bounded, (lsc)-type
set-valued mapping with nonempty, closed values. Then (3.2) has a solution x €
WHL(I,R™). Moreover, there exists a bounded open set 2 C C(I,R™) such that the
topological degree deg(id— f,2) = 1.

Proof. A fixed point of f is a solution of (3.2). Let h: [0,1] x C(I,R") — C(I,R")
be defined by h(\,x) = Af(x). There exists a bounded open set Q C C(I,R") such
that A([0,1] x C(I,R™)) C Q. The topological degree theory implies that

1 = deg(id, 2) = deg(id — h(0,-), Q) = deg(id — h(1,-),Q2) = deg(id — f, Q).
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Thus, (3.2) has a solution. O

Also in this context, the existence of a solution-tube insures the existence of a
solution to (1.1).

Theorem 4.4. Let F' : I x R" — R" be a (Isc)-type set-valued mapping with
nonempty, closed values. Assume there exists (v,p) € WHL(I,R™) x WHL(T,[0, 00))
a solution-tube of (1.1). Then, problem (1.1) has a solution x € WYL (I, R") such
that [|z(t) — v(t)|| < p(t) for every t € I.

Proof. Let us define G! . : 1 xR® — R" and F| ZU ) I x R™ — R" respectively by

(v.p) (
{zeR": (x —v(t),z —'(t))
< (O]l — ()]} if [z —o(@)] = p(t) >0,
42 Con® = iy i p(t) = 0.
R” otherwise,

and

! - - !
(43) F(%p) (t, .'1:) = x(t,wp) + F(t, x(t,v,p)) N G(v’p) (t, JI),
where Z , ,) is defined in (3.4).
It follows from the definition of solution-tube that F’ (lv 2) has nonempty values. It

is easy to verify that F(lv ») is an integrably bounded, (lsc)-type set-valued mapping
with compact values. Proposition 4.3 implies that the problem

2(t) +x(t) € F, )t 2(t) ae tel0,1],
z(0) = z(1);

has a solution # € WH1(I,R"). Observe that for almost every t € I and every
x € R™ such that ||z — v(t)|| > p(t), one has

(44)  —a+ Foy o) C{y e R (z— o),y —'(t) <o/ (O)]lx —v(B)]I}.
It follows from Lemma 2.1 that the solution & verifies ||Z(t) — v(t)]| < p(t) for all
t € I. Therefore, & is a solution of (1.1). O

4.2. Multiplicity results. In the case where the set-valued mapping is lower semi-
continuous with respect to the second variable a stronger compatibility condition is
needed in order to establish multiplicity results.

Definition 4.5. Let (v1, p1) and (ve, p2) be two strict solution-tubes of (1.1). They
are strongly compatible if the l.s.c. functions €; and ez in Definition 3.10(i) can be
chosen such that for a.e. t € I and all x € R" such that

pi(t) —€i(t) <z —vi@)|| < pi(t) fori=1,2,
there exists y € F'(¢,z) such that
(&~ wilt).y — ol(0)) < pilt)pl() fori=1,2.

Remark 4.6. Obviously, strongly compatible strict solution-tubes are compatible.
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Here is our main theorem for (lsc)-type set-valued mappings. In this case, an
extra condition is needed.

Theorem 4.7. Let F' : [ x R® — R" be a (Isc)-type set-valued mapping with
nonempty, closed values. Assume the following conditions hold:

(i) there ezists (vo, po) a solution-tube of (1.1);
(i) there exist (v1,p1) and (va, p2) two strongly compatible strict solution-tubes
of (1.1) such that
(a) T(Ulvpz) - T(UOa PO) f07" 1=1,2;
(b) T(v1,p1) NT(v2,p2) = 0.
(iii) for almost every t € I and all x € R™ such that ||x — vo(t)|| = po(t) and
card(J (t,x)) > 2, where

J(t,x) = {7 €{0,1,2} : |lz —v; (D) || = p;(D)},
there exists y € F(t,x) such that
(& = vy(t),y — 0}(6) < p3 (A1) for each j € J(t,).
Then problem (1.1) has at least three distinct solutions xo,x1,x2 € WH(I,R™) such
that z; € T(vj, pj) and xo & T'(vi, p;) fori=1,2 and j =0,1,2.

Proof. For i = 1,2 let € : I — (0,00) be a lLs.c. single-valued mapping such that
el(t) < €(t) for every t € I. We define K! : I x R* — R" by

{z e R": (x —vi(t), z — vi(t))

Kj(t,x) = < pi(t)p}(t)} if pi(t) — ei(t) < llz —vi(®)]| < pi(),
R™ otherwise.

The set-valued mapping K! is £ ® B-measurable in (¢,z), Ls.c. in x, and has
nonempty closed values.

For j =0, 1,2, Condition (ii)(a) implies that p;(t) > 0 for all ¢ € I. Let Z(;,, ,.)
and Gl(vj p]_)(t, x) be defined in (3.4) and (4.2) respectively. We define Fjl I X R™ —
R"™ by

é’( ) j (t,v0,p0) +F(t’ (tvo po)) Gl(vo,po)(ta'r) ﬂK{(t,l’) ﬂKé(t,ﬂj‘),
]l.( ) t’Ul ,01) +F( (tv1 Pl)) mGl(ul’pl)(th) mK:{(t7m) mKé(twf(tml,pﬂ)v
Fy(t,2) = Z(t,09,p0) + F (6 B t00,0)) N Glog.po) (8 2) VKL (E, B1,09,p)) N K (8, ).

(v2,p2

Assumption (ii)(a) insures that Fjl is integrably bounded by the function A(t) =
7+ hy(t) for r = |Jugllo + ||pollo and h, the function given in Definition 4.1(iii).

For j = 0,1,2, assumptions (i), (ii) and (iii) imply that F;(t,x) has nonempty
values for almost every ¢t € I and for all x € R™. It is easy to verify that Fjl is a
(Isc)-type set-valued mapping with closed values.

Let fj : C(I,R™) — C(I,R™) be the operator associated to F]l defined in (4.1).

Arguing as in the proof of Theorem 3.14 and using Proposition 4.3, we get the
conclusion. O

In the particular case where F' has real values, we get the following corollary.
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Corollary 4.8. Fori = 1,2, let a;,3; € WHY(I,R), and let F : I x R — R be a
(Isc)-type set-valued mapping with nonempty, closed values. Assume the following
conditions hold:

(1) ai(t) < Bi(t) < Ba(t) and ai(t) < ao(t) < Pao(t) for allt € I;
(i) there exists t € I such that p1(t) < aa(t);
(1) 04(0) < s(1) and 3(0) > Bi(1) for i = 1,2;
(iv) fori=1,2, there exists a l.s.c. mapping €; : I — (0,00) such that,
- F(t, :):) [al(t),00) # 0 for a.e. t € I and all x € R such that a;(t) <
x < a;(t) +e(t);
- F(t,z) N (—o0,Bi(t)] # O for a.e. t € I and all z € R such that
Bz()>x>ﬁ1()_6z );

(t
(v) - there exits y € F(t,x) such that y > max{al(t),aé(t) for ae. tel
1(

s
and all z € [a1(t), 1 (t) + e (t)) N [aa(t), aa(t) + ea(t))

- there exits y € F(t,x) such that y < mm{ﬁl( ), é(t)} for a.e. t el
and all x € (51( ) —ei(t), Bt )] ( 2(t) — e2(t), B ]’

- fori,j € {1,2} with i # j, there exits y € F(t,x) such that o/( )<y<

Bi(t) for a.e. t € I and allx € (Bi(t)—e(t), Bi(t)|N[a;(t), a ( )+e;(t)).
Then problem (1.1) has at least three distinct solutions xg,xl,mg € WHY{(I,R) such
that x; € T'(vj, pj) and xo ¢ T(vs, p;) fori=1,2 and j =0,1,2

Remark 4.9. It is left to the reader to state and prove a result analogous to
Theorem 3.18 for a (Isc)-type set-valued mapping.

5. INITIAL VALUE PROBLEM

In this section, we present multiplicity results for the following system of differ-
ential inclusions with initial value condition:
2 (t) € F(t,z(t)) ae. te[0,1],
x(0) = xo,
where xg € R” is given. Again, our results will rely on the notions of solution-tube
and strict solution-tube of (5.1).

Definition 5.1. Let (v,p) € WHH(I,R?) x WH(I,[0,00)). We say that (v,p) is
a solution-tube of (5.1) if it satisfies (i) and (ii) of Definition 3.7 and the following
condition:

(i) [lzo — v(0)] < p(0)-

Definition 5.2. Let (v,p) € WH(I,R") x WHL(I,(0,00)). We say that (v, p) is
a strict solution-tube of (5.1) if it satisfies (i) of Definition 3.10 and the following
condition:

(i) [lzo — v(0)I[ < p(0)-

We obtain multiplicity results analogous to Theorems 3.14 and 4.7.

(5.1)

Theorem 5.3. Let F' : I x R — R" be a Carathéodory set-valued mapping with
nonempty, closed, convexr values. Assume the following conditions hold:

(i) there ezists (vo, po) a solution-tube of (5.1);
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(ii) there exist (vi,p1) and (va, p2) two compatible strict solution-tubes of (5.1)
such that
(a) T(U’Lapz) C T(UOa PO) fOT P = ]-a 2;
(b) T(Ul,pl) N T(Ug,pz) = 0.
Then problem (5.1) has at least three distinct solutions xo, x1, w2 € WH(I,R™) such
that x; € T'(vj, pj) and xo ¢ T(vs, p;) fori=1,2 and j =0,1,2.

Proof. Let Wol’l(I,R") = {x € WL, R") : 2(0) = z0}. It is well known that the
continuous affine operator L +id : VVD1 (I, R") — L'(I,R") is invertible, where L is
defined in (2.1). The proof is analogous to the proof of Theorem 3.14 by replacing
W}D’l(I,R”) by Wol’l(I,R”) and, instead of Lemma 2.1, by applying Lemma 5.6
stated at the end of this section. 0

Theorem 5.4. Let F' : [ x R" — R" be a (Isc)-type set-valued mapping with
nonempty, closed values. Assume the following conditions hold:
() there exists (vo, po) a solution-tube of (5.1);
(ii) there exist (vi, p1) and (ve, p2) two strongly compatible strict solution-tubes
of (5.1) such that
(a) T'(vi, pi) C T(vo, po) fori=1,2;
(b) T'(v1,p1) NT(va, p2) = 0.
(iii) for almost every t € I and all x € R™ such that ||z — vo(t)|| = po(t) and
card(J(t,z)) > 2, where

J(tx) = {7 €{0,1,2} : [l — v ()] = p;(8)},
there exists y € F(t,x) such that
(o = 03(6),y — V(1) < pi (O (8) for each j € J(t,z).
Then problem (5.1) has at least three distinct solutions wo, x1,x2 € WL, R™) such
that z; € T'(vj, pj) and xo & T'(vi, p;) fori=1,2 and j =0,1,2.

Remark 5.5. Results analogous to Corollaries 3.16 and 4.8 and Theorem 3.18 can
be obtained for problem (5.1).

Lemma 5.6. Let F': I x R" — R" be a set-valued mapping and xo € R™. Assume
there exist v € WL, R™) and p € WHL(I,[0,00)) such that ||xg — v(0)|| < p(0)
and

(5:2) F(t,z) C{y eR": (x—v(t),y —'(t) <[z — vl ()}
a.e. t € I and for all x € R™ such that ||z — v(t)| > p(t).
Then any solution x € WHL(I,R™) of (5.1) satisfies ||x(t) — v(t)|| < p(t) for all
tel.
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