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A CANTOR TYPE INTERSECTION THEOREM
FOR SUPERREFLEXIVE BANACH SPACES
AND FIXED POINTS OF ALMOST AFFINE MAPPINGS
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Dedicated to the memory of Professor Francesco S. De Blasi

ABSTRACT. We obtain the following Cantor type intersection theorem which, in
fact, is a partial extension of Smulian’s theorem by weakening the convexity as-
sumption. Let (A,) be a decreasing sequence of closed subsets of a superreflexive
Banach space such that for any n € N, there is & € N such that Ay + Ay C 2A4,.
Then the intersection of all sets A,, is nonempty closed and convex if and only
if there exists a bounded sequence (an) such that a, € A, for each n € N. We
present a few applications of this result in metric fixed point theory. In particular,
we get a fixed point theorem for mappings, which are ‘almost affine’ on sets of ‘al-
most fixed” points, generalizing the well known Browder—Gohde—Kirk theorem.
We also establish a common fixed point theorem for a family of nonexpansive
mappings (not necessarily commuting).

1. INTRODUCTION

It is well known that the Banach contraction principle can be derived from Can-
tor’s intersection theorem. Such a proof was first published by Boyd and Wong
[2] (see also [12, p. 2] or [11, p. 9]), but it could also have been known to Banach.
The following argument is used in that proof: Let (X, d) be a metric space, C' be a
nonempty subset of X and T': C'— X be a mapping. For any decreasing sequence
(au,) of positive reals such that a,, N\, 0, define

(1.1) A, ={zxeC:d(x,Tzr) <a,} forneN.

Clearly, (A;,) is a decreasing sequence of sets and (), oy An = Fix T, the set of all
fixed points of T'. Thus 7" has a fixed point if and only if the intersection of all sets
A,, is nonempty. Now Boyd and Wong [2] showed that under the assumptions of the
Banach principle, Cantor’s intersection theorem can be applied to (A;), so [,cx An
is then a singleton and hence T has a unique fixed point. A more comprehensive
study of other applications of Cantor’s intersection theorem in metric fixed point
theory was done in [15]. Here we quote a selected part of [15, Proposition 1 and
Theorem 2]. Recall that the fixed point problem for 7" is well posed if there exists
a fixed point x, of T and for any sequence (z;,) of elements of C,

d(xp, Tzy) — 0 implies that x, — z..
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This notion was introduced by Francesco S. De Blasi and Myjak [8], and studied
among others by Reich and Zaslavski ([22] and [23, Section 3.11]; also, see [21]).

Proposition 1.1. Let (X,d) be a complete metric space, C be a nonempty closed
subset of X and T: C — X be a continuous mapping. For n € N, let A,, be defined
by (1.1). The following statements are equivalent:

(i) (Ap) satisfies the assumptions of Cantor’s intersection theorem;
(ii) the fized point problem for T is well posed;
(iii) infyecd(z,Tz) =0 and for any sequences (x,) and (y,) of elements of C,

d(zp, Tzy) =0 and d(yn,Tyn) — 0 imply that d(zy,y,) — 0.

Note that in [15] T was assumed to be a selfmap of X, but this condition is not
necessary in Proposition 1.1.

However, in many cases the assumption that diam A,, — 0 turns out to be too re-
strictive. In particular, it need not hold if 7" is a nonexpansive mapping. (Consider,
e.g., the identity mapping.) Fortunately, there are several possibilities of replacing
the assumption on diameters of A,, by other, often geometric type conditions, so
that the intersection of A, be nonempty. Much information on this topic can be
found, e.g., in the paper of Castillo and Papini [6]. Here we recall an old result of
Smulian [24], one of basic theorems in Banach space theory (see, e.g., [11, pp. 4-5]).

Theorem 1.2 (émulian). A Banach space X is reflexive if and only if any decreas-
ing sequence of nonempty closed bounded and conver subsets of X has a nonempty
ntersection.

Unfortunately, for a nonexpansive mapping 7', sets A,, defined by (1.1) need not
be convex, so Smulian’s theorem is useless here. Our purpose is to give a partial
extension of Smulian’s theorem by weakening the convexity assumption. Let us
observe that if A is a closed subset of a normed linear space, then A is convex if
and only if A+ A C 2A, where

A+A={z+y:z,yc A} and NA:={ r:ze€ A} for AeR

So the convexity assumption in Smulian’s theorem can be written in the following
form:
A, + A, C2A, forany n€N.
We relax this condition in the following way:
(1.2) for any n € N, thereis k &€ N such that A+ Ap C2A4,.

Our main result says that if X is a superreflexive Banach space, then every de-
creasing sequence (Aj,) of closed subsets of X satisfying (1.2) and such that there
exists a bounded sequence (a,) with a, € A,, has a nonempty intersection. (For
the definition of a superreflexive space, see, e.g., [1, p. 412].) Actually, our result is
inspired by Goebel’s [10] elementary proof of the fixed point theorem by Browder
[3], Gohde [13] and Kirk [18], and particularly, by its slightly modified version given
in [14, pp. 51-53] for Hilbert spaces.

We also show that in every infinite dimensional Banach space there exists a
sequence (A,) satisfying the assumptions of our theorem such that each A4, is
noncompact, inf,cydiam A, > 0 and none of A, contains a nontrivial segment.
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Consequently, neither the compactness argument nor Cantor’s theorem can be used
to (A;) to deduce the nonemptiness of the intersection, and also Smulian’s theorem
is not applicable here.

In Section 3 we show that if sets A,, are defined by (1.1), where C' is a nonempty
convex subset of a normed linear space X, then (A4,) has property (1.2) if and only
if T is almost affine in the sense that for any € > 0 there exists § > 0 such that

T T+y _T:C—i-Ty
2 2

where F5(T) :={zx € C: ||z — Tz || <}, i.e., F5(T) is the set of all §-fixed points
of T'. Hence we obtain a fixed point theorem for almost affine mappings which
generalizes the Browder—Gohde-Kirk theorem since it can be shown that every
nonexpansive mapping 7: C — X, where C' is a nonempty bounded and convex
subset of a uniformly convex Banach space X, is almost affine. Also, any mapping
T: C — X of type () in the sense of Bruck [4] (see also [11, p. 111]) is almost affine
for an arbitrary Banach space X. Let us also note that by our Proposition 3.3, a
mapping 7T is almost affine if and only if T is of ‘convex type’ in the sense of Khamsi
[16, 17] who, however, considered only nonerpansive mappings of convex type.

At last our intersection theorem let us obtain a common fixed point theorem for
a family of nonexpansive mappings (not necessarily commuting), which generalizes
a corresponding result for a single mapping (see, e.g., [11, Proposition 10.2] or [1,
Lemma 3.16)).

We close the paper with posing some questions. It seems that the following prob-
lem is particularly interesting: Let X be a Banach space in which every decreasing
sequence (A,) of nonempty closed and bounded subsets of X with property (1.2)
has a nonempty intersection. Is X superreflexive?

(1.3)

<e forany z,y € Fs(T),

2. INTERSECTION THEOREM FOR SUPERREFLEXIVE BANACH SPACES

We start with our main result of this section which was ‘hidden’ in Goebel’s
proof of the Browder-Goéhde-Kirk theorem (see both proofs given in [10] and [14,
pp. 51-53]). For r > 0, we denote by B,(0) the closed ball centered at 0 with radius
T

Theorem 2.1. Let X be a superreflezive Banach space and (A,) be a decreasing
sequence of closed subsets of X such that for any n € N, there is k € N such that

Then the intersection (), .y An s nonempty closed and convex if and only if there
exists a bounded sequence (ay) such that a, € A, for each n € N.

Proof. Part ‘only if’ is obvious.

(«<): By the Enflo-James theorem (see, e.g., [1, p. 412]), there exists an equivalent
uniformly convex norm || - || on X. Clearly, sets A, are closed and (a,) is still
bounded with respect to the new norm. For n € N; set

(2.1) ap =d(0,A4,) =inf{]| z ||: x € A, }.
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Since 0 < ay, < || ay, ||, (o) is bounded. Since (Ay,) is decreasing, («v,) is increasing.
Thus «,, ' « for some o > 0. If & = 0 then «,, = 0 for each n € N, soOEﬂnEN
since each A,, is closed. So we assume further that oo > 0.

By (1.2), there is a sequence (k) of positive integers (not necessarily increasing)
such that Ay, + A, C 24, for each n € N. Set

p1:=k1 and pny1:=max{p, + 1,k,41} for neN.
Then (4,,) is a subsequence of (A,) and
Ay, + A, C A + Ak, C24,
since p, > ky, and (A,,) is decreasing. For n € N, set
By, := Ay, 0 Bay1/n(0).

Since ap, < a < a+ 1/n, we get that infyea, | 2 || < o+ 1/n, so there exists
xn € Ap, such that || z, | < o+ 1/n, which means that x,, € B,,. Thus each B, is
nonempty. Moreover, sets B,, are closed and the sequence (B,,) is decreasing. We
show that diam B,, — 0. Let 2,y € B,,. Then || z || < a+1/nand ||y || < a+1/n.
Since z,y € A, (x +y)/2 € Ap, 50 || (x+y)/2 || > an. Let 1 denote the inverse
function to the modulus of convexity of (X | - ). Then the above inequalities
imply that (see, e.g., [25, Problem 10.1(a)])

lo=ul < (a2 ) (“5 )

Hence we infer that
at+l/n—a
K Ca+1l/n )’
so lim,,_,o diam B,, = 0 since lim;_,o+ n(¢) = 0. By Cantor’s intersection theorem,

Mpen Bn # 0. Since

(1 BnC () 4. = () A4n,

neN neN neN
we get that (), ey An 7# 0. Finally, if 2,y € (e An then for any n € N, z,y € A, ,
so (r+y)/2 € Ay by property of (A, ). This proves the convexity of [,y An since
the intersection of A,, is closed. O

diam B,, < < +

S|

The referee observed that the assumption of Theorem 2.1 — ‘there exists a bounded
sequence (a,) such that a, € A, for any n € N’ — is equivalent to the boundedness
of sequence («;,) defined by (2.1). Here we can also add yet another equivalent
condition: ‘there exists r > 0 such that each set

(2.2) B, := A, N B,(0)

is nonempty’. Clearly, sets B,, are closed and bounded, (B,,) has property (1.2)
(with A, replaced by B,) by convexity of B,(0), and (e Bn € (,eny An. This
shows that Theorem 2.1 could easily be derived from the following particular version
of it:
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Proposition 2.2. Let X be a superreflexive Banach space and (Ay) be a decreasing
sequence of nonempty closed and bounded subsets of X. If for any n € N, there is
k € N such that Ay + Ay, C 2A,, then the intersection (), cy An is nonempty closed
and convez.

Theorem 2.1 and Proposition 2.2 are in some sense equivalent (as explained
above), but Proposition 2.2 is better comparable with Smulian’s theorem than The-
orem 2.1.

On the other hand, as also observed by the referee, in reflexive spaces, any de-
creasing sequence (A,) of nonempty closed and convex subsets of X such that there
exists a bounded sequence (a,) with a, € A, for each n € N, has a nonempty
intersection. This follows from Smulian’s theorem applied to sequence (B,,) defined
by (2.2). Actually, we observe that also the convexity assumption can be relaxed
here as done in the following theorem, which in turn is in some sense equivalent to
Smulian’s theorem.

Proposition 2.3. Let X be a normed linear space. The following statements are
equivalent:

(i) X is a reflexive Banach space;

(ii) any decreasing sequence (Ay) of closed subsets of X such that for anyn € N,
there is k € N with conv Ay, C A,, and there exists a bounded sequence (ay)
with a, € A, for each n € N, has a nonempty intersection.

Proof. (ii)=(i) follows from Theorem 1.2.

(i)=(ii): Let sets B, be defined by (2.2). Clearly, each B,, is nonempty closed
and bounded, and (B),) is decreasing. Fix n € N. By hypothesis, there is k£ € N
such that conv A, C A,,. Then

conv By, C conv B, (0) Nconv Ay = B,(0) Nconv Ay, C B,.(0)N A, = B,.

As in the proof of Theorem 2.1, we may infer that there exists a subsequence (By,,)
of (By) such that conv By, C B,. Set C,, := convBy,,. Clearly, C,, C B, C A,,
80 (Neny Cn € Npen An- Since, by Theorem 1.2, (), oy Cr is nonempty, so is the
intersection (7, oy An. O

Now we hope it is convenient for the reader to compare Proposition 2.3 ((i)=-(ii))
with Theorem 2.1.

Also, the referee observed that in Theorem 2.1 condition (1.2) cannot be omitted.
We can develop this remark as follows: in every infinite dimensional Banach space
there exists a decreasing sequence of nonempty closed and bounded sets having the
empty intersection. This is an immediate consequence of the following result of
Chelidze [7].

Proposition 2.4 (Chelidze). A Banach space X is finite dimensional if and only
if every decreasing sequence of nonempty closed and bounded subsets of X has a
nonempty intersection.

Now we construct a sequence (A,,) of subsets of the closed unit ball in I satisfying
the assumptions of Theorem 2.1 such that each A, is noncompact and diam A, =
V2. Thus Cantor’s theorem as well as the compactness argument cannot be applied
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to (Ay) to deduce the nonemptiness of the intersection. Moreover, none of A,
contains a nontrivial segment, so there does not exist a subsequence (Ag, ) such
that convAy, C A,. Consequently, also Proposition 2.3 is not applicable here.

Example 1. Set
1
Cy:={0,1} and Cp41:= 5(0" +Cp) for neN,

so that C,, = {i/2"" 1 :i=0,1,...,2" '}, Let B; denote the closed unit ball in the
Hilbert space ls. Define
Ay :=BinN H Ch.
neN
Since [],,cn Cn is compact, hence closed, in the product topology, we may infer that
A is closed in the norm topology. For (x,) € l2, define

F(wl,m'g, .o ) = (0,1‘1,1‘2, .o )

Clearly, F' is an isometric isomorphism of lo onto F'(l3), so the set F(A;) is closed
and F(B1) C By. Moreover, F(A;) C A; since (Cy,) is increasing and 0 € Cj.
Hence, if we set

Apy1:=F(Ay,) for neN,

then (A,,) is a decreasing sequence of closed subsets of B;. By induction we show
that
1

(23) i(An—&-l + An+1) - Ana

so (Ay) has property (1.2). Observe that if x = (z,,) € Az and y = (y,) € Aa, then
(1 4+ y1)/2 = 0 € Cy whereas for n > 2, x,,y, € C,_1, s0
T + Yn 1

9 € i(cn—l + Cn—l) = Cn

by definition of C,,. Thus (z +¥)/2 € [],,cny Cn, and (z +y)/2 € By because of the
convexity of By. This yields (2.3) for n = 1. Now assume that (2.3) holds for some
n € N. Then, since F' is linear, we get

2 2 2
which completes the induction.

We show that diam A,, = /2. If z,5 € A,,, where z = (z,) and y = (y;), then
Tr,yr > 0, so (x — yp)? < xi +y,3, which gives || z —y || < V2 since z,y € B.
Thus diam A4,, < v/2. On the other hand, observe that {e,,eni1,...} C A,, where
€n = (5kn)k€Na S0

1 1 1
S(Ant2tAnie) = S (F(Apt1)+F(Apy1)) = F <(An+1 + An+1)> C F(An) = Any1,

diam A, > || en — ent1 || = V2.

Finally, we show that none of A, contains nontrivial segments. Let z,y € A,,
x # y, and suppose, on the contrary, Ty C A,. Let k be such that x; # yi. Then
k > n by definition of A4,. Since Az + (1 — \)y € A,, for A € [0,1], we get that
Az + (1 — Ny € Cx—p41 for all such A, which yields a contradiction since Ci_y41
is finite.
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Actually, we may adapt the above example to any infinite dimensional Banach
space instead of Iy, which is done in the following

Proposition 2.5. Let X be an infinite dimensional Banach space. Then there
exists a decreasing sequence (Ay) of nonempty closed subsets of the closed unit ball
in X having property (1.2) such that each A,, is noncompact and does not contain
any nontrivial segment, and diam A,, > 1.

Proof. By Banach’s theorem (see, e.g., [19, Theorem 1.a.5]), X contains a basic
sequence (e ), i.e., (e,) is a Schauder basis of Y, the closed linear span of {e,, : n €
N}. We may assume that (e,) is normalized, i.e., || e, || = 1 for each n € N. Let
(e¥) be the sequence of biorthogonal functionals (cf. [19, p. 7]) associated to the
basis (ey), i.e., e, € Y* and e} e, = 0pm. Let e € Y™ be the zero functional on Y,
and let sets C),, be defined as in Example 1. Now we reformulate the definition of
A, from that example as follows: for n € N,

n—1 oo
A, = By N ﬂ Ker e} N ﬂ (ef) N Chont1),
k=0 k=n

le,x =3 o apep € Ap ifand only if ||z || <1,z =0for k=1,...,n—1 (if
n > 2), and xp € Cg_pq1 for k& > n. (This easily implies that (. An = {0}.)
Since (Cy,) is increasing, we may infer that (A,) is decreasing. The continuity of ej
implies that each A, is closed in the norm topology. It is easily seen that

{0} U {en, ent1,...} C Ay,

so diam A,, > 1 and A, is noncompact. (Indeed, (e,+r—1)ren is a sequence of
elements of A,,, which does not contain a convergent subsequence.) A similar ar-
gument as in Example 1 shows that none of A, contains a nontrivial segment.
Finally, if z,y € Apy1, © = Y poq xper and y = > 70 Ykek, then (xp + yx)/2 = 0
for k=1,...,n, and g,y € Cx_, for k > n+ 1, so for all such k,

Tr + Yk
2

This yields (x 4+ y)/2 € A,, so we get that (1/2)(Ap41 + Any1) € A,. Thus (4,)
has property (1.2), so Theorem 2.1 is applicable to (A,) if X is superreflexive. O

1
€ i(ck—n +Cr-n) = Ck—nt1-

3. APPLICATIONS TO METRIC FIXED POINT THEORY

We start with the following result which is a simple consequence of Smulian’s
theorem.

Proposition 3.1. Let X be a reflexive Banach space and C' be a nonempty closed
bounded and convex subset of X. Let a mapping T: C' — X be continuous and
affine. Then T has a fixed point if and only if infyco ||z — Tz || =0.

Proof. Part ‘only if’ is obvious. So let inf,cc | x — Tz || = 0. Then sets A,, defined
by (1.1) are nonempty, closed since T' is continuous, convex since T is affine, and

bounded since A,, C C. By Theorem 1.2, (o An # 0, so T has a fixed point. [
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Our first purpose is to obtain a generalization of Proposition 3.1 by weakening
the assumption that T" be affine: it suffices to assume that T is almost affine, i.e., it
satisfies condition (1.3). Obviously, every affine mapping is almost affine and every
mapping 7" such that infyeo || x — Tx || > 0 is trivially almost affine. Also, it is
clear that the class of almost affine mappings is stable under equivalent renormings.
Below we give a characterization of such mappings. We need the following folklore
result (cf. [15, Lemma 1)).

Lemma 3.2. Let X be a nonempty set, and p, 1 be nonnegative real functions on
X x X. The following statements are equivalent:

(i) for any sequences (x,) and (yn) of elements of X,
O(Tn,Yn) — 0 implies that P(xy,yn) — 0;
(ii) for any e > 0, there is 6 > 0 such that for any x,y € X,
o(x,y) <6 implies that (x,y) < e.

Proposition 3.3. Let C' be a nonempty convex subset of a normed linear space
X and T: C — X be a mapping. Let sets Ay, be defined by (1.1). The following
statements are equivalent:

(i) T is almost affine;

(ii) for any sequences (xy,) and (yn) of elements of C,

if || @n—Tan | =0 and || yu—Tyn | =0, then ’T (;y> SELLhSA T Y
(iii) for any sequences (xy) and (y,) of elements of C,

if || 2n—Txn | =0 and || yn—Tyn || — 0, then ‘T <$n;yn> — xn;yn —0;
(iv) for any e > 0, there is § > 0 such that if x,y € F5(T), then (z +y)/2 €

F.(T);
(v) the sequence (A,,) has property (1.2).
Proof. The equivalence of (i) and (ii) follows from Lemma 3.2 with
(3.1)
oz, y) =max{|| 2 =Tz |,y =Ty I}, ¥(z,y) =|T(z+y)/2)— (Tz+Ty)/2 |
for z,y € C.

To prove (i)« (iii) it suffices to show that if || ,, — Tzy, || — 0 and || yn, — T'yn ||
— 0, then

T Tn+yn\  Tan+Tyn
2 2

This follows from the inequalities:

'T<xn+yn> 7~Tn+yn

— 0.

0 e HT<a:n+yn>_mn+yn

2 2

—_

< llen =Teall +yn = Tyn [)

2 2

)
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HT (xn +yn) . Try + Ty,

1
< 5(“ Ty —Tan || + | yn —Tyn |)

2 2

2 2

The equivalence of (iii) and (iv) follows from Lemma 3.2 with ¢ defined by (3.1)
and

b, y) = || (e +y)/2-T((z+y)/2) | for z,yeC.
(iv)=-(v): Fix n € N. By (iv), for € := a,, there is 6 > 0 such that

S(BS(T) + F5(T)) € Fo(T) = Ay,

Since limy, 00 a4y, = 0, there is k € N such that oy, < §. Clearly, Ay = F,, (T') C
FJ(T)a S0
1 1
(v)=(iv): Fix € > 0. Since lim;,, o0 @y = 0, there is n € N such that o, < e.
By (v), there is k € N such that Ay + Ax C 2A4,,. Set 0 := ag. Then

%(Fg(T) b Fy(T)) = %(Ak + Ay) C A, C FL(T),
so (iv) holds. .

Thus, by Proposition 3.3, continuous almost affine mappings are exactly these
continuous mappings for which a sequence (A,,) defined by (1.1) satisfies the as-
sumptions of our intersection theorem.

Corollary 3.4. Let C' be a nonempty closed conver subset of a Banach space X
and T: C — X be a continuous mapping. If the fized point problem for T is well
posed, then T is almost affine. In particular, this is the case if T(C) C C and T is
strictly contractive.

Proof. It || xy,—Txy, || = 0 and || yp—Tyn || — 0, then z,, — z, and y,, — x., where
xy = Ty, so by continuity of T, T'((zyn, +yn)/2) = Ta. and (Txp+Typn)/2 — Tx,.
Hence || T((xn +yn)/2) — (Txn + Tyn)/2 || — 0, so by Proposition 3.3, T is almost
affine. 0

Let us note that in view of the Reich-Zaslavski [22] result, Corollary 3.4 also
applies to mappings which are contractive in the sense of Rakotch [20]. Other
classes of mappings for which the fixed point problem is well posed are described in
[15].

As a consequence of Proposition 3.3 and Theorem 2.1, we obtain the following
fixed point theorem for almost affine mappings. We emphasize that the whole proof
of it (including the proof of Theorem 2.1) is elementary; in particular, we do not
use a weak compactness argument.

Theorem 3.5. Let C be a nonempty closed and convexr subset of a superreflexive
Banach space X. Let a mapping T: C — X be continuous and almost affine. The
following statements are equivalent:
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(i) there exists a bounded sequence () of elements of C' such that || x, — Tz, ||
— 05
(ii) the set FixT' is nonempty closed and convex.

Proof. Implication (ii)=(i) is obvious.

(i)=(ii): Let sets A,, be defined by (1.1), and (x,,) be a sequence as in (i). Then
there is a subsequence (xy, ) such that zj, € A, for n € N, so if we set a,, := zy,,,
then (a,) is bounded and a,, € A,. Clearly, by continuity of T', each A,, is closed.
Since T is almost affine, Proposition 3.3 yields that (A,) has property (1.2). By
Theorem 2.1, (,,cn An (= FixT) is nonempty closed and convex. O

Remark 1. A result related to Theorem 3.5 was obtained by Garcia-Falset et al. |9,
Proposition 3.2]: Here C' is assumed to be a nonempty convex and weakly compact
subset of an arbitrary Banach space, and T is continuous and a-almost conver, i.e.,
for any x,y € C and any \ € [0, 1],

Az + (1 =Ny =Tz + (1= Ny) || < afmax{[|z Tz [,y =Ty |}),

where a function a: Ry — R, is continuous and strictly increasing, and «(0) = 0.
By Proposition 3.3, it is easily seen that every a-almost convex mapping is almost
affine, but the latter class of mappings seems to be wider than the former.

As a particular case of Theorem 3.5, we get the following result for nonexpansive
mappings (cf. [11, Proposition 10.2] or [1, Lemma 3.16]).

Corollary 3.6. Let C' be a nonempty closed bounded and convex subset of a uni-
formly convex Banach space X. Let a mapping T: C — X be nonexpansive. Then
T has a fized point if and only if infycc ||z —Tx || =0.

Proof. Clearly, X is superreflexive. By [11, Proposition 10.1], T" satisfies condition
(iii) of Proposition 3.3, so T" is almost affine and the result follows from Theorem 3.5.
O

Let us note that if T is a selfmap of C', then Corollary 3.6 can be proved more
easily by using asymptotic centers; see [12, Theorem 5.2, p. 24].

Now following Bruck [4] (see also [11, p. 111]) we denote by I" the set of strictly
increasing, continuous and convex functions v: Ry — Ry with v(0) = 0. Further,
we extend Bruck’s definition of mappings of type (v): Given ¢ € (0, 1), we say that
a mapping T': C' — X is of type (v, c) if v € I" and for all z,y € C,

B2) Al eTe+ A -c)Ty-T(cx+ (A -y | <llz—-yl-[Tz-Tyl.

Then T is of type () in the sense of Bruck [4] if T" is of type (7, ¢) for any ¢ € (0, 1).
It was shown in [4] that if C' is a nonempty convex and weakly compact subset of a
Banach space and T': C' — C'is of type (), then T has a fixed point. We give the
following partial extension of this result.

Theorem 3.7. Let C' be a nonempty closed bounded and convex subset of a super-
reflexive Banach space, and a mapping T: C' — C' be of type (v,1/2). Then T has
a fixed point.
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Proof. It was shown in [4] that if T is of type (), then for any € > 0, there exists
d > 0 such that if x,y € F5(T), then Az + (1 — \)y € F.(T) for any A € [0,1]. The
same argument as in the proof of [4, Lemma 1.2] shows that if 7" is of type (v,1/2),
then T satisfies the above condition with A\ = 1/2. Thus (iv) of Proposition 3.3
holds, so T" is almost affine. Since by (3.2) (with ¢ = 1/2) T is nonexpansive, [11,
Lemma 3.1] implies that (i) of Theorem 3.5 is satisfied, so T" has a fixed point. [

We close this section with a common fixed point theorem for a family of nonex-
pansive mappings, which is a generalization of Corollary 3.6.

Theorem 3.8. Let C' be a nonempty closed bounded and convex subset of a uni-
formly convex Banach space X. Let {T\ : A € A} be a family of nonexpansive
mappings, Tn: C — X for X € A. Then {T) : A € A} has a common fized point if
and only if for any e > 0, {T : A € A} has a common e-fized point.

Proof. Implication (=) is obvious.

(«<): Denote by n the inverse function to the modulus of convexity of X. It is
known (see, e.g., [25, pp. 476-477]) that if T: C' — X is nonexpansive and ¢ € (0, 1],
then for any z,y € F.(T), (v +y)/2 € Fy)(T), where

a(e) := max{2/e, (diam C' + &)n(\/e)}.

Clearly, lim,_,o+ a(e) = 0. It is important in this proof that function a(-) does not
depend on T'. For n € N, set

1
Ay = ﬂ{meC:Hm—T,\ngn}.

AEA

By hypothesis, A, # 0. Clearly, each A, is closed and bounded, and (A4,) is
decreasing. We show that (A,) satisfies (1.2). Fix n € N. Since lim,,_,~ a(1/m) =
0, there is k¥ € N such that a(1/k) < 1/n. Assume that z,y € A, ie., z,y €
Fy(Ty) for any A € A. Then

1

(@ +y) € Foqymy(Th) € Fryn(Th)

for any A € A, i.e., (x+y)/2 € A,. By Theorem 2.1, (), oy An # 0 which completes
the proof since [, ey An = (Nyep FixTh. O

Remark 2. The above proof shows that Theorem 3.8 can be generalized by con-
sidering any family {7\ : A € A} of continuous mappings having the property
that for any sequences (x,) and (yy) of elements of C, supycp || 2n — Thzn || —
0 and supyep || Yn—T2Yn || = 0 imply that supyep || (@n+yn)/2=Tr((zn+yn)/2) ||
— 0. In particular, this is the case if all T\ are nonexpansive or all T are a-almost
convex with a function « which does not depend on A. The latter case may be
compared with [9, Corollary 3.5] of Garcia-Falset et al. who considered a com-
muting family of a-almost convex mappings, but with functions a depending on a
parameter.
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4. FOUR PROBLEMS

Our first question deals with superreflexivity.

Question 1. Let X be a normed linear space. Assume that every decreasing
sequence (A,) of nonempty closed and bounded subsets of X with property (1.2)
has a nonempty intersection. Is X a superreflexive Banach space?

Clearly, by Smulian’s theorem, every normed linear space with the above property
is a reflexive Banach space.

Our second question concerns in fact relations between nonexpansive mappings
and almost affine mappings.

Question 2. Let C be a nonempty closed bounded and convex subset of a super-
reflexive Banach space (X, || - ||). Let a mapping T: C — X be continuous and
almost affine with inf,cc || # — Tz || = 0. Is it true that for any € > 0, there exists
d > 0 such that convFs(T') C F.(T)?

If the answer is positive, then Theorem 3.5 can be proved with the help of
Smulian’s theorem. Indeed, if we consider sets A, defined by (1.1), ie., 4, =
F,, (T), then the above property of the family {F.(T) : ¢ > 0} easily implies that
there is a subsequence (Ayg,, ) such that for any n € N, convA;, C A,. By Proposi-
tion 2.3, [),,ey An # 0, and hence T has a fixed point. Thus, in such a case, there
would be no need to use Theorem 2.1 in a proof of Theorem 3.5.

Therefore we would prefer the negative answer to Question 2. In this case a
mapping 7" without the above property cannot be of type (v) in view of [5, Theo-
rem 1.2]. (Let us note that every superreflexive Banach space is B-convex, so indeed
we may refer here to that result of Bruck.) Consequently, by [4, Lemma 1.1], such
a mapping T' cannot be nonexpansive with respect to any uniformly convex norm
on X, which is equivalent to || - ||. Thus Corollary 3.6 could not be applied to such
a T, but Theorem 3.5 would be applicable here.

The third question was mentioned in Remark 1 in connection with the definition
of Garcia-Falset et al. [9].

Question 3. Does there exist an almost affine mapping, which is not a-almost
convex for any continuous and strictly increasing function a: Ry — Ry with «(0) =
07

Finally, we pose a question concerning mappings of type (7, c).

Question 4. Let ¢ € (0,1). Does there exist a mapping of type (v, ¢), which is not
of type (v)?

A special case of this question with ¢ = 1/2 is also interesting since Theorem 3.7
deals with such mappings.
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