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EXISTENCE AND A TURNPIKE PROPERTY OF SOLUTIONS
FOR A CLASS OF NONAUTONOMOUS OPTIMAL CONTROL
SYSTEMS WITH DISCOUNTING

ALEXANDER J. ZASLAVSKI

ABSTRACT. We study existence and a turnpike property of solutions of a discrete-
time control system with discounting and with a compact metric space of states.
To have the turnpike property means that the approximate solutions of the prob-
lems are determined mainly by the objective functions, and are essentially inde-
pendent of the choice of intervals and endpoint conditions, except in regions close
to the endpoints. We show that this turnpike property is stable under small per-
turbations of the objective functions.

1. INTRODUCTION

The study of the existence, the structure and properties of (approximate) solu-
tions of optimal control problems defined on infinite intervals and on sufficiently
large intervals has recently been a rapidly growing area of research [3, 5-9, 11, 12,
15, 20-22, 24, 25, 32]. These problems arise in engineering [1, 39], in models of
economic growth [2, 10, 13, 19, 23, 26, 27, 32-36|, in infinite discrete models of
solid-state physics related to dislocations in one-dimensional crystals [4, 28], in the
calculus of variations on time scales [16, 18] and in the theory of thermodynamical
equilibrium for materials [14, 17].

In this paper we study the existence and structure of approximate solutions of
nonautonomous discrete-time optimal control systems with discounting which are
determined by sequences of lower semicontinuous objective functions.

For each nonempty set Y denote by B(Y) the set of all bounded functions f :
Y — R! and for each f € B(Y) set

If[l = sup{[f(y) : y € Y}

For each nonempty compact metric space Y denote by C(Y") the set of all continuous
functions f:Y — R

Let (X,p) be a compact metric space with the metric p. The set X x X is
equipped with the metric p; defined by

p1((z1,22), (Y1,42)) = p(w1,y1) + p(x2,92), (71,22), (y1,92) € X x X.

For each integer t > 0 let {; be a nonempty closed subset of the metric space
X x X.

Let T > 0 be an integer. A sequence {z:};°, C X is called a program if
(x4, x441) € O for all integers t > T
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Let T1,T5 be integers such that 0 < T; < T. A sequence {art}tTiTl C X is called
a program if (x¢, x441) € Q for all integers ¢ satisfying 71 <t < Ts.

We assume that there exists a program {x;};2,. Denote by M the set of all
sequences of functions {f;}72, such that for each integer ¢ > 0

(1.1) fe € B((y)

and that

(1.2) sup{||f:]| : t=0,1,...} < o0.

For each pair of sequences { f¢}52,, {g:}52y € M set

(1.3) d({fi}20 {9¢}20) = sup{llfy —gell - t=0,1,...}.

It is easy to see that d : M x M — [0,00) is a metric on M and that the metric
space (M, d) is complete.

Let {f:}:2, € M. We consider the following optimization problems

To—1
Z fi(xg, x441) — mins. t. {a:t}’fiTl is a program,
t=T,
To—1
Z fi(x, 2441) — mins. t. {HTt}tTiTl is a program and zp, = v,
=T
Tp—1
Z fi(x4, x441) — mins. t. {xt}tTiTl is a program and zp, =y, zp, = 2,
t=T1,
where y, z € X and integers 11,75 satisfy 0 < T7 < Ts.

The interest in these discrete-time optimal problems stems from the study of
various optimization problems which can be reduced to this framework, e. g.,
continuous-time control systems which are represented by ordinary differential equa-
tions whose cost integrand contains a discounting factor [13], the study of the dis-
crete Frenkel-Kontorova model related to dislocations in one-dimensional crystals
[4, 28] and the analysis of a long slender bar of a polymeric material under tension
in [14, 17]. Similar optimization problems are also considered in mathematical eco-
nomics [10, 13, 19, 26, 32-36]. In [29] these problems were considered in the case
when f; = fp and ©; = X x X for all integers ¢ > 0, in [30, 31] they were studied
in the case when ; = X x X for all integers ¢t > 0 and in [33-36] we studied these
problems in the case when f; = fy and €y = ) for all integers ¢ > 0. Here we study
a general case when the optimal control system is determined by a nonstationary
sequence of objective functions {f;}72, and by a nonstationary sequence of sets of
admissible pairs {€;}7°,. This makes the situation more realistic but more difficult
and less understood.

For each y, z € X and each pair of integers 17, T5 satisfying 0 < T} < T set

To—1
(1.4) U fe}i2o, T, To) = inf{ Z fi(zy, xi41) {mt}fiTl is a program},
t=T1

(L5) U({fi}iZ0, Th, T2, y)
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To—1
= inf{ Z fr(xg, xpqq) {xt}tTiTl is a program and zp, = y},
t=T1,
(1.6) U{fi}iZo, Th, 1o, y, 2)
Ty—1
= inf{ Z fi(xe, xeyr) :{xt}tTiTl is a program and xp, =y, xp, = z}.
t=T

Here we assume that the infimum over empty set is oco.

Denote by M,¢, the set of all sequences of functions {f;}°, € M for which
there exist a program {m{ }2 and constants ¢y > 0, vy > 0 such that the following
conditions hold:

(C1) the function f; is lower semicontinuous for all integers ¢ > 0;

(C2) for each pair of integers Ty > 0, T, > T,

Ty—1
> fulal aliy) S U{FIE T To) + e
t=Ty

(C3) for each € > 0 there exists § > 0 such that for each integer ¢ > 0 and each
(z,y) € Q satisfying p(x,x{) <4, p(y, x{H) < 0 we have

il ely) = filzy) < &
(C4) for each integer t > 0, each (x4, x1y1) € € satisfying p(azt,a:{) < 7y and
each (2} 1,7, ,) € Q41 satisfying p(x£+2,x{+2) < vy there is x € X such that
(x¢,x) € Qy, (az,m;JrQ) € Vyr;
moreover, for each € > 0 there exists 6 € (0,vf) such that for each integer t > 0,
each (z¢,2111) € Q4 and each (v},,,2; ,) € Q41 satisfying p(xt,x{) < § and
p(Th o, x{+2) < 6 there is € X such that

(w4, 7) € Q, ($a$2+2) € Qiq1, P(SUJ{H) <e
Denote by Mreg the closure of M,¢4 in (M, d). Denote by M. ¢4 the set of all

sequences {f;}3°, € M,¢y such that f; € C(;) for all integers i > 0 and by M. eg
the closure of M ¢y in (M, d).

We study the optimization problems stated above with the sequence of objective
functions {f;}32, € Myeg. Our study is based on the relation between these finite
horizon problems and the corresponding infinite horizon optimization problem de-
termined by {f;}5°,. Note that the condition (C2) means that the program {.267{ 12
is an approximate solution of this infinite horizon problem.

We are interested in turnpike properties of approximate solutions of our opti-
mization problems, which are independent of the length of the interval To — 11, for
all sufficiently large intervals. To have these properties means that the approximate
solutions of the problems are determined mainly by the objective functions, and are
essentially independent of the choice of interval and endpoint conditions, except in
regions close to the endpoints. Turnpike properties are well known in mathematical
economics. The term was first coined by Samuelson in 1948 (see [27]) where he
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showed that an efficient expanding economy would spend most of the time in the
vicinity of a balanced equilibrium path (also called a von Neumann path).

In the classical turnpike theory [10, 19, 26] the space X is a compact convex
subset of a finite-dimensional Euclidean space, the sets €); are convex and f; = fo,
Qy = Qp for all integers ¢ > 0, where the function fy is strictly convex. Under
these assumptions the turnpike property can be established and the turnpike z
is a unique solution of the minimization problem fo(z,z) — min, (z,x) € Q.
In this situation it is shown that for each program {z;};2, either the sequence
{ZtT;(} folzy, xp41) — T fo(z,z)} 7, is bounded (in this case the program {z;};2 is
called (fo)-good) or it diverges to co. Moreover, it is also established that any (fp)-
good program converges to the turnpike z. This property is called as the asymptotic
turnpike property.

In [33, 34] we studied the stationary case with f; = fy, Q = Qg for all integers
t > 0, and showed that the turnpike property follows from the asymptotic turnpike
property. More precisely, we assumed that any (fy)-good program converges to a
unique solution Z of the problem fy(x,2) — min, (z,x) € Q and showed that the
turnpike property holds and Z is the turnpike. Note that we did not use convexity
assumptions.

In [37] we generalize the results of [33, 34] and establish the turnpike property for
the general case when the optimal control system is determined by a nonstationary
sequence of objective functions {f:}7°, and by a nonstationary sequence of sets of
admissible pairs {€;}7°,. The results of [37] are also a generalization of the results
of [31] obtained in the case when ©; = X x X for all integers ¢ > 0.

Let {fi};2y € Myeg and let a program {zf}Z °0> ¢f > 0 and vy > 0 be such that
(C1)-(C4) hold

It is not difficult to see that the assumption (C2) implies the following useful
result obtained in [37, Proposition 2.1].

Proposition 1.1. Let S > 0 be an integer and {xz}oos be a program. Then either
the sequence {EITZ_SI filxs, wiv1) — Z fl( z+1)}T 541 15 bounded or

T-1
i [ e st ] =
1=

A program {x;};°g, where S > 0 is an mteger, is called ({fi}32,)-good if the

sequence
T-1
o0
{ Zs fi(i, i) Z il 2l }T:S—H
1=

is bounded [10, 13, 19, 32].
We say that the sequence {f;}32, possesses an asymptotic turnpike property (or

briefly (ATP)) with {m{ }72, being the turnpike if for each integer S > 0 and each
({/i}Zo)-good program {z;}72s,

lim p(x;, f) =0.

1—>00

We say that the sequence {f;}9°, possesses a turnpike property (or briefly (TP))
if for each € > 0 and each M > 0 there exist 6 > 0 and a natural number L such
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that for each pair of integers 77 > 0, 15 > T1+ 2L and each program {art}tTiTl which
satisfies
Ty—1
Z fl(xlv xi+l) < min{U({fi}zQiOv T, 13, Ty, SUTz) + 67 U({fz}fim T, T2) =+ M}’
i=Ty
the inequality p(z;, x{) < € holds for all integers ¢ =11 + L,...,T5 — L.
The sequence {x{ 122, is called the turnpike of {f;}9°,.
In [37, Theorem 2.1] we prove the following result.

Theorem 1.2. The sequence {f;}°, possesses the turnpike property if and only if
{fi}32y possesses (ATP) and the following property:

(P) For each € > 0 and each M > 0 there exist § > 0 and a natural number L
such that for each integer T > 0 and each program {xt}?jTL which satisfies

T+L-1

> filwi i) < min{U{£i}20. T, T + Lo, rgs) + 6,
i=T
U{fi}Z0, T, T + L) + M}

there is an integer j € {T,...,T + L} for which p(xj,a:;) <e.

The property (P) means that if a natural number L is large enough and a program
{a:t}ijL is an approximate solution of the corresponding finite horizon problem,

then there is j € {T,...,T + L} such that z; is close to :cf
We also show in [37] that {f;}52, is approximated by elements of M,.., possessing

(TP).
For each r € (0,1) and all integers i > 0 set
17 @y) = filw.) +rp(e.a]). (@) € %

Clearly, {fl-(r) 20 € Myeg for all r € (0,1) and
lim d({f"}iZ0, {fi}0) = 0.
r—0+
In [37, Proposition 2.2] we prove the following result.

Proposition 1.3. For each r € (0,1), {fi(r) 0 possesses (TP) with {x{};‘io being
the turnpike.

In the sequel we use the following notation. For each y,z € X, each pair of
integers 17,715 satisfying 0 < T7 < T3 and each finite sequence of functions g; €
B(QZ), 1 :Tl’...7T2 — 1 set

Ty—1

(L7 U{g2 T, T) = inf{ 3 gz zen) - {z) Py, s a program},
t=T1

(1.8) U({gi}i27 . Th, To.y)
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To—1

= inf{ Z 9t(Te, Tyg1) - {xt}tTiTl is a program and x7, = y},
t=T1

(1.9) Ug} 27 Th, To,y, )
To—1
= inf{ Z 9t(Te, Tyg1) - {xt}tTiTl is a program and xp, =y, zp, = z}.
t=T1
Here again we assume that the infimum over empty set is oco.

In [38] we assume that {f;}°, possesses (TP) and show that the turnpike prop-
erty is stable under small perturbations of the objective functions. These results
generalize the results of [35] obtained in the stationary case with f; = fo, O = Qo
for all integers t > 0 with the stationary turnpike.

Note that in [37, 38] we consider optimal control systems, associated with {f;}9°,
€ My, without discounting. In the present paper we show that the turnpike
property together with its stability established in [37, 38] also hold for the models
with discounting.

Our results are a generalization of the results of [36] obtained for optimal control
systems with discounting in the stationary case with f; = fy, £ = Qg for all integers
t > 0 with the stationary turnpike.

2. MAIN RESULTS

We suppose that the sum over empty set is zero.

Let {fi};2, € Myeq and let a program {x{};ﬁo, cy > 0 and vy € (0,1) be such
that (C1)-(C4) hold.

We suppose that { f;}5°, possesses (ATP) and the property (P). Then by Theorem
1.2, {fi}52, possesses (TP). (Note that by Theorem 1.2 we can assume that {f;}5°,
possesses (TP)).

In [38, Theorem 2.1] we prove the following result which shows that the turnpike
property is stable under small perturbations of the objective functions in the case
without discounting.

Theorem 2.1. Let ¢ € (0,1) and M > 0. Then there exist a natural number Ly
and a real number

50 € (0,m1n{€,’}’f})

such that for each integer L1 > Lg the following assertion holds with § = (8L1) 4.
Assume that integers T1 > 0, To > T1 + 2L1, {9:}32, € M satisfies

d({fi}Z0:19i}iZo) <6

and that a program {xt}fiTl and a finite sequence of integers {S;}1_, (where q is a
natural number) satisfy

So =11, To > Sy >Tp — Ly,

Si+1 — Si € [Lo, L1] for all integers i € [0,q — 1],
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Slilgt(mt,mtﬂ) < U({gj}]qio, SiySit1) + M foralli=0,...,q—1,
g(xe, we1) < U({g5}520, Sg—1,12) + M,
9t(Tt, Teg1) §U({gj};°io, Si, Sit2,25,,78,,,)+00 foralli =0,...,q-2,
g1t wu01) < UL05)50 Sar2, T, w5, a0 37,) + o,

p(a:t,a:{) < € for all integers t € [Ty + L1,To — Ly].

Let S > 0 be an integer. A point z € X is called ({f;}52, 5)-good if there exists
an ({fi}:2,)-good program {x;};°¢ such that g = x.

A point z € X is called ({fi}2, 5, M)-good, where M is a positive number, if
there exists a program {z;}° ¢ such that x5 = = and for all integers T' > S,

T-1 T-1
Z fe(@y, 2eq1) — Z ft(x{,xfﬂ) < M.
t=S t=8

The following theorem is our main result.

Theorem 2.2. Let M > 0 and € € (0,vf). Then there exist a number 6 € (0,¢),
a natural number L and X € (0,1) such that for each pair of integers Ty > 0,
Ty > Ty + 2L, each {g;};2, € M such that g; is a lower semicontinuous function
for all integers i > 0 and that

d({fi}20:{9i}iZ0) < 6,
each finite sequence {al}zﬂij_ﬂl1 C (0,1] such that
ozmz]l >\ foralli,j e {T,...,To — 1} satisfying |i — j| < L,
aiaj_l >\ foralli,je{Ty,...,To — 1} satisfying j > i

and each program {xt}tTiTl such that the point x7, is ({fi}52, T, M )-good and

Tr—1

Z arge(we, we41) = U({ovigi} 27 Ty, To, o)
t=T1

the following inequality holds:
p(:vt,:v{) < e for all integers t € [Ty + L,T> — LJ.

Theorem 2.2 establishes the turnpike property of solutions of optimal finite hori-
zon problems associated with the objective functions «;g;, i = 11, ...,T» — 1, where
the sequence of functions {g;}72, € M and the sequence of discount coefficients
{at};fiil C (0,1] satisfy the assumptions of the theorem. Roughly speaking, the
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turnpike property holds if the sequence of functions {g;}3°, belongs to a small neigh-
borhood {f;}?2, and the discount coefficients {at}fi}f C (0,1] are changed rather
slowly.

Let S > 0 be an integer and g; € B(€);) for all integers ¢ > S. A program {x;}° ¢
is called ({g;}°¢)-overtaking optimal [10, 13, 19, 32] if for each program {z}}° ¢
satisfying z'y = xg,

T-1 T-1
lim sup [Z gt(Tt, Tey1) — Z gt($;7$;+1)] <0.
T—o0 t=S t=S

Note that the existence of an ({g;};°¢)-overtaking optimal program when the
functions {g;};°¢ tends to zero rapidly is a well-known fact. Here we present a
version of this result.

Theorem 2.3. Let {g;}2, C M be such that for each integert > 0 the function g
is lower semicontinuous and

(o)

> llgill < oo,

i=0

S > 0 be an integer and let z € X be such that there exists a program {x¢};°¢
satisfying xg = z.

Then there exists a ({g;}5° g)-overtaking optimal program {x} }2° ¢ satisfying x§ =
z.

Proof. Clearly, for any program {z:}{°g,

(o] (o]
Y 1oz 20 < D llgill < oo
t=S 1=0

Set

o0
(2.1) A = inf { th(yt,yt+1) : {yt}i2g is a program and yg = z}.
t=S5

Clearly, A is well defined and finite. In order to prove Theorem 2.3 it is sufficient
to show that there is a program {z}}?° ¢ such that

o0
gy =z Y glef,ain) = A
t=S8

By (2.1), for each integer k > 1, there is a program {:cgk)}fis such that
(2.2) xgk) =z, th(xgk), a;g?l) <A+ 1/k.
t=S

Extracting a subsequence and re-indexing if necessary we may assume without loss
of generality that for any integer ¢ > S there exists

(2.3) x; = lim :U,Ek).

k—o0

Clearly, {z}}°¢ is a program satisfying z§ = z.
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Let € > 0. Then there is a natural number Sy > S such that

(2.4) > gl <e

t=So
By (2.2), (2.3) and (2.4) for all integers T' > So,

Z ge(xi, i) < liminf Z gi(x a:t_H

k—o0

IN

T (k) ()
hkrggéf (;gt(wt (i) + 5)

< lm(A+E T+ =A+¢
k—o0

and

o

Y gzt ai) S Ate

t=S
Since € is any positive number we conclude that 7.2 ¢ g:(xf, 27, ) < A. Theorem
2.3 is proved. O

Theorem 2.4. Let M > 0, € = v¢/4 and let § € (0,€), a natural number L and
A € (0,1) be as guaranteed by Theorem 2.2.

Let {g;}2, € M be such that for each integer t > 0, the function g; is lower
semicontinuous and that

(2.5) d({fi}iZo, {9i}iZ0) <9
and let
(26) {Oli};;)io - (O’ ]-]7 li>m a; =0,

2.7 aia:t > X for all nonnegative integers i, j satisfying |i — j| < L
J
and
2.8 aio;t > X for all nonnegative integers i, j satisfying j > i.
J

Then for each integer S > 0 and each ({fi}2y, S, M)-good z € X there exists a
program {J:ES’Z)}fiS such that x(SS’Z) = 2z and that the following property holds:
For each v > 0 there is a natural number ng such that for each integer S > 0,

each integer T > S + ng and each ({ f; ;’30, S, M)-good point z € X,

U({Oétgt}tT;slaS,T z) Zatgt ; Eif)) <.

It is clear that Theorem 2.4 establishes the existence of ({a;g;}72 ¢)-overtaking op-
timal program when (2.5)-(2.8) hold. Roughly speaking, an ({ag;};2 ¢)-overtaking
optimal program exists if {g;}5°, belongs to a small neighborhood of {f;}°, and
the sequence of the discount coefficients {a;}9°, tends to zero slowly.

We will prove the following result which establishes the turnpike property for
overtaking optimal programs.
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Theorem 2.5. Let M > 0 and € € (0,vf). Then there exist a number 6 € (0,¢),
a natural number L and A € (0,1) such that for each {g;i}2, € M, where g; is a
lower semicontinuous function for all integers i > 0, which satisfies

d({fi}iZ0:{9i}iZ0) <0,
each integer Ty > 0, each sequence {a;}§%y C (0,1] such that

aiaj_l > X for all integers i,j > T\ satisfying |i — j| < L,
aia;1 > X for all integers i, j satisfying j > 1 > Ty

and each ({a;gi}i2y, )-overtaking optimal program {z};°p for which the point xr,
is ({fi}52, T1, M)-good, the following inequality holds:

p(mt,xf) < € for all integerst > T + L.

The paper is organized as follows. Theorems 2.2 and 2.5 are proved in Section 3.
Theorem 2.4 is proved in Section 4.

3. PROOF OF THEOREMS 2.2 AND 2.5

Choose
(3.1) do > sup{||fil| : ¢=0,1,...}.
We prove Theorems 2.2 and 2.5 simultaneously. Choose a number
(3.2) M; > M + 4.

By the property (P) there exist dg € (0,77/4) and a natural number Lg such that
the following property holds:
(P1) For each integer T' > 0 and each program {:Bt}tT:TLO which satisfies

T+Lo—1
Z fl(xu xiJrl) < min{U({fi};.iOv T’ T+ L07 xT, 1:T+L0) + 507
i=T
U{fi}Z0: T.T + Lo) + ¢5 + 4+ M}
there is an integer j € {T,...,T + Lo} for which p(z;, x{) < s/4.
By Theorem 2.1 there exist a natural number L; > 4 and a real number
(33) 01 € (0, min{e, ’Yf})
such that for each integer Lo > Lj, each pair of integers T7 > 0, T > 17 + 2L9 and
each {g;}°, € M satisfying
(3.4) d({fe}220, {9}720) < (8L2) 101
the following property holds:
(P2) Assume that {a:t};fiTl is a program, ¢ is a natural number, {S;}7_, is a finite
sequence of integers such that:
S1=T1, 1o > Sqg > Tz — Lo,
for each integer ¢ satisfying 1 <i <g¢g—1,
Siv1— S; € [L1, Lo,
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gt(we, ve1) < U{g5}7205 S, Siv1) + My + ¢y +8(do + 1) + 4,

)
&

> gilmn ) U520 Sg-1,To) + My + ¢ +8(do + 1) + 4,
t:Sq71

for each integer i € [1,q — 2],
Siva—1
Z gt(JUtv JUt—H) < U({gj}]o'iov S, Si+2a Ls;, xsi+2) + 41,
t=>5;
To—1

> gilwi,minn) <U{95}520: Sq-2, To, 35, 5, T1,) + 01
t:Squ

Then
p(xt,x{) < e for all integers t € [T} + Lo, T> — Lo].

Choose a natural number

(3.5) po = 6+ My +16(Lo +4)(do +4) + L.
Set

(3.6) Ly = (po+4)Lo +2L;.

Choose a natural number

(3.7) L > 4Lgpo + 4Lo,

a positive number
(3.8) § < min{(16Lo) " 6, (48Ly)7 151}
and a number X\ € (0, 1) such that

18Lo(1 4 dg)(1 — )AL < &,

(3.9) AP0 > 271 9615 (1 4 do)(1 — \) < 8y

Assume that {g;}°, € M, for each integer i > 0 the function g; is lower semi-
continuous,

(3.10) d({fi}iZ0, {91}Z0) <6,

Ty > 0 is an integer and & € X is an ({fi}:2,, 71, M )-good point.
In the case of Theorem 2.2 we assume that an integer

(3.11) Ty > Ty +2L, {os}27) € (0,1],
(3.12) aia;' > Nfor all i,j € {Ty,..., Ty — 1} satisfying |i — j| < L,

(3.13) aio; ' > M or all i,j € {T1,..., Ty — 1} satisfying j > i
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and that a program {:Ct}tTiTl satisfies

To—1
(314) T = z, Z atgt<xt7 m15-1—1) - U({algl}g;fa Ty, 1>, xT1)'
t=T1
In the case of Theorem 2.5 we assume that
(3.15) {a;}Zr, € (0,1],
(3.16) aiozj_l > ) for all integers i,j > Ty satisfying |i — j| < L,
(3.17) aia;1 > A for all integers i, j satisfying j > ¢ > T}

and that an ({;g;}§<, )-overtaking optimal program {z;}{,, satisfies
(3.18) rr, = Z.
In order to complete the proof in the case of Theorem 2.2 it is sufficient to show
that
p(zy, x{) < e for all integers t € [T1 + L, T5 — L]
and in the case of Theorem 2.5 it is sufficient to show that
p(xy, JB,{) < € for all integers t > 11 + L.

Since the point Z is ({fi}2,, 11, M)-good it follows from (3.14) and (3.18) that
there is a program {Z;}7°,, such that Zr, = ¥ and that for each integer 7' > T1,

T-1 T-1
(3.19) Z ft(Zt, Zt41) < Z ft(xgaxgﬂ) + M.

t=T1 t=T
In the case of Theorem 2.2 set I = [T1,75] and in the case of Theorem 2.5 set
I = [Tl, OO)

We show that the following property holds:
(P3) If an integer S satisfies

(3.20) [S,S+ Lo C I, min{p(:ﬂt,a:{) s t=28,...,84 Lo} > /4,
then
S+Lo—1 S+ Lo—1
Z g (e, Teq1) = Z age(af,z],1) + 3as.
t=S t=S

Assume that an integer S satisfies (3.20). By (3.14) in the case of Theorem 2.2
and the ({a;g;};2, )-overtaking optimality of the program {z;}{°;, in the case of
Theorem 2.5,

S+Lp—1
(3.21) > agtagi(mn i) = Ufag aig} 2071 S, S + Lo, x5, w54 1,)-
t=S
By (3.10), (3.7), (3.13), (3.16), (3.8) and (3.9), for each integer ¢ > 0 and each
program {y }{2.",
S+Lo—1 S+Lo—1

‘ Z fe(ye, yer) — Z ag gy, yee1)
=S

t=S
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< Lomax{||f; — ag'awge| : t=25,...,5+ Lo— 1}

(3.22) < Lomax{|| fr — g¢|| + |lg+ — aglatgtH ct=8,...,84 Lo—1}
< Lo6 + Lomax{|l — ag'ay|||ge]| : t=S,..., 5+ Lo— 1}
< Lod + Lo(1 +do) (1 = M)A < 8/8.

By (3.22), (3.21) and (C2),

S+Lo—1 S+Lp—1
Z Je(we, xe41) < Z ag agi (e, 2e41) + 00 /8
t=S t=S
(323) = U({aglaigi}f:SLo_lu Sa S+ L07 zs, xS+L0) + 60/8

<SU({fi}iZ0: 9,5 + Lo, w5, T51L,) + 60 /4
y (3.20), (3.23) and the property (P1),

S+Lo—1
o flwnwea) > U{fi}20, 8,5 + Lo) + 4+ cp + My
t=S
S+Lo—1
(3.24) > > fulafwl) +4
By (3.23), (3.24) and (3.22),
S+Lo—1 S+L0 1
> agtawgi(z, wi) Z fe(e, we1) — 00/8
t=S
S+L0 1
> Z ft(a:{,x,{ﬂ) +4—060/8
t=S
S+Lo—1
> Z aglatgt(az{,xtfﬂ) +4—9p/4
t=S
This implies that
S+Lo—1 S+Lo—1
Z gt (@, Teg1) 2 Z atgt(xgvxi:_l) + 3as.
t=S t=S
Thus the property (P3) holds.
By (3.19) and (C2),
Ti+Lo—1 T1+L0 1
Z Je(Ge, Ze4) Z Ji( xtaxt-s-l
t=T1 t=T1
(325) < U({fi}?i();Tth —‘y—L()) +M—|—Cf.

By (3.19) and (3.25) there exists a program {g}t}tT:TrlLO such that

Yr, = 21, = T, YTy +Lo = ZT1+Los

1167
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Ti+Lo—1
(3.26) S flieden) = UM E0 To Ty + Lo 21311,
t=T1
By (3.25), (3.26) and the property (P1), there is an integer
(3.27) je{T,....,Ti + Ly}
for which
(3.28) (73, :vg) <p/4

If j < T1 + Lo, then (§,7;,4) €

53 if j = T1 + Lo, then by (3.26) (55, %,,) € ;.
Thus in both cases

(75, y) € Q5 with some y € X.

Combined with (3.28) and (C4) this implies that there is § € X such that
(3.29) (75:9) € O, (G,21,,) € Q.
Set
(3.30) Fi =i, i="T1,...,], 3,1 =§, &; =] for all integers i > j + 2.
Clearly, {#;}7°;, is a program. By (3.26), (3.30) and (3.27),
(3.31) it = &, & = ! for all integers i > Ty + Lo + 2.
We show that there an integer j € I such that
(3.32) plaj,xl) < yp/4

Assume the contrary. Then
(3.33) p(x;, ac{) > v¢/4 for all integers i € 1.
In the case of Theorem 2.5 set
(3.34) p = 00.
In the case of Theorem 2.2 choose a natural number p such that
(3.35) pLo <To —T1 < (p+ 1) Lo.
By (3.34), (3.35), (3.11) and (3.1),
(3.36) p = 2po.
Assume that an integer j satisfies
(3.37) 0<j,j+1<p
By (3.33), (3.35) and the property (P3),

T1+(j+1)Lo—1 T1+(j+1)Lo—1

(3.38) Z o gi(Te, Tey1) > Z atgt(x{7 ${+1) + 3ar 4L,
t=T1+jLo t=T1+jLo
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Consider the case of Theorem 2.2. By (3.31), (3.14), (3.35), (3.13), (3.38), (3.10),
(3.36), (3.7), (3.12), (3.9) and (3.5),

To—1 To—1
0> Z tge (T, Tey1) — Z 1 ge (T, Te11)
t=T} t=T1
Th—1 Th—1
= Z o ge(Te, Teg1) — Z atgt(xtfa${+1)
t=T, t=T3
To—1 Th—1
+ Z O‘tgt(xgvx{+1) - Z gt (T, Te41)
t=T, t=T1
p—1 Ti+(j+1)Lo—1 T1+(j+1)Lo—1
fo.f
2 Z( Z e (@, Teq1) — Z gy, Ty )
j=0  t=Ti+jLo t=T1+jLo

+ Z{atgt(xtvxt-&-l) - Oétgt(xfau’ﬂgﬂ) :
t is an integer such that T + pLo <t < Ty}
—2(Lo + 2)ar, At sup{]|g:|| : 7 is an integer and i > 0}
p—1
> 32 ary+ine — 4(Lo + 2)ar, A sup{||gi|| : i is an integer and i > 0}
§=0
p—1
>3 aryjn, — 4(Lo + 2)an, A (do + 1)
§=0
po—1
>3 Z QT +5Lo — 4(L0 + 2)04T1)\_1(d0 + 1)
j=0
po—1l
>3ar, Y N —4(Lo +2)an A (do + 1)
j=0
> 3ar; (po/2) — 8(Lo + 2)ar, (do + 1)

= arp, (po — 8(Lo + 2)(do + 1)) > 4o,

a contradiction. The contradiction we have reached proves that in the case of
Theorem 2.2 there is an integer j € I such that (3.32) holds.

Consider the case of Theorem 2.5. Since {z:}{%, is an ({a;g;}i2y, )-overtaking
optimal program, it follows from (3.31), (3.18), (3.38), (3.10), (3.17), (3.16), (3.9)
and (3.5) that

T T
0 > limsup [ Z g (T, Tpp1) — Z atgt<3~7t73~7t+1)]
T—o0 t=Ty t=T,

Ti+kLo—1 Ti+kLo—1

Zlimsup[ Z g (e, Tet1) — Z argi(af, o], y)
k—o0 t=T1 t=T1
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Ty+kLo—1 Ty+kLo—1
+ Z arge(af ) — Z O‘tgt(jtajt-‘rl)}
=T} =T
k—1
> lim sup [3 Z ot +jLo — 2(Lo + 2)ap A 7!
k—oo =0

sup{||g:|| : 7 is an integer and ¢ > 0}}

po—1
>3 Z QT +5Ly — 2(L0 + 2)OZT1 )\_l(do + 1)
=0
po—1
> 3aq, Z N — 2(L0 + 2)0¢T1)\_1(d0 + 1)
=0

> 3aq (po/2) — 4(Lo + 2)ar, (do + 1) > apy,

a contradiction. The contradiction we have reached proves that in the case of
Theorem 2.5 there is an integer j € I such that (3.32) holds.
Assume that an integer 7 satisfies

(3.39) Ty <7, Lo(1+po) +7 €1, p(xr,al) <~p/4.
We show that there is an integer S such that
(3.40) Sel, S>r1+ Lo, plas,zk) <~5/4.

Assume the contrary. Then
(3.41) p(xs, :L‘f;) > ¢ /4 for all integers S € I satisfying S > 7 + Lo.
In the case of Theorem 2.5 set
(3.42) p = 00.
In the case of Theorem 2.2 there is an integer p such that
(3.43) pLo <Tp — (74 Lo) < (p+ 1) Lo.
By (3.43) and (3.39),
(3.44) po < 5.
Assume that an integer j satisfies
(3.45) 1<j<p
By (3.45), (3.43), (3.39) and the property (P3),

T+(j+1)Lo—1 TH(j+1)Lo—1
(3.46) Z g (Tt, Te1) > Z atgt(l"{7 xfﬂ) + 3L,
t=r+jLo t=r+jLo

By (3.39) and (C4) there is £ € X such that
(3.47) (z7,€) € Qr, (§,$£+2) € Qryq.
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By (3.47) there is a program {& };c; such that

gt:xtv t:Tlv""Ta £T+1:§a gt:-rtf

(3.48) for all integers t € I satisfying ¢ > 7 + 2.

Consider the case of Theorem 2.2. By (3.48), (3.14), (3.13), (3.43), (3.10), (3.46),
(3.12), (3.9) and (3.5),

-1 -1
U Z gt (@, Teq1) — Z e (&, 1)
t=T1 t=T
-1 -1
= > agilwnwen) = Y age(& i)
t=1 t=1
T+Lo—1 T+Lo—1
= Z g (T, Teq1) — Z g (&ts §e41)
t=r1 t=T1
Ty—1 Ty—1
+ Z gt (T, Tey1) — Z o ge (&, Ee+1)
t=7+Lg t=7+Lo
o1 -1
> Z gt (Tt, Te41) — Z atgt(xg,x{H)
t=7+Lg t=7+Lg
—a; A 12(Lo 4 4) sup{||g¢]| : t=0,1,...}
p  TH(G+1)Lo—1 T+(+1)Lo—1
> Z ( Z g (e, Tet1) — Z atgt(xgvxg:,_l))
j=1 t=T+jLo t=7+jLo

+ Z{Oétgt(fft, Ti1) — Oétgt(l”{» 5U{+1) :
t is an integer such that 7+ (p+ 1)Ly <t < Th}
— 2047-)\_1(110 + 4)(d0 + 1)

p
> " Borijr, — 4o AT (Lo + 4)(do + 1)
j=1
Ppo )
> 30 N —8ar(Lo+4)(do + 1)
j=1
> 3o (po/2) — 8ar (Lo +4)(dp + 1)

> o (po — 8(Lo +4)(do +2)) > o,

a contradiction. The contradiction we have reached proves that in the case of
Theorem 2.2 there is an integer S which satisfies (3.40).
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Consider the case of Theorem 2.5. Since {x:}{%, is an ({c;g;};<p )-overtaking
optimal program, it follows from (3.48) that

-1 -1
(3.49) 0 > limsup [ > g wen) = Y augi(& )|
T—o0 t=T1 t=T1

By (3.48), (3.49), (3.17), (3.10), (3.46), (3.16), (3.7), (3.5) and (3.9),

71 T—1

0> limsup | Y arge(ws, wer1) = > arg(és, §t+1)}
T—o0 _t:Tl t=T1
T-1 T-1
= lim sup Z Gt (Te, Te41) — Z age (& ft—&—l)}
T—oo =y—r t=7
_T+L071 7+ Lo—1
= lim sup Z age(@e, Te1) — Z ge(&e, &e+1)
T—oo = 47 t=T1
T-1 T-1
+ Z gt (@, Teg1) — Z Oétgt(ﬁt,&ﬁtl)}
t=1+Lg t=1+Lg
> lim sup {— 2Lga, A"t sup{||g|| : i is an integer and i > 0}
k—o0
T+(k+1)Lo—1 T+(k+1)Lo—1
+ Z o ge (e, Te41) — Z atgt(ff{» ${+1)
t=17+Lo t=7+Lo

— 4o, N tsup{||gi|| : i is an integer and i > O}}

> lim sup { —2(dg + 1) (Lo + 2)az 271

k—o0
k. 7+(j+1)Lo—1 T4+(+1)Lo—1
+ Z ( Z g (T, Tep1) — Z O‘tgt(x{>x{+1)):|
Jj=1 t=7+jLo t=7+jLo
k
> —2(do + 1)(Lo + 2)a, A1 4 lim sup Z 3ar4jL,
k—o0 =1

po
> —2(do + 1)(Lo + 2)ar A+ 3041,

j=1
po )

> —2(do + 1)(Lo + 2)ar A" + 30, > M
7j=1

> —4(do + 1)(Lo + 2)ar + 3a-(po/2)

> OéT(pO — 4(d0 + 1)(L0 + 2)) > o,
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a contradiction. The contradiction we have reached proves that in the case of
Theorem 2.5 there is an integer S which satisfies (3.40). Thus we have shown that
the following property holds:

(P4) for each integer 7 satisfying (3.39) there is an integer S satisfying (3.40).

We show that the following property holds:

(P5) for each integer 7 satisfying

(3.50) Tel, 7—Lo(l+po) >Th, plar,zf) <vp/4
there is an integer S such that
(3.51) T\ < S <7 - Lo, plas,ak) < vp/4

Let an integer 7 satisfy (3.50). We show that there is an integer S satisfying
(3.51). Assume the contrary. Then

(3.52) p(xt, :z:{) > vy/4 for all integers t = T1,...,7 — Lo.
By (3.50), there is a natural number p such that

(3.53) po <p, pLo <7 — Lo —T1 < (p+ 1) Lo.
Assume that an integer

(3.54) j € [L,p].

By (3.54), (3.52), (3.53) and the property (P3),
T—jLo—1 T—jLo—1

(3.55) Z gt (T, Tr1) > Z Oétgt(%{a 90{+1) + 30— (1)L,
t=7—(j+1)Lo t=7—(j+1)Lo

We continue to consider the program {Z;}, satisfying (3.31).
By (3.50) and (C4) there is n € X such that

(3.56) (m,27) € Qr—1, (m£72,r]) € Q.
By (3.31), (3.50), (3.56) and (3.5) there is a program {n;}{_p, such that
(3.57) ==y, t=T1,....,T—2, N1 =1, Ny = Tr.

By (3.57), (3.31), (3.14), (3.18), (3.50) and (3.5),
(3.58) np =3p =T =xp, N = :z{ for all integers t =T1 + Lo+ 2,...,7 — 2.

By (3.58) and (3.14) (in the case of Theorem 2.2) and ({;g; };<p, )-overtaking opti-
mality of the program {z;}¢°, (in the case of Theorem 2.5), (3.57), (3.50), (3.52),
(3.13), (3.17), (3.55), (3.10), (3.12), (3.16), (3.9) and (3.5),

T—1 T—1
0= Z gt (@, Teg1) — Z gt (s M+1)
t=T1 t=T1

T—jLo—1

= Z Z (cge(ze, T41) — e ge (e, Mea1))

j=1t=r—(j+1)Lo

+ ) {awgi(@, wra1) — awge (e, i) -
t is an integer such that 77 <t <7 — (p+1)Lo}
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+ Z{Oétgt(fﬁt, Tiv1) — uge(Ne, 1) -
t is an integer such that 7 — Ly <t < 7}

T—jLo—1 T—jLo—1
= Z ( Z g (e, Teg1) — Z Oétgt(xga x{+1)>
j=1 t=r—(j+1)Lo t=r—(j+1)Lo
T—Lo—1 T7—Lo—1
+ Z Oétgt(l"{, IE{H) - Z Gt (M, Met1)
t=r—(p+1)Lo t=r—(p+1)Lo

—4Losup{|lg:|| : t=0,1,... Jap A7}

M-

> 3o, (j41yze — 2sup{llgill : i=10,1,... Yap, A (Lo + 4)
7j=1
— 4Loaq, At sup{||gi|| : i is a nonnegative integer}
p—1
> B0t,_(pi1yze DN — am A (do + 1)8(Lo + 2)
j=0
p—1
> 3o, A Y M = 2ar, (do + 1)8(Lo + 2)
j=0

> 3ar, (po/2) — 16ar, (do + 1)(Lo + 2)
> aTl((pO - 16(d0 + 1)(L0 + 2)) > oy,

a contradiction. The contradiction we have reached proves that there is an integer
S satisfying (3.51) and that the property (P5) holds.

In the case of Theorem 2.2 it follows from (3.11), (3.37), (3.32) and the properties
(P4) and (P5) that there exist a natural number ¢ and a finite strictly increasing
sequence of integers {S;}!_, C [T1,T5] such that for each t € {T1,..., b},

(3.59) play,zl) < v¢/4 if and only if t € {S1,..., 5},

(360) q>2, S1<T1 + Lo(l +p0), Sq > Th — Lo(l +p0).

In the case of Theorem 2.5 it follows from (3.32) and the properties (P4) and (P5)
that there exists a strictly increasing sequence of integers {S;}°, C [T1,00) such
that for each integer t € [T}, 00),

(3.61) p(xt,x{) < ~v¢/4if and only if t € {S; : i is a natural number},

S1 < Ty + Lo(1 + po).
In the case of Theorem 2.5 set
(3.62) q = oo.
Let an integer k satisfy
(3.63) 1<kand k+1<gq.
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We show that
(3.64) Sk+1 — Sk < (po + 2)Lo.
Assume the contrary. Then
(3.65) Skt1 — Sk > (po + 2) Lo.
By (3.65) there is a natural number p such that
(3.66) p>po, (p+2)Lo < Sky1— Sk < (p+3)Lo.
By (3.59),
(3.67) p(xt,x{) > v¢/4 for all integers t = S, +1,..., 5,41 — 1.
Let an integer
(3.68) jelfo,p—1).
By (3.68), (3.67), (3.66) and the property (P3),
Sk+(i+2)Lo—1 Sk+(j+2)Lo—1

(3.69) Yoo aglanan) > Y aw(al aly) + 3as, G,

t=Sk+(j+1)Lo t=Sk+(j+1)Lo
By (3.59), (3.65), (3.5) and (C4) there exist n1,7m2 € X such that

(370) (xSkvﬂl) € QSk? (nlaxékJrQ) € QSk-i-l?

(wék_H_QaT/?) € QSk+1—27 (7727 x5k+1) € QSk.H—l'
By (3.70), (3.64) and (3.5) there is a program {Z;}tcs such that

/ll\t = Tt, t= T17 .. ‘7Sk7 ES)fF]. =M,
Z/E\t:l‘{, t:Sk+2,...,Sk+1—2, §5k+1_1 =12,
(3.71) Ty = x¢ for all integers ¢ € I satisfying ¢ > Sg1.

1175

By (3.71), (3.14) (in the case of Theorem 2.2) and ({c;g; }{2, )-overtaking optimality
of the program {z;}7°7 (in the case of Theorem 2.5), (3.13), (3.17), (3.66), (3.10),

(3.69), (3.12), (3.9) and (3.16),

Sky1—1 Skr1—1
0= Z e (@, Teq1) — Z gt (T, Te41)
t=T1 t=T1
Sp41—1 Sk41—1
= Y ag(@nmipn) = D g, Tega)
t=>Sk t=S
Sk+1—1 Sk41—1
> Z gt (Tt, Te1) — Z &tgt(l"{»xfﬂ)
t==Syg t=S%
— 8(sup{|lg]| : t=0,1,... g A"
Sk-i-L()—l
> Z (cege(@e, Te41) — Oétgt(x{axfﬂ))

t==Sy
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p—1  Sp+(j+2)Lo—1
+ Z ( Z g (T4, Tig1) — atgt(xij:v wfﬂ))
J=0 t=S,+(j+1)Lo
Sk+1—1

+ Z (ctge(we, Tog1) — Oétgt(%{a 37{+1)) - 8045k)‘_1(d0 +1)
t=Si+(p+1)Lo

p—1
> —2045,6)\*1L0 sup{|lg:]| : t=0,1,...} + Z3a5k+(j+1)Lo
§=0
—dag AN 'Losup{||ge]| : t=10,1,...} — 8ag A" (do + 1)
po—1 A
> 3ag, Y N —2ag,(6Lo + 8)(do + 1)
§=0

> 304,5‘k (po/?) — QCKSk (6L0 + 8)(d0 + 1)

> ag, (po — (12Lg + 16)(do + 1)) > ag, ,

a contradiction. The contradiction we have reached proves that the following prop-
erty holds:
(P6) Sk+1 — Sk < (po + 2) Lo for all integers k satisfying 1 < k and k+ 1 < q.
We set

(3.72) S; = 5.
In the case of Theorem 2.5 set
(3.73) Soo = S, = 0.

Assume that j is a natural number and that we have already defined a finite strictly
increasing sequence of integers

(3.74) {S’Z}Zzl C {S; : i is a natural number for which i < ¢}
such that for each ¢ satisfying 1 <14 < 7,
(3.75) Sit1—S; € [Ly, La).

(Clearly, for j =1 our assumption holds.)
If S; 4+ Ly > Sy, then the construction is completed. Assume that

(3.76) Sj+ Ly < S,

Then by (3.6) and (3.76),

(3.77) Sj+Li+ (po+4)Lo < Sj+ Ly < S,

By (3.56), (3.61) and (3.72) there is a natural number k such that
(3.77) S;+ Ly € [Sk_1, Sk

By (3.74), (3.77) and (3.75),
(3.78) S’j < Sk—h k < q.
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We set
(3.79) Sii1 = Sk
By (3.79), (3.77), (3.6) and (P6),
L1 < Sji1—8; < L1+ Sk — Sg—1 < L1+ (po +2)Lo < Lo

and the assertion made for j also holds for 7 + 1. ~
In the case of Theorem 2.5 we obtain a sequence of integers {5;}32; such that

{Si¥2) C {Si}2y, S1= 81 < T+ Lo(1+po),

(3.80) S’H_l - S; € [L1, Lo] for all integers i > 1.

In the case of Theorem 2.2 our construction is completed after a finite number of
steps and we obtain a finite strictly increasing sequence of integers {Si}le, where
k is a natural number, such that

{g’i}'lle C {Sla cee 7Sq}7
(3.81) 5'1 =S <11+ Lo(l —i—po), Sk > Sq — Lo >Ty — Lo(l +p0) — Lo,

(3.82) Sip1— S; € [Ly, Lo for all integers i satisfying 1 < i < k.
In the case of Theorem 2.2, by (3.81), (3.11) and (3.7),
Sk — Sy >Ty — Ty —2Lo(po + 1) — Lo
(3.83) > 2L —2Lo(po + 1) — Lo
> 2L.

In the case of Theorem 2.5 let k& be any natural such that
(3.84) S'k — 51 > 2Ls.
We apply the property (P2) to the program {wt}f:kgl. By (3.14) (in the case of

Theorem 2.2) and ({a;g;};2, )-overtaking optimality of the program {x;}{2, (in
the case of Theorem 2.5), for each pair of integers 71, o satisfying

S; <7 <7< S,

we have
To—1

(3.85) > awgi(wn, win) = U{eigid 20 m, 2, 0y, )
t=71

By (3.10), (3.1), (3.7), (3.12), (3.16), (3.9) and (3.8) for each pair of integers 71, T2
satisfying

(3.86) S <71 <79 < Sk, 7o <714 3Lo,

each program {y;};2 . we have

To—1 To—1

th(yt, Yi+1) — Z ar g (e, Yre1)

t=71 t=T1
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To—1 To—1
< Z | fe(ye, Yea1) — 9e(ye, )| + Z 19: (e, yer) |11 — oy ow
t=7 t=T1
(384) S5(7‘2—7'1)+(T2—’7'1)(1+d0)|)\—1|)\_1
< (7’2 — 7'1)5 —+ 2(7’2 — T1)(1 + do)‘l — )\|
< 3L + 6L2(1 + do)(l — )\) < 51/8.

By (3.80), (3.82), (3.87) and (3.85), for each integer i satisfying 1 <i < k — 2,

z+2 1 Sz+2 1
Z flwpwen) < Y ag Oétgt(xt,xt+1)+51/8
=3
(3.88) = U({aglauge}? 27, Siy Siga g 5,,) + 01/8

S U({ft}t:07 Si7 Si+27 ‘TgiaxgiJrz) + 61/4
Let an integer j satisfy 1 < j < k. By (3.80) and (3.82),
(3.89) 4< Ly < 8jy1— 8 < Lo,

(3.90) plag al) < /4 plag, o oh ) <p/e
By (3.89), (3.90) and (C4) there is n1,72 € X such that

f
(w,é‘jvnl) € ng, (U1,333j+2) € QS]--H’
f
(3.91) (x§j+1_2,772) € Q§j+1*2’ (n2’$§j+1) € Q§j+171.

(3.92) Tg =Tg , i’g 1=, jgj-i,-l—l =12, Ift:l'{, t:Sj+2,~--,S’j+1 -2,

:USJ+1 =15

By (3.92) and (3.91), {Z+}, Jf is a program. By (3.86), (3.87), (3.80), (3.82), (3.85),
(3.92) and (C2), >

J+1 1 53-0—1 1

Z fe(xe, xe41) Z ag atgt(l'tal't+1)+51/8

tZSj
Sjr1-1
> agjloétgt(ft, Tiy1) +01/8

t:Sj

IN

Sj41-1
(3.93) < Z fe(@e, Zey1) + 61/4

=35
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Sj1—1
< > flal .l +8(do+1)+1
t:S'j

< U220, i, Sj1) + cp +8(do + 1) + 1.

By (3.88) which holds for all integers ¢ satisfying 1 <14 < k — 2, (3.93) which holds

for all integers j satisfying 1 < j <k, (3.10), (3.8), (3.83), (3.84), (3.80), (3.82) and
Sk
t=§1,

the property (P2) applied with the program {x;}

(3.94) p(xy, x{) < € for all integers t € [S1 + Lo, Sy — Lo].

In the case of Theorem 2.2 it follows from (3.94), (3.81) and (3.7) that
p(ze, x{) < e for all integers ¢t € [T + L, Ty — L].

In the case of Theorem 2.5 since k is any sufficiently large natural number, it follows
from (3.94), (3.80) and (3.7) that

p(zy, x{) < € for all integers t > T + L.

Theorems 2.2 and 2.5 are proved. O

4. PROOF OF THEOREM 2.4
Fix
(4.1) do > sup{||fil| : i=0,1,...}.
In the proof we use the following auxiliary result.

Lemma 4.1. Let v > 0. Then there is a natural number ng such that for each pair
of integers Ty > 0, Ty > T1 +ng, each integer S € [Ty +ng, To — 1] and each program
{xt}tTiTl such that

(4.2) xry is ({fi}i2o, Th, M) — good,
Tp—1

(4.3) > agi(ae wi41) = U{ougi} 20, Tt To, oy )
t=T1

the following inequality holds:
S—1

Z atgt($t,$t+1) < U({atgt}1?20>Tlv S, le) +7.
t=T,

Proof. By (2.6) there is a natural number

(4.4) ng > 4L +4

such that for all integers t > ng — L — 4

(4.5) oy < Y(BL+8)"Hdy+1)7L.
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Assume that integers 71 > 0, T» > T3 +ng, an integer S € [T1 +ng, T> — 1] and that
a program {xt}tTiTl satisfies (4.2) and (4.3). Clearly, there is a program {it}f:Tl
such that

S—1
(4.6) TT = o1y, Z o gt(Zt, Tei1) = U({igi}iZo, Th, S, 2y ).

=T\

By the choice of § and L, (4.4), (2.5), (2.1), (2.8), (4.2), (4.3), (4.6), (4.7) and
Theorem 2.2,

(4.7) plas,al) <~vp/4, t=Ti+L,..., Ty — L,
(4.8) p(Ee,al) <~p/4, t =Ty + L,...,5 — L.
By (4.7), (4.8) and (C4) there is £ € X such that

(4.9) (T5—1-1,¢) € Qs—r—1, (§,5-141) € Q5L
Define

(410) yp=ay t=T1,....5—L—-1,ys-p =& ypp=a3, t=5S—L+1,...,7T5.

By (4.9) and (4.10), {yt}ng is a program. In view of (4.5), (4.3), (4.10), (4.6),
(2.5) and (4.1),

To—1 To—1
0> Z gy (T4, Tig1) — Z a9t (Ye, Ye+1)

t=T1 t=T}
S—L S—-L

= Z argi (e, $t+1> - Z Oétgt(yta yt+1)
t=T1 t=T,
S—L—2 S—L-2

> Z gt (T4, Teg1) — Z g (Te, Tey1) — (2os—r—1 + 2a5-1)(do + 1)
t=T1 t=T,
S—1 S—1 S—1

> awgi(we, meen) = Y arge(@s, For1) — 4(do + 1)( > at)
t=T1 t=T1 t=S—L—1
S—1 S—1

> Z o Ge(Te, Teg1) — Z Gt (e, Te41)
t=T1 t=T1

—4(dg+ D)((L+1)y(8L +8)*(dg + 1)t

and
S—1
D agi(@s, mep1) < U{angi}2o, Th, Ssomy) + 7.
t=T,
Lemma 4.1 is proved. O

Completion of the proof of Theorem 2.4



EXISTENCE AND A TURNPIKE PROPERTY OF SOLUTIONS 1181

Let an integer S > 0 and z € X be an ({f;}52,, S, M)-good point. For each

integer T' > S there is a program {xEZ’S’T)}tT: g such that
T-1
S S S
(411 2 =2 Y a2 ) = U)o, S.1.2).
t=5

Clearly there exists a strictly increasing sequence of natural numbers {7} }j’il such
that T7 > S and that for any integer ¢ > S there exists

(412) ‘,L‘EZ’S) — hm $§Z7S7Tj)

j—o0

Clearly, {xgzs)}fi g is a program and
(4.13) xgz’s) =z,
Let v > 0. By Lemma 4.1 there is a natural number ng such that the following
property holds: 3 .

(P7) For each pair integer S > 0, each integer T > S + ng, each integer Q) €
[S + no, T — 1] and each program {l‘t}thg such that x5 is ({fi}2, S, M)-good and

that
T-1

Z aigi(we, 2o1) = U({arg:} 20, 5, T, rg)
t=S
the following inequality holds:
Q-1
Z argi(ze, 2i41) < U({cugi}iZo, S, Q,25) + -
t=S
Let T' > S + ng be an integer and j be a natural number such that T; > T. By
(P7) (with S =8, T =Tj, Q=T) and (4.11),

T-1

ST ST
§ atgt(l'l(fz j)a$1(£j-1 J)) S U({Oltgt}?io,s,T, Z) +’y
t=S

Together with (4.12) this implies that

T—1
S S
atgt(l‘gz )axz(fj-l)) < U({atgt}i20, 9, T, 2) + -
t=8
Theorem 2.4 is proved. g
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