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PERIODIC PROBLEMS WITH A REACTION OF ARBITRARY
GROWTH

SERGIU AIZICOVICI, NIKOLAOS S. PAPAGEORGIOU, AND VASILE STAICU

Dedicated to the memory of Francesco S. De Blasi

ABSTRACT. We consider nonlinear periodic equations driven by the scalar
p—Laplacian and with a Carathéodory reaction which does not satisfy a global
growth condition. Using truncation-perurbation techniques, variational methods
and Morse theory, we prove a “three solutions theorem”, providing sign informa-
tion for all the solutions. In the semilinear case (p = 2), we produce a second
nodal solution, for a total of four nontrivial solutions. We also cover problems
which are resonant at zero.

1. INTRODUCTION

We consider the following nonlinear periodic problem driven by the scalar p—
Laplacian

~ (1w P2 (t))' — F(tu(t) ae on T := 0,0
w(0) = u ), u (0) = (B),1<p< oo

The reaction f (¢,x) is a Carathéodory function (i.e., for all x € R, t — f (t,z) is
measurable, while for a.a. t € T, x — f (¢, x) is continuous). The interesting feature
in our analysis of problem (1.1) is that we do not impose any global growth condition
on f(t,.). Instead, we assume that f(¢,.) admits t—dependent zeros which have
constant sign. Under suitable truncation and perturbation techniques, coupled with
variational methods and Morse theory, we prove a multiplicity theorem producing
three nontrivial solutions, all with sign information.

Recently, the authors proved multiplicity theorems for different classes of scalar
p—Laplacian periodic problems; see Aizicovici-Papageorgiou-Staicu [1], [2], [5], [6],
[7]. In all these works, f (t,.) is required to have polynomial growth.

In the last section, we deal with the semilinear version of problem (1.1) (i.e.,
p = 2). In this case, under additional regularity conditions on f (t,.), by using
Morse theory (critical groups), we produce four nontrivial solutions, all with sign
information (two of constant sign and two nodal (sign changing)) also covering the
case of equations which are resonant at zero.

(1.1)
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2. MATHEMATICAL BACKGROUND

Let (X, |.]]) be a Banach space and (X*,|.||,) its topological dual. By (.,.) we
denote the duality brackets for the pair (X*, X) . Also — denotes weak convergence
in X.

Let ¢ € C' (X). A real number c is said to be a critical value of  if there exists
x* € X such that ¢ (z*) =0 and ¢ (z*) = c.

We say that ¢ € C! (X) satisfies the Palais-Smale condition (PS-condition, for
short) if the following holds true:

“every sequence {z},~; C X such that {¢ (z)},>; is bounded in
R and

¢ () = 0in X* as n — oo
admits a strongly convergent subsequence.”

Using this compactness-type condition on ¢, one can prove the following minimax
theorem, known as the “mountain pass theorem”.

Theorem 2.1. If X is a Banach space, ¢ € C' (X) satisfies the PS-condition, T,
x1 € X, p> 0, [[z1 — ol > p, max{p (z0), ¢ (z1)} <inf{p(2): lv — ol =p} =
Nps and ¢ = inf,er max;e(o 1] ¢ (7 (t)) where

I={yeC(0,1],X):7(0) =z0, (1) = a1},

then ¢ > n, and c is a critical value of ¢.

In our analysis of problem (1.1), we will use the following two spaces Sobolev
space
W =Wk (0,b) = {ue W (0,b) : u(0) =u(b)},

per
with 1 < p < oo, and
CY(T) :=CY(T)NW.

Since the space W;e’ff (0, b) is embedded continuously (in fact compactly) into C (T),

—~

the evaluations at ¢t = 0 and ¢t = b make sense. The Banach space C1(T) is an
ordered Banach space with positive cone

aJr:{uéé\l(T):u(t)zOforalltGT}.
This cone has a nonempty interior, given by
int&:{uea:u(t)>0fora11teT}.

Throughout this paper, we denote by ||.|| the norm of the Sobolev space W :=
W (0,b) . Recall that
W — C(T):={ueC(T):u(0)=u(b)}

compactly. The norm of L" (T") (1 < r < 00) is denoted by |||, .
If z € R, we set 7 = max {x,0}, 2~ = max {—z,0} . For u € W, we set

ut () =u()T andu” () =u ().
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Then u™, v~ € W and

w=u"—u,|jul =ut +u.

By |.|; we denote the Lebesgue measure on R. If k, j € Z,, we will use dj; to
indicate the Kronecker delta. Finally, if h : T'x R — R is a measurable function,
then we set

Np(u) () =h(,u(.)) forallu e W

(the Nemytskii or superposition map corresponding to h).
Consider the following nonlinear eigenvalue problem

!/

2.1) - (\u' P2 (t)) = Mu ()P 2u(t) ae on T = [0,
u(0) =u(b), v (0) =4 (b).

A number A € R is said to be an eigenvalue of the negative periodic scalar

p—Laplacian, if problem (2.1) has a nontrivial solution u, known as an eigenfunction

corresponding to the eigenvalue .
Clearly, a necessary condition for A € R to be an eigenvalue is that A > 0. Let

1
2 —1)r ~ 2 P
7rp:7r(p)pand)\n::<nﬂp>,n20.

ST
psin 7 b

Then {Xn} is the set of eigenvalues of (2.1). In particular, Xo = 0 is a simple

n>0
eigenvalue and the corresponding eigenfunctions are the constant functions.

When p = 2 (linear eigenvalue problem), then mo = 7 and the eigenvalues are

-l

Every eigenfunction v € C! (T satisfies u (t) # 0 a.e. on T, and in fact it has a
finite number of zeros. Moreover, every eigenvalue A > Xo = 0 has eigenfunctions
which are nodal (sign changing).

In the sequel, we denote by o the LP— normalized (i.e., [|Uo||, = 1) eigenfunction

associated with Ao = 0 (recall that No is simple). We have

1
Ug(t) = < forallteT
br

(hence ug € int 5+) In the linear case (p = 2), we denote by E (Xn) the eigenspace

corresponding to the eigenvalue /)\\n. We know that E (Xo) =R and dim FE (Xn> =2
for all n > 1. Also

Wa2(0,0) = P E (3).
k>1
Next, we recall some basic facts about critical groups. So, let (Y1,Y2) be a
topological pair such that Yo C Y; C X. For every integer kK > 0, we denote
by Hy (Y1,Y2) the k- relative singular homology group for the pair (Y1,Y3) with
integer coefficients. For k € Z, k < 0, Hy (Y1,Y2) = {0}.



988 S. AIZICOVICI, N. S. PAPAGEORGIOU, AND V. STAICU

Given ¢ € C' (X) and ¢ € R, we introduce the following sets:
={reX :px)<c}, K :{J}GX:(/)/({L‘):O}, K;:{x€K¢:<p(x):c}.

Let x € X be an isolated critical point of o, with ¢ = ¢ (z) (i.e., € KZ). The
critical groups of ¢ at x are defined by

Cr (p,x) = Hp (¢° N U, (p°NU)\ {z}) for all k>0,

where U is a neighborhood of x such that K,Np°NU = {x} . The excision property of
singular homology implies that the above definition of critical groups is independent
of the particular choice of the neighborhood U.

Suppose that ¢ € C! (X) satisfies the PS-condition and inf ¢ (K,) > —oo. Let
c < ¢ (Ky). The critical groups of ¢ at infinity are defined by

Ck (p,0) = Hi, (X, ¢°) for all integers k > 0.

The second deformation theorem (see, for example, Gasinski-Papageorgiou [14],
p.628) implies that this definition is independent of the choice of the level ¢ <
inf ¢ (K,).

Assume that K, is finite. We set

M (t,z) = Zrank: Cy (p,z)t" for all t € R, all z € K,
k>0

and

P (t,o0) = Zrank Ci (p,00) t* for all t € R.
k>0

The Morse relation says that

(2.2) > M(t,x)=P(t,00)+ (1+1)Q(t), t R,
zeK,

where Q (t) = > Bit* is a formal series with nonnegative integer coefficients.

E>0
Let A: W — W* be the nonlinear map defined by

(2.3) (A (u),v) = / }u"p_Q u'v'dt for all u, v € W.
Q

From [7]), we have:

Proposition 2.2. The map A: W — W* defined by (2.3) is continuous, bounded
(that is, it maps bounded sets to bounded sets), maximal monotone and of type (S)

i.e., if {un},~, C W is such that u, — u in W and

+

limsup (A (un),un —u) <0,

n—o0

then un, — uw in W as n — oo.
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3. p—LAPLACIAN EQUATIONS

First we produce nontrivial constant sign solutions. To do this, we impose the
following conditions on the reaction f (¢, x) :

H (f),: The function f : T'x R —R is a Carathéodory function such that f (¢,0) =0
for a.a. t € T" and
(i) for every p > 0, there exists a, € L' (T') such that

|f (t,z)| < a,(t) foraa. teT,all |z < p;
(73) there exist functions w4, w— € W and constants c_, ¢4 such that
w_(t) <c_ <0<cy <wi(t) forallt €T,

ftwe () <0< f(t,w_(t)) fora.a. t €T,
A(w ) <0< A(ws) in W,

(i7i) there exists 6y € (0, min{—c_, ¢4, 1}) such that
M |zlP < f(t,z)a for aa. t €T, all |z < dy;

Remarks. We see that the above hypotheses do not impose any global growth
restriction on f (¢,.) (see H(f), (7)). Instead we require that f (¢,.) exhibits an os-
cillatory behavior near zero (see H (f), (it) , (i7i)). Hypothesis H (f), (i7) is satisfied
if we can find £_ < 0 < &4 such that

F(t,€) <0< f(t6) ae onT.

Hypothesis H (f), (iii) allows resonance at zero with respect to any nonprincipal
eigenvalue. In fact, hypothesis H (f), (¢4¢) also permits the presence of concave
terms near zero.

Note that hypotheses H (f), (i), (#4i) imply that if po := max {||w4| ., |w-| .},
then we can find £y > 0 such that

(3.1) ft,x)x+&lx|P >0 fora.a. teT,all |z < pp.

Example. Consider the function f (z) (for simplicity we drop the t—dependence)
defined by

g(|xyp*2x—|x|“2x) if e <1

fla) = 0 if |z|>1

with £ > A and 1 < p < r < oo. This function satisfies hypotheses H (f); .

Proposition 3.1. If hypotheses H (f), hold, then problem (1.1) has at least two
nontrivial constant sign solutions

ug € int 6+ and vg € —int 6’+.
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Proof. First we produce a nontrivial positive solution. For this purpose, we intro-
duce the following truncation-perturbation of the reaction f (t,.) :

0 if <0
(3.2) ki (t,x) =14 f(t,x)+aP! if 0<z<wyl(t)
Fltws () 4wy @71 0wy (f) <o
This is a Carathéodory function. We set

Ky (t,x) = /k+ (t,s)ds
0
and introduce the C'-functional ¢, : W — R defined by

b
1 1
i (u) = , Hule + 5 [Jully — /K+ (t,u(t))dt for all u € W.
0

From (3.2) it is clear that ¢4 is coercive. Also, using the Sobolev embedding
theorem, we see that ¢, is sequentially weakly lower semicontinuous. So, by the
Weierstrass theorem, we can find ug € W such that

(3.3) o+ (up) = inf {4 (u) :ue W}.
Let € € (0,dp] . Then from (3.2) we have

b
o (O =~ [Fod <o,
0

hence
e+ () < 0=y (0) (sce (3.3)),
therefore
ug # 0.
From (3.3) we have
¢, (uo) =0,

and this implies
(3.4) A (ug) + [uol" " ug = Ny, (uo) .
On (3.4) we act with —u; € W and obtain
e [[” = 0,
hence
ug > 0, ug # 0.
Also, on (3.4) we act with (ug — w4 )" € W and obtain

b
(A (ug), (ug —w4)™) + /ug_l (g —wy )" dt
0
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b
_ / (£ (6 ws) + w57 (w0 — i)t (see (3.2))
0

IN

b
(A ) an — )+ [l (uo— we ) d (see H(P), 1))
0

hence
b

(A(uo) — A(wy), (uo — wy) ") + / (Ug_l - wi_1> (ug — wy) " dt <0,
0
therefore
{uo > wy}f; =0,
and we conclude that
ug < w4
So, we have proved that
up € [0,wi] :=={ueW :0<u(t) <ws(t) forallteT}.
By virtue of (3.2), equation (3.4) becomes
A (UO) = Nf (UO) .

hence

— (}ug (t)‘pi1 ug (t))l = f(t,uo (t)) a.e. on T, u(0) =u(b), u' (0) = (b)

therefore ug € Cy\ {0} is a nontrivial positive solution of (1.1) ; see, e.g., [1].
Let & > 0 be as postulated in (3.1). We have

~ (Ja OF ™ s ®)) =+ oto (97" = £ (0 (1) + oo (7
>0ae onT

(see (3.1)), hence
(Juy )ty (1)) < oo (""" . on T,

therefore ug € int C (see Vazquez [19]).
To produce a nontrivial negative solution, we introduce the Carathéodory func-
tion
F b () + fw- P Zw_ () i @< w_ (1)
ko (tx) =< f(t,a)+ |z 2 if w_(t)<z<0
0 if 0<u.

We set
x
K_(t,2) = / ko (t,5) ds
0
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and introduce the C'-functional ¢_ : W — R defined by

b
1 1
o (u) = ’ Hu’”i + . Jully — /K (t,u(t))dt for all u € W.
0

Working as above, via the direct method, we produce a nontrivial negative solution
vy € [w—,0]N <—7jnt (1) of problem (1.1). O

In fact, we can produce extremal nontrivial constant sign solutions, i.e., we show
that there exists a smallest nontrivial positive solution and a biggest nontrivial
negative solution.

We introduce the following two sets of solutions for problem (1.1):
Si={ueW:u#0, uel0,ws], uis asolution of (1.1)},
S_={veW:v#0, ve[w_,0], vis asolution of (1.1)}.

From Proposition 3.1 and its proof, we have
g #8+ Cint 6+ and @ # S_ C —int @.

Moreover, from Aizicovici-Papageorgiou-Staicu [7] (see also [4]), we know that the
set of nontrivial positive solutions of (1.1) is downward directed (i.e., if uy, ug are
nontrivial positive solutions of (1.1), then we can find another nontrivial positive
solution u of (1.1) such that u < wuj, u < ugy), while the set of nontrivial negative
solutions of (1.1) is upward directed (i.e., if v1, vo are nontrivial negative solutions
of (1.1), then we can find another nontrivial negative solution v of (1.1) such that
v) < v, vy < ).

In what follows we use the Carathéodory function k (¢, z) defined by
(6w (D) + o (2w (8) it = <w-_(t)
(35)  k(t,x)=<{ f(t,z)+ |z 2z if w_(t) <z <wg(t)
f (8w (8)) +ws (0P if wy (t) <z
Note that
k (t’ I‘) |T><[0,oo): K+ (tv 33) |T><[0,oo)
and
k() |7y (—00,0= k= (£, 2) l7x[0,00) -
Hypotheses H (f), (i), (éi7) imply that

(3.6) k(t,z)x > (Xl + 1) |z|P — ¢y |z|" for a.a. t € T, all z € R,

with r > p and ¢; = ¢; (r) > 0. This growth estimate leads to the following auxiliary
problem

- (yu' Ol (t))' =M @OP2u () — e fu@®) " 2u(t) ae. on T
u(0) =u(b), v (0)=u(b),1<p<oo.

(3.7)
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Proposition 3.2. Problem (3.7) admits a unique nontrivial positive solutionu € int
C4, and a unique nontrivial negative solution since (3.7) is odd v := —u € —int

C,.

Proof. First, we establish the existence of a nontrivial positive solution of (3.7) . So,
we introduce the Carathéodory function

0 if <0
V4 (t,z) = (Xl n 1> 271 el i 0 < g

We set

T

L () = [ (ts)ds
0
and introduce the C'-functional &, : W — R defined by
b
|U||§ - /F+ (t,u(t))dt for all u € W.
0

Ly i 1
= — + —
(0 =1 ]+

Since r > p, it is easily seen that £ is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find w € W such that

(3.8) & (w) =inf{&4 (u) ru e W},
Let 6 € (0,1). Then

h)
€4 (0) = —Lgrb+ Lorp,
D r
Since r > p, by choosing 6 € (0, 1) small, we have

£+ (0) <0,
hence
& (@) <0=2¢&4(0).
(see (3.8)), hence

u # 0.
From (3.8) we have
& (@) =0,
and this implies
(3.9) A@) + @ *a = N,, (@).
On (3.9) we act with —u~ € W and obtain
u>0, u#0.

So (3.9) becomes
A@) = @bt — eja

therefore
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and we conclude that 7@ € C4\ {0} is a solution of (3.7).
Moreover, we have

/
<‘ ‘p ! u' ( ) <cu (t)r_1 a.e.onT
hence
(see Vazquez [19]). Next we show the uniqueness of u. For this purpose, we introduce
the integral functional 8, : L' (T') — R = RU {+o00} defined by

S

b P )
f[(up>] dt ifu>0,ur €W
0

+00 otherwise.

By (u) =

From Diaz-Saa [12] (Lemma 1), we know that (4 is proper, convex and lower
semicontinuous.

If w € W is a nontrivial positive solution of (3.7), then from the first part of the
proof, we have that u € int (Z. Hence u? € dom 4 and for all h € C! (T) and all
A € (—1,1) with |A\| small, we have u? + Ah € dom B4. So, the Gateaux derivative
of B4 at u” in the direction h exists and via the chain rule, we have

b o p—2 u ! .
B (uP) (h) = —1/ (| "l (t)) hdt for all h € C1 (T).

p (Vs
0

Similarly, if y is another nontrivial positive solution of (3.7), then again we have
y € wnt C4 and

Bl (y

’UM—‘

/ Iy )i ’( ) _
/ hdt for all h € C1 (T).
0
The convexity of 51 implies the monotonicity of . Hence

b , p— u/ / , p— , !/
o< | (kP ) +(|y (®) _2y<t>) o
0

therefore u = y. This proves the uniqueness of w € int @.
Since (3.7) is odd, ¥ = —u € —int C is the unique nontrivial negative solution
of (3.7). O

Proposition 3.3. If hypotheses H(f), hold, then ©w < u for allu € S; and v <7
for allve S_.
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Proof. Let u € S and introduce the following Carathéodory function
0 if <0
(3.10) it z) = /)\\1 +1) 2Pt — ! if 0<z<u(t)
MADu@P—cqu@®)™ if w(t) <z
We set

T

T (ta) = [ g (t.5)ds
0
and introduce the C'-functional y; : W — R defined by

b
1 1
pt (w) = , Hw'Hi + ’ Jwlly — /J+ (t,w(t))dt for all w € W.
0

It is clear from (3.10) that py is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find w, € W such that

(3.11) pt (y) = inf {py (w) :w e Wh.

For € € (0, mTin u) (recall that u € int C.y), we have

i (6) = —2Levh + Lery,
p T

Since r > p, choosing £ € (0, 1) small, we see that

M+ (6) < 07

hence
i (1) < 0 =y (0) (see (3.11))
therefore
Uy # 0.

From (3.11) we have

Wy (@) =0
and this implies that
(3.12) A (@) + [P 0. = Nj, ().
On (3.12), first we act with —u, € W and obtain

(see (3.11)). Then we act with (@, —u)™ € W. We have

b
<A (ﬂ*) ) (ﬂ* - 'U/)+> + /U€_1 (H* — u)+ dt
0

b
_ / (1) wt = cqur] (@ — w)* dt (see (3.10))
0
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k(t,u) (@, —u)t dt (see (3.6))

—

<

0

b
/ [f (t,u) + up_l] (@, —u) T dt (since 0 < u < wy)
0

={(A), @ —uw")+ [ v’ (@ —u)" dt (since u € Sy),

o

hence
b
(A (@) — Au, (T — w7 + / (@' — ) (@ —w)tde <0,
0

therefore
[{t. > u}], =0,

and we conclude that

Uy < U.
So, we have proved that
uy € [0,u]\ {0} .
Hence (3.12) becomes
A@,) = et — el

and this implies that

Uy = T.
(see Proposition 3.2). Therefore

u < wuforall u e Sy.

Similarly, we show that
v<vforallvedsS_.

g

Now we are ready to produce extremal nontrivial constant sign solutions for

problem (1.1).

Proposition 3.4. If hypotheses H(f); hold, then problem (1.1) admits a smallest

~

nontrivial positive solution u, € int C1 and a biggest nontrivial negative solution

ve € —int Cy.

Proof. Let C C S be a chain (i.e., a totally ordered subset of S;). We can find

{un},>; € C such that
inf C = inf u,.
n>1
We have
3.13 A(up) = N¢(uy) andu <wu, foralln >1
f
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(see Proposition 3.3). Evidently {u,},~; € W is bounded and so, we may assume
that
Up — win W and u, — v in C (T).
On (3.13) we act with u, —u € W and pass to the limit as n — co. Then
lim (A (un),u, —u) =0,
n— oo

hence
Up —> w in W
(see Proposition 2.2). So, if in (3.13) we pass to the limit as n — oo, then
A(u) = N¢(u) and u < u,
therefore u € Sy and v = inf C. Since C' is an arbitrary chain, from the Kuratowski-
Zorn lemma we infer that S; admits a minimal element u, € S.

Let u be a nontrivial positive solution of (1.1) . Since the set of nontrivial positive
solutions of (1.1) is downward directed, we can find u. € Sy such that u, < wu,,
s < u. The minimality of u, implies that @, = u, and so, us < u for any nontrivial
positive solution u of (1.1).

Similarly, working with the set S_ and using the Kuratowski-Zorn lemma, we
can find v, € —int C4, the biggest nontrivial negative solution of (1.1). O

Using the extremal nontrivial constant sign solutions and tools from Morse the-
ory we can produce a nodal (sign changing) solution, provided we strengthen our
hypotheses on the reaction f (¢,.) near zero.

The new stronger conditions on f (¢, x) are the following:

H(f)y: f:T xR —R is a Carathéodory function such that f(¢,0) = 0 for
a.a. t €T and
(i) for every p > 0, there exists a, € L' (T') such that

|f (t,z)| < a,(t) foraa. teT,all |z| < p;
(73) there exist functions w4, w_ € W and constants c_, ¢4 such that
wo (1) <eo <0<ecqp <wg(t) forallteT,
ft,wgy (t) <0< f(t,w-(t)) foraa. teT,
A(w-) <0< A(wy) in W
(#ii) there exist an integer m > 1, functions 1, § € L' (T), and § > 0 such

that
/):mgn() ;7\(><)\m+lae OHTA # 1, m+17£77a
f(t ) ftz) _
< liminf ———=%* < limsu t
n(®) z—0 \x]p T mHOp \x]p_Qx =7

uniformly for a.a. t € T,

N2 < f (t,z)x for a.a. t €T, all |z| < do;
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Remark. Evidently, hypothesis H (f), (i74) is stronger than H (f), (i74) since now
f(t,z)

2P~

we require that asymptotically at zero, the quotient stays in the spectral

interval [Xm,XmH] with nonuniform nonresonance at the two end points.
The example given for the hypotheses H (f), also works here with p =2 < r.
We will again use the function k (¢, z) defined by (3.5).We set

T

K(t,7) = /k(t,s)ds
0
and consider the C'-functional ¢ : W — R defined by

b
1 1
o (u) = ; HU/HZ + ; ([ully — /K(t,u(t)) dt for all w € W.
0

As we already mentioned, to produce a nodal solution, we will employ tools from
Morse theory. For this reason we will compute the critical groups of ¢ at the origin.

To this end, let \ € (Xm, Xm+1> and consider the C''-functional o : W — R defined
by
Ly ip A »
o(u) = ’ Hu Hp - [ull, for all u e W.

The next result improves Proposition 7 of Aizicovici-Papageorgiou-Staicu [5], where
p > 2 and the proof is different.

Proposition 3.5. Cy(0,0) = C (0,0) = 0.

Proof. Let U := {u eW W[y < A ||u|]§} . Evidently, @y € U and we show that U
is path-connected. To this end, let v € U and let V,, be the path-component of U

containing u. Let
Iy
0, = inf > u€EVy o
[[ull;

We can find {u,},~; C Vi such that

(3.14) |un||, =1 for all n > 1 and HuH‘? — 0, as n — 0.
Evidently {uy},~; € W is bounded and so, we may assume that

Uy, — v in W and u, — v in C(T).

Using the Ekeland variational principle and the Lagrange multiplier rule as in
Cuesta-de Figueiredo-Gossez [11] (see the proof of Lemma 2.8, p. 217), we can
find {pn},>; C R\ {0} such that

b
(3.15) (A (up),h) — ,un/|un|p2unh dt| < en bl
0

for all h € W, with &, — 0.
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In (3.15) we choose h = u, € W and we see that {y,},~; € R\ {0} is bounded. It
follows (at least for a subsequence) that

fn —> Oy
Next, in (3.15) we choose h = u, —v € W and pass to the limit as n — oo. Then

nlin;o (A (up),up —v)y =0,

therefore
(3.16) Up, = v in W.

We have
v €V, NOBY

(recall that OB = {u € LP(T) : ||ull, = 1}) The set U N OBL" is open in 0B

and V, N OB{" is a component of U N OB’ . If v € 8 (V,, N OBf") , then by virtue
of Lemma 3.5 of Cuesta-de Figueiredo-Gossez [11], we have v ¢ U N 9BE". On the
other hand from (3.14) and (3.16) , we have

[v][, =1 and Hv’Hg =0, <A,

hence
veUNIBY,

which is a contradiction. This proves that v € VuﬁaBle. So, the path-connectedness
of U will be proved, if we can join up and v with a path in U (see Dugundji [13], p.
115).

If v <0, then v = —7y (recall that /):0 is the only eigenvalue with eigenfunctions
of constant sign). So, the desired path joining %y and v = —uy follows from the
minimax characterization of A; > 0 due to Aizicovici-Papageorgiou-Staicu [5](see
Proposition 1). Next, we assume that v # 0. We set

v(s) = v+—(1—s)v__
lvt —(1—=s)v

for all s € [0,1].
I

From (3.15) and (3.16) , we have
b
(A(v),h) = 0, / (o|P=2 vh dt for all h € W
0

Choosing h = v™ and h = —v~, we obtain

p —
[ = oullet and o7

P
= 6|l
» P

hence
| (v (s))’Hi = Ou [lv (s)[[;, = 0O for all s € [0,1]

(recall that the supports of v™ and v~ have disjoint interiors). Therefore v (s) € U
for all s € [0,1] and
vt

1:7:/\
()= =
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(as before). Thus s — v (s) is a continuous path joining v and %y and remaining in
the set U. This proves the path connectedness of U.
The path connectedness of U implies that

(3.17) Hy (U,z) =0 with z € U.

Let z € U. Since the functional ¢ is p-homogeneous, the sublevel set ¢ is con-
tractible in itself. Hence from Granas-Dugundji [15] (p. 389), we have

(3.18) Hy, (00, z) =0 for all k > 0.

The second deformation theorem (see, for example Gasinski-Papageorgiou [14], p.
628), implies that ¢%\ {0} and 0= (for € > 0 small) are homotopy equivalent. The
same is true for U = int 0 and 0=° (see Granas-Dugundji [15] (p. 407)). So, it
follows that 0%\ {0} and U are homotopy equivalent, hence

(3.19) Hy, (6°\{0},2) = Hy, (U, 2) for all k > 0.

From (3.17) and (3.19), it follows that

(3.20) Hy (e”\ {0}, 2) = 0.

We consider the reduced exact homology sequence (see Granas-Dugundji [15] (p.
388))

(3.21)

oo Hy (69 {0}, 2) = Hi (6°,2) 25 Hy (6°,0°\{0}) 5 Hy,_1 (6°\ {0}, 2) — ---

where i, is the group homomorphism arising from the corresponding inclusion map
and 0, is the boundary homomorphism. From (3.18) and the exactness of (3.21) , we
have im i, = ker 0, = {0} and so we infer that 0, is a group isomorphism between
Hy, (¢°,06%\ {0}) and a subgroup of Hy_1 (¢°\ {0}, z) . Therefore, by virtue of (3.20)
we have

Cy(0,0) = Hy (JO, 00\ {0}) =0.
Finally, from (3.21) it follows that

Co (0,0) = Hy (0, 0%\ {0}) = 0.

O

Using this proposition we can compute some critical groups of the functional .
Proposition 3.6. If hypotheses H(f), hold, then
Co (p,0) =C1(p,0)=0.

Proof. We consider the homotopy h defined by

h(s,u)=(1—3s)¢(u)+ so(u) for all s € [0,1], all u € W.
Suppose that we can find {s,},~; C [0,1] and {u,},~; C W such that
(3.22) sp — s €[0,1], uy, — 0in W and hl, (sp,uy,) = 0 for all n > 1.
Then we have

A(up) + (1 —sp) |un\p_2 U = (1 — 8p) Ni () + spA |un\p_2 u, for all n > 1,
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hence

(o P20, 1)+ (1 50 (O (0
= (1= sp) k (£, wn (£) + suX g (0P 2 up (£) ae. on T
Un (0) = up (b) , uy, (0) = uy, (b).

Asin Aizicovici—flgpageorgiou—Staicu [7] (see the proof of Proposition 2) we conclude
that {un},~; € C(T) is compact and so, by (3.22), we have
(3.23) U — 0in C1(T).
So, we can find ng > 1 such that
Up (t) € [c—,cy] forall t € T, all n > ny.
Then we have
(3.24)  A(un) = (1 = 8,) Ny (un) + spA |tn P2 up for all n > ng (see (3.5)).

Let
Unp,

Yp = —, n > 1.
[[n |
Then ||y,|| =1 for all n > 1 and so, we may assume that
(3.25) Yn — yin W and y, — y in C(T).
From (3.24) it follows
Ny (un)

(3.26) Ayn) = (1= 5,) —=2 4 5, X |yn [P yn for all n > ng,
u

On (3.26) we act with y, —y € W, pass to the limit as n — oo and use (3.25). Then
hnolo <A (yn) yYn — y> = 07

n—

which implies that
(3.27) Yn — y in W, hence |jy|| = 1.

Note that {HJZf (Ili’?i)l} C L' (T) is uniformly integrable (see hypotheses H (f), (i),

(). So, using the Dunford-Pettis theorem and hypothesis H ( f), (iit) (see (3.23)),
we infer that (at least for a subsequence)

Ny (u 2. : -~
(3.28) Huf|(]pn)1 Lo lyP~?y in LY (T), with n(t) <no (t) <7 (t) ae. onT.
n

So, if in (3.26) we pass to the limit as n — oo and use (3.27) and (3.28), we obtain
Aly) =[(1 = s)no +sA] [y~ y,
therefore
/
(3.29) { (I OF 9 @) =n @Oy @OP y (@) ae on T
y(0)=y(b),y' (0) =y (b).

where
ns (1) = (1 —s)mo (t) + sA.
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Note that

(3.30) Xm <75 (t) < Xm+1 a.e. on T, /)\\m - 773>Xm+1 # Ns-

Then from (3.29), (3.30) and Aizicovici-Papageorgiou-Staicu [1] (see also [5],
Proposition 2), we deduce that y = 0, which contradicts (3.27) . This proves that
(3.22) cannot occur. Hence, by the homotopy invariance of critical groups (see for
example Chang [10], p. 334), we have

Ck (¢,0) = Ck (0,0) for all k> 0,
hence
CO (907 0) = Cl (3070) =0
(see Proposition 3.5). O

Now we are ready to generate a nodal (sign changing) solution.

Proposition 3.7. If hypotheses H (f), hold, then problem (1.1) admits a nodal
solution

Yo € [vs, us] NCL(T).

Proof. Let u, € int 6+ and v, € —int 6+ be the two extremal nontrivial constant
sign solutions produced in Proposition 3.4. We introduce the following truncation-
perturbation of the reaction f (t,.) :

. F 0, () + Jvx (O 2, (8) if @< v, (t)
(3.31) Bt,x)=1_ f(t,x)+ |z 2z if v, (1) <z <uy(t)
F (s (8) + uy (£)P if o, (t) < .

Clearly this is a Carathéodory function. We set

B(t,x):/ﬁ(t,s)ds
0

and consider the C''-functional ¥ : W — R defined by
b
1, ,pp . 1 »
Y (u) = ) Hu Hp + » Jull, = [ B(t,u(t))dt for all u € W.
0

In addition, we introduce the positive and the negative truncations of B (t,.), namely
the Carathéodory functions

5:& (t7 iL') - B (ta ixi) .
We set

x

Ba (o) = / Ba (1, 5) ds

0
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and consider the C'-functionals 1+ : W — R defined by

b
1 1
Py (u) = ’ Hu/Hz + » Jully — /Bi (t,u(t))dt for all u € W.
0
Reasoning as in the proof of Proposition 3.3, we can show that

(3.32) Ky C [vs,us], Ky, =1{0,u.}, Ky_ = {vs,0}.
Claim. u, € int 5+ and v, € —int (1 are both local minimizers of .

From (3.31) it is clear that vy is coercive. Also, it is sequentially weakly lower
semicontinuous. So,we can find u, € W such that

Hypothesis H (f), (i7i) implies that
(3.34) F(t,x) >0 for a.a. t €T, all z € (0,dp] .

Therefore, if £ € { 0, min {50, mjin u*}> (recall that u, € int 6+), then from (3.31)
and (3.34) we have

b
w+(£)=—/F(t,£)dt<0-
0

Then
b (@) < 0= 14 (0) (see (3.33)),
hence
Us # 0.
From (3.33), we have
i € Ky, \ {0}
hence
U, = u, € int Cy (see (3.32)).

But note that ~ =1 |~ . Hence u, is a local C1 (T) —minimizer of 1. From
+ 16, N

Aizicovici-Papageorgiou-Staicu [7] (see Proposition 2) we infer that u, € int Cy is
a local W —minimizer of 1.

Similarly for v, € —int 6+, using this time v _. This proves the Claim.

We may assume that ¢ (vi) < @ (us) (the analysis is similar if the opposite
inequality holds).

Since u, € int Cyy is a local minimizer of 1 (see the Claim), we can find p € (0,1)
small such that

(3.35) P (ve) <P (us) <inf {9 ()« flu = uill = p} =21, e —wal| > p

(see Aizicovici-Papageorgiou-Staicu [3], p.57). Note that v is coercive (see (3.31)),
hence it satisfies the PS-condition. This fact and (3.35) permit the use of Theorem
2.1 (the mountain-pass theorem). So, we can find yg € W such that

(3.36) yo € Ky and 1, < 1 (yo) .
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From (3.35) and (3.36) , it follows that yo # us, yo # v«. Also, by (3.31), (3.32) and

(3.36) we infer that yo € [v., us] NCT (T) is a solution of (1.1). Since yq is a critical
point of mountain pass type, we have

(3.37) C1 (¢, y0) # 0 (see Chang [10]).
On the other hand, note that ¢ |, 4.)= ¥ lj, u] (see (3.5) and (3.31)). Since
u, € int Cy and v, € —int C, and Cl (T') is dense in W, we have

Ck (¢,0) = Ck (¥,0) for all k>0

(see Palais [17]), hence
(3.38) Cy(¢,0) =C1(p,0) =0
(see Proposition 3.6). Comparing (3.37) and (3.38), we conclude that yg # 0.

The extremality of u, and v, implies that yo € [vs, u.|NC! (T') is a nodal solution
of (3.37). 0

Therefore, we can state the following multiplicity theorem for problem (1.1).

Theorem 3.8. If hypotheses H(f), hold, then problem (1.1) has at least three
nontrivial solutions

Uy € int CA’+, vy € —int 6+, and yo € [vk, ux] N 6'\1 (T) nodal.

4. SEMILINEAR EQUATIONS

In this section, we deal with the semilinear case (i.e., p = 2). So, the problem
under consideration is now the following;:

(4.1) { —u” (t) = f (t,u(t)) a.e. on T :=[0,b]
w(0) =u(b), v (0) =u'(b).

By strengthening the regularity of f (¢,.) , we can improve Theorem 3.8 and produce
a second nodal solution, for a total of four nontrivial solutions with a definite sign.
The new stronger conditions on f (¢, x) are the following:

H(f);: f : T xR—R is a measurable function such that for a.a. t € T
f(t0)=0, f(t,.) € C*(R) and
(i) for every p > 0, there exists a, € L' (T), such that

|f2 (t,2)| < a,(t) foraa. t €T, all |z| < p;

(79) there exist functions wy, w— € W and constants c_, ¢4 such that
w_(t) <c-o <0<cy <wg(t) forallt €T,
F(towy () <0< f(t,w () ae. onT,
A(w-) <0< A(wy) in W

(i7d) fL(t,0) = lir% @ uniformly for a.a. ¢t € T" and there exist an integer
Tr—r

m > 1 and dy > 0 such that
Am < f1(£,0) < Angrace. on T, A # f4 (£,0), Amgr # £ (£,0),
M2 < f(t,z)x for aa. t €T, all |z] < bo;
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(tv) if po := max {||w|l , |lw=|lo}  then there exists & > 0 such that for
a.a. t € T, the function x — f (¢, z) + &z is nondecreasing on [—pg, o).

In this case

b
o (u) = % /|2 + % Jull? = /K(t,u(t))dt for all uw € W (see (3.5))
0

b
Y (u) = % Hu/H; + % Hu||§ - /B (t,u(t))dt for all u € W (see (3.31))
0

o(u)= % Hu'H; - % Hu||% for all w € W (with A € (Xm,XmH) )

Note that ¢, ¢ € C?>7°(W) and o € C? (W). Moreover, since \ € (Xm,/)\\mH) ,

u = 0 is a nondegenerate critical point of o of Morse index d,,, = dim P F (X1> .
i=0

Hence

(4.2) Ck (U, O) = 5k,dmZ for all k > 0.

Then, as in the proof of Proposition 3.6, using the homotopy invariance of critical
groups, we arrive at:

Proposition 4.1. If hypotheses H(f)5 hold, then
Ci (¢,0) = 0k.q4,,Z for all k > 0.

Now, we can state and prove a multiplicity theorem for problem (4.1) .

Theorem 4.2. If hypotheses H (f)4 hold, then problem (4.1) has at least four non-
trivial solutions

ug € int 6+, vy € —int 6+, and yo, Y € inta(T) [vo, up] nodal.

Proof. From Theorem 3.8 we already have three nontrivial solutions
ug € int (1, vy € —int a+, and yo € [vo, up] N cl (T') nodal.
Without any loss of generality, we may assume that uy and vy are extremal (i.e.,
ug = uy € int C4 and vy = v, € —int C4, see Proposition 3.4). Let £ > 0 be as
postulated by hypothesis H (f)5 (iv) . Then
—ug (t) + Eouo(t) = f (. uo(t)) + Eouo(t)
> f(t,y0(t)) + Eoyo(t) (see H(f)4 (iv) and recall that yo < ug)
= —yo (t) + &oyo(t) a.e. on T,

hence
(uo — yo)" (t) < & (uo — yo) (t) a.e. on T,
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and this implies that
ug — Yo € tnt Cy
(see Vazquez [19]). Similarly, we show that
Yo — Vo € int 6’+,
therefore
Yo € inta(T) [vo, uo] -
Let h € W. Since ug — yo € int C, we see that for t € (—1,1) with |¢| small, we
have
(yo + th) (t) <o (t).
Hence 9" (yp) exists in the direction h and we have
b b b

(4.3) (¥" (yo) (h),w) = /h’w' dt—i—/hw dt—/ N; (t,y0) hw dt for all h,w € W
0 0 0

(recall that W is dense in Cl (T')). Note that since ug — yo € int C., we can find
p > 0 small such that for every

we BOM) .= {w € C(T) : lw —woll g < p}
we have ug — u € int Cy. Since W < C (T) continuously (in fact compactly), we
can find p; € (0, p) small such that
By, (yo) = {w € W w —yoll < p1} € BT,
Then from (4.3) it follows that 1) € C? (B,, (yo)) . Recall that
C1 (¢, 90) # 0 (see (3.37))

hence

(4.4) Cr (¥, 90) = 0i17Z for all k > 0 (see Bartsch [§]).
From Proposition 4.1, we have

(4.5) Cy (¥,0) = 0p.q,,Z for all k > 0.

Recall (see the Claim in the proof of Proposition 3.7) that up and vy are local
minimizers of 1. Hence

(4.6) Ck (¢,UO) = Ck (1/1,1)0) = (5k,0Z for all k > 0.
Finally, note that 1 is coercive (see (3.31)). Hence
(4.7) C, (¥, 00) = 0p,0Z for all k > 0.

Suppose that Ky = {0, up, vo, yo}. From Morse relation (see (2.2)) with t = —1,
we have
(=D +2(=1)°+ (=1)! = (=1)°
hence
(—1)% =0,
which is a contradiction. Therefore there exists ¥ € Ky, ¥ ¢ {0, uo, vo, yo},
Y € [vo, up] (see (3.33) and recall that ug, vg are extremal solutions). Hence y €
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[vo, up] N Cl (T) is a nodal solution of (1.1). As we did for yo, using H(f); (iv),
we show that y € inta(T) [vo, uo] - O

In Theorem 4.2, at zero, we assumed nonuniform nonresonance with respect to the
spectral interval [)\m, )\m+1} , m > 1. It is natural to ask whether such a multiplicity

theorem (“four solutions theorem”) is still valid when resonance occurs at zero. The
answer to this question is affirmative provided we further strengthen the conditions
on f (t,.) near zero.

Now we assume that the reaction in the problem (4.1) has the form

(4.8) f(t,2) = Amz + fo (t,x), where m > 1.
The hypotheses on the perturbation fy (¢, ) are the following:

H(f),: fo: T x R—R is a measurable function such that, for a.a. t € T,
fo(t,0) =0, fo(t,.) € C*(R) and
(i) for every p > 0, there exists a, € L' (T), such that

}(fo); (t,x)} <a,(t) fora.a. teT,all |z| <p;
(77) there exist functions w4, w— € W and constants c_, ¢y such that
wo (1) <eco <0<eqp <wg(t) forallteT,
At (8) + fo (t,w (8)) < 0 < Xgw— () + fo (1, w- (£))
a.e. on T,
A(w_) <0< A(wy) in W*,

(79i) there exist r > 2, constants ca, c3 > 0 and Jp € (0, min{cy, —c_,1})
such that

fo(t.w)z =0, ealae|"™ < [fo (t,2)] < esla|™™
for a.a. t € T, all |z| < do;

(tv) if po := max {||w |, |lw=|loo} » then there exists & > 0 such that for
a.a. t € T, the function x — fy (¢, z)+E&ox is nondecreasing on [—pg, po].

Remark. Note that if in hypotheses H(f); (¢) and H(f), (i) we assume a, €
L (T) ., then conditions H (f); (iv) and H (f), (iv) automatically hold.

In what follows, we set
H® = (An) and H = (H°)".
We have the following orthogonal direct sum decomposition
W =HoH.

Proposition 4.3. If hypotheses H(f), hold, then there exist p > 0 and § € (0,1)
such that

(¢ (u),u®)y <0 for allu=2u’+7 € H @ H,|jul| < p,|[ul| <& u].
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Proof. We have

b b
(¢ (u),h) = (A(u),h) + [u@)h(t)dt — [k (t,u(t))h(t)dt
(4.9) )

0
for all u,h € W
For p > 0 and £ € (0,1) (to be specified in the process of the proof), we introduce
the set
Dyg={ueW:u=u"+a,llul <p|al <&|ull}.
Since W is embedded continuously (in fact compactly) in C' (T) , we can find ¢4 > 0

such that
lull o < callul| for all uw e W.

So, by choosing p € (0,1) small, we have
lu(t)] < cqllul] <eap <doforallue W, allt eT.
Then for all w € W with |Ju|| < p, because of (3.5) and (4.8) , equation (4.9) becomes
b
(4.10) (¢ (u),h) =— / fo (t,u(t)) h(t)dt for all h € HO.
0

So, we choose such a small p € (0,1). Moreover, we can always choose £ € (0,1)
small so that

1
HuOH > 3 lul| for all u € D,¢.
Also, from Motreanu-Motreanu-Papageorgiou [16], we know that given 6 € (0,b),
we can find pg5 > 0 such that if Io = {t € T: !uo (t)’ < s HuOH} then [Ip|; < 4, for
all u® € HO.
We have

b b b
(4.11) /h@wwﬁ:/m@muﬁ—/m@maﬁ
0 0 0

(since u = u® 4+ u). For t € T\Iy and u € D, ¢, we obtain

fu(®)] = [ O] = i (8)] = ps [[u]| = ea l] = (57 = eas) ]

Choosing ¢ € (0, 1) even smaller if necessary, we have

(4.12) |u (t)| > cs5 ||ul| for some c5 >0, all t € T\Iy, all u € D.
Therefore
[ ptwwdr = [ 1ot ulde (see B, Gi))
T\Io T\Io
> / lul" dt (see H (f), (i) )
T\Io
(4.13) > coct |T\Doly |lull" (see (4.12))

\%

c6 (b—9) [Jul|” with ¢ = cacg > 0, for all u € D,¢.
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So, by (4.13) and H (f), (i7i) we get
b
/fo(t,u)udt = /fo(t,u)udt—l—/fo(t,u)udt

0 T\Io Io

(4.14) > / fo(t,u)u dt
T\Io
> ¢ |lu||” forallu € D,¢
with
cr=cg(b—0) > 0.
Also, we have
b

b
/ fo(tu)adt < / \fo (t,w)] [a] dt
0 0
b

< / c3 [ul" " [ii] dt (see HL(f), (iii) )

0
(4.15) < cgllul""t @]l for some cg > 0
< cgélul|” for all ue D,e.

Returning to (4.11), using (4.14), (4.15) and choosing ¢ € (0,1) even smaller if
necessary, we arrive at
b

/fo (t,u) u’dt > cg |lu||” for some cg > 0,all u € D,.
0

Then from (4.10) it follows that
(¢ (u),u’) <0 forallue D,g.
g

This proposition implies that the angle condition of Bartsch-Li [9] is satisfied.
So, invoking Proposition 2.5 of [9], we have:

Proposition 4.4. If hypotheses H (f), hold, then

Ck (4,0) = 64.a,,Z for all k >0, with dy, = dim D E (X) .
i=0
Then the proof of Theorem 4.2 remains valid, and we can state the following
multiplicity theorem:

Theorem 4.5. If hypotheses H (f), hold, then problem (4.1) has at least four non-
trivial solutions

ug € int (7+, vy € —int 5+, and yo, Y € inté\l(T) [vo, up] nodal.
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