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convergence is obtained, in our results here we give weak and strong convergence of
the two algorithms.

The paper is organized in the following way. In Section 2, we present the pre-
liminaries that are needed in our work. In Section 3, we present two algorithms
for solving (1.1). Convergence analysis of the algorithms are investigated. As an
application of the main results, a fixed point problem of strictly pseudocontractive
mappings is investigated in the framework of Banach spaces.

2. Preliminaries

Let E be a real Banach space with the dual E∗. Given of continuous strictly
increasing function: φ : R+ → R+, where R+ denotes the set of nonnegative real
numbers, such that φ(0) = 0 and limr→∞ φ(r) = ∞, we associate with it a (possibly
mutivalued) generalized duality map Jφ : E → 2E

∗
, defined as Jφ(x) : {x∗ ∈ E∗ :

x∗(x) = ∥x∥φ(∥x∥), ∥x∗∥ = φ(∥x∥)}, ∀x ∈ E. In this paper, we use the generalized
duality map associated with the gauge function φ(t) = tq−1 for q > 1,

Jq : {x∗ ∈ E∗ : ⟨x∗, x⟩ = ∥x∥q, ∥x∗∥ = ∥x∥q−1}, ∀x ∈ E.

Let UE = {x ∈ E : ∥x∥ = 1}. The norm of E is said to be Gâteaux differentiable

if the limit limt→0
∥x+ty∥−∥x∥

t exists for each x, y ∈ UE . In this case, E is said to be
smooth. The norm of E is said to be uniformly Gâteaux differentiable if for each
y ∈ UE , the limit is attained uniformly for all x ∈ UE . The norm of E is said to
be Fréchet differentiable if for each x ∈ UE , the limit is attained uniformly for all
y ∈ UE . The norm of E is said to be uniformly Fréchet differentiable if the limit is
attained uniformly for all x, y ∈ UE .

Let ρE : [0,∞) → [0,∞) be the modulus of smoothness of E by

ρE(t) = sup{∥x+ y∥ − ∥x− y∥
2

− 1 : x ∈ UE , ∥y∥ ≤ t}.

A Banach space E is said to be uniformly smooth if ρE(t)
t → 0 as t→ 0. Let q > 1.

E is said to be q-uniformly smooth if there exists a fixed constant c > 0 such that
ρE(t) ≤ ctq. It is known that E is uniformly smooth if and only if the norm of E is
uniformly Fréchet differentiable. If E is q-uniformly smooth, then q ≤ 2 and E is
uniformly smooth, and hence the norm of E is uniformly Fréchet differentiable, in
particular, the norm of E is Fréchet differentiable.

The modulus of convexity of E is the function δE(ϵ) : (0, 2] → [0, 1] defined by

δE(ϵ) = inf{1 − ∥x+t∥
2 : ∥x∥ = ∥y∥ = 1, ∥x − y∥ ≥ ϵ}. Recall that E is said to be

uniformly convex if δE(ϵ) > 0 for any ϵ ∈ (0, 2]. Let p > 1. We say that E is
p-uniformly convex if there exists a constant cq > 0 such that δE(ϵ) ≥ cpϵ

p for any
ϵ ∈ (0, 2].

Typical examples of both uniformly convex and uniformly smooth Banach spaces
are Lp, where p > 1. To be more precise, Lp is mini{p, 2}-uniformly smooth for
every p > 1. It is known that E is p-uniformly convex if and only if E∗ is q-uniformly
smooth, where 1

p + 1
q = 1.

Let D be a nonempty subset of C. Let ProjD : C → D be a mapping. ProjD :
C → D is said to be

(1) contraction if Proj2D = ProjD;
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(2) sunny if for each x ∈ C and t ∈ (0, 1), we have ProjD
(
tx+(1−t)ProjDx

)
=

ProjDx;
(3) sunny nonexpansive retractction if ProjD is sunny, nonexpansive and a con-

traction.

D is said to be a nonexpansive retract of C if there exists a nonexpansive re-
traction from C onto D. The following result, which was established in [6, 13, 29],
describes a characterization of sunny nonexpansive retractions on a smooth Banach
space.

Let E be a smooth Banach space and let C be a nonempty subset of E. Let
ProjC : E → C be a retraction and J be the normalized duality mapping on E.
Then the following are equivalent:

(1) ProjC is sunny and nonexpansive;
(2) ∥ProjCx− ProjCy∥2 ≤ ⟨x− y, J(ProjCx− ProjCy)⟩, ∀x, y ∈ E;
(3) ⟨x− ProjCx, J(y − ProjCx)⟩ ≤ 0, ∀x ∈ E, y ∈ C.
It is well known that if E is a Hilbert space, then a sunny nonexpansive retraction

ProjC is coincident with the metric projection from E onto C. Let C be a nonempty
closed convex subset of a smooth Banach space E, let x ∈ E and let x0 ∈ C. Then
we have from the above that x0 = ProjCx if and only if ⟨x− x0, J(y − x0)⟩ ≤ 0 for
all y ∈ C, where ProjC is a sunny nonexpansive retraction from E onto C.

Let T : C → C be a mapping. The fixed point set of T is denoted by F (T ).
Recall that T is said to be κ-contractive if there exists a constant κ ∈ (0, 1) such
that

∥Tx− Ty∥ ≤ κ∥x, y∥, ∀x, y ∈ C.

T is said to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x, y∥, ∀x, y ∈ C.

T is said to be κ-strictly pseudocontractive if there exists a constant κ ∈ (0, 1) such
that

⟨Tx− Ty, jq(x− y)⟩ ≤ ∥x− y∥q − κ∥(x− Tx)− (y − Ty)∥q, ∀x, y ∈ C

for some jq(x− y) ∈ Jq(x− y). It is clear that the above inequality is equivalent to
the following

⟨(x− Tx)− (y − Ty), jq(x− y)⟩ ≥ κ∥(x− Tx)− (y − Ty)∥q, ∀x, y ∈ C.

It is known that κ-strictly pseudocontractive mappings are Lipschitz continuous.
We also remark here that the class of mapping was first introduced by Browder and
Petryshyn [4] in Hilbert spaces. T is said to be pseudocontractive if

⟨Tx− Ty, jq(x− y)⟩ ≤ ∥x− y∥q, ∀x, y ∈ C

for some jq(x− y) ∈ Jq(x− y).
Let I denote the identity operator on E. An operator A ⊂ E × E with domain

D(A) = {z ∈ E : Az ̸= ∅} and range R(A) = ∪{Az : z ∈ D(A)} is said to be
accretive if, for t > 0 and x, y ∈ D(A),

∥x− y∥ ≤ ∥x− y + t(u− v)∥, ∀u ∈ Ax, v ∈ Ay.
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It follows from Kato [16] that A is accretive if and only if, for x, y ∈ D(A), there
exists jq(x1 − x2) such that

⟨u− v, jq(x− y)⟩ ≥ 0.

An accretive operator A is said to be m-accretive if R(I + rA) = E for all r > 0.
In a real Hilbert space, an operator A is m-accretive if and only if A is maximal
monotone. In this paper, we use A−1(0) to denote the set of zeros of A.

For an accretive operator A, we can define a nonexpansive single valued mapping
Jr : R(I + rA) → D(A) by Jr = (I + rA)−1 for each r > 0, which is called the
resolvent of A.

Recall that a single valued operator A : C → E is said to be α-inverse strongly
accretive if there exists a constant α > 0 and some jq(x− y) ∈ Jq(x− y) such that

⟨Ax−Ay, jq(x− y)⟩ ≥ α∥Ax−Ay∥q, ∀x, y ∈ C.

In order to obtain our main results, we also need the following lemmas.

The following lemmas are trivial.

Lemma 2.1. Let E be a real Banach space and let C be a nonempty closed and
convex subset of E. Let A : C → E be a single valued operator and let B : E → 2E

be an m-accretive operator. Then

F (Ja(I − aA)) = (A+B)−1(0),

where Ja(I − aA) is the resolvent of B for a > 0.

Lemma 2.2. Let {an} and {bn} be two nonnegative sequences satisfying the fol-
lowing condition:

an+1 ≤ an + bn, ∀n ≥ n0,

where n0 is some nonnegative integer,
∑∞

n=1 bn < ∞. Then the limit limn→∞ an
exists.

Lemma 2.3 ([35]). Let E be a real q-uniformly smooth Banach space. Then the
following inequality holds:

∥x+ y∥q ≤ ∥x∥q + q⟨y, Jq(x+ y)⟩

and

∥x+ y∥q ≤ ∥x∥q + q⟨y, Jq(x)⟩+Kq∥y∥q, ∀x, y ∈ E,

where Kq is some fixed positive constant.

Lemma 2.4 ([35]). Let p > 1 and r > 0 be two fixed real numbers. Then a Banach
space E is uniformly convex if and only if there exists a continuous strictly increasing
convex function φ : [0,∞) → [0,∞) with φ(0) = 0 such that

∥ax+ (1− a)y∥p ≤ a∥x∥p + (1− a)∥y∥p −
(
ap(1− a) + (1− a)pa

)
φ(∥x− y∥),

for all x, y ∈ Br(0) := {x ∈ E : ∥x∥ ≤ r} and a ∈ [0, 1].

Lemma 2.5 ([7]). Let E be a real uniformly convex Banach space and let C be a
nonempty closed convex and bounded subset of E. Then there is a strictly increasing
and continuous convex function ψ : [0,∞) → [0,∞) with φ(0) = 0 such that, for
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every Lipschitzian continuous mapping T : C → C and, for all x, y ∈ C and
t ∈ [0, 1], the following inequality holds:

∥T (tx+ (1− t)y)− (tTx+ (1− t)Ty)∥ ≤ Lψ−1
(
∥x− y∥ − L−1∥Tx− Ty∥

)
,

where L ≥ 1 is the Lipschitz constant of T.

Lemma 2.6 ([5]). Let E be a real uniformly convex Banach space, C a nonempty
closed, and convex subset of E and T : C → C a nonexpansive mapping. Then
I − T is demiclosed at zero.

Lemma 2.7 ([12]). Let E be a real uniformly convex Banach space such that its
dual E∗ has the Kadec-Klee property. Suppose that {xn} is a bounded sequence such
that limn→∞ ∥axn + (1 − a)p1 − p2∥ exists for all a ∈ [0, 1] and p1, p2 ∈ ωw(xn),
where ωw(xn) : {x : ∃xni ⇀ x} denotes the weak ω-limit set of {xn} Then ωw(xn)
is a singleton.

Lemma 2.8 ([2]). Let E be a real Banach space, and A an m-accretive operator.
For λ > 0, µ > 0, and x ∈ E, we have

Jλx = Jµ

(µ
λ
x+

(
1− µ

λ

)
Jλx

)
,

where Jλ = (I + λA)−1 and Jµ = (I + µA)−1.

Lemma 2.9 ([32]). Let {xn} and {yn} be bounded sequences in a real Banach space
E and let {βn} be a sequence in (0, 1) with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Let xn+1 = (1 − βn)yn + βnxn and lim supn→∞(∥yn+1 − yn∥ − ∥xn+1 − xn∥) ≤ 0.
Then limn→∞ ∥yn − xn∥ = 0.

Lemma 2.10 ([28]). Let E be a real uniformly smooth Banach space and let C be
a nonempty closed convex subset of E. Let f : C → C be a contractive mapping
and let T : C → C be a nonexpansive mapping with a nonempty fixed point set. For
each t ∈ (0, 1), let xt be the unique solution of the equation x = tf(x) + (1− t)Tx.
Then {xt} converges strongly to a fixed point x̄ = QF (T )f(x̄), where QF (T ) is the
unique sunny nonexpansive retraction from C onto F (T ), as t→ 0.

Lemma 2.11 ([22, Lemma 2.11]). Let q > 1. Then the following inequality holds:

ab ≤ aq

q
+
q − 1

q
b

q
q−1 ,

for arbitrary positive real numbers a and b.

Lemma 2.12 ([18]). Let {an} be a sequence of nonnegative real numbers such that
an+1 ≤ (1 − tn)an + bn + cn, ∀n ≥ 0, where {cn} is a sequence of nonnegative real
numbers, {tn} ⊂ (0, 1) and {bn} is a sequence of real numbers. Assume that

(a)
∑∞

n=0 tn = ∞ and lim supn→∞
bn
tn

≤ 0;

(b)
∑∞

n=0 cn <∞.

Then limn→∞ an = 0.
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3. Main results

First, we give the weak convergence theorem.

Theorem 3.1. Let E be a real uniformly convex and q-uniformly smooth Banach
space with the constant Kq and let C be a nonempty closed and convex subset of
E. Let A : C → E be an α-inverse strongly accretive operator and let B : E → 2E

be an m-accretive operator such that D(B) ⊂ C. Assume that (A + B)−1(0) ̸= ∅.
Let {rn} be a positive number sequence and let {αn} be a real number sequence in
(0, 1). Let {xn} be a sequence generated in the following manner: x0 ∈ C and

xn+1 = αnxn + (1− αn)Jrn(xn − rnAxn + en), ∀n ≥ 0,

where Jrn = (I + rnB)−1 and {en} is sequence in E. Assume that the sequence
{αn}, {en} and {rn} satisfy the following restrictions:

(1) lim supn→∞ αn < 1;

(2) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < ( qαKq
)

1
q−1 ;

(3)
∑∞

n=0 ∥en∥ <∞.

Then {xn} converges weakly to a zero of A+B.

Proof. First, we show that the sequence {xn} is bounded. In view of Lemma 2.3,
we find that

∥(I − rnA)x− (I − rnA)y∥q ≤ ∥x− y∥q − qrn⟨Ax−Ay, Jq(x− y)⟩
+Kqr

q
n∥Ax−Ay∥q

≤ ∥x− y∥q − qrnα∥Ax−Ay∥q +Kqr
q
n∥Ax−Ay∥q

= ∥x− y∥q − (αq −Kqr
q−1
n )rn∥Ax−Ay∥q.

From the restriction (2), we find that I − rnA is nonexpansive. Fixing p ∈ (A +
B)−1(0), we have

∥xn+1 − p∥ ≤ αn∥xn − p∥+ (1− αn)∥Jrn(xn − rnAxn + en)− p∥
≤ αn∥xn − p∥+ (1− αn)∥(xn − rnAxn + en)− (p− rnA)p∥
≤ ∥xn − p∥+ ∥en∥.

In view of Lemma 2.2, we obtain that limn→∞ ∥xn − p∥ exists, in particular, {xn}
is bounded. Using Lemma 2.3, we find that

∥(I − rnA)xn − (I − rnA)p+ en∥q + q⟨en, Jq((I − rnA)xn − (I − rnA)p+ en)⟩
≤ ∥xn − p∥q − qrn⟨Axn −Ap, Jq(xn − p)⟩
+Kqr

q
n∥Axn −Ap∥q

+ q∥en|∥(I − rnA)xn − (I − rnA)p+ en∥q−1(3.1)

≤ ∥xn − p∥q − (αq −Kqr
q−1
n )rn∥Axn −Ap∥q

+ q∥en|∥(I − rnA)xn − (I − rnA)p+ en∥q−1.
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Putting yn = Jrn(xn − rnAxn + en), we find from Lemma 2.4 that

(3.2)

∥∥∥1
2
(yn − p) +

1

2

(
(I − rnA)xn + en − (I − rnA)p

)∥∥∥q
≤ 1

2
∥yn − p∥q + 1

2
∥(I − rnA)xn + en − (I − rnA)p∥q

− 1

2q
φ
(
∥(yn − p)−

(
(I − rnA)xn + en − (I − rnA)p

)
∥
)

≤ ∥(I − rnA)xn + en − (I − rnA)p∥q

− 1

2q
φ
(
∥(yn − p)−

(
(I − rnA)xn + en − (I − rnA)p

)
∥
)
.

Substituting (3.1) into (3.2), we arrive at

(3.3)

∥∥∥1
2
(yn − p) +

1

2

(
(I − rnA)xn + en − (I − rnA)p

)∥∥∥q
≤ ∥xn − p∥q − (αq −Kqr

q−1
n )rn∥Axn −Ap∥q

+ q∥en|∥(I − rnA)xn − (I − rnA)p+ en∥q−1

− 1

2q
φ
(
∥(yn − p)−

(
(I − rnA)xn + en − (I − rnA)p

)
∥
)
.

In view of the acctiveness of B, we find that

(3.4)
∥yn − p∥ ≤

∥∥∥yn − p+
rn
2

(xn − rnAxn + en − yn
rn

− (I − rnA)p− p

rn

)∥∥∥
=

∥∥∥1
2
(yn − p) +

1

2

(
(I − rnA)xn + en − (I − rnA)p

)∥∥∥.
Combining (3.3) with (3.4), we see that

(3.5)

∥yn − p∥q ≤ ∥xn − p∥q − (αq −Kqr
q−1
n )rn∥Axn −Ap∥q

+ q∥en|∥(I − rnA)xn − (I − rnA)p+ en∥q−1

− 1

2q
φ
(
∥(yn − p)−

(
(I − rnA)xn + en − (I − rnA)p

)
∥
)
.

Since ∥ · ∥q is convex, we find that

∥xn+1 − p∥q ≤ αn∥xn − p∥q + (1− αn)∥yn − p∥q

≤ ∥xn − p∥q − (αq −Kqr
q−1
n )rn(1− αn)∥Axn −Ap∥q

+ q∥en|∥(I − rnA)xn − (I − rnA)p+ en∥q−1

− (1− αn)
1

2q
φ
(
∥(yn − p)−

(
(I − rnA)xn + en − (I − rnA)p

)
∥
)
.

It follows from the restrictions (1), (2) and (3) that

(3.6) lim
n→∞

∥Axn −Ap∥ = 0

and

(3.7) lim
n→∞

∥yn − xn + rnAxn − rnAp− en∥ = 0.
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Since

∥yn − xn∥ ≤ ∥yn − xn + rnAxn − rnAp− en∥+ ∥rnAxn − rnAp− en∥
≤ ∥yn − xn + rnAxn − rnAp− en∥+ rn∥Axn −Ap∥+ ∥en∥,

we find from (3.6) and (3.7) that

(3.8) lim
n→∞

∥Jrn(xn − rnAxn + en)− xn∥ = 0.

Notice that

∥Jrn(xn − rnAxn)− xn∥ ≤ ∥Jrn(xn − rnAxn)− Jrn(xn − rnAxn + en)∥
+ ∥Jrn(xn − rnAxn + en)− xn∥

≤ ∥en∥+ ∥Jrn(xn − rnAxn + en)− xn∥.
This implies from (3.8) that

(3.9) lim
n→∞

∥Jrn(xn − rnAxn)− xn∥ = 0.

In view of restriction (2), without loss of generality, let us assume that there exists
a real number a such that rn ≥ a > 0 for all n ≥ 1. Notice that⟨xn − Ja(I − aA)xn

a
− xn − Jrn(I − rnA)xn

rn
,

Jq
(
Ja(I − aA)xn − Jrn(I − rnA)xn

)⟩
≥ 0.

Hence, we find that

∥Ja(I − aA)xn − Jrn(I − rnA)xn∥q

≤ rn − a

rn
⟨xn − Jrn(I − rnA)xn, Jq

(
Ja(I − aA)xn − Jrn(I − rnA)xn

)
⟩

≤ ∥xn − Jrn(I − rnA)xn∥∥Ja(I − aA)xn − Jrn(I − rnA)xn∥q−1.

This implies that ∥Ja(I − aA)xn − Jrn(I − rnA)yn∥ ≤ ∥xn − Jrn(I − rnA)xn∥. It
follows that

∥Ja(I − aA)xn − xn∥ ≤ ∥Ja(I − aA)xn − Jrn(I − rnA)xn∥
+ ∥Jrn(I − rnA)xn − xn∥

≤ 2∥Jrn(I − rnA)xn − xn∥.
From (3.9), we arrive at

(3.10) lim
n→∞

∥Ja(xn − aAxn)− xn∥ = 0.

Define mappings Tn : C → C by

Tnx := αnx+ (1− αn)Jrn((I − rnA)x+ en), ∀x ∈ C.

Set
Sn,m = Tn+m−1Tn+m−2 · · ·Tn, ∀n,m ≥ 1.

Then Sn,m is nonexpansive and Sn,mxn = xn+m. For all t ∈ [0, 1] and n,m ≥ 1, put

an(t) = ∥txn + (1− t)p1 − p2∥,
and

bn,m = ∥Sn,m(txn + (1− t)p1)− (txn+m + (1− t)p1)∥,
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where p1 and p2 are zeros of A+B. Since ∥Tnp− p∥ ≤ ∥en∥, we find that

(3.11)

∥Sn,mp− p∥ ≤ ∥Tn+m−1Tn+m−2 · · ·Tnp− Tn+m−1Tn+m−2 · · ·Tn+1p∥+ · · ·
+ ∥Tn+m−1p− p∥

≤ ∥Tnp− p∥+ ∥Tn+1p− p∥+ · · ·+ ∥Tn+m−1p− p∥

≤
m−1∑
i=0

en+i.

Using Lemma 2.5, we find that

(3.12)

bn,m ≤ ψ−1
(
∥xn − p1∥ − ∥Sn,mxn − Sn,mp1∥

)
= ψ−1

(
∥xn − p1∥ − ∥xn+m − p1 + p1 − Sn,mp1∥

)
≤ ψ−1

(
∥xn − p1∥ − (∥xn+m − p1∥ − ∥p1 − Sn,mp1∥)

)
.

In view of (3.11), we find that {bn,m} converges uniformly to zero as n→ ∞ for all
m ≥ 1. It also follows from (3.11) that

(3.13)

an+m(t) = ∥txn+m + (1− t)p1 − p2∥
≤ bn,m + ∥Sn,m(txn + (1− t)p1)− p2∥
≤ bn,m + ∥Sn,m(txn + (1− t)p1)− Sn,mp2∥+ ∥Sn,mp2 − p2∥
≤ bn,m + an(t) + ∥Sn,mp2 − p2∥

≤ bn,m + an(t) +

m−1∑
i=0

en+i.

Taking lim sup as m → ∞ and then the lim inf as n → ∞, we find that
lim supn→∞ an(t) ≤ lim infn→∞ an(t). This proves that limn→∞ an(t) for any t ∈
[0, 1]. In view of Lemma 2.6, we see that ωw(xn) ⊂ (A+B)−1(0). This implies from
Lemma 2.7 that ωw(xn) is singleton. This proves the proof. □

If α = 0, then Theorem 3.1 is reduced to the following.

Corollary 3.2. Let E be a real uniformly convex and q-uniformly smooth Banach
space with the constant Kq and let C be a nonempty closed and convex subset of
E. Let A : C → E be an α-inverse strongly accretive operator and let B : E → 2E

be an m-accretive operator such that D(B) ⊂ C. Assume that (A + B)−1(0) ̸= ∅.
Let {rn} be a positive number sequence. Let {xn} be a sequence generated in the
following manner: x0 ∈ C and

xn+1 = Jrn(xn − rnAxn + en), ∀n ≥ 0,

where Jrn = (I + rnB)−1 and {en} is sequence in E. Assume that the sequence
{αn}, {en} and {rn} satisfy the following restrictions:

(1) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < ( qαKq
)

1
q−1 ;

(2)
∑∞

n=0 ∥en∥ <∞.

Then {xn} converges weakly to a zero of A+B.
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Next, we give the strong convergence theorem.

Theorem 3.3. Let E be a real q-uniformly smooth Banach space with the constant
Kq and let C be a nonempty closed and convex subset of E. Let A : C → E be an
α-inverse strongly accretive operator and let B : E → 2E be an m-accretive operator
such that D(B) ⊂ C. Assume that (A + B)−1(0) ̸= ∅. Let f : C → C be a fixed
κ-contraction. Let {rn} be a positive number sequence. Let {αn}, {βn} and {γn} be
real number sequences in (0, 1). Let {xn} be a sequence generated in the following
manner: x0 ∈ C and

xn+1 = αnf(xn) + βnxn + γnJrn(xn − rnAxn + en), ∀n ≥ 0,

where Jrn = (I + rnB)−1 and {en} is sequence in E. Assume that the sequences
{αn}, {βn}, {γn}, {en} and {rn} satisfy the following restrictions:

(1) αn + βn + γn = 1;
(2) limn→∞ αn = 0,

∑∞
n=0 αn = ∞;

(3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(4) lim infn→∞ rn > 0, rn ≤ ( qαKq
)

1
q−1 , limn→∞ |rn − rn−1| = 0;

(5)
∑∞

n=0 ∥en∥ <∞.

Then the sequence {xn} converges strongly to x̄ = Proj(A+B)−1(0)f(x̄), where

Proj(A+B)−1(0) is the unique sunny nonexpansive retraction of C onto (A+B)−1(0).

Proof. As proved in Theorem 3.1, we see that I − rnA is nonexpansive. It follows
from Lemma 2.1 that (A+B)−1 is closed and convex. Fixing p ∈ (A+B)−1(0), we
find that

∥xn+1 − p∥ ≤ αn∥f(xn)− p∥+ βn∥xn − p∥+ γn∥Jrn(xn − rnAxn + en)− p∥
≤ αnκ∥xn − p∥+ αn∥f(p)− p∥+ βn∥xn − p∥
+ γn∥(xn − rnAxn + en)− (I − rnA)p∥

≤
(
1− αn(1− κ)

)
∥xn − p∥+ αn∥f(p)− p∥+ ∥en∥

≤ max
{
∥xn − p∥, ∥f(p)− p∥

1− κ

}
+ ∥en∥

≤ max
{
∥xn−1 − p∥, ∥f(p)− p∥

1− κ

}
+ ∥en−1∥+ ∥en∥

...

≤ max
{
∥x0 − p∥, ∥f(p)− p∥

1− κ

}
+

n∑
i=0

∥ei∥

≤ max
{
∥x0 − p∥, ∥f(p)− p∥

1− κ

}
+

∞∑
i=0

∥ei∥ <∞.

This proves that the sequence {xn} is bounded. Putting zn = xn − rnAxn + en and

mn = xn+1−βnxn

1−βn
, we have

(3.14) xn+1 = (1− βn)mn + βnxn.
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In light of

mn+1 −mn =
αn+1f(xn+1) + γn+1Jrn+1zn+1

1− βn+1
− αnf(xn) + γnJrnzn

1− βn

=
αn+1

1− βn+1
(f(xn+1)− Jrn+1zn+1)−

αn

1− βn
(f(xn)− Jrnzn)

+ Jrn+1zn+1 − Jrnzn,

we find that

(3.15)

∥mn+1 −mn∥ ≤ αn+1

1− βn+1
∥f(xn+1)− Jrn+1zn+1∥

+
αn

1− βn
∥f(xn)− Jrnzn∥

+ ∥Jrn+1zn+1 − Jrnzn∥.

Notice that

∥zn − zn+1∥ ≤ ∥xn − xn+1∥+ ∥rn − rn+1∥∥Axn+1∥+ ∥en∥+ ∥en+1∥.

It follows from Lemma 2.8 that

(3.16)

∥Jrnzn − Jrn+1zn+1∥

=
∥∥∥Jrn+1

(rn+1

rn
zn +

(
1− rn+1

rn

)
Jrnzn

)
− Jrn+1zn+1

∥∥∥
≤

∥∥∥rn+1

rn
(zn − zn+1) +

(
1− rn+1

rn

)
(Jrnzn − zn+1)

∥∥∥
≤ ∥zn − zn+1∥+

|rn − rn+1|
rn

∥Jrnzn − zn∥

≤ ∥xn − xn+1∥+ ∥rn − rn+1∥
(
∥Axn+1∥+

∥Jrnzn − zn∥
rn

)
+ ∥en∥+ ∥en+1∥.

Substituting (3.16) into (3.15), we arrive at

∥mn+1 −mn∥ − ∥xn − xn+1∥ ≤ αn+1

1− βn+1
∥f(xn+1)− Jrn+1zn+1∥

+
αn

1− βn
∥f(xn)− Jrnxn∥

+ ∥rn − rn+1∥
(
∥Axn+1∥+

∥Jrnzn − zn∥
rn

)
+ ∥en∥+ ∥en+1∥.

In view of conditions (2), (3), (4) and (5), we get that

lim sup
n→∞

(∥mn+1 −mn∥ − ∥xn+1 − xn∥) ≤ 0.

Using Lemma 2.9, we find that limn→∞ ∥mn − xn∥ = 0. In view of (3.14), we find
that

(3.17) lim
n→∞

∥xn+1 − xn∥ = 0.
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Notice that

xn+1 − xn = αn(f(xn)− xn) + (1− αn)(Jrn(xn − rnAxn + en)− xn).

In view of (3.17), we find from the restriction (2) that limn→∞ ∥Jrn(xn − rnAxn +
en)− xn∥ = 0. As proved in Theorem 3.1, we find that

(3.18) lim
n→∞

∥Ja(xn − aAxn)− xn∥ = 0.

Let xt be the unique solution to the fixed point equation xt = tf(xt)+(1− t)Ja(I−
aA)xt, ∀t ∈ (0, 1). Putting x̄ = limt→0 xt, one has x̄ = Proj(A+B)−1(0)f(x̄), where

Proj(A+B)−1(0) is the unique sunny nonexpansive retraction of C onto (A+B)−1(0).
Now, we are in a position to claim that lim supn→∞⟨f(x̄)− x̄, Jq(xn − x̄)⟩ ≤ 0. It

follows that

∥xt − xn∥q ≤ t⟨f(xt)− xn, Jq(xt − xn)⟩
+ (1− t)⟨Ja(I − aA)xt − xn, Jq(xt − xn)⟩

≤ t⟨f(xt)− xt, Jq(xt − xn)⟩+ t⟨xt − xn, Jq(xt − xn)⟩
+ (1− t)

(
⟨Ja(I − aA)xt − Ja(I − aA)xn, Jq(xt − xn)⟩

+ ⟨Ja(I − aA)xn − xn, Jq(xt − xn)⟩
)

≤ t⟨f(xt)− xt, Jq(xt − xn)⟩+ ∥xt − xn∥q

+ ∥Ja(I − aA)xn − xn∥∥xt − xn∥q−1,

which implies that

⟨f(xt)− xt, Jq(xn − xt)⟩ ≤
1

t
∥Ja(I − aA)xn − xn∥∥xt − xn∥q−1.

Fixing t and letting n→ ∞, we find from (3.18) that

(3.19) lim sup
n→∞

⟨f(xt)− xt, Jq(xn − xt)⟩ ≤ 0.

In view of the fact that the duality map Jq is single valued and strong-weak∗ uni-
formly continuous on bounded sets of a Banach space E with a uniformly Gâteaux
differentiable norm, we get that

|⟨f(x̄)− x̄, Jq(xn − x̄)⟩ − ⟨f(xt)− xt, Jq(xn − xt)⟩|
= |⟨f(x̄)− x̄, Jq(xn − x̄)− Jq(xn − xt)⟩
+ ⟨f(x̄)− x̄− (f(xt)− xt), Jq(xn − xt)⟩|

≤ |⟨f(x̄)− x̄, Jq(xn − x̄)− Jq(xn − xt)⟩|
+ ∥f(x̄)− x̄− (f(xt)− xt)∥∥xn − xt∥q−1.

Hence, ∀ϵ > 0, ∃δ > 0 such that t ∈ (0, δ), we have that

⟨f(x̄)− x̄, Jq(xn − x̄)⟩ ≤ ⟨f(xt)− xt, Jq(xn − xt)⟩+ ϵ.

It follows from (3.19) that

(3.20) lim sup
n→∞

⟨f(x̄)− x̄, Jq(xn − x̄)⟩ ≤ 0.

Finally, we prove that xn → x̄ as n→ ∞. In view of Lemma 2.11, we find that

∥xn+1 − x̄∥q ≤ αn⟨f(xn)− f(x̄), Jq(xn+1 − x̄)⟩
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+ (1− αn)∥Jrn(xn − rnAxn + en)− x̄∥∥xn+1 − x̄∥q−1

+ αn⟨f(x̄)− x̄, Jq(xn+1 − x̄)⟩
≤

(
1− αn(1− κ)

)
∥xn − x̄∥∥xn+1 − x̄∥q−1

+ αn⟨f(x̄)− x̄, Jq(xn+1 − x̄)⟩+ en∥xn+1 − x̄∥q−1

≤
(
1− αn(1− κ)

)(1
q
∥xn − x̄∥q + q − 1

q
∥xn+1 − x̄∥q

)
+ αn⟨f(x̄)− x̄, Jq(xn+1 − x̄)⟩+ en∥xn+1 − x̄∥q−1.

It follows that

∥xn+1 − x̄∥q ≤
(
1− αn(1− κ)

)
∥xn − x̄∥q + qαn⟨f(x̄)− x̄, Jq(xn+1 − x̄)⟩

+ qen∥xn+1 − x̄∥q−1.

In view of (3.20), we find from Lemma 2.12 that {xn} converges strongly to x̄. This
proves the proof. □

Remark 3.4. The framework of the spaces in Both Theorem 3.1 and Theorem 3.3
can be applicable to Lp, where p > 1.

4. Applications

In this section, we consider a fixed point problem of κ-strictly pseudocontractive
mappings.

Theorem 4.1. Let E be a real uniformly convex and q-uniformly smooth Banach
space with the constant Kq and let C be a nonempty closed and convex subset of
E. Let T : C → C be an α-strictly pseudocontractive mapping such that F (T ) ̸= ∅.
Let {rn} be a positive number sequence and let {αn} be a real number sequence in
(0, 1). Let {xn} be a sequence generated in the following manner: x0 ∈ C and

xn+1 =
(
1− rn(1− αn)

)
xn + rn(1− αn)Txn, ∀n ≥ 0.

Assume that the sequence {αn} and {rn} satisfy the following restrictions:

(1) lim supn→∞ αn < 1;

(2) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < ( qαKq
)

1
q−1 .

Then {xn} converges weakly to a fixed point of T .

Proof. Putting A = I−T , we find that A is α-inverse strongly accretive and F (T ) =
A−1(0). Notice that

xn+1 =
(
1− rn(1− αn)

)
xn + rn(1− αn)Txn

= αnxn + (1− αn)
(
(1− rn)xn + rnTxn

)
= αnxn + (1− αn)(xn − rn(I − T )xn)

= αnxn + (1− αn)(xn − rnAxn).

Using Theorem 3.1, we find the desired conclusion immediately. □



1334 B. A. BIN DEHAISH, X. QIN, A. LATIF, AND H. O. BAKODAH

Theorem 4.2. Let E be a real q-uniformly smooth Banach space with the constant
Kq and let C be a nonempty closed and convex subset of E. Let T : C → C be an
α-strictly pseudocontractive mapping such that F (T ) ̸= ∅. Let f : C → C be a fixed
κ-contraction. Let {rn} be a positive number sequence. Let {αn}, {βn} and {γn} be
real number sequences in (0, 1). Let {xn} be a sequence generated in the following
manner: x0 ∈ C and

xn+1 = αnf(xn) + (1− αn)(1− rn)xn + rn(1− αn)Txn, ∀n ≥ 0.

Assume that the sequences {αn}, {βn}, {γn} and {rn} satisfy the following restric-
tions:

(1) αn + βn + γn = 1;
(2) limn→∞ αn = 0,

∑∞
n=0 αn = ∞;

(3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(4) lim infn→∞ rn > 0, rn ≤ ( qαKq
)

1
q−1 , limn→∞ |rn − rn−1| = 0.

Then the sequence {xn} converges strongly to x̄ = ProjF (T )f(x̄), where ProjF (T ) is
the unique sunny nonexpansive retraction of C onto F (T ).

Proof. Putting A = I−T , we find that A is α-inverse strongly accretive and F (T ) =
A−1(0). Notice that

xn+1 = αnf(xn) + (1− αn)(1− rn)xn + rn(1− αn)Txn

= αnf(xn) + (1− αn)
(
(1− rn)xn + rnTxn

)
= αnf(xn) + (1− αn)(xn − rn(I − T )xn)

= αnf(xn) + (1− αn)(xn − rnAxn).

Using Theorem 3.3, we find the desired conclusion immediately. □
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