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THE STRONG DUALITY FOR DC OPTIMIZATION PROBLEMS
WITH COMPOSITE CONVEX FUNCTIONS

D. H. FANG, M. D. WANG, AND X. P. ZHAO"

ABSTRACT. We consider a DC optimization problem with composite functions
in locally convex Hausdorff topological vector spaces. By using the epigraph
technique, we give some new constraint qualifications, which completely charac-
terize the weak duality, the zero duality, the strong duality and the total duality
between the primal problem and its dual problem.

1. INTRODUCTION

Let X and Y be real locally convex Hausdorff topological vector spaces, whose
dual spaces, X* and Y*, are endowed with the weak*- topologies w*(X™*, X) and
w*(Y*,Y), respectively. Let Y be partially ordered by a closed convex cone K C Y.
Denote Y* = YU{ooy }, where ooy is the greatest element with respect to the partial
order <g. Let fo: X - Y®and f; : Y — R := RU {£oco} with fi(coy) = +oo.
Since the following composite convex optimization problem

(P1) xig)f({(ﬁ o fa)(x)}

offers a unified framework for treating different kinds of optimization problems and
many optimization problems generated practical fields (for example, location and
transports, economics and finance) involve composed convex functions, it has been
received considerable attention, see, for instance, [3—5,14-17].

In the recent years, the optimization problem with a difference of two convex
functions (DC in short) has received extensive attention(cf. [1,6-11,13], and the
references therein). The reason is, as pointed out in [6], that DC programming
problems are very important from both viewpoints of optimization theory and ap-
plications. Particularly, the authors in [3,4] considered the following DC composite
convex optimization problem:

(PQ) l}gg‘({(fl © f2)(x) - <p7 .CC>},

where p € X*. By using some closed constraint qualifications, Combari et al.
established in [4] the strong duality between the problem (P2) and its dual problem

(Do) sup {—f1(A) = (Af2)"(p)}-
AEK®
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While, in [3], Bot, et al. presented a new closed constraint qualification, which
completely characterizes the strong duality between the problem (P;) and its dual
problem (D). Recently, Zhou et al. considered in [18] the following composite
optimization problem:

(Ps)  inf{(fr0f2)(2) + (hoA)(x) —gi(2)},

where E is a locally convex Hausdorff topological vector space, Q := {z € X :
p(x) € =S}, S C Z is a closed convex cone and p : X — Z* is a proper, S-convex
and S-epi-closed mapping, h : E — R is a proper convex function, g; : X — R is a
proper convex function, and A : X — F is a linear continuous mapping, and they
established the strong duality between the problem (Ps3) and its dual problem (Ds3)
via a closedness-type constraint qualification
(Dy)  inf s {gi(a)—f (W) —h*(e") — op+uo f2)"(a" —A%e")}.
r*eX* AES® PEK® excEB*

Inspired by the works mentioned above, we consider the following optimization

problem

(1.1) (P)  mf{(fiofa)(@) — (91092)(2)},
and define its dual problem by
(12) (D) inf sup {g7(A) = f1 () = (nf2)"(u") + (Ag2)"(u")},

AESPureX™ | cg®

where S C Z is a closed convex cone, f; : Y — R is a proper, convex and K-
increasing function (not necessary lower semicontinuous (lsc in brief)), g1 : Z — R
is a proper, convex, S-increasing function (not necessary lower semicontinuous), f :
X — Y* is a proper, K-convex function (not necessary K-epi-closed), go : X — Z°
is a proper, S-convex function (not necessary S-epi-closed), and S®, K® is the dual
cone of S and K, respectively. Here and throughout the whole paper, following [17,
Page 39], we adapt the convention that (+00) + (—o0) = (+00) — (+00) = +00,
0-+400 = +o0 and 0 - (—o0) = 0. Then, for any two proper convex functions
hi,hs : X = R, we have that

€R, x & domhyNdomhs,

(1.3) hi(z) — ha(xz) { = —o0, x € domh; \ dom ha,
= 400, x ¢ dom hy;

hence,

(1.4) h1 — hg is proper <= dom h; C dom hs.

Note that, in the case when go is an identity operator on X and g; € X*, then the
problem (P) is the same as the problem (Ps); and in the case when g1 o g2 = 0,
then the problem (P) is reduced into the problem (P;).

Let v(P) and v(D) denote the optimal values of problem (P) and (D), respec-
tively. Different from the convex case, the weak duality between (P) and (D) does
not necessary hold as shown in Example 3.1 in Section 3, that is, we may have
v(P) < v(D). Our main aim in the present paper is to use multiply functions to
give some new regularity conditions, which completely characterize the weak dual-
ity, the zero duality and the strong duality between (P) and (D). In general, the
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functions f1, fo, g1, g2 are not necessarily lsc. Most results obtained in this paper
seem new and are proper extensions of the known results in [3,18]. In particular,
our Theorem 4.10 improves the corresponding result in [3, Theorem 5.1].

The paper is organized as follows. The next section contains some necessary
notations and preliminary results. In section 3, some new constraint qualifications
are introduced to study the weak duality, the zero duality and the strong duality
between (P) and (D). In section 4, we give some special cases of our main results,
which improve several known results.

2. NOTATIONS AND PRELIMINARY RESULTS

The notations used in the present paper are standard (cf. [17]). In particular, we
assume throughout the whole paper that X and Y are real locally convex Hausdorff
topological vector spaces, and let X* denote the dual space of X, endowed with the
weak*-topology w*(X™*, X). By (z*, ), we shall denote the value of the functional
¥ e X* at ¢ € X; ie., (z",x) = 2*(z). For a set Z in X, the interior, closure,
convex hull, and the convex cone hull of Z are denoted by int Z, cl Z, co Z, and
cone Z, respectively. If W C X™ then clW denotes the weak*-closure of W. For
the whole paper, we endow X* x R with the product topology of w*(X™*, X) and
the usual Euclidean topology.

Let f : X — R be a extended real-valued function. The classical conjugate
function of f (the Fenchel-Moreau conjugate) is

[*(z*) = sup{(z*,z) — f(z)} for each z* € X™.

zeX

By definition, the Young-Fenchel inequality below holds:

(2.1) f(z)+ f*(z*) > (z,2™) for each pair (z,2") € X x X*.

Let « € dom f. The subdifferential of f at x is the convex set defined by
Of(z) :={z* € X*: f(x)+ (z",y —z) < f(y) for all y € X }.

Then, by definition,

(2.2) 0 € 0f(x) < z is a minimizer of f.
Moreover, by [17, Theorem 2.4.2(iii)], the Young equality holds:
(2.3) f@)+ ff(z") = (z",2) & 2" € Of (x).

The indicator function 6p : X — R of the nonempty set D C X is defined by

() = {0, z €D,

400, otherwise.

For the sake of convenience, we write p fo instead of o fo for any u € K9,

</~L7f2($)>7 ifﬁL’GdOIan,
400, otherwise.

(nf2)(x) = {

Let K CY be a closed convex cone. Its dual cone K% is defined by
K® = {y* €Y*:y*(y) >0 foreachye K}.
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Denote by < the partial order on Y induced by K,
Nn<ky2ey2—y1 €K  foreachy,y2 €Y.

There are notions given for functions with extended real values.
For a function f :Y — R, one has
e the effective domain:

dom f = {y € Y : f(y) < +oo},
e the epigraph:
epif ={(y,r) €Y xR: f(y) <r},
e [ is proper: dom f # () and f(y) # —o0, Vy € Y.
e fis K-increasing: for any y1,y2 € Y such that y; <y yo one has f(y1) < f(y2).
For a function h : X — Y® one has
e the effective domain:
domh ={x € X : h(z) €Y},

e h is proper: dom h # (),
e the K-epigraph:

epig h ={(z,y) € X xY :y € h(z) + K},
e h is K-epi-closed: if epig h is closed,
e h is K-convex: for any x1,22 € X and any ¢ € [0, 1],

h(ta:l + (1 — t):UQ) <K th(:l?l) + (1 - t)h(fl)g)

Furthermore, if f,h : X — R are proper convex functions, and f is convex and
Isc on dom h, then, by [13, Lemma 2.3],

(2.4) epi(h — f)*= [ (epih® — (z*, f*(z"))).

r*Edom f*

The following lemma is known in [12,17].

Lemma 2.1. Let f,h : X — R be proper convex functions satisfying dom f N
dom h # ).
(i) If f, h are lsc, then

epi(f 4+ h)* = cl(epi f* + epi h").
(i) If either f or h is continuous at some point of dom f Ndom h, then
epi(f 4+ h)* =epi f* + epih*.
3. THE STRONG DUALITY

Let X, Y and Z be locally convex Hausdorff topological vector spaces with the
dual spaces X* , Y* and Z*, respectively. Let Y and Z be partially ordered by
closed convex cones K C Y and S C Z, respectively. Denote Y*® := Y U {coy }
and Z°® := Z U {ocoz}, where ooy and ooy are the greatest elements with respect
to the partial orders <y and <g, respectively. Let f; : ¥ — R be a proper,
convex and K-increasing function, ¢g; : Z — R be a proper, convex, S-increasing
function, fo : X — Y*® be a proper, K-convex function, and go : X — Z° be
a proper, S-convex function such that f; o fo — g1 o0 go is a proper function and
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dom(f1 o fo) Ndom(gy o g2) # (. Then, by (1.4), we have that (§ # dom(f; o f3) C
dom(gy o g2). Consider the following problem defined by (1.1), that is,

(3.1) (P)  inf{(fiofo)(@) = (91092)(2)},
and its dual problem
32) (D) inf sup {g7(A) = f (1) — (uf2)*(u") + (Ag2)™ (u")}.

AESPurEX* cg®
For each A € S® and u* € X*, we define the subproblem of (D) by
(D)) sup {g7(A) = f1 () — (uf2)* (W) + (Ag2)" (u")}.

HEK®

Let A € S® and u* € X*. We use v(P), v(D) and v(DXM*")) to devote the optimal
values of the problem (P), (D) and (D™*")), respectively, that is,

(3.3) v(P) = xigf({(fl o fa)(x) — (910 92)(2)},

(3.4) v(D) = Aeseéﬁf*ex* #SE?GB{QT(A) — fi(p) = (uf2)" (u*) + (Ag2)* (u*)}
and

(3.5) v(DX)) = sup {g}(A) — fi (1) — (f2)"(u*) + (Ag2)* (u*)}.

neK®

Definition 3.1. It is said that

(i) the weak duality holds between (P) and (D) if v(P) > v(D);

(ii) the zero duality holds between (P) and (D) if v(P) = v(D);

(iii) the strong duality holds between (P) and (D) if v(P) = v(D) and for each
A€ 8% and u* € X* satisfying v(D) = v(DM%)), the problem (DA**")) has an
optimal solution.

The following example shows that the weak duality does not hold in general.

Example 3.2. Let X =Y =7 :=R and S :=R_. Define f; = f5 :=0, g1 :=Idr
and g2 := 0g, , where Idg denotes the identity operator on R. Then, SS9 =R_ and
dom(f1 o f2) Ndom(g; © g2) = R4. Hence, v(P) = infrex{—(g1 0 g2)(x)} = —

While, for each z* € R,
“(2%) 0, if x* =1,
€T =
& 400, otherwise,

and (Ag2)*(z*) = +oo for each A € R_. Thus,

v(P) = inf {91V + (Ag2)"(u")} = oo,

Consequently, v(D) > v(P) and the weak duality does not hold.

To consider the dualities between (P) and (D), we introduce some auxiliary
functions. Let F,G1,G2 : X XY X Z — R be defined by

(36) F(x’ Y, Z) =N (y)v
(3.7) Gi(z,y,2) == g1(2),
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and

(38> GQ(.T, Y, Z) = 6{(J3,y)EX><Y:f2(z)—y€—K} (.f, y) + 5{(z,2)EX><Z:gg(x)—z€S} (.I', Z)
Then the following lemma holds.

Lemma 3.3. Let r € R. The following statements are equivalent:

(i) v(P) > —r.

(i) (0,7) € epi(fi o f2 — g1092)"

(iii) (0,0,0,7) € epi(F — G1 + Ga)*.
Proof. (i) < (ii) By the definition of the conjugate function, one has

v(P) = —(fi o f2—g1092)"(0).

Thus, the result is clear.

(ii) « (iii) Since f; is K-increasing and g; is S-increasing, it follows that for each
¥ e X,

(fio f2 —g1092)"(0) = sup{(0,z) — (f1 0 f2)(x) + (g1 © g2)(2)}

zeX

= sup {=fily) + 91(2)}
z€X,YeY 2€ 7, fo(x)—yE—K,g2(x)—2€S

= sup  {—fi(y) +91(»)
zeX,yeY,zeZ

— 0 (ay)eX XY fo(z)—ye—K} (T5 Y)
— 0f(z,2)eX x Z:ga ()25} (5 2) }-
This implies that
(fro f2—g1092)"(0) = (F — G1 + G2)"(0,0,0).
Thus, the result is clear and the proof is complete. Il

Let r € R. For simplicity, we denote
Ky := m)\GS@,u*Gx* <UM€K@ <{(U*7 —,u,O,'r) : (u*,'r) S epi(:qu)*}

FL0.0,7) ) € b)) = (07,0.0,67(3) + ()" () ).
where we adapt the convention NycpS; = X. Obviously,
(3.10) Ko C {0} x {0} x {0} x R.

Lemma 3.4. Let r € R. Then, (0,0,0,7) € Ko if and only if v(D) > —r and for
each A € S® and u* € X*, there exists g € K@ such that

(3.11) 91(A) = fi (ko) = (pof2)"(u") + (Ag2)" (u”) = —r-

Proof. Let (0,0,0,7) € Ko and A € S? u* € X* be arbitrary. Then, there exist
po € K9 and r1,75 € R such that

(3.12) (0,0,0,7) = (u*, —p0,0,71) + (0, o, 0,72) — (u*, 0,0, g7 (A) + (Ag2)*(u")),
where

(u*,r1) € epipofa)”s  (po,r2) €epifi  and 7 =ri+r2—gi(A) — (Ag2)"(u").

(3.9)
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Thus,
(3.13)

—r=—r1 =12+ g1(A) + (Ag2)"(v") < —(nof2)"(u”) — f1 (1o) + 91 (A) + (Ag2)"(u"),
and (3.11) is proven. Moreover, by (3.13), we see that

—r < Sup {g1(N) = fi () — (ufo)* (u*) + (Ag2)" (u")}
HEK®

and by the arbitrariness of A\ and u*,

—r < inf osup {g7(A) = fi(w) = (nf2)" (u") + (Ag2)"(u")}-
AESD ureX* peEK®
This together with the the definition of v(D) implies that v(D) > —r.

Conversely, suppose that v(D) > —r and for each A € S% and u* € X*, there
exists po € K9 satisfying (3.11). Let A € S® and u* € X*. Then, there exists
po € K% such that (3.11) holds. Denote r1 := (uof2)*(u*) and ro := r + gi(\) +
(Ag2)*(u*) —r1. Then, (u*,r1) € epi(uof2)* and (uo,72) € epi fi. This implies that

(0,0,0,7") € {(U*’*HOaOaTl) : (U*’Tl) € epi(:u[)f2)*} + {(OvHOaOaTQ) : (M07T2) € eplfl*}
— (u,0,0,97(A) + (Ag2)™ (u")),

and

(070707T) € U ({(U*v_:uaoarl) : (U*arl) € epi(MfQ)*}
HEK®

+ {(0,,&,0,1"2) : ('ua 7‘2) € epl ff}
— (u",0,0,g1(N) + (Ag2)* (u")) ).

Therefore, by the arbitrariness of A\ and u*, we see that (0,0,0,7) € Kj, which
completes the proof. O

The following theorem characterizes completely the weak duality between (P)
and (D).

Theorem 3.5. The weak duality holds between (P) and (D) if and only if the family
(F,G1,G2) satisfies

(3.14) Ko Cepi(F — Gy + G2)*.

Proof. Suppose that the weak duality holds between (P) and (D), that is, v(P) >
v(D). Let r € R and (0,0,0,7) € Ko. Then, by Lemma 3.4, v(D) > —r and
v(P) > —r by the weak duality between (P) and (D). Thus, by Lemma 3.3, one
sees that (0,0,0,7) € epi(F — G1 + G2)*. Therefore, (3.14) holds.

Conversely, suppose that (3.14) holds. To show v(P) > wv(D), suppose on the
contrary that v(P) < v(D). Then, there exists r € R such that v(P) < —r < v(D).
By the definition of v(D), we have that for each A € S® and u* € X*, there exists
po € K9 such that (3.11) holds. Thus, by Lemma 3.4, one sees that (0,0,0,7) €
Ky, and then (0,0,0,7) € epi(F — G1 + G2)* (thanks to (3.14)). This together
with Lemma 3.3 implies that —r < v(P), which contradicts with v(P) < —r.
Consequently, we have v(P) > v(D) and the proof is complete. O
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The following theorem provides a characterization for the zero duality to hold
between (P) and (D).

Theorem 3.6. The zero duality holds between (P) and (D) if and only if the family
(F,G1,G2) satisfies

(3.15) cl Ko =epi(F — G1 + G2)" N ({(0,0,0)} x R).

Proof. Suppose that the zero duality holds between (P) and (D), that is, v(P) =
v(D). Then, by Theorem 3.5, (3.14) holds and hence

(316) cl Ky C epi(F -G+ Gg)*,
since epi(F' — G1 + G2)* is w*-closed. This together with (3.10) implies that
(3.17) cl Ky Cepi(F —G1 + G2)" N ({(0,0,0)} x R).

To show (3.15), it remains to show that the converse inclusion of (3.17) holds. To
do this, let (0,0,0,7) € epi(F — G1 + G2)*. Then, by Lemma 3.3, v(P) > —r and
v(D) > —r by the zero duality between (P) and (D). Let ¢ > 0. Then, for each
A € SP and u* € X*, there exists ug € K9 such that

—r—e < gi(A) = fi (ko) = (pof2)" (u*) + (Ag2)"(u"),

which implies that (0,0,0,7 4+ €) € Ky, thanks to Lemma 3.4. Hence, (0,0,0,7) €
cl Ky and

epi(F — G1 + G2)* N ({(0,0,0)} x R) C cl K.

This together with (3.17) implies that the (3.15) holds.

Conversely, suppose that the family (F, G1, Gs) satisfies (3.15). Then, the family
(F,G1,Gs) satisfies (3.14) and so v(P) > v(D) by Theorem 3.5. To show the
converse inequality, suppose on the contrary that v(D) < v(P). Then, there exists
r € R such that v(D) < —r < v(P). Thus, by Lemma 3.3, (0,0,0,7) € epi(F —
G1 + G2)*. This together with (3.15) implies that (0,0,0,r) € cl Ko. Therefore,
there exists a net {(0,0,0,7,)} C Ky such that r, — r. Hence, by Lemma 3.4, for
each A\ € S% and u* € X*, there exists g € K9 such that

91(A) = fi (ko) = (mof2)"(u") + (Ag2)"(u*) = —rp — —r.

This together with the definition of v(D) implies that v(D) > —r, which contradicts
with v(D) < —r. Hence, v(P) = v(D) and the proof is complete. O

Theorem 3.7. The following statements are equivalent:

(i) The strong duality holds between (P) and (D).

(ii) v(P) = v(D) and for each A\ € S and u* € X*, there exists uy € K®
satisfying
(3.18) 91(A) = f1 (ko) = (o f2)" (u") — (Ag2)" (u*) = v(D).

(iii) The family (F,G1,G2) satisfies

(3.19) Ko = epi(F — Gy + Go)* N ({(0,0,0)} x R).
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Proof. (i) = (ii) It follows from the definition of the strong duality.

(ii) = (iii) Suppose that (ii) holds. Let A € S® and u* € X*. Then, v(D) = v(P)
and there exists pg € K satisfying (3.18). Thus, by Theorem 3.5, (3.14) holds.
Therefore, by (3.10), we only need to show that the set on the right-hand side of
(3.19) is contained in the set on the left-hand side. To do this, let (0,0,0,r) €
epi(F — G1 + G2)*. Then, by Lemma 3.3, we have —r < v(P). Therefore, —r <
v(D) and pg € K® satisfies (3.18). This together with Lemma 3.4 implies that
(0,0,0,7) € Ko as A € S® and u* € X* are arbitrary. Thus, epi(F — G1 + G2)* N
({(0,0,0)} x R) C Ky, and this completes the proof of the implication (ii) = (iii).

(iii) = (i) Suppose that the family (F,G1, G2) satisfies (3.19). Then, the family
(F,G1,G>) satisfies the (3.14), and so v(P) > v(D) by Theorem 3.5. Thus, to
prove the strong duality, by Definition 3.1(iii), it suffices to show that v(D) > v(P)
and for any A € S% and u* € X* satisfying v(D) = v(D™*")), there exists pg €
K® such that pg is the optimal solution of the problem (D*%")). Note that the
conclusion holds trivially if v(P) = —oco. Below we consider only in the case when
—r := v(P) € R. By Lemma 3.3, (0,0,0,7) € epi(F — G1 + G2)*, and hence
(0,0,0,7) € Ky thanks to (3.19). Thus, by Lemma 3.4, we have that v(D) > —r
and for each A\ € S® and u* € X*, there exists g € K% satisfying (3.11). Hence,
v(P) = v(D) and for any A € S® and u* € X* satistying v(D) = v(DXM*)), pg is
the optimal solution of the problem (D()"“*)). The proof is complete. O

The remainder of this section is devoted to study the total duality between (P)
and (D). For this purpose, let S(P) denote the optimal solution set of (P). It is
said that the total duality holds between (P) and (D) if the strong duality holds
between (P) and (D) provided that S(P) # 0.

Theorem 3.8. Let xy € S(P). Suppose that the weak duality holds, and for each
u* € X*, there exists po € 0f1(fa(x0)) N K® such that u* € d(uof2)(xo). Then, the
strong duality holds between (P) and (D).

Proof. Let u* € X* be arbitrary. Then, there exists pg € 9f1(f2(x0)) N K® such
that u* € 9(uof2)(zo). By Young equality (2.3), we have that

(3.20) (o f2)(wo) + (pof2)™ (u") = (u*, x0),
and
(3.21) f1(f2(z0)) + f1 (o) = (o, f2(z0))-

Let A € S® be arbitrary. By the Young-Fenchel inequality (2.1), one has that

(3:22) g1(A) + 91(92(20)) = (A, g2(20)) and  (Aga)"(u") + (A, g2(20)) = (", xo).
Combing this with (3.20), (3.21) and (3.22), we have that

91(A) = 1 (ko) = (pof2)"(u") + (Ag2)" (u¥)
= 91(N) = fi (o) + (nof2) (o) — (u*, zo) + (Aga)™(u”)
g1(A) + (flsz)(m) (u”, z0) + (Ag2)* (u¥)

(A, g2(m0)) — g1(92(w0)) + f1(fa(wo)) — (u*, o) + (Ag2)*(u*)
fl(ggf)z(xo)) g1(92(z0))

I IvIV
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where the last equality holds because of g € S(P). Thus, by the definition of v(D),
we see that v(D) > v(P). This together with the weak duality between (P) and (D)
implies that v(D) = v(P) and for each A € S® and u* € X*, there exists g € K¥
such that (3.18) holds. It follows from Theorem 3.7 that the strong duality holds
and the proof is complete. O

4. THE SPECIAL CASES

In this section, we will give some special cases of our general results. Recall that
Id x denotes the identity operator on X. As before, we assume that f1, fo, K, S, g1, g2
are the same as in Section 3, that is, K C Y is a closed convex cone, f; : Y — R
is a proper, convex and K-increasing function, fs : X — Y'® is a proper, K-convex
function, S C Z is a closed convex cone, g1 : Z — R is a proper, convex, S-increasing
function, and g : X — Z° is a proper, S-convex function such that fij o fo — g1 099
is proper.

4.1. The case g5 = Idx. Let X = Z and g2 = Idx. Then, the problem defined by
(3.1) reduced into the following optimization problem:

(P inf{(fio f2)(@) — g1 (@)}

Note that for each u* € X* and A\ € S9,

k(oK) 07 >\ = U*,
(Ag2)"(u”) = {+oo, otherwise.

Then, the dual problem defined by (3.2) becomes
(D1) inf sup {—f7(p) — (uf2)"(u") + g1 (u)}.
u*eX MEKEB
Moreover, the corresponding set defined by (3.9) can be expressed as

K= () U (=) : @) € epiluf)’)

u*eX* e K9
H{(0,1,7) : (7) € epi f1} = (u7,0,47(u")) )

Let F,G1,Go : X x Y — R be defined by

(4.1) F(z,y) := fi(y),

(4.2) Gr(z,y) = gi(x),

and

(4'3) 62('%'7 y) = 5{(:c,y)6X><Y:f2(x)—y€—K} (.ZC, y)'

Then, by Theorems 3.5,3.6 and 3.7, we can get the following theorems straightfor-
wardly.

Theorem 4.1. The weak duality holds between (P1) and (D1) if and only if the
family (F,G1,G2) satisfies

(4.4) Ky Cepi(F — G1 + Ga)*.
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Theorem 4.2. The zero duality holds between (P1) and (D1) if and only if the
family (F,G1,G2) satisfies

cl K1 = epi(F — G1 + G2)* N ({(0,0)} x R).
Theorem 4.3. The strong duality holds between (P1) and (Dy) if and only if the
family (F,G1,Ge) satisfies
(4.5) K; = epi(F — G1 4+ G2)* N ({(0,0)} x R).
Furthermore, we consider the following composite optimization problem:

(P) b {(fiofo)(@)+ (hoA)z) —qi(a)},

where E is a locally convex Hausdorff topological vector space with E* is its dual
space, h : E — R is a proper convex function and A : X — F is a linear continuous
mapping. Assume that A(dom(f; o fo) Ndomg;) Ndomh # (. Following [18], we
define the dual problem of (P») by

(D2) Inf — sup  {gr(u”) — fi () = (nfo)"(u” — A%€%) — h¥(e)}.
u*eX e*€E* ueK®

To discuss the dualities between (P») and its dual problem (Ds2), we need to intro-
duce some new regularity conditions. To this end, we shall consider the identify
operator Idg on R, and the image set (A* x Idgr)(Z) of a set Z C E* x R through
the map A* x Idg : E* x R — X* x R, that is,

3 e* € E* such that (e*,r) € Z
and A*e* = z*.

(x*,r) € (A" xIdgr)(2) & {
Let r € R, we can also denote a set Ky by

o= () (U (@ =) (7)€ epi(ufo)” + (A" x Td)(epi 1))

u*eX* pueK®
(0, p1,7) ¢ (1) € epi f7}) = (', 0,97 (u"))),
and let G3 : X x Y — R be defined by
Ga(w,y) = (ho A)().

Recall that F', Gy, and Gy are the same as (4.1), (4.2) and (4.3), respectively. Then,
for each r € R, we get that

(0,7) € epi(fio fo+hoA—g1)* <= (0,0,7) € epi(F — G1 + Go + G3)*.

Similar to the proof of the Theorems 3.5,3.6 and 3.7, we can obtain the following
theorems.

Theorem 4.4. The weak duality holds between (P,) and (D2) if and only if the
family (F,G1,Ge,G3) satisfies

(4.6) Ky Cepi(F — G1 + Gy + G3)*.
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Theorem 4.5. The zero duality holds between (P2) and (D2) if and only if the
family (F,G1,Ga,G3) satisfies

cl Ky = epi(ﬁ‘ — él + ég + ég)* N ({(0, 0)} X R)
Theorem 4.6. The strong duality holds between (P2) and (D2) if and only if the
family (F,G1,Ge,G3) satisfies
(4.7) Ky = epi(F — Gy + G2+ G3)* N ({(0,0)} x R).

Remark 4.7. In [18], the authors concerned with the following composite opti-
mization problem:

(Ps)  inf{(f10f2) + (hoA)(z) - g1(2)},

where Q :={z € X : p(x) € =S5}, S C Z is a closed convex cone and p : X — Z° is
a proper, S-convex and S-epi-closed mapping. Under the assumption that

(4.8) f1,h, g1 are Isc and fy is K-epi-closed,

and the following closure condition:

(CQ) U @, =) Op+pf2)* (™) <r}+ {0} x epi(f7)
AESP e K®
+ {(u*,0,7) : (u*,r) € (A" x Idr)(epih*)} is closed regarding X* x {0} x R,

they established in [18, Theorem 4.1] the strong duality between (P3) and its dual
problem

(D3)  inf sup {97 (™) = fi () = (Nop+po f2)" (u* — A%e™) —h*(e¥) }.
ur€XT N\eS® e KD e*cE*

Note that in the case when Q = X, (P3) is reduced to (P), (Ds3) is reduced to (Dz)
and (CQ) is reduced to

©QU) | (=) s (ufa) () < b+ {(u",0,7) : (u",7) € (A" x Idg)(epi )}
uEK®
+ {0} x epi(f}) is closed regarding X* x {0} x R.

For simplicity, we denote

Ky = |J (=) (ufo) (") <)

nEK®
+{(u*,0,7) : (u*,7) € (A* x Idg)(epih*)}
+{0} x epi(f7).

The following proposition shows that our Theorem 4.6 improves the corresponding
result in [18, Theorem 4.1] in the case when Q = X.

Proposition 4.8. If (4.8) holds, then the following implication holds:
(CQ1) => (4.7).
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Proof. Suppose that (4.8) and (CQ1) hold. Since f> is proper convex and
K-epi-closed, f1, h, g1 are proper convex and lsc, it follows that F',G1,Ge, G3 are
proper, convex and lsc, and

(4.9) epi F* = {0} x epify,
(4.10) epiGs =l | {(u*,—p,7): (nf2)*(u*) <1},
HEK®

epi G5 = cl{(u*,0,7) : (u*,r) € (A* x Idg)(epi h*)},
where (4.10) follows from [3, Proposition 3.1] and the last equality holds by [2,
Lemma 1]. Then, by Lemma 2.1(i), we get that

epi(EF + Gy + G3)* = cl(epi F* + epi G + epi G%)
= ClKg
= K37

where the last equality follows from (CQ1). Note that G is lsc, it follows from (2.4)
that

epi(F — G + G+ G3)" (){(0,0)} x R)
= () (epitF +Ga+Go)" = (u',0.67(u") ) ({0, 0)} x B)
u*eX*

= N (K~ @0,65@) NA©O.0} x B)

u*eX*
= K[ )({(0,0)} x R).

This together with the fact Ko C {0} x {0} x R implies that (4.7) holds. The proof
is complete. O

4.2. The case g; € X* and g3 = Idx. In the case when go = Idx and ¢; :=
p € X*, then, the problem defined by (3.1) is reduced into the following composite
optimization problem:

(P)  nf{(fio £)@) ~ (p.a)}.
Note that for each u* € X* and A € S9,

0 A=p 0 ut=A
) =1 ’ d (Ag)*(u)=1" ’
g1 (N) {—i—oo, otherwise, and  (Ag2)"(u”) {+oo, otherwise.

Then, the dual problem defined by (3.2) becomes
(Da) sup {—f7 (1) — (nf2)*(p)},

HEK®
and the corresponding set defined by (3.9) can be expressed as

K4 L= U ({(p, *,Ua"") : (p,r) € epi(:ufZ)*} + {(O,M,T’) : (,LL, T) € epi fik} - (p7070)>'
neK®
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Note by (2.1) that for each p € X*, z € X and p € K%,

—fi(w) = (uf2)"(p) < fi(fo(@)) = (, fo(2)) + (uf2)(x) = (p,2) = f1(fa(z)) — (D, 7).
It follows that v(D4) < v(Py), that is, the weak duality holds between (P;) and
(Dy). Define G1: X x Y — R by

Gi(z,y) = p(x)

and recall that F', Gy are defined respectively by (4.1) and (4.3). Then, by Theorems
4.2 and 4.3, we get the following theorems directly.

Theorem 4.9. The zero duality holds between (Py) and (D4) if and only if the
family (F,G1,G2) satisfies

cl Ky = epi(F — G1 + G2)* N ({(0,0)} x R).

Theorem 4.10. The strong duality holds between (Py) and (D) if and only if the
family (F,G1,G2) satisfies

(4.11) Ky =epi(F — G1 +G2)* N ({(0,0)} x R).
Remark 4.11. Under the assumption that
(4.12) f1is lsc and fo is K-epi-closed, |,

the authors in [3, Theorem 5.1] established the strong duality between (Py) and
(Dy) via the following closure condition

(€Q2) | {@ —pur): (@ r) € epi(pfo)*} + {0}
HEK®
x epi f1 is closed regarding the subspace X™* x {0} x R.

Then, by the following Proposition 4.12, one sees that our Theorem 4.10 improves
the corresponding result in [3].

Proposition 4.12. If (4.12) holds, then
(CQR2) = (4.11).
Proof. Suppose that (4.12) and (CQ2) hold. It is easy to see that the equalities

(4.9) and (4.10) are also hold. Since F',Go are proper, convex and Isc functions, it
follows from Lemma 2.1(i) that

epi(E + Go)* = cl(epi F* + epi G%)
= =) (ufa) () < )+ {0} x epi(f))
HEK®

= U @ =) s (ufa)* (@) < v} + {0} x epi f1,

ueK®
where the last equality follows from (CQ2). Note that G is Isc and

N {0, if (z*,y*) = (p, 0),

Gi(z™y") =
1(@%, %) 400, otherwise.
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Then, by (2.4), we have that

epi

(F = G1+Go)*[{(0,0)} xR)
N (epilF +Go) = (", y". Gila™ y) ) (A0, 00} x B)
T eEX* y*eY*

(U L@ =) (uf) (') < v} + {0} x epi(ff) = (»,0,0)) ()({(0,0)} x R)

HEK®

Ky (){(0,0)} xR).

This together with the fact K4 C {0} x {0} x R implies that (4.11) holds. The proof
is complete. O

(1]

2]

(3]

(4]
[5]
(6]

(7]

(8]
(9]
(10]
(11]
[12]
(13]

(14]

(15]

[16]

REFERENCES

L. T. H. An and P. D. Tao, The DC (difference of convex functions) programming and DCA
revisited with DC models of real world non-conver optimization problems, Ann. Oper. Res. 133
(2005), 23-46.

R. I. Bot, S. M. Grad and G. Wanka, Weaker constraint qualifications in mazimal monotonic-
ity, Numer. Funct. Anal. Optim. 28 (2007), 27-41.

R. I. Bot, S. M. Grad and G. Wanka, A new constraint qualification for the formula of the
subdifferential of composed convex functions in infinite dimensional spaces, Math. Nachr. 281
(2008), 1088-1107.

C. Combari, M. Laghdir and L. Thibault, A note on subdifferentials of convexr composite
functionals, Arch. Math. (Basel) 67 (1996), 239-252.

B. D. Craven, Mathematical Programming and Control Theory, Chapman and Hall, London,
1978.

N. Dinh, B. Mordukhovich and T. T. A. Nghia, Qualification and optimality conditions for
convex and DC programs with infinite constraints, Acta Math. Vietnam. 34 (2009), 125-155.
N. Dinh, B. Mordukhovich and T. T. A. Nghia, Subdifferentials of value functions and opti-
mality conditions for DC' and bilevel infinite and semi-infinite programs, Math. Program. 123
(2010), 101-138.

N. Dinh, T. T. A. Nghia and G. Vallet, A closedness condition and its applications to DC
programs with convex constraints, Optim. 59 (2010), 541-560.

N. Dinh, G. Vallet and T. T. A. Nghia, Farkas-type results and duality for DC programs with
convez constraints, J. Convex Anal. 15 (2008), 235-262.

D. H. Fang and Z. Chen, Total Lagrange duality for DC infinite optimization problems, Fixed
Point Theory Appl. 269, (2013).

D. H. Fang, G. M. Lee, C. Li and J. C. Yao, Eztended Farkas’s lemmas and strong Lagrange
dualities for DC infinite programming, J. Nonlinear convex Anal. 14 (2013), 747-767.

D. H. Fang, C. Li and K. F. Ng, Constraint qualifications for extended Farkas’s lemmas and
Lagrangian dualities in convex infinite programming, SIAM J. Optim. 20 (2009), 1311-1332.
D. H. Fang, C. Li and X. Q. Yang, Stable and total Fenchel duality for DC optimization
problems in locally convex spaces, SIAM J. Optim. 21 (2011), 730-760.

B. Lemaire, Application of a subdifferential of a convex composite functional to optimal control
in variational inqualities, in Nondifferentiable Optimization: Motivations and Applications
(Sopron, 1984), Lecture Notes in Econom. and Math. Systems 255 (Springer, Berlin, 1985),
pp. 103-117.

R. T. Rockafellar, Conjugate duality and optimization, in Conference Board of the Mathemat-
ical Sciences Regional Conference Series in Applied Mathmatics 16, Society for Industrial and
Aplied Mathematics, Philadelphia, 1974.

H. Tuy, Convex Analysis and Global Optimization, Kluwer Academic Publishers, Dordrecht,
1998.



1352 D. H. FANG, M. D. WANG, AND X. P. ZHAO

[17] C. Zalinescu, Convex Analysis in General Vector Spaces, New Jersey, 2002.
[18] Y. Y. Zhou and G. Li, The Toland-Fenchel-Lagrange duality of DC programs for composite
convez functions, Numerical Algebra, Control and Optimization 4 (2014), 9-23.

Manuscript received September 6, 2014
revised December 10, 201}

D. H. Fanc
College of Mathematics and Statistics, Jishou University, Jishou 416000, P. R. China
E-mail address: dh_fang@jsu.edu.cn

M. D. WaNG
College of Mathematics and Statistics, Jishou University, Jishou 416000, P. R. China
E-mail address: 137390438800@163. com

X. P. ZHAO
Department of Mathematics, Tianjin Polytechnic University, Tianjin 300387, P. R. China
E-mail address: zhaoxiaopeng.20070163.com



