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NECESSARY OPTIMALITY CONDITIONS FOR A CLASS OF
SEMILINEAR ELLIPTIC OPTIMAL CONTROL PROBLEMS
WITH PURE STATE CONSTRAINTS AND MIXED POINTWISE
CONSTRAINTS

B. T. KIEN, V. H. NHU, AND M. M. WONG*

ABSTRACT. This paper deals with first- and second-order necessary optimality
conditions for a class of optimal control problems governed by semilinear elliptic
equations with pure state constraints and mixed state-control constraints. The
second-order necessary optimality conditions are established by using tools of
variational analysis.

1. INTRODUCTION

Let © be a bounded domain in RY with N > 2 and the boundary I" of class C.
We consider the optimal control problem of finding a control function u € LP(Q)
with 1 < p < 4+00 and a corresponding state y € WOI’T(Q) such that

(1.1) J(y,u) = / L(z,y(z),u(x))dzr — inf
Q
subject to
N
(1.2) — > Di(ai(x)Diy) + hz,y) =u in Q ylp =0,
ij=1
(1.3) a(z) < f(z,y(x)) +u(z) < B(x) ae x€Q
(1.4) g(z,y(z)) <0 foral ze€Q,

where L : @ x RxR — Rand h : Q@ x R — R are Carathéodory functions,
f:QxR—=Rand g:Q xR — R are continuous mappings, o, 3 € LP().

Problem (1.1)-(1.4) is quite general. When f = 0 and g = 0, it becomes a problem
with control constraint @ < u < 3. A prototype of this problem is an optimal heat
source problem in the domain €2, where € is heated by microwave and the integrand
has the form

1 v
L(z,y,u) = §|y — yo(z)]* + §IUIZ

with yo € L?(Q2) and v > 0. Necessary and sufficient optimality conditions for
this problem have been studied in details in [8] and [38]. When f = 0, problem
(1.1)-(1.4) becomes a problem with pure state constraints and control constraints.
Second-order sufficient optimality conditions and necessary optimality conditions
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for the class of this problem have been studied by [9] and [25], respectively. When
g = 0, then (1.1)-(1.4) becomes a problem with mixed pointwise constraints. Un-
der regularity conditions, second-order necessary optimality conditions and second-
order sufficient optimality conditions for this problem have been studied recently
by [24] and [26], respectively. For more information on optimal control problems
governed by elliptic equations which have close connections to the present work, we
refer the readers to [2, 7, 10, 33, 34, 38] and references therein.

Recently, in [4], J. F. Bonnans and A. Hermant have dealt with second-order
necessary and sufficient conditions for optimal control problems governed by or-
dinary differential equations with pure state constraints and mixed control-state
constraints. Particularly, [4] gave second-order sufficient conditions which have no
gap with second-order necessary conditions under assumptions that the control is
continuous and satisfies the strengthened Legendre-Clebsch condition. However, to
our best knowledge, the difficult issue of necessary and sufficient optimality con-
ditions for optimal control problems governed by semilinear elliptic equations with
pure constraints and mixed pointwise constraints has not yet been studied. In this
paper we will address this problem. Namely, we shall derive necessary optimality
conditions for the problem under the so-called regularity condition which generalizes
the Robinson constraint qualification condition.

To tackle the problem we first derive necessary optimality conditions for an ab-
stract optimal control problem and then apply the obtained result to problem (1.1)-
(1.4). For this we assume that Y, U and E are either reflexive Banach spaces or
separable Banach spaces, II is a Banach space and Z =Y x U. We shall denote
by Y*, U*, E* and IT* the dual spaces of Y, U, E and 11, respectively. Suppose that
Y — C(f) is continuous. We consider the abstract problem of finding y € Y and
u € U such that

(1.5) J(y,u) — inf
subject to
(1.6) O(y,u) =0
. F(y,u) € D
(1.8) Gy) € Q,

where @ : Y x U — II, F : Y x U — E are given mappings, G : Y — C(f) is a
mapping which is defined by G(y) = g(-,y(-)) with g : @ x R — R is a differentiable

function; D is a closed convex set in E and @ is a closed convex set in C(2), which
is given by

Q=1{peC() | p(x) <0 forall x € Q}.

Obviously, problem (1.1)-(1.4) is a special case of problem (1.5)-(1.8) whenever
Y =W, (Q),U = LP(Q) and

(1.9) D={pec LP(Q) | a(z) <o) <p(x)ae}.

To deal with first- and second-order necessary optimality conditions for problem
(1.5)-(1.8), we often require that D has a nonempty interior. Hence we need D C
L*>(Q) and so the control variables u belong to L>°(£2). For this approach, we refer
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the readers to Péles and Zeidan [30, 31, 32] on the second-order necessary optimality
conditions for optimal control problems governed by ordinary differential equations,
Casas et al [8] and [10] for sufficient second-order optimality conditions, Rosch et
al [35] on regularity of solution for problems with semilinear elliptic equations and
mixed pointwise constraints.

When control variable u € L>(2), then the mixed pointwise constraints (1.7) as
well as (1.3) are easy to deal with. However, in this case, when the constraint set is
unbounded, problem (1.1)-(1.4) may not have solution in Wol’r(ﬂ) x L>®(£2). The
reason is that the object function does not satisfy coercivity conditions. Besides,
multipliers belong to dual space L*(€2)* which are measures rather than functions
in L'(Q). Therefore we would like to consider the problem when variables (y,u) €
W, () x LP(Q) with 1 < p < +oo. But in this setting, we have D C LP(2) with
1 < p < +o0 and the interior of D is empty (see [24, Example 1.1]). Therefore the
results of [30, 31, 32| fail to apply for problem (1.1)-(1.4) when the control variable
u € LP(Q) with 1 < p < 4+00. Note that the approach of [30, 31, 32] is based
on a method which is due to Dubovitskii and Milyutin in [15], where the second-
order variation sets of constraint sets are built under assumptions that they have
nonempty interiors.

To overcome this difficulty, Bonnans and Shapiro [3], Cominetti [12] and Jourani
[20] and [21] (see also Zowe et al [27] and [39]) gave necessary optimality conditions
for the problem under regularity conditions which generalize the Robinson con-
straint qualification condition [37]. The results in [3] and [12] are for the problem,
where the sets A, D and @ are required to be convex meanwhile results in [20] and
[21] are proved by using Clarke tangent cones. Recently Kien et al [24]-[26], have
obtained some results on necessary and sufficient optimality conditions for math-
ematical programming problems which extended results in [12, 20, 21] and then
derived optimality conditions for a class of semilinear elliptic optimal control prob-
lems with mixed pointwise constraints and for a class of semilinear elliptic optimal
control problems with pure state constraints, respectively.

In this paper, we continue to develop the results in [24] and [25] to derive op-
timality conditions for (1.1)-(1.4) under the regularity conditions. It is noted that
the appearance of pure state constraint (1.8) and mixed pointwise constraint (1.7)
causes the problem more complicated because the state does not link to control by
a functional relation. In this case the results in [24] and [25] fail to apply for the
current problem.

To deal with the class of these problems, we shall use tools of variational analysis
and some techniques which were given in [25] and [30, 31] for establishing optimality
conditions of problem (1.5)-(1.8) and then apply the obtained results to derive
the first- and second-order optimality conditions for problem (1.1)-(1.4). Although
the obtained result is modest, the contribution here is the approach which brings
together two areas in which optimal control problems governed by partial differential
equations can be considered as mathematical programming problems and vice versa,
and a unified theory of first- and second-order optimality conditions. With the
results, we hope that, we will be able to derive corresponding second-order sufficient
conditions with no gap in our next study in the near future.
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The paper is organized as follows. In Section 2, we establish first- and second-
order necessary optimality conditions for the abstract optimal control problem.
Section 3 is destined for second-order necessary optimality conditions for problem
(1.1)-(1.4).

2. NECESSARY OPTIMALITY CONDITIONS FOR THE ABSTRACT OPTIMAL CONTROL
PROBLEM

In this section, we derive optimality conditions for problem (1.5)-(1.8).
For convenience, we define the set
A={z=(y,u) € Z| 2(z) =0}
and the mapping

G1:Y xU — C(Q), Gi(y,u) = G(y).
Then problem (1.5)-(1.8) can be formulated in the following simpler form:

(2.1) J(z) — inf
subject to

(2.2) z€ AnNFY(D),

(2.3) Gi(z) € Q.

To deal with optimal conditions we need some facts and concepts of variational
analysis which are related to tangent cones. We refer the readers to [3, 13] and [36]
on facts of variational analysis.

Let Z; be a Banach space and C be a closed set in Z;. Given a point z € C, the
sets

d t
T°(C, 2) = {v e 7| lim 22FWC) 0}
t—0+ t
={v e Z1|Vt, — 0%, v, = v,z +t,v, € C}
and
T(C,2) = {v e Zy|limint 2EFC) 0}
t—0t+
= {v € Z1|3t, = 0", Fv, = v,z + tyv, € C}
are called the adjacent tangent cone and contingent cone to C at z, respectively.
It is noted that these cones are closed and we have T°(C,z) C T(C,z). We shall
denote by N(C, z) the normal cone to C at z, which is defined by
N(C,2)={z"e€ Z7 | (z%,7)) <0,V € T(C,2)}.
It is well known that when C is convex, then
T°(C,z) = T(C, z) = cone(C — z)
and
N(C,2)={2*e€ Z7 | (z*,2/ — 2) <0,V € C}.
Given a point z € C' and v € Z7, the set

d tv + t?w, C
T%(C,2,v) = {w e ;) tim & Gl ) :0}
t—0+ t
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={w € Z|Vt, — 0", Jw, — w, 2z + t,v +tiwn eC}

and

d(z + tv + t?w, C)
2 _ ’ _
T9(C, z,v) = {w € Zy| htg(l)gf 2 = 0}

={w € Z1|3t, — 0", Jw, = w, 2z + t,v +t3lwn eC}

are called the inner and outer second order tangent sets, respectively, to C at z in
the direction v € Z;. These sets are closed and we have T?(C, z,v) C T?(C, z,v).
When C is convex, then T%(C, z,v) is convex. Furthermore,

T?(C,2,0) =T°(C,z2), T*C,z0)=T(C,z).

Let us denote by A4 the admissible set of problem (2.1)-(2.3). Fixing an element
zZ = (y,u) € Aqq, we suppose the following hypotheses:

(A1) the mappings J, ®, and F are second-order Fréchet differentiable around z.

(A2) VO(z) : Z — 1I is surjective.

(A3) The function g : @ x R — R is continuous and second-order differentiable
with respect to second variable. Moreover, g has properties that g(x,0) < 0
for all z € I', and for each M > 0, there exists a number kj; > 0 such that

‘gy(xayl) - gy($ay2)} + ‘gyy(xyyl) - gyy($>y2)‘ < kalyr — yol

for all z € Q, 1,92 € R with |y1], [y2| < M.
(A4) The regularity condition is satisfied at Z, that is, there exists 6 > 0 such
that

(2.4) oecint (] [VF®E)(T(A2)NBz) - (D~ F(z)NBgl,
z€Bz(z,0)NA

where Bz and Bp are closed unit balls in Z and E, respectively, and Bz(z,0)
is an open ball in Z with center Z and radius § > 0.

Problem (1.5)-(1.8) is associated with the following Lagrangian:
(2:5) LT ef p,2) = A (y,u) + (77, @(y, w)) + (€7, F(y, u)) + (1, G(y))

with A € R,7* € IT*,e* € E* and u € M(Q), where M(Q) is the dual of C(Q)
which coincides with the space of finite signed regular Borel measures.

Below we shall formulate optimality conditions in terms of the Lagrangian. Before
formulating the second-order optimality conditions, we need the following notion.

Definition 2.1. The set of critical directions to problem (2.1)-(2.3) at Z = (¥, u)
is denoted by O[(y,u)], which consists of couples z = (y, u) such that the following
conditions are verified:
(i) Jy(2)y + Ju(Z)u < 0;
(ii) (the linearized equation) ®,(Z)y + @, (Z)u = 0;
(iii) VF(z)(y,u) € T°(D, F(2));
(iv) VG(3)y € T°(Q,G(7)).
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From the definition, we see that O[(7,w)] is a closed convex cone, which contains
tangent vectors (y,u) to Agq at Z such that Jy(Z)y + Ju(Z)u < 0. By [23 Theorem
3.1], condition (iv) is equivalent to the fact that g, (z,7(x))y(r) < 0 whenever

9z, 7(x)) = 0.

Recall that support of a nonnegative measure p, written as supp(p), is the small-
est closed subset of 2 such that u(Q\ supp(u)) = 0. Below, given a set K in Z and
z* € Z*, we define o(z*, K) = sup,cx (2%, 2).

We are ready to state the main result of this section.

Theorem 2.2. Suppose that hypotheses (Al) — (A4) are fulfilled and Z € Z is a
locally optimal solution of problem (1.5)-(1.8). Then for each d = (y,u) € O[Z],
there exist multipliers X > 0, ©* € II*, e* € E* and a nonnegative Borel measure
€ M(Q) with |A| + ||u]| # 0 such that the following conditions are fulfilled:

(i) (the stationary condition)
DL\, 7", e, 1,Z2) = AVJ(Z) + VO(Z)*'r" + VF(Z)"e" + VG(y)*'u = 0;
(ii) (the complementary condition in z)
e* € N(D,F(z));
(iii) (the complementary condition in y)
supp(p) C {z € Q| g(z,y(z)) = 0};
(iv) (the second-order condition)
D? L\ 7% e, 1, 2)(d, d) — 20(e*, T?(D, F(z), VF(z)d))
—20(, T(Q,G(®), VG(@)y) 2 0.

To prove the theorem, we need to establish some auxiliary lemmas.
Let us fix a couple (y,u) € O[(y,u)] and define the functions on

a(r) = g(z,y(x)), b(x) = gy(2,5(x))y(x),

.. 2( . _ _
lim 1nfa(s)<50_>bg€s)>0 Za((sg it x€Qu—0p=0N 8(Qa<0,b>0)
(26) 9a7b('r) = 0 lf X 6 ﬁa:07b:0 \ a(§a<07b>0>

400 otherwise.

Here Qu—0p—0 = {r € Q | a(z) = b(x) = 0} and I(Qu<op>0) is the boundary
of the set {x € Q | a(z) < 0 < b(z)}. By Lemma 3.3 in [31], 6, is a lower
semicontinuous function on €. By [23, Theorem 3.2] (see also [31, Corollary 4.2]),
we have w € T?(Q, g(-,7), 9y (-, y) ) if and only if w(z) < 6, 4(z) for all x € Q. Let
us define the set

(2.7) T3(Q, 9(,9), 9y (- Wy) = { € C(Q) | () < Oap(x) Vo € Q.
It is clear that

(2.8) T2(Q,9(- 7). 9y (- D)y) = T*(Q. 9, 7). 9y (-, D).

We have the following lemma, its proof can be found in the appendix of the paper.
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Lemma 2.3. (C.f. [25, Lemma 2.1]) Suppose that hypotheses (Al) — (A4) are
fulfilled and d = (y,u) € O[(y,w)]. If

(¥, w) € T?(A,7,d) N [VF(z)*l(T%(D, F(z),VF(z)d) - %VQF(E)dz)}
and
VG@w + 5V Cm € TP Q.C), VE@),

then for any sequence t;, — 0%, there exist sequences 1, — 1, wr — w and a
number kg > 0 such that

(T + try + oy, T + tpu + tiwy) € Agg, VE > ko.

The following result is a primal form of second-order necessary optimality condi-
tions.

locally optimal solution of problem (2.1)-(2.3). Then for each d = (y,u) € ©[(y, )
and (¢, w) € Z satisfying

(,w) € T?(A,%,d) N [VF(E)‘l(TQb(D, F(z),VF(Z)d) %VQF(Z)dz)],

VO + 5 VO@Y € TP Q.C@), VE@),
one has
(VJ3Z), (W,w)) + %VQJ(E)(d, d) > 0.

Proof. The proof is similar to the proof of [25, Lemma 2.2]. However, for convenience
of the readers, we provide a short proof here.

By Lemma 2.3, for any sequence t;, — 0T, there exist sequences v, — 1, wp — w
and a number kg > 0 such that

(T + tey + tie, U + tyu + tiwg) € Agg, Yk > k.
Since (g, w) is an optimal solution, we have
J(F + try + tanbe, 0 + tyu + tiwy) > J (7, 7).
Using a Taylor expansion, we get
1
0 < (VI(2), iy, u) + i (ks wi)) + 5 V2T () (b (Y, w) + 1 (Vr, w))* + o(17)
= tk<v‘](z)v (y7 U)> + tz<v‘](z)a (7/}167 Wk)>
2

+ %VZJ(Q)((% u) + tr (Vg wi))? + o(t}).

Since (VJ(Z), (y,u)) <0,
1
0 < E(VI(Z), (Y, wr)) + §tiV2J(?)((y,U) + b (g, wi))? + o(t}).

Dividing both sides by tz and letting k¥ — oo, we obtain the desired conclusion. [
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Proof of Theorem 2.2. Fixing d = (y,u) € O[(y, )], we consider two cases:
Case 1. T®(D, F(2),VF(2)d) and T?(Q, G(7), VG(7)y) are nonempty.

In this case we consider in the product space R x E x C(£2) the set
1 1
K :{ <§V2J(E)d2 + V()2 47, 5 VEF(E)E + VF(Z)z — v,
1
SV2GI(E)d + VG (2)z - e) ) 2 e T?(A,7,d),v € T?(D, F(2), VF(2)d),

e € T2(Q,G1(2), VG1(2)d), r > o}.
Note that
TP (Q. G1(2), VG1(2)d) = T7"(Q. G(7), VG (@)y).
We now show that K has the following properties:

e K is convex. This property follows from convexity of T%(A,Z,d),
T?(D, F(%),VF(z)d) and TP (Q, G1(2), VG1(%)d).
e intkC # ). In fact, by (2.4), there exists p > 0 such that

Bg(0,p) C VF(Z)(T(A,Z) N By) — T(D, F(%)) N Bg
(2.9) = VF(z)(T"(A,Z) N By) — T°(D, F(z)) N Bg.

Here Bg(0,p) is an open ball in E. From (A2) and [24, Lemma 2.2] (see also [30,
Theorem 5]), we have

(2.10) T°(A,2) = T(A,2) = {d € Z | V®(z)d =0}

and

(2.11) T%(A,7,d) = {w €Z|VoE)w+ %V%(E)(d, d) = o}.
From this, we can show that

(2.12) T°(A,Z) + T°(A,z) C T"(A, %)

and

(2.13) T°(A, %) +w C T?(A,z,d)

for any w € T?(A,%,d). Also, since D is convex, [12, Proposition 3.1] implies that
(2.14)
¢+ T"(T°(D,F(2)),VF(z)d) c T®(D, F(z),VF(2)d), V¢ € T?(D,F(z),VF(z)d).
Since V®(Z) is surjective, T%(A,Z,d) # O. Take
2eT?(A,Z,d), € T?(D,F(z),VF(z)d)
and define the open set
V =VF(2):— ¢+ VF(Z)d + Bg(0,p).

From this and (2.9)-(2.14), we have
V CVF(@)|(T°(A,Z)NBg) + 2] — ¢ — [T°(D, F(z)) N Bg — VF(2)d]

C VF@)(: +T(4,2)) 0 B (0, 01)] - 6 — [(1°(D, F(2)) - VF(2)d) N B0, 03)]
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C VF(E)[T*(A,7,d) N Bz(0,01)] = (¢ + T°(T°(D, F(2)), VF(2)d)) N Bg(0, 03)
C VF(2)[T?(A,7,d) N Bz(0, 01)] = T (D, F(2), VF(2)d) 0 B (0, 03),
where o1 = 1+ ||2]|, 02 = 1+ ||[VF(2)d| and g3 = 0> + ||¢]. Note that from [24,
Theorem 2.5], we have
E = VF(z)(T"(A, %)) — cone(D — F(z)).

Here cone(V') denotes the cone hull of a set V. By the similar arguments as above,
it follows from this and (2.12)-(2.14) that

(2.15) E =VF@T%(A,zd) —T%(D,F(z),VF(z)d).
Put V := iV2F(2)d* + V,
1
v = §V2J(E)d2 +sup{VJ(2)z | z € T?(A,z,d) N Bz(0,01)}
and

1 .
M = §\|V2G1(E)d2||o +sup{||[VG1(Z)z|lo | z € T?(A,z,d) N Bz(0, 01)} — 0,

scabap(r) and [ - [lo denotes the norm of C(£2). By [31, Lemma
3.3], 0, is lower semicontinuous on Q. Since T?(Q,G(7), VG(7)y) is nonempty,
Oup(z) > —oo for all z € O (see [23, Lemma 3.1]). On the other hand, Q2 is a
compact set. Hence 0 is finite and so is M. Define
W={pecC)]|p>M}
Then W is an open set. We now claim that
(v,400) x V x W C K.
Indeed, take any (&, v,w) € (y,4+00) X V x W. Since v € V, there exist
20 € T?(A,z,d) N Bz(0, 01), vo € T?(D, F(z), VF(z)d) N Bg(0, 03)
such that v = $V2F(2)d*> + VF(Z)z) — vo. Since £ > 7, we get & > 1V2J(z)d® +
VJ(z)z. Hence there exists r > 0 such that £ = V2J(2)d*> + V.J(2)z + r. Since
w € W, we have

where § = min

1 R
w > §V2G1(2)d2 + HVGl(g)ZOHO — 0.
Hence )
Oap >0 > 5v2c;1(z)d2 +VG1(2)z0 — w.

Defining ey = $V2G1(z)d? + VG1(Z)20 — w, we get

eo € T (Q, G1(2), VG1(2)d)
and 1

w = §V2G1 (f)dQ + VGl(f)Zo — eg.

Thus we have shown that (£, v, w) € K. Consequently, int/C # O.
¢ (0,0,0) ¢ intKC. Otherwise, there exists € > 0 such that

(—e,e) x {0} x {0} C K.
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This implies that there exist z € T?(A,%,d),v € T?®(D, F(z),VF(Z)d),r > 0 and
e € TP (Q,G1(2), VG1(Z)d) such that the following relations hold:

IV2I(Z)d*+VI(Z)z+1r <0
(2.16) V2F(Z)d* + VF(Z)z —v =0
%VzGl( )d2 +VGi(Z)z —e=0.
Let z = (¢,w). The second relation of (2.16) implies that
1
zeT?(A,z,d)NVFE) " T?(D,F(z),VF(z)d) — §V2F(§)d2 .
Meanwhile from the third relation we have
1 _ _ _ _
5V GOy +VC@)Y € T (Q.Gm), VG [@)y).
Combining these with Lemma 2.4, we obtain $V2J(2)d? + V.J(z)z > 0, which
contradicts the first relation of (2.16). Our claim is justified.

We now can separate (0,0,0) and K by a hyperplane (see [19, Theorem 1, p.163)).
Hence there exists a nonzero functional (X, e*, 1) € R x E* x M(Q) such that

(2.17) A(%VQJ(Z)dQ L VI(2)2 + r) + <e*, %VzF(E)dQ +VF(z)z—v)
n <u, %v%;l( V2 + VG (Z)7 — e> >0

for all r > 0, z € T®(A,%z,d), v € T¥(D,F(z),VF(Z)d) and e €
TP (Q,G1(2), VG1(Z)d). If A =0 and p = 0, then we have

<e*, %V2F(§)d2 +VF(z)z — v> >0
for all z € T?(A,%,d) and v € T®(D, F (%), VF(2)d) or equivalently,
<e*, %VQF(E)cF + w> >0
for all w € VF(Z)(T%*(A,%,d)) — T?(D, F(z),VF(Z)d). From this and (2.15), we
get e = 0. Thus we must have |A|+ ||| # 0. Moreover, we have A > 0. Otherwise,

fixing z,v, e in (2.17) and letting r — 400, we obtain a contradiction.
Substituting » = 0 into (2.17), yields

)\(%VZJ(Z)dQ +VIE)2) + (e %VQF(Z)dQ +VF()z)
+(prs VG + VI (2)7)

o(e*, T%(D, F(z),VF(2)d) + o(u, TZ(Q, G®), VG@)y)), Vz € T?(A,z, d).
Since o(p, T (Q, G(7), VG(@)y)) = o(u,T%(Q G(¥), VG(H)y)), we get

AGVIEE +VIE):) + (¢ SV FE)E + VEE)2)

1
+ (. SVAG1(E)d + VGi(2)7)
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(2.18) > o(e*, T*(D, F(2), VF(2)d) + o (1, T”(Q, G(5), VG(@)y))
for all z € T?(A,Z%,d). From (2.10) and (2.11), we get
T?(A,z,d) = T°(A,z) + T (A, z,d).

Hence we can rewrite (2.18) in the form
1 2 1/=\ 92 — * 1 2 —\ 12 _
)\(§V J(Z)d? + VJI(Z) (21 + 22)) n <e S VIFE)E + VF(z) (2 + zQ)>
1
+ {1, 5VGi(R)d + VG1(2) (21 + 22))

> o(e*, T%(D, F(2), VF(2)d)) + o(u, T”(Q, G(H), VG(T)y))
for all z; € T°(A,%) and z € T?(A, %z, d). It follows that

(2.19) AJ(Z)z1 + (5, VEE)21) + (1, VG (F)21) + A(%VQJ(Z)cF £ VI()z)

e %VzF(z)dQ LY@+ (u, %VQGl(z)dz FYGI(2)2)

> o(e*, T%(D, F(2), VF(2)d)) + o(p, T (Q, G(5), VG(7)y))
for all z; € T°(A,Z) and 29 € T?(A,%,d). This implies that
(A\VJ(Z)+ VF(Z)e" +VGi1(Z) 1, z1) >0
for all z; € T°(A,%). Hence
—AVJ(Z) - VF(z)"e" —VGi1(Z)"n e N(A,zZ).
Since T(A,%) = T°(A,Z) = {v € Z|V®(Z)v = 0}, we have
N(A,Z) ={Vo(z)"n*|r* € II"}.

Hence we can find some 7* € II* such that

—AVJ(Z) = VF(Z)'e¢" = VG1(Z)"'u = VO (z)" ™.

This is equivalent to D,L(\, *, e*, u,z) = 0, which is assertion (i) of the theorem.
Substituting this expression and z; = 0 into (2.19) we get

1 1 1
(=VO(z)" 1", 20) + §V2J(E)d2 + 5, V2F(z)d?) + 3 VG (z)d?)
> (", T (D, F(2), VF(2)d)) + o (1, T (Q, G(7), VG (1))
for all zo € T?(A,%,d). By (2.11), we have V()22 + $V2®(2)d? = 0. Hence we
get
1 2 * % —
§DZZ£()\,7T NN

= %[Wa V2B(3)d2) + AV2I(Z)d2 + (e, VEF(2)d?) + (1, V2G4 (2)d?)]

> o(e", T (D, F(2), VF(2)d)) + o (1, T%(Q, G(3), VC(H)y)).
We obtain assertion (iv) of Theorem 2.2. From the above inequality we get

o(e*, T?(D,F(z),VF(z)d)) < +00, o(u, T?(Q, G(H), VG(@)y)) < +oc.
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Lemma 4 in [12] implies that
e* € N(D, F(2)) and i € N(Q, G(7)).
By [31, Theorem 2.1], we have

0 if g(z,y(x)) <0

>0 ifglp) =0 M7

du = _
m(:c) € N((—00,0],9(z,y(z)) = {

where % denotes the Radon-Nikodym derivative of p with respect to |u|. It follows
that p is nonnegative and

supp(u) C {z € Q[ g(x,7(x)) = 0}.
Since g(x,0) < 0 for all x € T", we get

supp(p) C {z € Q| g(z,y(x)) = 0}
We obtain assertion (ii) and (iii) of Theorem 2.2.

Case 2. T?(D, F(Z),VF(z)d) or T?(Q,G (), VG(7)y) is empty.
Then assertion (iv) is automatically fulfilled because

(e, T (D, F(2), VF(Z)d)) + o (1, T*(Q, G(7), VG (g)y)) = —oc

for all e* € E* and u € M(Q). In this case, instead of considering the set K, we
consider the set

K = {(VJ(E)Z 1, VE(Z)z — 0, VG1(Z)z — e
€T (A,2),0 e T"(D,F(2)),e € TQ, G1(3)),r > o},
where

T5(Q.G1(2) = T5(Q, G(¥)) = {v € C(Q) | ¢(x) < 0 whenever g(,F(x)) = 0}.

Separating (0,0,0) and K’ by a hyperplane and using the similar arguments as in
Case 1, we obtain assertions (i)-(iii) of Theorem 2.2. The proof is complete. O

Remark 2.5. When A is a closed convex set, by defining the set K = D x @ and
the mapping

H:Z— ExC(Q), Hz2) = (F(2),G1(?)),
the constraint set of problem (2.1)-(2.3) becomes z € A and H(z) € K. Then under
the Robinson constraint qualification condition

0€int{VH(Z)(A-2) - K+ H(2)}

we can obtain Theorem 2.2 from [3, Theorem 3.45]. Unfortunately, since A is not
convex, we fail to apply [3, Theorem 3.45] for our problem. Moreover, in comparison
with the Robinson constraint qualification condition, in regularity condition (A4)
we do not impose on constraint G1(z) € Q.
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3. NECESSARY OPTIMALITY CONDITIONS FOR SEMILINEAR ELLIPTIC OPTIMAL
CONTROL PROBLEMS

3.1. Assumptions and statement of main results. Throughout this section,
we assume that the boundary I is of class C1'!, 1 < p < 400 and

1 1.1 1
3.1 —>->- - =
(3.1) N ~ r—p N
We shall denote by s and ¢ the conjugate numbers of r and p, respectively. Let
W=L7(Q) be the dual space of Wol’s (€2). Recall that given an element v € W17 (),

a function y € Wy (Q) is a solution of (1.2) iff

N

(2)D: . T T T = (u 1,s .
/ﬂ(i;%( )DiyDjp)d +/Qh< Y)pdr = (u, ) Vo € Wy (Q)

Under assumptions (Hz) and (H3) below, [8, Theorem 2.4] implies that, for each
u € Wb (Q) with » > N, equation (1.2) has a unique solution y € WOM(Q).
By (3.1) and the Sobolev and Rellich theorem (see [14, Theorem 1.6]), we have
LP(Q) — W=T(2). Hence for each u € LP(), equation (1.2) has a unique solution
Y€ WOM(Q) — C(Q2) and so constraint (1.4) is well defined.

A pair (y,u) is said to be an admissible couple of problem (1.1)-(1.4) if it satisfies
the constraints (1.2)-(1.4). The set of such pairs will be denoted by Ag,4. An
admissible couple (7, u) is called a locally optimal solution of problem (1.1)-(1.4) if
there exists a number € > 0 such that the following implication holds:

\V/(y,U) € Aad, Hy - y”W&”(Q) + HU - HHLP(Q) Se= J(:y?u) = J(ga ﬂ)
Given a couple (y,u) € Agq, the symbols L{z], L,[z], gy[x], f[z], etc., stand for
L(.%"?(x), ﬂ(l’)), Ly(l’,y(x), ﬂ(x))7 gy(:c,y(x)), f(way(x))v

etc., respectively. We also assume that h is one of the functions h and f,and D is
defined by (1.9). Fixing a couple (7,u) € A,q4, we impose the following hypotheses:

(H)) L : QxR xR — R is a Carathéodory function of class C? with respect to
(y,u), L(x,0,0) € L'(Q) and for any positive number M, there is a constant K, ys
such that

1Ly (2, y,u)| + | Lu(a, y, u)| < Kz ar(ly[™ + [u]*),

‘Ly(‘r7yluu1) - Ly(fz’?/QaUQ)‘ + |Lu(xayl)u1) - Lu(x7y27u2)‘
< Kpm(lyr — yol™ + Jur — ual™),

‘Lyy(x7ylyul) - Lyy($ay27u2)‘ + ‘Lyu(x;ylyul) - Lyu(x;y27u2)|
+ | Lo (@, y1,u1) = L (2, y2,u2)| < K (Jyr — 2| + mlug — ug|?)

for all uy,ug € R, |y;| < M and a.e. x € Q with a1,b1,¢1 > 0,0 < ag,by <p—1,0<
co <p—2,m=0 whenever 1 < p <2 and m = 1 whenver p > 2.
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(Hs) The functions a;; : 2 — R are of class C(Q), a;j = aj; and there is a constant

« > 0 such that
N

D ai(@)&é > alg? VEERN, zeq

ij=1

(Hs) h : Q x R — R is a Carathéodory function of class C2 with respect to the
second variable and for all y € R the following condition holds

h(-,0) € LP(Q), hy(z,y) >0 ae z€Q.

Moreover, for each M > 0, there is a constant K o 0 such that

h $y|+‘hyymy)‘<Kth

|hyy (2, 51) = hyy(@,2)| < K, ply2 — w1

for a.e. x € Q and [y, [y1], [y2| < M.
(Hy4) The function g : Q x R — R satisfies assumption (A3).

Definition 3.1. A paird = (y,u) € WOI’T(Q) x LP(2) is said to be a critical direction
for problem (1.1)-(1.4) at Z = (y, @) if the following conditions hold:
() VIE)d = fo(Lylaly(@) + Lufelu(e))dz < 0
(i) — ZmlDNmUzw+h( Py=u inQ, ylr=0;
(iii) fy[]y +u € cone(D — f[] —u);
(iv) T%(Q, g1, 9y 1y) # O

We will denote by C[(y,w)] the set of such critical directions. It is clear that
Cl(y,u)] is a convex cone containing (0,0). Note that condition (iv) of Definition
3.1 is equivalent to saying that 6, ,(z) > —oc for all z € Q. This condition implies
that g,[]y € T°(Q,g[]). By [23, Theorem 3.1], we have g,[z]y(z) < 0 whenever
glz] = 0.

We are ready to state our main result of this section.

Theorem 3.2. Suppose that hypotheses (H1) — (Hy) are satisfied and (y,u) is a
locally optimal solution of problem (1.1)-(1.4). Then for each (y,u) € C[(y,u)],
there exist functions ¢ € Wol’s(Q), Y e L1(Q), a number A > 0 and a nonnegative
Borel measure p € M(Q) with |\ + ||p|| # O such that the following conditions are
fulfilled:

(i) (the adjoint equation)

- Z Di(aij(1)Dj¢) + hy[-]¢ = =ALy[-] = fy[" — gy[]"w in Q
1,j=1
Y[r = 0;

(ii) (the stationary condition in u)

ALufo] = 6(@) + (@) =0 ae
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(iii) (the complementary condition in z)
[ @)@ - fla) ~ u(w)de <0 ¥a < v <
Q
(iv) (the complementary condition in y)

supp(p) C {z € Q| g[z] = 0};

(v) (the second order condition)

A/ wl2ly?(2) + 2Ly [2]y(2)u() + Luufa] da:+/<f> huyloly(2)2dz
/w fyy )2d$+/gyy[x}y2(x)dﬂ
Q

> 9 /Q Bus(@)dps + 20 (0, T(D, 1]+, f, [y + ).

Let us give a corollary of Theorem 3.2. For this we shall denote by Coy[(7,u)]
the set of couples (y,u) satisfying conditions (i) and (ii) of Definition 3.1 and the
following conditions:

(i) f,[Jy +u € cone(D — f[] — @)
(iv) gy[-ly € cone(Q — g[]).
It is clear that Cy[(y,u)] is a cone which is contained in C[(y,)].
Corollary 3.3. Suppose that hypotheses (Hy) — (Hy4) are satisfied and (y,u) is a
locally optimal solution of problem (1.1)-(1.4). Then for each (y,u) € Col(y,u)],
there exist functions ¢ € W(}’S(Q), ¥ € L1(), a number A > 0 and a nonnegative

Borel measure p € M(Q) with ||+ ||| # 0 such that assertions (i)-(iv) of Theorem
3.2 and the following assertion are fulfilled:

(v') (the nonnegative second order condition)

2 2
A [ (Laloly?@) + 2L ulely(a)u@) + Lunfeli@)do + [ 6@y lely(afda
+ [ v tlelu@ids + [ o faly? @ o

3.2. Proofs of Theorem 3.2 and Corollary 3.3. For the proof of Theorem 3.2,
we shall reduce problem (1.1)-(1.4) to problem (1.5)-(1.8) and then apply Theorem
2.1. To do this, we put

Y =W,"(Q), U=LP(Q), Z=Y x U,
I=w-1r(Q), E=LFQ)
and define the mappings

®:Z 1L, (y,u) ZD (aij () Diy) + h(y) —u
4,j=1
F:Z—=E, Fly,u) = f(-,y) +u

Gi1:Z— CQ), Gi(y,u) = G(y) = g(-y)-
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Then problem (1.1)-(1.4) is assigned with the following Lagrangian:
(3.2) LN, G, 1, 2) = A (2) + (0, (2)) + (¥, F(2)) + (1, G(y))

with z = (y,u), A € R, ¢ € II*,¢) € E* and pu € M(Q).
In what follows, we shall show that assumptions (A1) — (A4) of Theorem 2.1 are
fulfilled.

Lemma 3.4. Under assumptions (H;) — (Hy), the mappings J, ¢, F and G, are
of class C? around (7, %) and their derivatives are given by the following formulae:

VJ(Z) = (Ly[], Lul]), VO, 1) = (A + hy[], =1)
VF(z) = (fy[, 1), VGi(z) = (9y[1],0)

v = | i) el | vee = | Mt

and
_ 10 _ 10
erer= [ ] 1]
Here I is the identity mapping and A is defined by Ay = — 22[3:1 Dj(ai;(-)Diy).
Proof. The proof is straightforward, which is based on standard arguments. U

As a consequence, we have the following.

Corollary 3.5. Suppose assumptions (H;) — (Hs) and d = (y,u) € Z. Then one
has

DyLX, ¢, 1, Z) = ALy[-] + A ¢ + hy[]"¢ + fy[-I" + gy []"p
Du‘c()‘v ¢, 1, H, E) = )‘Lu[] — ¢+

and

Dgzﬁ(Aa (Z)a ¢7 ;U*ag)(d? d) :AA (Lyy[x]yz + 2Lyu[x]yu
+ Lo [:L“]u2)dx +/ Py [m]¢y2dx
Q

+/nyy[x]1/1y2d:c—i—/ngy[x]gfd,u.

Lemma 3.6. Under assumptions (Hz) and (H3), the following assertions hold:
(i) the mapping V®(z) is surjective for all z around z;
(ii) The regularity condition (2.4) is valid.

Proof. Assertion (i) follows from [24, Lemma 3.1]. According to [24, Theorem 2.5]
(see also [39, Theorem 2.1]), the regularity condition (2.4) is equivalent to the
following condition:

33) E= () [VF®E(T(A,z2))— cone(D — F(z))] for some § > 0.
z€Bz(Z,0)NA
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Choose § > 0 small enough and 2 € Bz(z,d). We shall show that
(3.4) E=VF(Z)(T(A,Z2)) — cone(D — F(z)).
By (i), V®(2) is surjective. Hence from [24, Lemma 2.2], we have
T(A,2) =T"(A,2) = {z = (y,u) € Z| VB(2)z = 0}
={(yu) €Y XU | Ay + hy (-, §)y = u}.
Taking any v € E = LP(Q2), we consider the equation

Ay +hy( 9y + fy (- ¥y = v in Q, ylp = 0.
By (Hs) and [17, Theorem 2.4. 2.5, p. 124], this equation has a unique solution
y € W?P(Q). By (3.1) and the embedding theorem (see [6, Corollary 9.14]), the
embedding WP(Q) — L"(Q) is continuous. Note that W2P(Q) = {y € W1?(Q) |
Dy € WhP(Q)}. Hence the embedding W2P(Q) < WLr(Q) is continuous. Since
r > N, we have y € C(Q). Hence y € Wol’r(Q). Putting Ay + hy (-, 9)y = u, we see
that (y,u) € T'(A, 2). Thus we have fy(-,9)y + v =v. This is equivalent to
VEE)(y,u) = (F(z) - F(z)) = v.

Consequently, (3.4) is obtained. The proof of the lemma is complete. O

Proof of Theorem 3.2. From Lemmas 3.4-3.6, we see that assumptions (A1) — (A4)
are fulfilled. Take any d = (y,u) € C[(y,w)]. According to Theorem 2.2, there exist
a nonnegative number A, functions ¢ € II* = WOI’S(Q), Y € E* = L1(Q) and a
nonnegative Borel measure u € M(Q) with |A| + ||u|| # 0 such that the following
conditions are fulfilled:

(") (the adjoint equation) D,L(\, ¢, 1, u,z) = 0;
(ii') ] (the complementary condition in z) ¥ € N(D, F(z));
(iii’) (the complementary conditions in y)
supp(p) C {z € Q| gla] = 0};
(iv") (the second-order condition)

Do.L(A 6, %, 1,7)(d, d) >20(, T(D, F(2), VF(2)d)

+20(1, T (Q, G(7), VG(@)y))-
From Corollary 3.5 and (i), we obtain assertions (i) and (ii) of Theorem 3.2. As-
sertions (ii’) and (iii’) imply (iii) and (iv), respectively.
By definition of C[(7,@)], we have T?(Q,G (%), VG(H)y) # @. Using similar

arguments as in the proof of [25, Theorem 3.1] (see also the proof of [23, Lemma
4.4]), we have

o (1. T?(Q. G(7), VE@)y)) = /Q 0 (),

where a(z) := g[z] and b(z) := gy[z]y(z) and O, (z) is defined by (2.6). Combining
this with (iv’) and Corollary 3.5, we obtain assertion (v) of Theorem 3.2. The proof
is complete. O

Proof of Corollary 3.3. Since Co[(y,u)] C C[(y,w)], for each (y,u) € Co[(y,u)], there
exist multipliers A, ¢, and p such that the assertions (i)-(v) of Theorem 3.2 are
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valid. Let us show that the implication (v) = (v)" holds. Indeed, from VG(7)y €
cone(Q — G(7)), there exists s > 0 such that VG(y)y = s(v —G(7)) for some v € Q.
By convexity of @, for any sequence t, — 07, we have

tnVG(I)y = tnsv + (1 = stn)G(Y) — G(Y) € Q — G(H).
This implies that G(7) + t,VG(%)y € Q. Hence 0 € T?(Q, G(7), VG(7)y). By [23,

Theorem 3.2] (see also [31, Corollary 4.2]), we have 6, ;(x) > 0 for all z € Q. Hence
Jo0ap(x)dp > 0. Similarly, we have 0 € T% (D, F(z), VF(2)d). It follows that

2J(¢7T2b<D>fH +u, fy[']y+u)) = U(waTQb(DaF(E)aVF(E)d)) > 0.

Hence we obtain assertion (v') of the corollary. The proof is complete. g

APPENDIX

In this appendix, we shall present the proof of Lemma 2.3, which is similar to
the proof of Lemma 2.1 in [25]. Proof of Lemma 2.3. From (A4) and [24, Theorem

2.3], we have (¢,w) € T?(ANF~1(D),Z%,d). Hence for any sequence t;, — 07, there
exists (Yr, wr) — (¥, w) such that

(,@) + ti(y, u) + t;.(Yx, wr) € ANFH(D),
To show that there exists kg > 0 such that
(T + thy + 3k, T+ tyu + twr) € Ag, VE > ko
we need to prove that, there exists kg > 0 such that for all £ > ky one has
(3.5) 9(w, G(x) + try(z) + tigi(2)) <0 Vo €Q.
By a Taylor expansion, we have
G+ try + i) =G(7) + te(VG([@)y)
+ 8 (VE@W+ 5V CE) + tin)?) +ol})
=G(9) + (VG@)y) + EVG@)Y
VG W~ ) + SEVCE)w + i) + (1)

=G(H) +tVCHy + & (VG@Y + %VZG@)yZ) + oltr).

Thus we have

(3.6)
9, 5) + 1) + (0(2)) = 90 7(2) + gy (2, 50y )
(37) + 0y (0, T@)0() + 30w 7)) (@) + ol

where o(t?) is independent of x. Let us define functions

a(x) = g(z,y(z)) and b(z) = g,(z,y(2))y(x).
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Since (7,u) is an admissible couple, we have a(x) < 0 for all x € Q. Since d =
(y,u) € O[(7,)], we have VG(7)y € T°(Q, G(7)). By [23, Theorem 3.1], we have

() = gy(, 7(2)y(z) < O whenever a(z) = g(7()) = 0.
Since VG(7)Y + sV2G([@)y? € TP (Q,G(Y), VG(H)y), we have

902, T () + 505,52 (2) < bop(z) Vo € T

Here 6, is defined by (2.6). By [31, Lemma 3.3], there exists ey > 0 such that
(3-8) g(z,y(x)) + egy(, y(x))y(z)

+ (e 7)) + 390w T ) + ) <O

for all € € (0,¢0) and for all z € Q. Let us choose kg such that o(t3)/t2 < ¢y and
tr € (0,¢€p) for all k£ > ko. Then from (3.6) and (3.8), we obtain

9z, (@) + try(x) + Gabr(x)) < —eotf, + eotf = 0
for all z € Q and for all k£ > kq. The proof is complete. U
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