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AN ULM-LIKE METHOD FOR SOLVING NONLINEAR
OPERATOR EQUATIONS

WEI-PING SHEN*, TING-TING WEI, AND LI-HUI PENG

ABSTRACT. In this paper, an Ulm-like method is proposed for solving nonlinear
operator equations. This method has an advantage over other known methods
since it avoids computing Jacobian matrices and solving Jacobian equations.
Under some mild conditions, we prove that this Ulm-like method converges locally
to the solution with R-convergence rate 2. Moreover, numerical tests are given
in the last section demonstrating the effectiveness of this Ulm-like method.

1. INTRODUCTION

Let X and Y be Banach spaces, D C X be an open subset and let f: D C X —
Y be a nonlinear operator with the continuous Frécher derivative denoted by f’.
Finding solutions of the nonlinear operator equation

(1.1) f(x)=0

in Banach spaces is a very general subject which is widely considered in both theo-
retical and applied areas of mathematics. Except special cases, the most commonly
used solution methods are iterative when starting from one or several initial approx-
imations a sequence is constructed that converges to a solution of the equation. The
most popular iterative process for solving (1.1) is undoubtedly Newton’s method
which takes the form 1 — 1 = —f'(2) "' f(zx). One of the famous results on
Newton’s method is the well-known Kantorovich theorem (cf.[10]) which guaran-
tees convergence of Newton’s sequence to a solution under very mild conditions.
Since Newton’s method has a sound theoretical basis for many problems and its
convergence is rapid, a large number of works in the literature have studied the
convergence property of Newton’s method (cf.[5, 10, 11]). For recent progress on
Newton’s method the reader is referred to [2, 4, 20, 21, 22].

However, there are many problems for which Newton’s method is not applicable
in its original form. A case of interest occurs when the derivative is not continuously
invertible, as for instance, dealing with problems involving small divisors, or other
important examples [1, 8, 9, 12, 14]. To avoid this problem, Newton-type methods:
Try1 = vp— Hp f (zr), where Hy, is an approximation of f/(x;) ! are considered. One
of these methods was proposed by Moser in [13]. Given o € D and By € L(Y, X),
Moser’s method is defined as follows

Tpy1 = T — B f(wy) _
(1.2) { Bii1 = 2By — By f'(x4) B foreach k=0, 1, ....
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The first equation in (1.2) is similar to Newton’s method, but replacing the operator
f'(zx)~! by a linear operator By. The second equation in (1.2) is Newton’s method
applied to equation gx(B) = 0 where g : L(Y, X) — L(X,Y) is defined by gx(B) =
B~'—f'(zy). So {By} gives us an approximation of { f’(x)~'}. Moser’s method was
developed as a technical tool for investigating the stability of the N-body problem
in celestial mechanics. The main difficulty in this, and similar problems involving
small divisors, is the solution of a system of nonlinear partial differential equations.
The convergence rate of Moser’s method was showed to be (14 /5)/2, provided
the root of (1.1) is simple [13]. This is unsatisfactory from a numerical point of
view because the scheme uses the same amount of information per step as Newton’s
method, yet, it converges no faster than the secant method. However, quadratic
convergence rate can be obtained when the sequence {By} is generated by

Biy1 = 2By — B f'(xp11)By  foreach k=0, 1, ....

This is Ulm’s method introduced in [18] and has been further studied in [3, 6, 7, 8,
15, 23]. Notice that, here f/(xy41) appears instead of f/(xy) in (1.2). This is crucial
for obtaining fast convergence. Under the classical assumption that the derivative f’
is Lipschitz continuous around the solution, Ulm showed that the method generates
successive approximations that converge to a solution of (1.1), asymptotically as
fast as Newton’s method. Recently, some authors have employed Ulm’s method to
solve inverse eigenvalue problems and inverse singular value problems [16, 17, 19].
There they found that computing exactly the derivative f’(xj) at each iteration is
costly especially in the case when the system is large.

The purpose of the present paper is, motivated by Ulm’s method, to propose
a Ulm-like method for solving the nonlinear operator equation f(z) = 0. Given
xo € D and By € L(Y, X), the Ulm-like method is defined by

Tpy1 = 21 — Bef(zy) _
(1.3) { Brs1 = 2B, — BuApi1 B foreach k=0, 1, ,...,
where Ajy1 is an approximation of the derivative f’(xjy1). This method exhibits
several attractive features. First, it is inverse free: we do not need to solve a linear
equation at each iteration. Second, it is derivative free: we do not need to compute
the Frécher derivative at each iteration. Third, in addition to solve the nonlinear
equation (1.1), the method produces successive approximations {By} to the value
of f/(z*)", being z* a solution of (1.1). This property is very helpful especially
when one investigates the sensitivity of the solution to small perturbations. Further-
more, under certain assumptions, the radius of the convergence ball for the Ulm-like
method is estimated, and the quadratic convergence property is proved. Numerical
experiment is given in the last section illustrating the convergence performance of

the Ulm-like method.

2. CONVERGENCE ANALYSIS

Let X and Y be Banach spaces. Let B(z, R) stands for the open ball in X with
center x and radius R > 0. Let D be an open subset of X andlet f: D C X - Y
be a nonlinear operator with the continuous Frécher derivative denoted by f’. Let
x* € D be a solution of the nonlinear equation f(z) = 0. Throughout the whole
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paper we shall always assume that the inverse f’(z*)~! exists and that f’ satisfies
Lipschitz condition on B(z*, R) with the Lipschitz constant L:

(2.1) I1f' () = f'W)ll < Lllz —yl|  for each z, y € B(z", R).

Let {zx} be generated by the Ulm-like method. Let Aj be an approximation to
f/(zg) such that

(2.2) AR — £'(zp)|| < mell £ (zx)||  for each k =0, 1,

Here {n;} is a nonnegative-valued sequence satisfying supn, < n where 7 is a
£>0
nonnegative constant. Let

1
(5o L als @) 1

Then we have the following lemma which is crucial for the proof of the main theorem.

(2.3) 0 < Rrp <min< 1, R,

Lemma 2.1. If x;, € B(z*, Rr). Then the following assertions hold.

0 14 = @l <0 (5 + 176N low = 2]

(ii) Ay is invertible and moreover
- I )~
1451 < —7 .
L= (G L all @) 1) s

Proof. Suppose that xp € B(z*, Ry). For the proof of assertion (i), let us write
29 = 2% + 0(xp — ") where 0 < @ < 1. Then, noting that f(z*) = 0, we can write

1
fla) = f(on) = £a) = [ 17/ = 1/ Nd0lar = 2°) + /@) = ).
Combining this with (2.1), we obtain that

1) < / 1£@) — £ @) bl — <l + 1F @] - o — a7
< / L6]ax — 2*%d6 + | f/ ()| - |k — 27
0

L * * *
= D 1@ - )L
Thus, by (2.2) and the fact that |z — 2*|| < R < 1, one has
L * *
14— Pl < mllf ) < n (2 Ff e )H) ek — 2]l

That is to say assertion (i) holds and hence, by (2.1), we have
[Ak = f@) < 1Ak = £ @)l + 11 (k) = f /()]
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2
It follows from (2.3) and the assumption that
*\— * L * *\ —
1@ - I1As - F )] < (217+L+77Hf’(fc >||) 1) IR < L.

Consequently, using Banach’s lemma, we can derive that Ay is invertible and more-
over

< (Ln+L+nuf’<a:*>u) T

- 1f" ()~
1451 < — .
L= (G L all ) 1) e
This proves assertion (ii) and so the whole lemma. O

Note that in the Ulm-like method, sequence { By} is generated by the algorithm
except for By. Below, we prove that if By approximates A7 !, then the sequence
{zk} generated by the Ulm-like method converges locally to x* with R-convergence
rate 2. For this end, let By satisfy that

(2.4) 11 — BoAol| < p,
where 4 is a positive constant.

Theorem 2.1. Suppose that the Jacobian matriz f'(x*) is invertible and that f’
satisfies the Lipschitz condition (2.1) on B(z*, Rr). Suppose also that (2.2) holds.
Then there exist positive numbers § and p such that for any xo € B(z*,6) and By
satisfying (2.4), the sequence {xy} generated by the Ulm-like method with initial
point xg converges to x*. Moreover, the following estimates hold for each k =
0,1,....

5\
25 o - < 7 (2)

and

1/5)°
(2.6) I = BeAill < 5 <> :
.
Here 7 1s a positive constant.

Proof. We write for simplicity,

P 1/ (=)~ _
1= (5n+L+nllf@))) [£ (@) Ry
Set
(2.7) = L

6p(Ln + 20 f'(z*)| +2L)°
Take 6 and p such that
(2.8) 0<d<min{Rp, 7} and 0 < u<2pd(Ln+ 2n|f (z*)| + 2L).

We shall show that 7, §, and p are as desired. Let 2y € B(x*,0) and By satisfy
(2.4). Tt suffices to verify that (2.5)-(2.6) hold for each k =0, 1,.... We proceed by
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mathematical induction. Clearly, (2.5) is trivial for & = 0 by the assumption. By
(2.4), (2.7), and (2.8), we have

17 = BoAoll < p < 2p5(Ln + 20| f'(2")]| + 2L) =

That is, estimate (2.6) holds for £ = 0. Now assume that (2.5)-(2.6) hold for k = m
Then, one has

s\
(29) fom -l <7 (2)
-
and
1/8\*"
(2'10) HI_ BmAmH <zlz :
3\T

It follows from (2.8) that

a\*"
|z — ™| §T<T> <0< Rp.

Thus, Lemma 2.1 is applicable to concluding that
(2.11)

L 19 s\2"
4= £l <0 (5 + 17N ) o =2 <0 (5 + 1700 ) 7 ()
and that

. 1)) _
012 A< —p ~
1= (Gt Ll @) 1) IR

where the equality holds because of the definition of p. Since § < 7, we derive from
(2.10) and (2.12) that

1Bull < 1BmAmll - [AZH] < (1 + ] = BmAmll) - 145"

ey
p 3\ T

< V2p.

(2.13) <

Note by (1.3) that
-t = ) f(z"))
= x, —xF —/ B f' (29 ) (2, — 2*)db

- / T~ Buuf'(2m) + Bun(f'(2m) — £/(2%))] (ztm — ),

0

Tl — ¥ = xpy

where 20 = 2* + (x,, — 2*) for each 0 < # < 1. Since ||z, — 2*|| < Ry and
|29, — 2*|| = 0|y — 2*|| < ||zm —2*|| < Ry, it follows from the Lipschitz condition
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1
|Emer — "] < / (I = Bunf' (@)
0

(2.14) L= OBl o = 1) - lom — s
= I = Buf' @n)l - |2m = 2*| + Bl - 2 — 2%

In addition, by (2.10), (2.11), and (2.13), we have
I =B f(zm)ll < 1 = BnAmll + [[Bmll - [[Am — f'(2m)]]

1/6\2 L ) s\*"
< 3 (8) +vam(5+iren) (2
This together with (2.13)-(2.14) as well as (2.9) gives that
1/6\*" L . 5s\*" s\
3(2) +vam (5« (2) ]()
am+t
-F@Lm'2 (5>
2 T
1 L R 5 5
=[5+ vEor (G alran+5)| - (2)

Thus, thanks to the definitions of § and 7, we can derive

N

|Zms1 —2*]] <

2m+1

2m+1
|Zmsr — || <7 (T) <0< Rp.

Consequently, (2.5) holds for k = m + 1 and hence, by Lemma 2.1(i),

T

215 T Sewa < (Seiren) - (1)

Below, we verify (2.6) holds for £ = m+ 1. We shall note by the Lipschitz condition

that
[Am+1 = Amll < [Ams1 = F(@ma) || + 1 F @mt1) = @) | + | Am = f(@m) ]
< NAm+1 = f(@ma)| + 1 Am = f' @) + Lllzmsr — zm]
< NAmsr = f(@ma) | + 1 Am = f'(zm) |l
+L([[zmtr — 2| + lzm — ).

Then, using (2.11), (2.15) and (2.5)(with £k =m, m + 1), we get that

&) ("

a\*"
-+ 2l 207 (2)

||Am+1 - Am”

IN

(32 +nll /@)l + L)

IN

where the last inequality holds because that é < 7. Moreover, by (1.3),
I— Bm+1Am+1 =1- (2Bm - BmAm+1Bm)Am+1 = (I - BmAm—l—l)Q'
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6)(with £ = m), (2.13) as well as the definition of 7 that

(2.
1T = Bps1Amstll < (1 = BpAp| + 1Bl - |Amt1 — Aml])?
< 2”I - BmAm”2 + QHBmH2 : HAm+1 - AmH2

Thus, it follows from

2 (6\*"" s\
< 3(2) wwromemireve? 2 (2)
16\
e
This conforms that (2.6) holds for k£ = m + 1 and the proof is complete.
O
3. A NUMERICAL EXAMPLE
Consider the two-point boundary value problem
2" + 2?2 =0,
(3.1) { 2(0) = (1) = 0,
We divide the interval [0, 1] into m + 1 subintervals and we get h = #ﬂ Let

do,d1, . ..,dms1 be the points of subdivision with 0 = dy < di < -+ < dppyr1 = 1.
An approximation for the second derivative may be chosen as

{ e 2z + xit1

P h2 "z =ux(d;) foreach i =1, 2, ..., m.
xg =x1 =0,
Let the operator ¢ : R™ — R™ be defined by

p(x) = (23,23,...,22)7 for each x = (x1, 22, ..., 2,)T € R™.

rrm

To get an approximation to the solution of (3.1), we need to solve the following
nonlinear equation:

(3.2) f(z) := Mz + h*¢p(x) = 0 for each z € R™,

where

Obviously, * = 0 is a solution of (3.2) and
f'(z) = M + 2h2diag(z1, 2, ..., Tm)-
Hence f’(z*) = M. Furthermore, it is easy to verify that
IF' () = f' ()]l < 2h%|lx —y|| for each z,y € R™

where || - || denotes the co-norm. Thus thanks to the results from Section 2, there
exists a radius ¢ such that for each zg € B(z*,¢), the sequence {xy} generated by
the Ulm-like method converges to * = 0 with convergence order 2. For different
choices of 7y, the convergence performance of the algorithm are illustrated in the
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following tables. Here we take m = 4 and x¢ = (0.2,0.2,0.2,0.2)” in Table 1, while
in Table 2, m = 19 and zo = (0.01,0.01,...,0.01)7

(1]
2]
3]

(4]

TABLE 1. Values of ay, := ||z, — 2*|| for different n, (m =4)

k  Ulm’s method Ulm-like method

=g =1y
0 4.0e -1 4.0e -1 4.0e -1
1 8.01le — 3 8.5le—3 8.5le—3
2 3.76e — 4 6.49¢e —4 7.17e -4
3 1.12e — 6 4.20e —6  5.49e—6
4 3.74e — 11 2.36e — 10 3.10e — 10
5 0.00 0.00 0.00
TABLE 2. Values of oy, := ||z — 2*|| for different n (m = 19)

k  Ulm’s method Ulm-like method

— 1 — 1
"k = 35 "k = 35

0 4.36e — 2 4.36e —2  4.36e — 2
1 4.09¢ — 5 4.09—5 4.09e—5
2 8.32¢e — 8 6.73¢ —7 1.03e—6
3 5.29¢ — 13 1.83e — 10 6.47e — 10
4 0.00 0.00 0.00
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