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THE SPLIT FEASIBILITY PROBLEM AND THE SHRINKING
PROJECTION METHOD IN BANACH SPACES

WATARU TAKAHASHI

ABSTRACT. In this paper, we consider the split feasibility problem in Banach
spaces. Using the shrinking projection method, we prove two strong convergence
theorems for finding a solution of the split feasibility problem in Banach spaces.
It seems that such theorems are first in Banach spaces.

1. INTRODUCTION

Let Hy and Ho be two real Hilbert spaces. Let D and @ be nonempty, closed
and convex subsets of Hy and Hs, respectively. Let A : Hi — Hy be a bounded
linear operator. Then the split feasibility problem [6] is to find z € H; such that
z € DNATQ. Defining U = A*(I — Pg)A in the split feasibility problem, we have
that U : H;y — H; is an inverse strongly monotone operator [2], where A* is the
adjoint operator of A and Fg is the metric projection of Hy onto Q. Furthermore,
if DN A~'Q is nonempty, then z € D N A~1Q is equivalent to

(1.1) z=Pp(I —AA"(I — Pg)A)z,

where A > 0 and Pp is the metric projection of H; onto D. Using such results
regarding nonlinear operators and fixed points, many authors have studied the split
feasibility problem; see, for instance, [2,5,7,10,19].

On the other hand, in 2003, Nakajo and Takahashi [11] proved the following strong
convergence theorem by using the hybrid method in mathematical programming.
Let C be a nonempty, closed and convex subset of H. For a mapping 7' : C — C,
we denote by F(T) the set of fixed points of 7. A mapping 7' : C' — C' is called
nonexpansive if | Tz — Ty|| < ||z — y|| for all z,y € C.

Theorem 1.1. Let C be a nonempty, closed and convex subset of a Hilbert space H
and let T' be a nonexpansive mapping of C into itself such that F(T) # (. Suppose
z1 =x € C and {z,} is given by

Yn = &y + (1 — ap)Txy,
Cn={2€C:|lyn — 2| < [lzn — 2[l},
Qn={z€C:{(xy—z,2—x,) >0},
Tptl = PCnﬂan, Vn € N,
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where Pc,nq, 15 the metric projection from H onto Cp, N Qp and {oy,} C [0,1] is
chosen so that 0 < limsup,,_,., a, < 1. Then {x,} converges strongly to Pp)z,
where Pp(ry is the metric projection from H onto F(T).

Takahashi, Takeuchi and Kubota [18] also obtained the following result by using
the shrinking projection method:

Theorem 1.2. Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) # )
and let x € H. For C; = C and x1 € C, define a sequence {z,} of C as follows:

Yn = QnTyp + (1 - an)T$n7
Crnt1={2 € Cy :[lyn — 2| < |lzn — 2|},
Tny1 = Po,.,7,, YneN,

where 0 < limsup,, ., an < 1. Then {x,} converges strongly to Pp)z.

In this paper, motivated by the split feasibility problem in Hilbert spaces, we
consider the problem in Banach spaces. Using the shrinking projection method, we
prove two strong convergence theorems for finding a solution of the split feasibility
problem in Banach spaces. It seems that such theorems are first in Banach spaces.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with inner product (- -) and

norm || - ||, respectively. For z,y € H and A € R, we have from [16] that
(2.1) 2+ ylI* < [l + 2(y, « + y);
(2.2) 1Az + (1= Nyl = AMlzl* + (1= Dyl = 21 = Nz - yl*

Furthermore, we have that for x,y,u,v € H,
(2.3) 2(z —y,u—v) = [lz = o> + [ly — ul|* = [l — ul® = [ly — v|*,

Let C be a nonempty, closed and convex subset of a Hilbert space H. The nearest
point projection of H onto C is denoted by Pg, that is, ||x — Pox| < ||z — y|| for
all r € H and y € C. Such Py is called the metric projection of H onto C'. We
know that the metric projection Pg is firmly nonexpansive, i.e.,

(2.4) |Pox — Poy||? < (Pex — Poy,x —y)

for all x,y € H. Furthermore (x — Pox,y — Pox) < 0 holds for allx € H and y € C;
see [14].

Let E be a real Banach space with norm || - || and let E* be the dual space of
E. We denote the value of y* € E* at x € E by (z,y*). When {z,} is a sequence
in E, we denote the strong convergence of {z,,} to z € FE by x,, — x and the weak
convergence by x, — x. The modulus ¢ of convexity of F is defined by

. T+y
o0 =int {1~ 2 o <1 < 1o - >
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for all e with 0 < e < 2. A Banach space F is said to be uniformly convex if d(¢) > 0
for every € > 0. It is known that a Banach space F is uniformly convex if and only
if for any two sequences {x,} and {y,} in E such that

lim ||z,| = lim [jy,]| =1 and lim ||z, + y,| = 2,
n—oo n—oo n—oo
lim, o0 |25, — Yn|| = 0 holds. A uniformly convex Banach space is strictly convex

and reflexive. We also know that a uniformly convex Banach space has the Kadec-
Klee property, i.e., ,, = u and ||zy| — ||u| imply z,, — w.
The duality mapping J from E into 2F" is defined by

Ju={2" € B : (z,a") = ||z|* = [|2"|*}

forall z € E. Let U = {x € E : ||z| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit
o N2+ tyll — [l]

(2:5) P—m t

exists. In the case, F is called smooth. We know that E is smooth if and only
if J is a single-valued mapping of E into E*. We also know that F is reflexive if
and only if J is surjective, and F is strictly convex if and only if J is one-to-one.
Therefore, if E is a smooth, strictly convex and reflexive Banach space, then J is a
single-valued bijection and in this case, the inverse mapping J ! coincides with the
duality mapping J, on E*. The norm of F is said to be Fréchet differentiable if for
each x € U, the limit (2.5) is attained uniformly for y € U. It is known that if the
norm of E is Fréchet differentiable, then J is norm to norm continuous. For more
details, see [14] and [15]. We know the following result.

Lemma 2.1 ([14]). Let E be a smooth Banach space and let J be the duality map-
ping on E. Then, (x —y, Jx—Jy) > 0 for all z,y € E. Furthermore, if E is strictly
convex and (x —y, Jx — Jy) =0, then © = y.

Let C' be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any x € E, there exists a unique element
z € C such that ||z — z|| < ||z — y|| for all y € C. Putting 2 = Pox, we call a
mapping Po the metric projection of E onto C.

Lemma 2.2 ([14]). Let E be a smooth, strictly convex and reflexive Banach space.
Let C be a nonempty, closed and convex subset of E and let x1 € F and z € C.
Then, the following conditions are equivalent:

(1) z = Poxy;

(2) (z—y,J(x1—2)) 20, VyeC.

Let E be a smooth Banach space and let J be the duality mapping on E. Define
a function ¢ : E X E — R by

oz, y) = ||z||*> — 2(z, Jy) + |yl*>, Vaz,y € E.

Observe that, in a Hilbert space H, ¢(z,y) = ||z —y||? for all z,y € H. Furthermore,
we know that for each x,y,z,w € E,

(2.6) (lzll = lly)? < é(z,y) < (=] + lyl)?;
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(27) ¢($7y) :¢(ZL‘,Z)—|—¢(Z,y)—|—2<(13—2,<]2—.]y>,

(2.8) 2z —y, Jz = Jw) = ¢(x, w) + ¢y, 2) — ¢(z,2) = ¢y, w).
If E is additionally assumed to be strictly convex, then

(2.9) ¢(z,y) =0 ifandonlyif z=y.

The following lemma was proved by Kamimura and Takahashi [8].

Lemma 2.3 ([8]). Let E be a uniformly convexr Banach space and let r > 0. Then
there exists a strictly increasing, continuous, and convez function g : [0,2r] — [0, c0)

such that g(0) = 0 and

9(lz = yll) < oz, y)
for all x,y € B,, where B, ={z € E : ||z]| < r}.

Let E be a smooth, strictly convex and reflexive Banach space and let C be a
nonempty, closed and convex subset of E. Then we know that for any x € E, there
exists a unique element z € C such that ¢(z,z) < ¢(y,z) for all y € C. Putting
z = Qcx, we call a mapping Q¢ the generalized projection of E onto C; see [1] and
[8].

Lemma 2.4 ([1], [8]). Let E be a smooth, strictly convex and reflexive Banach
space. Let C be a nonempty, closed and convexr subset of E and let x1 € E and
z € C. Then, the following conditions are equivalent:

(1) 2= Qcwy;
(2) (z—y,Jo1 — Jz) >0, VYyeC.

For a sequence {C},} of nonempty, closed and convex subsets of a Banach space
E, define s-Li,, C), and w-Ls,, C,, as follows: x € s-Li, C}, if and only if there exists
{zn} C E such that {z,} converges strongly to = and z, € C, for all n € N.
Similarly, y € w-Ls,, Cy, if and only if there exist a subsequence {Cy, } of {C),} and
a sequence {y;} C E such that {y;} converges weakly to y and y; € Cy, for all i € N.
If Cy satisfies

(2.10) Co = s-LiCp, = w-Ls C,,

it is said that {C,,} converges to Cp in the sense of Mosco [9] and we write Cy =
M-lim;, 00 Cp. It is easy to show that if {C},} is nonincreasing with respect to
inclusion, then {C,} converges to (),~; Cy in the sense of Mosco. For more details,
see [9]. The following lemma was proved by Tsukada [20].

Lemma 2.5 ([20]). Let E be a uniformly convexr Banach space. Let {Cy,} be a
sequence of nonempty, closed and convex subsets of E. If Cy =M-lim,,_,o C), exists
and nonempty, then for each x € E, {Pc, x} converges strongly to Pc,x, where Pc,,
and Pc, are the mertic projections of E onto Cy, and Cy, respectively.
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3. MAIN RESULTS

In this section, using the shrinking projection method introduced by Takahashi,
Takeuchi and Kubota [18], we first prove a strong convergence theorem for finding
a solution of the split feasibility problem in Banach spaces. Before proving the
theorem, we need the following result and lemma.

Let C' be a nonempty, closed and convex subset of a uniformly convex Banach
space E and let Po be the metric projection of E onto C. Using Lemma 2.3, we can
prove that P¢ is continuous. In fact, let z,, — x¢. Since P¢ is the metric projection
of E onto C, we have from Lemma 2.2 that

(Poxy — vy, J(xy, — Poxy)) >0, VyeC.
Then we have (Pox,, — xy + p — y, J (2, — Poxy)) > 0 and hence
|2n = ylllzn—Poxnl| > (20 — y, J(2n — Poxn))
> (xy, — Poxp, J(xn — Poxy))
= Hl‘n — chnHQ.
This means that {x,, — Poxy} is bounded. Furthermore, since Po is the metric
projection of E onto C, we have that (Pcx,, — Poxo, J(zn, — Poxy)) > 0 and
(Poxg — Poxy, J(xg — Poxg)) > 0.
Then we have
(Poxn — Powo, J (v — Poxn) — J(z0 — Poxo)) 2 0.
Using (2.8) and Lemma 2.3, we have that
2xp—x0, J (2, — Poxy) — J(x0 — Poxg))
> 2(xy, — Poxy, — (xo — Poxg), J(xn — Poxy) — J(xo — Poxo))
= (ZJ(xn - PCJ:nva - PCxO) + (b(‘rO - PC$07xn - PCfL‘n)
> g(lzn — Poxn — (x0 — Poxo)l]) + g(||zo — Poxo — (2n — Poan)|)
=29(||zn — Poxn — (z0 — Powo)|)),
where ¢ is a strictly increasing, continuous, and convex function in Lemma 2.3.

Therefore, if x,, — g, then Pox, — Pcxg. Therefore, Po is continuous.

Lemma 3.1. Let E and F' be strictly convex, reflexive and smooth Banach spaces
and let Jg and Jp be the duality mappings on E and F, respectively. Let C' and
D be nonempty, closed and conver subsets of E and F, respectively. Let Po and
Pp be the metric projections of E onto C and F' onto D, respectively and let Q¢
and Qp be the generalized projections of EE onto C and F onto D, respectively. Let
A: E — F be a bounded linear operator such that A # 0 and let A* be the adjoint
operator of A. Suppose that C N A™'D # (). Let r > 0 and z € E. Then the
following are equivalent:

(i) z=Pco(z — rd gt A* Jp(Az — PpAz));
(il) 2 = QcJg' (Jpz — rA*(JpAz — JpQpAz));
(i) z€e CNA™D.
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Proof. The proof of (i) <= (iii) is in [17].

(ii) = (iii). Since C N A7LD # (), there exists 20 € CN A™ID, i.e., 29 € C and
Azg € D. Assuming z = Qchl (JEZ —rA*(JpAz — JFQDAZ)), we have from the
properties of Q¢ that

(z —y, JEng (JEz —rA*(JpAz — JFQDAZ)) —Jpz) >0, VyeC.
This implies that
(z —y,Jpz —rA*(JpAz — JpQpAz) — Jgz) > 0.
Thus we have that
(z —y,—1rA"(JpAz — JpQpAz)) >0

and hence

(z —y, A" (JpAz — JpQpAz)) <0.
Since A* is the adjoint operator, we have that

(Az — Ay, JpAz — JpQpAz) < 0.
From zy € C' we have that
(3.1) (Az — Az, JpAz — JpQpAz) < 0.

On the other hand, since ()p is the generalized projection of F' onto D, we have
that

(QpAz — v, JpAz — JpQpAz) >0, Yv e D.
From Azy € D we have that
(3.2) (QpAz — Azy, JpAz — JpQpAz) > 0.
Using (3.1) and (3.2), we have that
(Az — QpAz, JpAz — JpQpAz) <0
and hence
$(Az,QpAz) + p(QpAz, Az) < 0.
This implies that Az = Q@pAz. Using this and
z = Qchl (JEZ —rA*(JpAz — JFQDAZ)),

we have that z = Qcz. Therefore z € C N A™!D.
(iii) = (ii). Since z € CN A™1D, we have that Az € D and z € C. It follows
that Az = QpAz and z = Q¢z. Thus we have

QC’JEI(JEZ — TA*(JFAZ — JFQDAZ>) = ch = 2.
The proof is complete. O

Theorem 3.2. Let H be a Hilbert space and let F' be a uniformly convex Banach
space whose norm is Fréchet differentiable. Let Jp be the duality mapping on F.
Let C' and D be nonempty, closed and convex subsets of H and F', respectively. Let
Po and Pp be the metric projections of H onto C' and F' onto D, respectively. Let
A: H — F be a bounded linear operator such that A # 0 and let A* be the adjoint
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operator of A. Suppose that C N A™1D # (). Let {u,} be a sequence in H such that
Up = u. Let xy € H, C1 = H, and {x,} be a sequence generated by

zn = Po (xn —rA*Jp(Azx, — PDAa:n)>,

Cny1={2€ H:|zn—z|| <|lxn — z[|]} N Ch,

Tny1 = P, Uny1, Vn €N,
where 0 < 7||A||? < 2. Then {x,} converges strongly to a point zo € C N A™1D,
where 29 = Pona-1pu.
Proof. We first show that the sequence {z,} is well defined. Let z; € H and
Zn = PC<:cn — rA*Jp(Ax, — PDAxn)) with 0 < r < \|A2||2' We have that for
2e CNA™D,

Iz — 2|2 = || Pe (xn — r A* Jp (A, — PDA:cn)> — Peoz?
< |lxn — rA*Jp(Azx, — PpAx,) — sz
= ||lzn — 2 — rA* Jp(Az, — PpAz,)|?
= ||lzn — 2||* = 2(x, — 2,7A*Jp(Ax, — PpAx,))
+ ||rA* Jp(Az,, — PpAz,)|?
< |lzn — 2||* = 2r(Az, — Az, Jp(Az, — PpAx,))
+ 72| A2 T (Azy — PpAz,)|?
(3.3) = ||lzn — 2||* = 2r(Az, — PpAx, + PpAx, — Az, Jp(Ax, — PpAx,))
+ 72| Al Ay — PpAzy|?
< ||lzn — 2|* = 2r|| Az, — PpAzx,|?
— 2r(PpAx, — Az, Jp(Az, — PpAz,)) + 2| A||?|| Az, — Pp Az, |*
< lwn = 2|1> = 2r||Azn — PpAwy|? + r?| Al*|| Az — Pp Ay |
< e = 2|1> = 2r||Azn — PpAwy|® + r?|| Al|*|| Az, — Pp A, |
= Yo — 2|+ (A — 2)| A — P A
< lzn — z”g
Therefore, C N A~'D c C,, for all n € N. Moreover, since
{z€H:|zo—z| <llzn— 2} = {z € H : ||20 — 2|* < ||z — 2I*}
={z€ H: |zl = |zal® < 2(z0 — @, 2)},

it is closed and convex. Applying these facts inductively, we obtain that C,, are
nonempty, closed, and convex for all n € N, and hence {z,,} is well defined.

Let Cy = ()2, Cn. Then since Cy D C'N A7'D # (), Cy is also nonempty. Let
wy, = Pc,u for every n € N. Then, by Lemma 2.5, we have w,, = 29 = Pc,u. Since
a metric projection on H is nonexpansive, it follows that

|20 — 20l < |70 — wn|| + [Jwn — 20|
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= [lPe, un = Po,ull + [lwn = 2ol
< lun = ull + [lwn = 20l

and hence z,, — 2o.

Since z9 € Cy C Chy1, we have ||z, — 20| < ||zn — 20]| for all n € N. Tending
n — oo, we get that z, — z9. Since Po, A, A*, Jr and Pp are continuous, the
mapping Po(I — rA*Jp(A — PpA)) is continuous. Then we have that

llzn, — Po(I —1rA*Jp(A — PpA))zo||
= ||Pc(I —rA*Jp(A — PpA))x, — Po(I —rA*Jp(A — PpA))zl|| — 0.
Hence we have that
|lzo — Po(I —rA*Jp(A — PpA))zl|
<20 — znl| + ||2n — Pc(I — rA*Jp(A — PpA))z|

— 0.
This implies zg € C N A™'D by Lemma 3.1. Since Po,u = z € C N A™!D and
CNA™'D C Cy, we have 29 = Prna-1pu, which completes the proof. O

We do not know whether a Hilbert space H in Theorem 3.2 is replaced by a
Banach space F or not and whether the metric projections in Theorem 3.2 are re-
placed by the generalized projections or not. Furthermore, we do not know whether
such a theorem (Theorem 3.2) holds or not for the hybrid method of Nakajo and
Takahashi (Theorem 1.1).

Next, using the shrinking projection method, we prove another strong conver-
gence theorem for finding a solution of the split feasibility problem in Banach spaces.

Theorem 3.3. Let E and F be uniformly conver and smooth Banach spaces and
let Jg and Jp be the duality mappings on E and F, respectively. Let C and D
be nonempty, closed and convex subsets of E and F', respectively. Let Pp be the
metric projection of F' onto D. Let A: E — F be a bounded linear operator such
that A # 0 and let A* be the adjoint operator of A. Suppose that C N A~1D #£ ().
Let x1 € E and let Cy = C. Let {x,,} be a sequence generated by

Zn = Ty — rJElA*JF(Axn — PpAzx,),

Cnt1=12€C, : (zn — 2, Jp(xn — 2)) > 0},

Tny1 = Po,,, 21, Vn €N,
where 0 < r < W. Then {z,} converges strongly to a point zo € CNATLD, where
zZ0 = PCﬁAlexl'
Proof. 1t is obvious that C, are closed and convex for all n € N. We show that
CNA™'D c C, for all n € N. It is obvious that C N A™'D c C = C,. Suppose
that C N A~'D C C}, for some k € N. To show CNA~!D C Cyy1, let us show that
(zp — 2, Jp(zp — 21)) > 0 for all z € A~'D. In fact, we have that for all z € A7!D,

(zk — 2z, Jp(xr — 21)) = {2k — 2k + 2k — 2, JE(2) — 21))
= (—TJEIA*JF(AJ}]{; — PDAJ}k)

+ I — 2, JE(Y’JilA*JF(Axk — PDA.Tk))>
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= <—7‘JJ§1A*JF(A{L‘]€ - PDA:L‘k) + i — 2, TA*JF(Al'k - PDA:Ek»
= —’I“QHA*JF(AJ}k — PDAxk)HQ + <$k -z, TA*JF(A.Z‘k — PDAJ}k»
(34) = —T’QHA*JF(A.CE'k — PDA.%'k)||2 + 7"<A$k — AZ, JF(Axk — PDACCk)>
= —7’2HA*JF(A[Ek — PDA[IJk)H2
+ 7"<A.2L‘k — PDA{L‘k + PDAack — AZ, JF(AJ}k — PDA.ZL‘k))
= _7"2HA*=]F(A[B]¢ — PDAxk)HQ
+ THAI'k — PDAka2 + 7“<PDAa;k — Az, JF(A:L'k — PDAl'k»
> —r?||A||?|| Az, — PpAwy||* + r|| Azy — Pp Awy||®
= r(1 —r[|A||*)|| Az — Pp Az
> 0.
Then, CNA™'D C Cy,1. We have by mathematical induction that CNA~'D c C,
for all n € N. This implies that {x,} is well defined.
Let Cop = (02 Cy. Since Cp D CNA™ID # 0, Cp is nonempty. Since Cp =
M-lim,, o0 Cy, and z,, = P, x1 for every n € N, by Lemma 2.5 we have
Ty — 20 = Poy1.

Since zg € Cp C Cpy1 and 2z, = Pg, ., xpn, we have ||z, — 2| < ||z, — 20]| for all

n € N. Tending n — oo, we get that x, — z, — 0.
On the other hand, we know that

ln = 2ol = [[JE(2n — 20)|| = |[rA*Jp(Azn — PpAz,)|.

Since ||z, — 2,|| — 0 and 0 < r||A]|?> < 1, we have that ||A*Jp(Az, — PpAz,)|| — 0.
Then we get from (3.4) that

lim ||Az, — PpAx,| = 0.
n—oo

Since {z,} is bounded, there exists a subsequence {zp} of {z,} converging
weakly to w. Note that w € C. Since A is bounded and linear, we also have that
{Ax,,} converges weakly to Aw. It follows from lim,_,« || Az, — PpAz,| = 0 that
PpAx,, = Aw and ||Jp(Azx, — PpAx,)|| = ||Azy, — PpAx,|| — 0. Since Pp is the
metric projection of F' onto D, we have that (PpAx,, — PpAw, Jp(Ax,— PpAx,)) >
0 and

(PDAw — PDA.%‘n, JF(A’LU — PDAw)> > 0

and hence
(PpAxy, — PpAw, Jp(Az, — PpAxy,) — Jp(Aw — PpAw)) > 0.
Since PpAx,, — Aw and ||Jp(Azx, — PpAx,)|| — 0, we have that
—||Aw — PpAw||* = (Aw — PpAw, —Jp(Aw — PpAw)) > 0

and hence Aw = PpAw. This implies that w € C N A~ D.
Since CN A~ D is nonempty, closed and convex, there exists z; € CNA~'D such

that z1 = Poqa-1pr1. From x,41 = Po, ., 71, we have that

lz1 — zppal| < llz1 =yl
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for all y € Ci41. Since z; € CN A~lD c Ch+1, we have that

(3.5) 21 = Zpga || < Jlzr — 2.

From 21 = Pona-1pz1, w € C N A™ID and (3.5), we have that
lz1 = 21l < Jla1 —w] < liminf |z — ]

< limsup |21 — 2, || < [J21 — 21].
1—00

Then we get that
Lim [y — 2p, || = |21 — w]| = [[#1 — 2.
1—>00
From the Kadec-Klee property of E, we have that z; — x,, — 1 — w and hence
Ty, = W = 2.

Therefore, we have x,, — w = z1. This completes the proof.
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