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THE VALUATION OF POWERED OPTIONS

HONG-KUN XU

ABSTRACT. We derive closed-form solution formulae for the pricing of powered
options and capped powered options in the Black-Scholes-Merton environment.
We employ two methods: One uses the riskless bond as a numéraire and the risk-
neutral valuation theory, and the other uses the technique of change of equivalent
martingale measures.

1. INTRODUCTION

A European option gives the holder the right, but not the obligation, to buy
(or sell) a unit share of the underlying asset for a specified (strike) price and at a
predetermined (expiration) time. In the Black-Scholes-Merton model, the under-
lying asset is assumed to follow a geometric Brownian motion, and a plain vanilla
European option has a closed-form pricing formula. Exotic options however have
extensively been investigated and employed (see, e.g., [1, 9]).

Power and powered options are path-independent exotic derivatives with payoffs
dependent on the underlying asset price at expiration time raised in a certain way
to some power. More precisely, if St is the underlying asset price at the expiration
time T of the option, then the payoff of a power option is max{S% — K,0} and that
of a powered option is (max{Sy — K,0})%, where a > 0 is a constant and K is the
strike price. Notice that in the case of a = 1, both power and powered options are
reduced to a vanilla European call option.

The pricing of power options is less complicated than that of powered options.
Indeed, Esser [3] obtained a closed-form pricing formula for power options for all
a > 0. However, as for powered options, she only considered the case where a is
a positive integer. The purpose of this paper is to fill in this gap; namely, we are
going to derive a closed-form pricing formula for valuation of powered options for
an arbitrary real number ¢ > 0. Moreover, we also obtain a closed-form pricing
formula for capped powered options.

2. VALUATION OF POWERED OPTIONS

Assume the Black-Scholes-Merton model [2, 7]; thus the underlying asset price
process {5t }+>0 follows the geometric Brownian motion (under the risk-neutral prob-
ability measure P):

(21) dSt = St(O'th + T‘dt),
where o > 0 is the volatility of the asset S and 7 > 0 is the (constant) risk-free rate

of interest, and where {W;};>0 is a Brownian motion on a filtered probability space
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(Q,P, F,F), where PP is the risk-neutral probability measure and F = {F;};>¢ is the
natural filtration for the Brownian motion {W;}:>o.

It is known that the solution to the stochastic differential equation (2.1) is given
by

(2.2) Sy = Spexp (O’Wt + (r — ;02)15) , 0<t<T.

Consider a powered option with expiration time T and strike price K. Recall
that the payoff of this option is

(2.3) V= [(Sr — K)"|" = (Sr — K)"Iis,> k),

where a > 0 is a real number, where 2T is the positive part of a real number z € R;
that is,
x, if x>0,
0, if x <0,
and where [p is the indicator function of a subset D C §2; namely,
1, ifweD,
Ipw) = { 0, ifwgD.

Let E denote the expectation under the risk-neutral probability measure P. The
risk-neutral valuation theory implies that the time-t value of the powered option is
given by the formula

(2.4) Vi = e "TIE [(Sr — K)*Iiss i3 P2 -

r" = max{z,0} = {

Throughout the rest of this paper we use N(-) to denote the cumulative distri-
bution function of a standard normal random variable; namely,

2

o1
N(x) :/ —267%” du
oo e

for x € R.

2.1. The integer case. In this subsection we assume that the exponent a in the
payoff (2.3) of the powered option is an integer. Then, using the binomial formula,
we can rewrite the payoff Vp as

a

a\ i -
Vp=3_ <]> St (=K lis,5 k-

J=0

Then the pricing formula (2.4) becomes

a
(2.5) Vi=e"T0%" <a) (—K)'E |5 715,551 7]
=0 M
It turns out that the evaluation of V; is equivalent to the evaluations of the
conditional expectations E [S;_j Iis,> K}’]:t] for 0 < j < a. The following result is
obtained in [3].
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Theorem 2.1. Assume a is a positive integer. Then the value at time t of the
powered option defined by the payoff (2.3) is

26 =Y <a> (~ K755 exp [(a i) (r ¥ gla- j)a2> T] N (@@,

=0\

where

(2.7) de=9) = U\/% [logf{t + <r + <a —j— ;) 02> (T — t)] .

2.2. The general case. In this subsection we consider the general case; namely,

we assume that the exponent a > 0 in the payoff (2.3) of the powered option is not

necessarily an integer. We adopt the notation: [a] and {a} stand for the integer and

decimal parts of a, respectively (e.g., [2.7] = 2 and {2.7} = 0.7); thus a = [a] + {a}.
We notice that the payoff (2.3) of the powered option can be rewritten as

(2.8) Vi = (Sr — K)9(Sp — K){a}H{ST>K}'
For the first factor of V in (2.8), we use the binomial expansion to get
o x> (1 | glal—i
(2.9) (Sp—K)l=>" j JCEYST
j=0

For the middle factor of Vp in (2.8), we employ the following Taylor expansion:

(142)* = i <Z>x"

for |z] <1 and « € [0, 1), where

It turns out that, for S > K,

{a}
(Sp— K)lst = glo (1 - K)
St

SR )

(2.10) = sl Z (?) (—K)"S;".
n=0

Substituting (2.9) and (2.10) into (2.8), we get that the payoff of the powered option
is written as

(2.11) Vr = ZZ ( ) <{a}> KY ST s iy

j=0n=0

This expression for the payoff Vr enables us to derive a closed-form pricing formula
for valuation of powered options.
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FIGURE 1. The time ¢ = 0 price of powered call option (solid line)
with the strike price K = 1, exercise time T' = 2, when r = 0.1 and
o = 0.2; the price of European (vanilla) call option (dashed line)
and the intrinsic value of the considered power option (dotted line).
Two cases of the power a are considered.

Theorem 2.2. Let a > 0 be a given real number. Then the value at time t € [0,T")
of the powered option defined by payoff (2.3) is given by

ZZ( ><{a}>( )]—H’LSa j—n

7=0n=0

X exp <(a—j—n—1)7 (wé&(a—j—n)))

(2.12) « N (d<a—j—"> (, St)) ,
where T =T —t and, for x > 0,
log L+ [r+(a—j—n—13)0?]r
o\T ’
Proof. Set 7 =T —t, the time to maturity. According to the risk-neutral valuation

formula (2.4) and by (2.11) we see that the value at time ¢ of the powered option is
Vi = e "E [VT’ft]

— Z Z ( ) ({“}>( K)HE [Sa - nH{ST>K}|]:t} :

7=0n=0

(2.13) dO=I=) (7, 1) =

(2.14)

Hence it remains to evaluate the conditional expectations in (2.14) for 0 < j < [a]
and n > 0.
Since

ST e Steo—(WT_Wt)—’—(T_%oj)(T_t)

(215) — Ste—a\/;Z“!‘(T—%gg)T’
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where
Wr — W,

VT
which is independent of F;, we find that S7 > K if and only if

_ log % + (r— %02)7

Z=- ~ N(0,1)

2.1 VA =: .
(2.16) o (7, )
We then have

(2.17) §amI — g3 nalamj—)VFZ+Ha—j—n)(r—3o%)r

It follows from (2.17) and the independence of Z with F; that
IS RS
<E [e—a(a—j—n)ﬁZH{Z<d2(T7St)} |];t]
(2.18) = f(7,5),
where f(7,z) is given by
f(ryw) = ar I el i30T |mo i ]

Since Z ~ N(0,1), we obtain
da(7,2) 1

o V27

. . 1 . dQ(Tvx) 1 1 .
_ paingla—j—n)rfr+-Jo?(a—j—n-1) / o (tola—i-nVA? g,
o V2T
Applying the substitution v = z + o(a — j — n)/7 and setting

d(a_j_n)(7,$) = dy(r,x)+o(a—j—n)VT

logZ +[r+(a—j—n—3)o?]r

f(r,2) ga—i—ngla—j—n)(r—30%)r e—ola—j—n)Vrz—52"

2.19 =
(2.19) o ,
we get
d@=3=m) (1.¢) 1 L
) = xa—j—ne(a—j—n)f[r—i—%02(a—j—n—1)]/ €_§v2d1)
f(r,2) - NG
(220) _ $a—j—ne(aL—j—n)T[7‘+%cr2(a—j—n—l)]]\7 (d(a—j—n) (T, $)> .

Substituting (2.20) and (2.18) into (2.14) and observing

1 1
(a—j—n)7‘[7‘+§02(a—j—n—1)] —rT:T(a—j—n—1)[r+§02(a—j—n)],
we immediately obtain the pricing formula (2.12). O

It is easily checked that if {a} = 0 (i.e., a is a positive integer), then the formula
(2.12) is reduced to the formula (2.6).

It is also not hard to compute the delta of the powered option from the formula
(2.6).
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K S

FiGURE 2. The A function as a function of the stock price S. We
consider t = 0, K = 1,7 = 2,r = 0.1 and ¢ = 0.2. Three cases of
the power a are considered (for a = 1 we obtain the A function for
the European vanilla option).

Corollary 2.3. The delta of the powered option defined by payoff (2.3) is given by

A = ii( )(‘{“}) )H”exp((a—j—n—l)T(r—i—;Uz(a—j—n))>

7j=0n=0

x §o—i—n1 [(a —j—n)N (d(j’") (r, St)>

1 1 , 2
_ = (qla—i—n)
oy exp< 5 (d (T, St)> )] .

Proof. Since Ay = g}gfi , we can easily find from (2.6) and (2.19) that (2.21) holds. O

(2.21)

2.3. Equivalent martingale measures. We provide with another approach to
evaluating the pricing formula (2.12). In order to evaluate the conditional expecta-
tions in (2.14), we employ the technique of change of equivalent martingale measures
[5, 4, 3, 8]; thus we are able to remove the factor S7 77" in the conditional expec-
tation in (2.14) which reduces the computation of this conditional expectation to
the computation of the event that the option ends in the money (under another
equivalent martingale measure). We proceed as follows.

For b € R, let
Sb
(2.22) Z® = T
E[S7]
Then Z® is a positive-valued random variable, Fp-measurable, and E[Z (b)] =1;

hence we can define an equivalent measure P®) by
(2.23) P®)(A) = E[142z®)] = / Z®)(w)dP(w), AeF.
A

Let E® be the corresponding expectation.
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Since S% = SgeX, where
L,
X =boWr+10 r—3° T,

we compute

E[SY] = E[eX

]
— Shexp <E |+ 5 Var >>
- soexp(b(r_a) 50077 ).

(2.24) — exp (baW — ~(bo) QT)

Hence, by (2.22),

Setting
w =W, — bot.

Then by Girsanov’s theorem (cf. [6, 8]), we obtain that {Wt(b)} is a standard
Brownian motion under the measure P(®).
Furthermore, under the measure P®) S, follows the geometric Brownian motion

dS; = S,((r + bo?)dt + cdWw, ™).

1
Sy = Spexp <0Wt(b) + <7“ + <b - 2> 02> t)

It follows that

and
St = Siexp (J(W:(Fb) — Wt(b)) + <r + (b - ;) 02) (T — t)> :
Now set , ,
Y = W})ﬁwt( ) ~N(0,1), 7=T—t.

Then we write

(2.25) St = Syexp (—a\ﬁY + (r + (b — ;) 02> r> .

Therefore, Sy > K if and only if

(2.26) Y < F [log (S ) + (r + (b - ;) 02) T:| =d®(r,5,).

Consequently (noting that Y is independent of F;),
PO{Sr > K|F} = PO{Y < d®(r,S,)} = N(dY (1, S,)).
Define Zt(b) by
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Next we compute

b
E[SHlsr> Pl = 2 )E(){Z(b)

St 5y k) U:t]

E[Sb
_ ZOE0 [ gb ]ST]I{ST>K}| ft]

= ZOR[SLIPO{S, > K|F}

Sp L. 1,
= Sb exp (—2(ba) t— (T — 50 ) at>
1 1
X S§ exp (b <r - 202> T+ 2(b0)2T> N(d® (7, 5,)).
It follows that, for b € R,

(2.27) E[S%H{ST>K}‘J.';§] = Sf exp (;(ba)2T + <7" — ;0—2> bT) N(d(b) (1,5¢)).

Upon setting b = a — j — n in (2.27), we immediately get

1

E S;_j_”H{ST>K}|}'t} = Sf_j_” exp <202(a —j—n)*r

1 .
+ (7‘ - 202> (a—j— n)T) N(d@==) (7, Sy))
(2.28) = f(7,S),
where f(7,x) is given by (2.20).
Finally, substituting (2.28) into (2.14), we again obtain the pricing formula (2.12).
3. CAPPED POWERED OPTIONS

The payoff of a powered option is capped to limit the risk for the writer of the
option. Putting another way, we have that a capped powered option has an upper
bound ¢ > 0 for the payoff to limit the possible loss of the writer. Namely, the
payoff of a capped powered option has the form

(3.1) Vi = min{[(Sr — K)*]%, ¢} = { [éSST - K)*]%, g &gi - ng § ¢,

Theorem 3.1. Let a > 0 be a given real positive number. The value at time
t €[0,T), Vi, of the capped powered option defined by the payoff (3.1) is

ZZ( ><{@}> )]-l—nSa j—n

7=0n=0

xexp((a—j—n—l)T <r+;c72(a—j—n)>>

(3.2) X [N (d(“_j_”) (r, st)) N (d@—ﬂ'—n) (r, st))} +eN (32(7, sg) ,
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FIGURE 3. The time ¢t = 0 price of capped powered call option (solid
line) with ¢ = 0.7, the strike price K = 1, exercise time T' = 2, when
r = 0.1 and o = 0.2; its intrinsic payoff function (dotted); and the
price of related not-capped powered option (dashed line).

where T =T —t, and for b€ R and x > 0,

do(7,2) = U\lﬁ [log (;) 4 (r _ ;&) T] — dO(7, ).

Proof. By the risk-neutral valuation formula, the time-¢ value of the capped powered
option is given by

A

Vi = e "TIE[Vr|F

e "T=VE [min{[(ST — K)]*, &} F]
Notice that we can express the payoff Vr in another way as follows:
Ve = min{(Sr — K)"Lis,~ K}, ¢}

= (57— K)'Tavaygsspsky + Aispsevarrg

(St — K)'Iig,>ky — (ST — K)GH{STzk} + é]I{STZK}’

where K = ¢/% + K. It then follows that
Vi = e "TIE[(Sr — K)"Lisys iy | F]

_eT(T-Y| [(ST - K)QH{STZK}"B]

4R {]I{STZ K}m]

(33) I — I + Is.
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We have that the first term I; in (3.3) is precisely the time-t value of the powered
option which is determined in Theorem 2.2; namely,

ii< )({a}) A —

7=0n=0

X exp ((a—j—n—l)T <r+;a2(a—j—n)>)
(3.4) « N (d@—i—n)(f, st)) .

The second term I is similar to the first term [; except that the K in the indicator
function of I; is replaced with K in the indicator function of 5. So, repeating the
proof of Theorem 2.2 we get

[E]ifl( )({a}) PR—

7=0n=0

X exp ((a—j—n—l)T <r+;g2(a—j—n)>>
(3.5) x N (ci(“‘j‘”)(ﬂ St)) ;

where, for z > 0,

log £+ [r+(a—j—n—g)0% 7

oT

To compute I3, we use (2.15) and replace the K in (2.16) with K to find that
St > K if and only if

(3.6) d=I) (7, z) =

log 5t + (r — Lo?)r .
< K 2 = da(r, 8y).
o\/T

Since Z ~ N(0,1) and is independent of F3, it turns out that
I = GE[lg .7
= P{Z < dy(1,S)}
(3.8) = ¢N (d}(T, St)) .
Finally, substituting (3.4), (3.5) and (3.8) into (3.3), we obtain (3.2). O

(3.7)

4. CONCLUSION

We have obtained a closed-form solution formula for the price of a powered option
in the general case where the exponent a is an arbitrary positive real number. In the
derivation of this formula, we have employed two approaches. In the first approach,
we have utilized the risk-neutral valuation formula, and in the second approach,
we have applied the trick of change of equivalent martingale measures, which is a
technique used widely in option pricing theory [5, 3, 8]. We have then computed the
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delta of a powered option. Moreover, we have also derived a closed-form solution
formula for the pricing of a capped powered option.

ACKNOWLEDGEMENT

The author thanks Pavel Kocourek for assisting the drawing of Figures 1-3.

REFERENCES

[1] M. Bellalah, Ezotic Derivatives and Risk, Theory, Extensions and Applications, World Scien-
tific, Singapore, 2009.

[2] F. Black and M. Scholes, The pricing of options and corporate liabilities, Journal of Political
Economy 81 (1973), 637-654.

[3] A. Esser, General valuation principles for arbitrary payoffs and applications to power options
under stochastic volatility, Financial Markets and Portfolio Management 17 (2003),351-372.

[4] H. Geman, From measure changes to time changes in asset pricing, Journal of Banking &
Finance 29 (2005) 2701-2722.

[5] H. Geman, El Karoui and J.C. Rochet, Changes of numeraire, changes of probability measure
and option pricing, Journal of Applied Probability 32 (1995), 443-458.

[6] D. Lamberton and B. Laperyre, Introduction to Stochastic Calculus Applied to Finance,
Champman and Hall, London, 1996.

[7] R. C. Merton, Theory of rational option pricing, Bell Journal of Economics and Management
Science 4 (1973), 141-183.

[8] S. E. Shreve, Stochastic Calculus for Finance II: Continuous-Time Model, Springer, New York,
2004.

[9] P. Zhang, Ezotic Options, World Scientific, New Jersey, 1998.

Manuscript received December 1, 201/
revised December 24, 2014

HonG-Kun Xu
Department of Mathematics, School of Science, Hangzhou Dianzi University, Hangzhou 310018,
China

E-mail address: xuhk@hdu.edu.cn



