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Algorithm EH. Let α ∈ [0, 1], and let x0 ∈ X be given. Have x0, x1, . . . , xn.
Define xn+1 by

xn+1 = xn − [I +
1

2
LF (xn)[I − αLF (xn)]

−1]F ′(xn)
−1F (xn),

where
LF (x) = F ′(x)−1F ′′(x)F ′(x)−1F (x).

In the case when α = 0 and α = 1
2 , Algorithm EH is reduced to the Euler method

and the Halley method, respectively. Furthermore, if α = 1, then Algorithm EH is
reduced to the supper-Halley method or the convex acceleration of Newton’s method
(cf. [11]).

One shortcoming of Algorithm EH is that we have to compute the second-
derivative of F at each step, while the computation cost of second-derivative is
very expensive. To overcome this difficulty, in [5,6], the second-derivative operator
is replaced by a finite difference between first derivatives, while the cubic conver-
gence rate is reserved under some mild conditions (see [6,10,12,13] for more details).
More precisely,

F ′′(xn)(zn − xn) ≈ F ′(zn)− F ′(xn),

where zn = xn + λ(yn − xn), λ ∈ [0, 1] and yn = xn − F ′(xn)
−1F (xn). Our main

interests are focused on a modification of the super-Halley method introduced in
[5, 6], which is given as follows:

Algorithm 1.1. Let λ ∈ (0, 1], and let x0 ∈ X be given. Have x0, x1, . . . , xn.
Define xn+1 by

yn = xn − F ′(xn)
−1F (xn),

H(xn, yn) =
1

λ
F ′(xn)

−1[F ′(xn + λ(yn − xn))− F ′(xn)],

Q(xn, yn) = −1

2
H(xn, yn)[I +H(xn, yn)]

−1,

xn+1 = yn +Q(xn, yn)(yn − xn), n = 1, 2, . . . .

Semilocal convergence analysis of Algorithm 1.1 is provided in [5, 6, 26, 27]. The
main purpose of the present paper is to study the local convergence analysis of
Algorithm 1.1. Under the assumption that the derivative of the operator satisfies
the Lipschitz condition, the local cubical convergence of Algorithm 1.1 is established
and the estimate of convergence radius is also presented.

2. Preliminaries

Throughout the whole paper, we always assume that L, γ > 0 and λ ∈ (0, 1].
Below, we will give some lemmas which will be useful in the next section.

Lemma 2.1. Let h be a function defined by

(2.1) h(t) := −t+
γ

2
t2 +

L

6
t3 for each t ∈ R.

Then, there exists r0 ∈ (0,+∞) such that h′(r0) = 0, h′(t) < 0 for all t ∈ (0, r0)
and h′(t) > 0 for all t > r0.
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Proof. Since h′(t) = −1 + γt+ L
2 t

2 and

(2.2) h′′(t) = γ + Lt > 0 for each t > 0,

we get that h′(t) is increasing on (0,+∞). Note that h′(0) = −1 and h′(+∞) > 0.
Hence, there exists r0 ∈ (0,+∞) such that h′(r0) = 0, h′(t) < 0 for all t ∈ (0, r0)
and h′(t) > 0 for all t > r0. □

Let λ ∈ (0, 1]. Define

(2.3) U(t) := 1 + h′(t)−2h(t)[h′′(t) +
Lλ

2
(h′(t)−1h(t))] for each t ∈ [0, r0).

Lemma 2.2. Let h,U be given by (2.1) and (2.3), respectively. Then, U is monotone
decreasing on (0, r0) and there exists r1 ∈ (0, r0) such that U(r1) = 0.

Proof. Note by (2.3) that

U ′(t) = h′(t)2−2h(t)h′′(t)
h′(t)3 [h′′(t) + Lλ

2 (h′(t)−1h(t))]

+ h′(t)−2h(t)[h′′′(t) + Lλ(h′(t)2−h(t)h′′(t))
2h′(t)2 ].

(2.4)

Let t ∈ (0, r0). Then, h(t) < 0, h′(t) < 0 and h′′(t) > 0. This implies that

h′(t)2 − 2h(t)h′′(t)

h′(t)3
[h′′(t) +

Lλ

2
(h′(t)−1h(t))] < 0,

Lλ(h′(t)2−h(t)h′′(t))
2h′(t)2 > 0 and h′(t)−2h(t) < 0. Note further that h′′′(t) = L > 0. Thus,

it follows from (2.4) that U ′(t) < 0 which implies that U(·) is monotone decreasing
on (0, r0). As U(0) = 1 and U(t) → −∞ if t → r0, we obtain that there exists
r1 ∈ (0, r0) such that U(r1) = 0. □

Define S(t) := h′(t)−1h(t)
t for each t ∈ (0, r0) and

Pλ(t) : = {−Lh′(t)−1

6 + (γ+2h′′(t))h′(t)−2h′′(t)
12 − LλS(t)3h′(t)−1

4U(t)

+
h′(t)−2h′′(t)S(t)( γ+2h′′(t)

6
+S(t)[h′′(t)+Lλ

2
(h′(t)−1h(t))])

2U(t) }t3 for each t ∈ (0, r1).
(2.5)

Lemma 2.3. Let Pλ be given by (2.5). Then, the following two assertions hold:

(i) the two functions t → Pλ(t)
t3

and t → Pλ(t)
t are monotone increasing on (0, r1);

(ii) Pλ has a unique fixed point rλ ∈ (0, r1), that is, Pλ(rλ) = rλ.

Proof. (i). Note by definition that the functions h′′,−h′−1, h′−2 and h′−1h are mono-
tone increasing on (0, r1). Note further that

S(t) =
h′(t)−1h(t)

t
=

1− 1
2γt−

L
6 t

2

1− γt− L
2 t

2
= 1 +

1
2γt+

L
3 t

2

1− γt− L
2 t

2
.

It’s easy to verify by definition that S is monotone increasing on (0, r1). As U is

monotone decreasing on (0, r1), it’s easy to show that the two functions t → Pλ(t)
t3

and t → Pλ(t)
t are monotone increasing on (0, r1).

(ii). Note that limt→0+
Pλ(t)

t = 0 and limt→r−1

Pλ(t)
t = +∞. As Pλ(t)

t is continuous

on (0, r1), we get from (i) that there exists a unique point rλ ∈ (0, r1) such that
Pλ(rλ)

rλ
= 1. □
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3. Convergence of the algorithm

Let X be a Banach space. Let x ∈ X, and let r > 0. We use B(x, r) and B(x, r)
to denote, respectively, the open metric ball and the closed metric ball at x with
radius r, that is,

B(x, r) = {y ∈ X : ∥x− y∥ < r} and B(x, r) = {y ∈ X : ∥x− y∥ ≤ r}.
Recall that we assume that L, γ > 0 and λ ∈ (0, 1].

Lemma 3.1. Let x∗ ∈ X. Suppose that

(3.1) ∥F ′(x∗)−1F ′′(x∗)∥ ≤ γ

and

(3.2) ∥F ′(x∗)−1[F ′′(x′)− F ′′(x)]∥ ≤ L∥x′ − x∥ for each x, x′ ∈ B(x∗, r0).

Then for all x ∈ B(x∗, r0),

(3.3) ∥F ′(x∗)
−1

F ′′(x)∥ ≤ h′′(t),

F ′(x)−1 exists and

(3.4) ∥F ′(x)−1F ′(x∗)∥ ≤ −h′(t)−1,

where t = ∥x− x∗∥.

Proof. It follows from (3.1) and (3.2) that

∥F ′(x∗)−1F ′′(x)∥ ≤ ∥F ′(x∗)−1F ′′(x∗)∥+ ∥F ′(x∗)−1[F ′′(x)− F ′′(x∗)]∥
≤ γ + L∥x− x∗∥ = h′′(t).

Hence, (3.3) is seen to hold. Since

F ′(x) = F ′(x∗) + F ′′(x∗)(x− x∗) +

∫ 1

0
(F ′′(x∗ + τ(x− x∗))− F ′′(x∗))dτ(x− x∗),

we have

∥F ′(x∗)−1F ′(x)− I∥ ≤ ∥F ′(x∗)−1F ′′(x∗)∥∥x− x∗∥

+

∫ 1

0
∥F ′(x∗)−1(F ′′(x∗ + τ(x− x∗))− F ′′(x∗))∥dτ∥x− x∗∥.

Combining this with (3.1) and (3.2) yields that

∥F ′(x∗)−1F ′(x)− I∥ ≤ γ∥x− x∗∥+
∫ 1

0
Lτ∥x− x∗∥dτ∥x− x∗∥

≤ γ∥x− x∗∥+ L

2
∥x− x∗∥2

= 1 + (−1 + γ∥x− x∗∥+ L

2
∥x− x∗∥2)

= 1 + h′(t).

This implies that ∥F ′(x∗)−1F ′(x) − I∥ < 1 because t ∈ (0, r0) and h′(t) ∈ (−1, 0)
by Lemma 2.1. Thus, by the well known Banach lemma, one has that F ′(x)−1 and

∥F ′(x)−1F ′(x∗)∥ ≤ −h′(t)−1.
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□

Let x∗ ∈ X. Below, we always assume that

F (x∗) = 0.

Write

xτ = x∗ + τ(x− x∗) for each 0 ≤ τ ≤ 1.

Since

F (x) = F (x)− F (x∗) + F ′(x)(x− x∗)− F ′(x)(x− x∗)

= F ′(x)(x− x∗)−
∫ 1

0
τF ′′(xτ )(x− x∗)2dτ,

it follows that

(3.5) F ′(x)−1F (x) =

(
I −

∫ 1

0
τF ′(x)−1F ′′(xτ )dτ(x− x∗)

)
(x− x∗).

Lemma 3.2. Suppose that (3.1) and (3.2) hold. Then, for each x ∈ B(x∗, r0), the
following assertions hold:

(3.6) ∥F ′(x)−1F (x)∥ ≤ h′(t)−1h(t),

(3.7) ∥F ′(x)−1F ′′(x)∥ ≤ −h′(t)−1h′′(t)

and

(3.8) ∥H(x, y)∥ ≤ 1− U(t),

where t = ∥x− x∗∥.

Proof. By (3.5), we get
(3.9)
∥F ′(x)−1F (x)∥

≤
(
1 +

∫ 1

0
τ∥F ′(x)−1F ′(x∗)∥∥F ′(x∗)−1F ′′(xτ )∥dτ∥(x− x∗)∥

)
∥(x− x∗)∥.

Combing this with (3.4) and (3.3) yields that

∥F ′(x)−1F (x)∥ =

(
1− h′(t)−1

∫ 1

0
τh′′(tτ)dτt

)
t

≤ [1− h′(t)−1(h′(t)− h(t)− h(0)

t
)]t

= h′(t)−1h(t).

Hence, (3.6) is seen to hold. As ∥F ′(x)−1F ′′(x)∥ ≤ ∥F ′(x)−1F ′(x∗)∥∥F ′(x∗)−1F ′′(x)∥,
it follows from (3.4) and (3.3) that

∥F ′(x)−1F ′′(x)∥ ≤ −h′(t)−1h′′(t)

and so (3.7) holds. Note that y = x− F ′(x)−1F (x). Then, by definition,

H(x, y) =
1

λ
F ′(x)−1[F ′(x− λF ′(x)−1F (x))− F ′(x)]
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= −F ′(x)−1

∫ 1

0
F ′′(x− τλF ′(x)−1F (x))F ′(x)−1F (x)dτ

= −F ′(x)−1F ′′(x)F ′(x)−1F (x)

+ F ′(x)−1

∫ 1

0
[F ′′(x)− F ′′(x− τλF ′(x)−1F (x))]F ′(x)−1F (x)dτ.

This gives that

∥H(x, y)∥ ≤ ∥ − F ′(x)−1F ′′(x)∥∥F ′(x)−1F (x)∥

+∥F ′(x)−1F ′(x∗)∥
∫ 1

0
∥F ′(x∗)−1[F ′′(x)

−F ′′(x− τλF ′(x)−1F (x))]∥dτ∥F ′(x)−1F (x)∥.
Thus, it follows from (3.2) that

∥H(x, y)∥ ≤ ∥ − F ′(x)−1F ′′(x)∥∥F ′(x)−1F (x)∥

+∥F ′(x)−1F ′(x∗)∥
∫ 1

0
L∥λτF ′(x)−1F (x)∥dτ∥F ′(x)−1F (x)∥

≤ ∥ − F ′(x)−1F ′′(x)∥∥F ′(x)−1F (x)∥

+
Lλ

2
∥F ′(x)−1F ′(x∗)∥∥F ′(x)−1F (x)∥2.

Combing this with (3.7) and (3.6) implies that

∥H(x, y)∥ ≤ −h′(t)−2h(t)[h′′(t) +
Lλ

2
(h′(t)−1h(t))] = 1− U(t).

Therefore, (3.8) holds. □
Lemma 3.3. Let {xn} and {yn} be the sequences generated by Algorithm 1.1. Then
(3.10)

Q(xn, yn)(yn − xn) = −1

2
F ′(xn)

−1F ′′(xn)(xn − x∗)2

+
1

2
F ′(xn)

−1F ′′(xn)(xn − x∗ − F ′(xn)
−1F (xn))(xn − x∗)

+
1

2
F ′(xn)

−1F ′′(xn)F
′(xn)

−1F (xn)[I +H(xn, yn)]
−1

·
(
H(xn, yn)(xn − x∗) + xn − x∗ − F ′(xn)

−1F (xn)
)

+
1

2
F ′(xn)

−1

∫ 1

0
[F ′′(xn)− F ′′(xn − λ(1− τ)F ′(xn)

−1F (xn))]dτF
′(xn)

−1F (xn)

· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn).

Proof. By definition of Algorithm 1.1, we get

Q(xn, yn)(yn − xn) = − 1

2λ
F ′(xn)

−1[F ′(xn)− F ′(xn − λF ′(xn)
−1F (xn))]

· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn)

= −1

2
F ′(xn)

−1

∫ 1

0
F ′′(xn − λ(1− τ)F ′(xn)

−1F (xn))dτF
′(xn)

−1F (xn)
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· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn)

= −1

2
F ′(xn)

−1F ′′(xn)F
′(xn)

−1F (xn)[I +H(xn, yn)]
−1F ′(xn)

−1F (xn)

+
1

2
F ′(xn)

−1

∫ 1

0
[F ′′(xn)− F ′′(xn − λ(1− τ)F ′(xn)

−1F (xn))]dτF
′(xn)

−1F (xn)

· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn).

Hence, it follows that

Q(xn, yn)(yn − xn) = −1

2
F ′(xn)

−1F ′′(xn)(xn − x∗)2

+
1

2
F ′(xn)

−1F ′′(xn)(xn − x∗ − F ′(xn)
−1F (xn))(xn − x∗)

+
1

2
F ′(xn)

−1F ′′(xn)F
′(xn)

−1F (xn)[I +H(xn, yn)]
−1

·
(
H(xn, yn)(xn − x∗) + xn − x∗ − F ′(xn)

−1F (xn)
)

+
1

2
F ′(xn)

−1

∫ 1

0
[F ′′(xn)− F ′′(xn − λ(1− τ)F ′(xn)

−1F (xn))]dτF
′(xn)

−1F (xn)

· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn)

and so (3.10) is seen to hold. □

Now we are ready to have the main theorem about convergence of sequences
generated by Algorithm 1.1.

Theorem 3.4. Suppose that (3.2) holds for all x, x′ ∈ B(x∗, rλ) and that (3.1)
holds. Let x0 ∈ B(x∗, rλ). Then the sequence {xn} generated by Algorithm 1.1 is
well defined and converges cubically to x∗. Furthermore,

(3.11) ∥xn − x∗∥ ≤ q(3)
n−1 · ∥x0 − x∗∥, n = 0, 1, . . . ,

where

(3.12) q =

√
Pλ(t0)

t0
< 1, t0 = ∥x0 − x∗∥ < rλ.

Proof. Since t0 = ∥x0−x∗∥ < rλ, it follows from Lemma 2.3(ii) that q =
√

Pλ(t0)
t0

<

1. Below, we will use mathematical induction to show that the sequence {xn} is well
defined, {xn} ⊂ B(x∗, rλ) and (3.11) holds. Clearly, the case when n = 0 is trivial.
Now we assume that xn ∈ B(x∗, rλ) and (3.11) holds for n. Below, we show that
xn+1 is well defined, xn+1 ∈ B(x∗, rλ) and (3.11) holds for n+ 1. To do this, since
xn ∈ B(x∗, rλ), it follows from Lemma 3.1 that F ′(xn)

−1 exists. Let tn = ∥xn−x∗∥.
Then, by Lemma 3.2, we have

H(xn, yn) ≤ 1− U(tn).

This implies that

∥I +H(xn, yn)∥ ≥ 1− ∥H(xn, yn)∥ ≥ U(tn) > U(rλ) > U(r1) = 0
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because by Lemma 2.2 that U is monotone increasing on (0, r0), U(r1) = 0 and
tn < rλ < r1 < r0. Consequently, we obtain that (I + H(xn, yn))

−1 exists and so
xn+1 is well defined. Thus, to complete the proof, it’s sufficient to show that (3.11)
holds for n+ 1. By the definition of Algorithm 1.1, we have

xn+1 − x∗ = xn − x∗ − F ′(xn)
−1F (xn) +Q(xn, yn)(yn − xn).

Then, it follows from (3.5) and (3.10) that

xn+1 − x∗ = −F ′(xn)
−1

∫ 1

0
τ [F ′′(xn)− F ′′(xτn)]dτ(xn − x∗)2

+
1

2
F ′(xn)

−1F ′′(xn)

∫ 1

0
τF ′(xn)

−1F ′′(xτn)dτ(xn − x∗)3

+
1

2
F ′(xn)

−1F ′′(xn)F
′(xn)

−1F (xn)[I +H(xn, yn)]
−1

·
(
H(xn, yn)(xn − x∗) +

∫ 1

0
τF ′(xn)

−1F ′′(xτn)dτ(xn − x∗)2
)

+
1

2
F ′(xn)

−1

∫ 1

0
[F ′′(xn)

− F ′′(xn − λ(1− τ)F ′(xn)
−1F (xn))]dτF

′(xn)
−1F (xn)

· [I +H(xn, yn)]
−1F ′(xn)

−1F (xn).

(3.13)

Write
xτn = x∗ + τ(xn − x∗) for each 0 ≤ τ ≤ 1.

Then, it follows from (3.13) that

∥xn+1 − x∗∥ ≤∥F ′(xn)
−1F ′(x∗)∥

∫ 1

0
τ∥F ′(x∗)−1[F ′′(xn)− F ′′(xτn)]∥dτ∥xn − x∗∥2

+
1

2
∥F ′(xn)

−1F ′′(xn)∥
∫ 1

0
τ∥F ′(xn)

−1F ′′(xτn)∥dτ∥xn − x∗∥3

+
1

2(1− ∥H(xn, yn)∥)
∥F ′(xn)

−1F ′′(xn)∥∥F ′(xn)
−1F (xn)∥

·
(
∥H(xn, yn)∥+

∫ 1

0
τ∥F ′(xn)

−1F ′′(xτn)∥dτ∥xn − x∗∥
)
∥xn − x∗∥

+
∥F ′(xn)

−1F ′(x∗)∥
2(1− ∥H(xn, yn)∥)

∫ 1

0
∥F ′(x∗)−1[F ′′(xn)

− F ′′(xn − λ(1− τ)F ′(xn)
−1F (xn))]∥dτ∥F ′(xn)

−1F (xn)∥2.
Combing this with (3.2) yields that

∥xn+1 − x∗∥ ≤ ∥F ′(xn)
−1F ′(x∗)∥

∫ 1

0
τL∥xn − xτn∥dτ∥xn − x∗∥2

+
1

2
∥F ′(xn)

−1F ′′(xn)∥
∫ 1

0
τ∥F ′(xn)

−1F ′′(xτn)∥dτ∥xn − x∗∥3

+
1

2(1− ∥H(xn, yn)∥)
∥F ′(xn)

−1F ′′(xn)∥∥F ′(xn)
−1F (xn)∥
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·
(
∥H(xn, yn)∥+

∫ 1

0
τ∥F ′(xn)

−1F ′′(xτn)∥dτ∥xn − x∗∥
)
∥xn − x∗∥

+
∥F ′(xn)

−1F ′(x∗)∥
2(1− ∥H(xn, yn)∥)

∫ 1

0
L∥λ(1− τ)F ′(xn)

−1F (xn)∥dτ∥F ′(xn)
−1F (xn)∥2

This, together with (3.4), (3.7) and (3.6) (where t is replaced by tn), gives that

∥xn+1 − x∗∥ ≤ −Lh′(tn)
−1t3n

6
+

h′(tn)
−2h′′(tn)(γ + 2h′′(tn))

12
t3n

− Lλh′(tn)
−1(h′(tn)

−1h(tn))
3

4(1− ∥H(xn, yn)∥)

− h′(tn)
−2h′′(tn)h(tn)

2(1− ∥H(xn, yn)∥)
tn

(
∥H(xn, yn)∥+

−h′(tn)
−1(γ + 2h′′(tn))tn

6

)
.

Thus, it follows from (3.8) (with t replaced by tn) that

∥xn+1 − x∗∥ ≤ −Lh′(tn)
−1t3n

6
+

(γ + 2h′′(tn))h
′(tn)

−2h′′(tn)t
3
n

12

− Lλ(h′(tn)
−1h(tn))

3h′(tn)
−1

4(1 + h′(tn)−2h(tn)[h′′(tn) +
Lλ
2 (h′(tn)−1h(tn))])

+
h′(tn)

−3h′′(tn)h(tn)tn(
γ+2h′′(tn)

6 tn + h′(tn)
−1h(tn)[h

′′(tn) +
Lλ
2 (h′(tn)

−1h(tn))])

2(1 + h′(tn)−2h(tn)[h′′(tn) +
Lλ
2 (h′(tn)−1h(tn))])

= Pλ(tn).

Hence, we obtain that

∥xn+1 − x∗∥ ≤ Pλ(tn) =
Pλ(tn)

t3n
t3n ≤ Pλ(t0)

t30
(q(3)

n−1)3∥x0 − x∗∥3

< q(3)
n+1−1∥x0 − x∗∥.

Then, (3.11) is seen to hold for n+ 1. The proof is completed. □

4. Application to a nonlinear integral equation of Hammerstein type

In this section, we provide an application of the main result to a special nonlinear
Hammerstein integral equation of the second kind (cf. [15]). Letting µ ∈ R, we
consider

(4.1) x(s) = l(s) +

∫ b

a
G(s, t)[x(t)3 + µx(t)2]dt, s ∈ [a, b],

where l is a continuous function such that l(s) > 0 for all s ∈ [a, b] and the kernel
G is a non-negative continuous function on [a, b]× [a, b].

Note that if G is the Green function defined by

G(s, t) =

{
(b−s)(t−a)

b−a , t ≤ s,
(s−a)(b−t)

b−a , s ≤ t,

equation (4.1) is equivalent to the following boundary value problem (cf. [16]):{
x′′ = −x3 − µx2

x(a) = v(a), x(b) = v(b).
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To apply Theorem 3.4, let X = Y = C[a, b], the Banach space of real-valued
continuous functions on [a, b] with the uniform norm, and let Ω = C[a, b]. Define
F : Ω → C[a, b] by

(4.2) [F (x)](s) = x(s)− l(s)−
∫ b

a
G(s, t)[x(t)3 + µx(t)2]dt, s ∈ [a, b].

Then solving equation (4.1) is equivalent to solving equation (1.1) with F being
defined by (4.2).

We start by calculating the parameters γ and L in the study. Firstly, we have

[F ′(x)u](s) = u(s)−
∫ b

a
G(s, t)[3x(t)2 + 2µx(t)]u(t)dt, s ∈ [a, b]

and

[F ′′(x)u z](s) = −
∫ b

a
G(s, t)[6x(t) + 2µ]u(t)z(t)dt, s ∈ [a, b].

Let x∗ ∈ Ωp be fixed. Then

∥I− F ′(x∗)∥ ≤ M(3∥x∗∥2 + 2µ∥x∗∥),

where

M = max
s∈[a,b]

∫ b

a
|G(s, t)|dt.

By the Banach Lemma, if

(4.3) M(3∥x∗∥2 + 2µ∥x∗∥) < 1,

one has

∥F ′(x∗)−1∥ ≤ 1

1−M(3∥x∗∥2 + 2µ∥x∗∥)
.

Since

∥F ′′(x∗)∥ ≤ M(6∥x∗∥+ 2µ),

it follows that

(4.4) ∥F ′(x∗)−1F ′′(x∗)∥ ≤ M(6∥x∗∥+ 2µ)

1−M(3∥x∗∥2 + 2µ∥x∗∥)
.

Therefore,

(4.5) γ =
M(6∥x∗∥+ 2µ)

1−M(3∥x∗∥2 + 2µ∥x∗∥)
is estimated.

On the other hand, for x, y ∈ Ωp,

[(F ′′(x)− F ′′(y))u z](s) = −6

∫ b

a
G(s, t)(x(t)− y(t))u(t)z(t)dt, s ∈ [a, b]

and consequently,

∥F ′(x∗)−1(F ′′(x)− F ′′(y))∥ ≤ 6M

1−M(3∥x∗∥2 + 2µ∥x∗∥)
∥x− y∥, x, y ∈ Ω.
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This means that

(4.6) L =
6M

1−M(3∥x∗∥2 + 2µ∥x∗∥)
.

Thus, we can establish the following result from Theorem 3.4.

Theorem 4.1. Let x∗ be a solution of F (x) = 0 with F being defined by (4.2).
Suppose that (4.3) holds. Let γ and L be given by (4.5) and (4.6), respectively. Let
x0 ∈ B(x∗, rλ). Then the sequence {xn} generated by Algorithm 1.1 is well defined
and converges cubically to x∗. Furthermore,

∥xn − x∗∥ ≤ q(3)
n−1 · ∥x0 − x∗∥, n = 0, 1, . . . ,

where

q =

√
Pλ(t0)

t0
< 1, t0 = ∥x0 − x∗∥ < rλ.
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