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ABSTRACT. In the present paper, using a mapping H : Rt — R, we introduce a
new type of set contraction called H-set contraction and prove a new fixed point
theorem concerning H-set contraction which is a generalization of Darbo’s fixed
point theorem. For the some concrete mappings H, we obtain the set contractions
of the type known from the literature and also k-set contraction. The article
includes the examples of H-set contractions and some examples showing that the
obtained extension is significant. We also show the applicability of the obtained
results to the theory of functional integral equations.

1. INTRODUCTION

Probably one of the most important fixed point theorems in nonlinear analysis
is the Schauder fixed point theorem which states that a compact operator 1" which
maps a nonempty, closed, convex, bounded subset M of a Banach space into it-
self, has a fixed point in M. In 1955, Darbo took an essential step in extending
the Schauder fixed point Theorem using the idea of a measure of noncompact-
ness, defined in 1939 by Kuratowski. He introduced a new class of mappings, the
so-called k—set contractions, using the Kuratowski’s measure of noncompactness.
Darbo’s theorem is not only of theoretical interest, but also has found a great
number of applications in both linear and nonlinear analysis. Typically, such appli-
cations are characterized by some ”loss of compactness” which arises in many fields
such as boundary value problems, imbedding theorems, Schrodinger operators, es-
sential spectra, integral transforms, substitution operators over complex domains,
superposition operators in function spaces, differential equations in Banach spaces,
Fredholm operators, Banach space geometry, nonlinear spectral theory, bifurcation
theory and functional integral equation. Due to the most important role of measures
of non-compactness and suitable kinds of operators associated with them, many au-
thors have focused on set-contractive operators and obtained a lot of valuable results
(see [1, 2, 4, 5, 6, 8, 16]). In 2003 Banas [8] by using the technique of a fixed-point
theorem of Darbo type, obtained an existence result for some functional-integral
equation. The idea of a measure of noncompactness in proving a generalization of
the Darbo fixed point theorem and its application to integral equation for mappings
which are called p—set contractions is used by Aghajani et al. [1] in 2013.

2010 Mathematics Subject Classification. 47TH09, 47TH10, 34A12.

Key words and phrases. Darbo’s fixed point theorem, measure of noncompactness, condensing
map, ¢-set contractions, H—set contractions.

*Corresponding author.

Research of Malkowsky supported by the research projects 174025 of the Serbian Ministry of
Science, Technology and Environment, and 114F104 of Tubitak, Turkey.



1674 H. SALAHIFARD, S. M. VAEZPOUR, AND E. MALKOWSKY

In this paper, using a mapping H : RT — R we introduce a new type of set
contraction, called H—set contraction and for these concrete mappings H, we obtain
different kinds of set contractions of the type known from the literature, also k-set
contraction(s). We investigate the conditions under which one can guarantee the
existence of fixed points of this class of operators. In the other words, motivated by
[1, 8], we obtain a generalization of Darbo’s fixed point theorem and by using this
theorem we present the existence of solutions for some nonlinear functional integral
equations which include many key integral and functional equations that appear in
nonlinear analysis and its applications.

A scrutiny of the proof of Darbo’s theorem shows that we did not use the special
definition of the Kuratowski measure of noncompactness, but only its regularity,
its homogeneity, and its convex closure invariance. So Darbo’s theorem holds true
for any measure of noncompactness v satisfying these conditions, in particular a
function vy : {B C X : B is bounded} — [0,00) is said to be a measure of noncom-
pactness on a Banach space X, if it satisfies the following conditions:

(1) (invariance under closure and convex hull): v(coB) = v(B),

(2) (regularity): v(B) = 0 if and only if B is relatively compact,

(3) (semi-homogeneity): v(aB) = |a|y(B) for all a € R.
The definition of measure of noncompactness given above is more general than that
of Kuratowski or Hausdorff measure of noncompactness given respectively by

a(B) =inf{r > 0: B may be covered by finitely many sets of diameter <1},

B(B) = inf{r > 0 : there exists a finite r-net for B in X},

(see [2, 4]).
A continuous operator T': X — X is said to be:

e a countable v — k—set contraction: [14]
if v(T'(C)) < ky(C) for each countable bounded set C' C X and for 0 < k <
]‘7

e y—countably condensing if v(7'(C)) < v(C) for each countable bounded set
C C X with v(C) > 0.

e a countable v — p—set contraction: [11]
if ¥(T(C)) < p(v(C)) for some p € & = {p : RT —» R, p(t) <t for ¢ >
0, (0) =0} and each countable bounded set C' C X.
Clearly, every countable v — k—set contraction is a countable v — p—set
contraction where ¢(t) = kt.

2. MAIN RESULTS

In this section we state our main definition which determines an important class of
operators including linear bounded operators, nonexpansive operators, completely
continuous operators and k-set contractive operators.

Definition 2.1. Let H : RT — R be a mapping satisfying:
(H1) H is strictly increasing, i.e. H(a) < H(f) for all a, 8 € RT such that a < 3.
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(H2) For each sequence {ay, }nen of positive numbers lim,_,~ an, = 0 if and only
if limy, 00 H(ay) = —o00.
A mapping T : X — X is said to be a countable H—set contraction if there exists
7 > 0 such that for all countable bounded sets C C X

(2.1) ((T(C)) > 0) = 7+ H(y(T(C))) < H((C)).

Remark 2.2. From (H1) and (2.1) it is easy to conclude that every H—set con-
traction is a condensing map. Also, every y—condensing map T with v(T'(C)) # 0
(for every countable bounded set C) is an H —set contraction.

Remark 2.3. Considering different types of the mapping H in (2.2), one can obtain
a variety of set contractions as follows.

Example 2.4. Let H : R™ — R be given by H(z) = Inz. It is clear that H satisfies
(H1) and (H2). Each mapping 7' : X — X satisfying (2.1) is an H —set contraction
such that

(2.2) YT(C)) < e ™(0),

for all countable set C' C X with v(T(C)) > 0. It is clear that for a countable set
C C X if y(T'(C)) = 0 the inequality (2.2) also holds, i.e. T is a countable k—set
contraction with k =e™".

Example 2.5. Let H : (0,00) — R be given by H(x) = In(2? + x). Obviously H
satisfies (H1) and (H2) and for any H —contraction 7" and any countable set C' C X
with 4(T(C)) > 0, the following condition holds:

ATCNGETE) +1) _ -
1O (@ +1) T
Example 2.6. Let H : (0,00) — R be given by H(z) = lnxz + z. Obviously H

satisfies (H1) and (H2) and for any H —contraction 7" and any countable set C' C X
with y(7T(C)) > 0, the following condition holds:

1T©)) yren-—©) < g7,
1(C)
Example 2.7. Let H : (0,00) — R be given by H(z) = \_/—% Then H satisfies (H1)
and (H2) and for any H—contraction 7', we have
1
1(T(C)) <

(14 7/7(C))?

for all countable set C' C X with v(T'(C')) > 0. Here we obtained a special case of
(p—set contractions.

7(C),

Now we state our main theorem:

Theorem 2.8. (Generalized Darbo’s theorem) Let C # ) be a bounded, closed and
convex subset of a Banach space X, v be the measure of noncompactness on X and
suppose that T : C — C' is a continuous H-set contraction. Then T has a fized
point.
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Proof. We put Cy = C and define a decreasing sequence of sets C, 11 = co(T(Cy))
for n =0,1,.... Then it follows by (1) and hypothesis that
V(Cnt1) = v(co(T(Cr))) = (T (Cp)).

Without loss of generality we suppose that v(7'(C,)) # 0 for n = 0,1, ..., since T is
an H-set contraction there exists 7 > 0 such that

T+ H((T(Cn))) < H(y(Cn)).
Therefore we have

7T+ H(y(Cpnt1)) < H(y(Cr)),
hence

H(y(Cr)) < H(y(Cn-1)) =7 < H(y(Ch—2)) — 27 < ... < H(y(Cp)) — n,

and so

Now it follows by (H2) that
lim~(C,) = 0.
n

Therefore Coo = [ Cpn # 0 is compact. Since Cu is also closed and convex, T
has a fixed point by Schauder’s fixed point theorem. O

3. AN APPLICATION TO A FUNCTIONAL INTEGRAL EQUATION

In this section we provide applications of the generalization of Darbo’s fixed
point theorem contained in Theorem 2.8 to prove the existence of solutions of a
functional integral equation of Volterra type. We will work in the Banach space
BC(R™) consisting of all real functions defined, bounded and continuous on R™.
The space BC(R™") is furnished with the standard supremum norm i.e., the norm
defined by

2| = sup{lz(t)| : t = 0}.
For any nonempty bounded subset X of BO(R"), z € X, T > 0 and € > 0, let

wl'(z,e) = sup{|z(t) — z(s)| : s, € [0,T], |t —s| <&}, X(t)={x(t):z€ X},

wl'(X,e) = sup{w!(z,e): = € X},

(3.3) w(X) = lim.ow? (X, e),
wo(X) = limpe wOT( ),
(3.4) diamX (t) = sup{|z(t) — y(t)| : 2,y € X},
and
(3.5) w(X) = wo(X) + liﬁsup diam X (t).

Bana$ has shown in [7] that the function p is a measure of noncompactness in
the space BC(R™). The kernel of this measure contains nonempty and bounded
sets X such that functions belonging to X are locally equicontinuous on R* and
”the thickness of the bundle” formed by functions from X tends to zero at infinity.
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Consider the following conditions:

(Ap) The function f: Rt x R — R is continuous but for any nonempty bounded
subset X of BC(R™), the family of {f(¢,z) : * € X} is not equi-continuous
and for all ¢ € RT The function ¢ — f(¢,0) is a member of the space
BC(R™). Moreover there exists 7 > 0 such that

[f(tx) = fty)l # 0= 7+ H(|[f(t,2) = f(ty)]) < H(lz —y).

(A1) The function g : R™ x RT™ x R — R is continuous and there exist continuous
functions a,b: R™ — R satisfying

lg(t, s,2)] < a(t)b(s),
for all t,s € RT with s <t and x € R, where

t—o0

¢
lim a(t)/ b(s)ds = 0.
0
(A2) There exists a positive solution 7y of the inequality
H™'(H(ro) = 7) + ¢ < ro,
where ¢ is the constant defined by the equality
t
q = sup{|f(¢,0)| + a(t)/ b(s)ds : t > 0}.
0

Theorem 3.1. Let (Ayp), (A1), (A2) be satisfied, then the nonlinear integral equation

t
(3.6) x(t) = f(t,z(t)) —i—/o g(t,s,x(s))ds, te€RT

has at least one solution in the space BC(R™).

Proof. Define T on the space BC(R™) by

(Tx)(t) = f(t,z(t)) —|—/0 g(t,s,x(s))ds, for teRT.

By the imposed assumptions, Tz is continuous on R*, further for arbitrary fixed
function x € BC(R™) we have

(Ta) ()] < [f(t,2() = F(E0)] + (£ 0)] + [3lg(t,s LU( ))lds
< HYH(jx(t)]) = ) + [ £(t,0) +a(t) [y b(s
therefore
| Tz]| < H_l( (@) —7) +q,
where ¢ = sup{|f(¢,0)| + a(¢ fo : t € R*}. Since ¢ is finite by assumption

(A3) there exists zg € BC(R™) such that l|zo|| = 70 and

[ To|| <ol
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Thus T maps the space BC(R™) into itself and T is a self mapping of the ball B,,.
In what follows we show that 7" is continuous on the ball B,,. In order to do this
fix an arbitrary € > 0. Then for z,y € By, such that ||z — y|| < e, we have

[(Tx)(t) = (Ty)D)] < [x(t) —y(t)] + fé l9(t,5,2(s)) — g(t, 5, y(s))|ds
< () =yl + fy lg(t, s, 2())lds + [y lg(t, s,y(s))|ds
< e+ 2c(t),
for t € RY and c(t) = a(t) fot b(s)ds.
Moreover by assumption (A;) there exists a number L > 0 such that

2a(t)/0 b(s)ds < e,

for each t > L.
Thus for an arbitrary ¢t > L we get
[(Tz)(t) — (Ty)(t)] < 2e.
Since the function ¢(t, s, x) is uniformly continuous on the set [0, L] x [0, L] x [—7¢, ro]
one can infer that w’(g,) — 0 as ¢ — 0, where
wL(gjg) = Sup{|g(t7 S, I) - g(ta 57:‘/)’ ilse [07 L],$,y € [_T07r0]7 |J" - y| < E}'
For arbitrary fixed ¢ € [0, L] we have

L
[(Tx)(t) — (Ty)(t)| < e+ /0 wL(g,a)ds =ec+ LwL(g,E).

Therefore we can deduce that 7' is continuous on B,,.

In the sequel, let us take a set X C By, X # (. Further, we fix the numbers
L > 0,e > 0 and a function = € X. Then, choosing t, s € [0, L] such that s < ¢t and
|t — s| <& we get by our assumptions

(Tz)(t) — (Tz)(s)| < |f(tx(t)) = f(s,2(s))]

+ /0 g(t,L,x(L))dL—/Osg<8,b,$(b))db‘
< [ftz@) = f(s,2(@)] + [f(s,2(t) — f(s,2(s))]
+ /0 g(t,L,JZ(L))dL—/O g(s,a,x(L))da‘
+ /0 g(S,L,m'(L))dL—/Osg(s,b,x(b))db‘
< wi(f,e) Hz@) —z(s)[+ [ |g(t, e, 2(e) — g(s, 0, 2(0))|de
+ [ lg(s, e, z(0))|de
< wi(f.e) +wh(foe)
t t
+/0 w{:(g,s)quLa(s)/ b(e)de
< wi(fre) +w(fre)
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+LwE(g,€) + esup{a(s)b(t) : t,s € [0, L]}
where
Wf(f,ﬁ) = Sup{|f(t,33) - f(5’$)| il s € [OvL]"/L‘ € [_TO’TO]’ ‘t - S‘ < 5}7

w{/(g75) = sup{|g(t,L7x) - g(S,L7SC)| : L,t,S € [O,L],ZL‘ € [_Tﬂa’rO]v ‘t - S‘ < 8}'

Further w¥(f,e) — 0 and w(g,e) — 0 as ¢ — 0, because of the uniform continuity
of f on the set [0, L] x [—ro, 7] and g on the set [0, L] x [0, L] X [—79, o). Moreover
since the functions a = a(t) and b = b(t) are continuous on R*, we have that

sup{a(s)b(t) : t,s € [0, L]}
is finite. Hence, from (3.5) we derive
wiy (TX) < wg (X)
and finally
(3.7) wo(TX) < wo(X).
Now, choose two arbitrary functions x,y € X. Then for t € R we have

(Tz)(t) — (Ty) )] < |f(t () = f(ty@))]

/]gtsx ]ds—i—/]gtsy )|ds

2(t) — ()] + 2a(2) /0 b(s)ds
= Jet) - y()] + 2e(0).

N

which yields
diam(TX)(t) < diamX (t) + 2¢(t).
Consequently we have

(3.8) lim sup diam(TX)(t) < limsup diamX (t).

t—r00 t—ro0
Linking (3.7) and (3.8)
wo(TX) 4 limsup diam (T X)(t) < wo(X) + limsup diam X (),

t—o0 t—o0
or equivalently
T X) < p(X),
where p is the measure of noncompactness defined in the space BC(R™T). Since
TX is not equi-continuous by assumption, then u(7'X) # 0. Therefore there exists
7 > 0 such that

T+ H(y(TX)) < H(v(X)),
the above inequality in conjunction with Theorem 2.8 allows us to deduce that there

exists a solution z(t) of equation (3.6) in the space BC(R™).
U
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