


1748 L. J. ZHU, Z. YAO, Y. C. LIOU, AND Y. YAO

Mann’s algorithm ( [14]). For the initial guess x0 ∈ C, the well known Mann
iteration is defined by

xn+1 = αnxn + (1− αn)Txn, n ∈ N and αn ∈ [0, 1].(1.2)

Halpern’s algorithm ([8]). For the initial guess x0 ∈ C and anchor u ∈ C arbi-
trary (but fixed), the Halpern iteration is defined by

xn+1 = αnu+ (1− αn)Txn, n ∈ N and αn ∈ [0, 1].(1.3)

Ishikawa’s algorithm ([11]). For the initial guess x0 ∈ C, the well known Mann
iteration is defined by

xn+1 = (1− αn)xn + αnT ((1− βn)xn + βnTxn), n ∈ N,(1.4)

where αn ∈ [0, 1] and βn ∈ [0, 1].
In [18], Reich stated that if the underlying space is uniformly convex and has a

Frechet differentiable norm, and if
∑∞

n=1 αn(1− αn) = ∞, then the sequence {xn}
defined by Mann’s algorithm (1.2) converges weakly to a fixed point of T (assuming
that T has fixed points). However, the counterexample of Genel and Lindenstrauss
( [12]) shows that Mann’s algorithm can have weak convergence only (in infinite
dimensional spaces). At the same time, Mann’s algorithm can not in general be
applicable for the iterative construction of fixed points of the pseudocontractive
mappings (see [6]).

Halpern’s algorithm can have strong convergence provided the underlying space
is smooth enough. There are a large number references associated with the iterative
approach to the fixed points of nonexpansive mappings, see, for instance, [1, 5, 15,
19–21,24].

The importance of Ishikawa’s algorithm lies in the fact that it can be be applicable
for the iterative construction of fixed points of the pseudocontractive mappings. In
this respect, the following result due to Ishikawa [11] is important.

Theorem 1.1. Let C be a convex compact subset of a Hilbert space H and let
T : C → C be an L-Lipschitzian pseudocontractive mapping with Fix(T ) ̸= ∅.
Assume limn→∞ βn = 0 and

∑∞
n=1 αnβn = ∞. Then the sequence {xn} generated

by (1.4) converges strongly to a fixed point of T .

Ishikawa’s algorithm has strong convergence under the assumption that the un-
derlying space C is a compact set. Very recently, Zegeye, Shahzad and Alghamdi [25]
further studied the convergence analysis of the Ishikawa iteration (1.4). They
proved ingeniously the strong convergence of the Ishikawa iteration without the
compactness assumption. However, we have to assume that the interior of Fix(T )
is nonempty. This appears very restrictive since even in R with the usual norm,
Lipschitz pseudocontractive maps with finite number of fixed points do not enjoy
this condition that intF ix(T ) ̸= ∅. It is therefore an interesting problem to in-
vent iterative algorithms that can generate sequences which converge strongly to
the fixed point of pseudocontractions without any additional assumptions on the
underlying spaces and operators. This is one of our main motivations.



SPLIT FIXED POINTS PROBLEM 1749

1.2. Split fixed point problem. Let H1 and H2 be two real Hilbert spaces. Let
A : H1 → H2 be a bounded linear operator with its adjoint A∗. Let S : H2 → H2

and T : H1 → H1 be two nonlinear mappings. Now we consider the following
problem:

Find x∗ ∈ Fix(T ) such that Ax∗ ∈ Fix(S).(1.5)

This problem referred as the split fixed points problem was first introduced by
Censor and Segal [4]. The split fixed points problem is a generalization of the split
feasibility problem and of the convex feasibility problem.

For solving (1.5), Censor and Segal [4] invented an algorithm which generates a
sequence {xn} according to the iterative procedure:

xn+1 = T (xn − γA∗(I − S)Axn), n ∈ N.(1.6)

Moudafi [16] relaxed (1.6) to the following form{
yn = xn − γA∗(I − S)Axn,

xn+1 = (1− αn)yn + αnT (yn), n ∈ N,
(1.7)

where S and T are demicontractive operators.
Note that (1.6) and (1.7) have weak convergence. Some related work, see, for

example, [3, 7, 9, 10, 17, 22, 26]. Our another purpose of this paper is to construct
iterative algorithm for solving the split fixed point problem (1.5). Our motivation
is based on Ishikawa’s algorithm (1.4) and Moudafi’s algorithm (1.7). We devote to
study a class of pseudocontractive mappings which is more general than the class
of demicontractive operators. Our results extend and improve the corresponding
results in the literature.

2. Preliminaries

Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥·∥, respectively.
Let C be a nonempty closed convex subset of H.

Recall that a mapping T : C → C is called pseudocontractive if

⟨Tx− Ty, x− y⟩ ≤ ∥x− y∥2

for all x, y ∈ C. It is well-known that T is pseudocontractive if and only if

∥Tx− Ty∥2 ≤ ∥x− y∥2 + ∥(I − T )x− (I − T )y∥2(2.1)

for all x, y ∈ C. A mapping T : C → C is called L-Lipschitzian if there exists L > 0
such that

∥Tx− Ty∥ ≤ L∥x− y∥
for all x, y ∈ C. If L = 1, we call T is nonexpansive.

For all x, y ∈ H, the following conclusions hold:

∥tx+ (1− t)y∥2 = t∥x∥2 + (1− t)∥y∥2 − t(1− t)∥x− y∥2,(2.2)

where t ∈ [0, 1].

(2.3) ∥x+ y∥2 = ∥x∥2 + 2⟨x, y⟩+ ∥y∥2,
and

(2.4) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩.
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Lemma 2.1 ([27]). Let H be a real Hilbert space, C a closed convex subset of H.
Let T : C → C be a continuous pseudocontractive mapping. Then

(i) Fix(T ) is a closed convex subset of C,
(ii) (I − T ) is demiclosed at zero.

The following lemmas can be found in [28]. For the completeness, we give the
proofs.

Lemma 2.2. Let H be a Hilbert space. Let T : H → H be an L-Lipschitzian
mapping with L > 1. Then,

Fix(T ) = Fix(T ((1− β)I + βT ))

for all β ∈ (0, 1
L).

Proof. As a matter of fact, Fix(T ) ⊂ Fix(T ((1− β)I + βT )) is obvious. Next, we
show that Fix(T ((1− β)I + βT )) ⊂ Fix(T ).

Take any x∗ ∈ Fix(T ((1 − β)I + βT )). We have T ((1 − β)I + βT )x∗ = x∗. Set
S = (1 − β)I + βT . We have TSx∗ = x∗. Write Sx∗ = y∗. Then, Ty∗ = x∗. Now
we show x∗ = y∗. In fact,

∥x∗ − y∗∥ = ∥Ty∗ − Sx∗∥
= ∥Ty∗ − (1− β)x∗ − βTx∗∥
= β∥Ty∗ − Tx∗∥
≤ βL∥y∗ − x∗∥.

Since, β < 1
L , we deduce y∗ = x∗ ∈ Fix(S) = Fix(T ). Thus, x∗ ∈ Fix(T ). Hence,

Fix(T ((1−β)I+βT )) ⊂ Fix(T ). Therefore, Fix(T ((1−β)I+βT )) = Fix(T ). □

Lemma 2.3. Let H be a Hilbert space. Let T : H → H be an L-Lipschitz pseudo-
contractive mapping with Fix(T ) ̸= ∅. Then, for all x ∈ H and all x∗ ∈ Fix(T ),
we have

∥(1− α)x+ αT ((1− β)x+ βTx)− x∗∥ ≤ ∥x− x∗∥,

where 0 < α < β < 1√
1+L2+1

.

Proof. Since x∗ ∈ Fix(T ), we have from (2.1) that

(2.5)
∥T ((1− β)I + βT )x− x∗∥2 ≤ ∥(1− β)(x− x∗) + β(Tx− x∗)∥2

+ ∥(1− β)x+ βTx− T ((1− β)x+ βTx)∥2,

and

∥Tx− x∗∥2 ≤ ∥x− x∗∥2 + ∥Tx− x∥2,(2.6)

for all x ∈ H.
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By (2.5), (2.2) and (2.6), we obtain

∥T ((1− β)I + βT )x− x∗∥2

≤ ∥(1− β)(x− x∗) + β(Tx− x∗)∥2

+ ∥(1− β)x+ βTx− T ((1− β)I + βT )x∥2

= ∥(1− β)(x− T ((1− β)x+ βTx)) + β(Tx− T ((1− β)x+ βTx))∥2

+ ∥(1− β)(x− x∗) + β(Tx− x∗)∥2

= (1− β)∥x− T ((1− β)x+ βTx)∥2 + β∥Tx− T ((1− β)x+ βTx)∥2

− β(1− β)∥x− Tx∥2 + (1− β)∥x− x∗∥2 + β∥Tx− x∗∥2

− β(1− β)∥x− Tx∥2

≤ (1− β)∥x− x∗∥2 + β(∥x− x∗∥2 + ∥x− Tx∥2)
− 2β(1− β)∥x− Tx∥2 + (1− β)∥x− T ((1− β)x+ βTx)∥2

+ β∥Tx− T ((1− β)x+ βTx)∥2.

Since T is L-Lipschitzian and x− ((1− β)x+ βTx) = β(x− Tx), we have

∥Tx− T ((1− β)x+ βTx)∥ ≤ βL∥x− Tx∥.

Therefore,

(2.7)

∥T ((1− β)x+ βTx)− x∗∥2

≤ (1− β)∥x− x∗∥2 + β(∥x− x∗∥2 + ∥x− Tx∥2)
− 2β(1− β)∥x− Tx∥2 + (1− β)∥x− T ((1− β)I + βT )x∥2

+ β3L2∥x− Tx∥2

= ∥x− x∗∥2 + (1− β)∥x− T ((1− β)I + βT )x∥2

− β(1− 2β − β2L2)∥x− Tx∥2.

Since β < 1√
1+L2+1

, we deduce

1− 2β − β2L2 > 0.

From (2.7), we can deduce

∥T ((1− β)x+ βTx)− x∗∥2

≤ ∥x− x∗∥2 + (1− β)∥x− T ((1− β)x+ βTx)∥2,
(2.8)

for all x ∈ H and x∗ ∈ Fix(T ).
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By (2.2) and (2.8), we have

∥(1− α)x+ αT ((1− β)x+ βTx)− x∗∥2

= ∥(1− α)(x− x∗) + α(T ((1− β)x+ βTx)− x∗)∥2

= (1− α)∥x− x∗∥2 + α∥T ((1− β)x+ βTx)− x∗∥2

− α(1− α)∥∥T ((1− β)x+ βTx)− x∥2

≤ α[∥x− x∗∥2 + (1− β)∥x− T ((1− β)x+ βTx)∥2]
+ (1− α)∥x− x∗∥2 − α(1− α)∥∥T ((1− β)x+ βTx)− x∥2

= ∥x− x∗∥2 + α(α− β)∥T ((1− β)x+ βTx)− x∥2.

This together with α < β implies that

∥(1− α)x+ αT ((1− β)x+ βTx)− x∗∥ ≤ ∥x− x∗∥.

□

Lemma 2.4. Let H be a Hilbert space. Let T : H → H be an L-Lipschitzian
mapping with L > 1. If I − T is demiclosed at 0, then I − T ((1− β)I + βT ) is also
demiclosed at 0 when β ∈ (0, 1

L).

Proof. Let the sequence {xn} ⊂ H satisfying xn ⇀ x̃ and xn−T ((1−β)I+βT )xn →
0. Next, we will show that x̃ ∈ Fix(T ((1− β)I + βT )).

From Lemma 2.2, we only need to prove that x̃ ∈ Fix(T ). As a matter of fact,
since T is L-Lipschizian, we have

∥xn − Txn∥ ≤ ∥xn − T ((1− β)I + βT )xn∥+ ∥T ((1− β)I + βT )xn − Txn∥
≤ ∥xn − T ((1− β)I + βT )xn∥+ βL∥xn − Txn∥.

It follows that

∥xn − Txn∥ ≤ 1

1− βL
∥xn − T ((1− β)I + βT )xn∥.

Hence,

lim
n→∞

∥xn − Txn∥ = 0.

Applying the demiclosedness of T (Lemma 2.1), we immediately deduce x̃ ∈ Fix(T ).
□

Lemma 2.5. ( [23]) Assume that {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1− γn)an + δn, n ∈ N,
where {γn} is a sequence in (0, 1) and {δn} is a sequence such that

(1)
∑∞

n=1 γn = ∞;

(2) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ an = 0.

Lemma 2.6. ( [13]) Let {wn} be a sequence of real numbers. Assume {wn} does
not decrease at infinity, that is, there exists at least a subsequence {wnk

} of {wn}
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such that wnk
≤ wnk+1 for all k ≥ 0. For every n ≥ N0, define an integer sequence

{τ(n)} as

τ(n) = max{i ≤ n : wni < wni+1}.

Then τ(n) → ∞ as n → ∞ and for all n ≥ N0

max{wτ(n), wn} ≤ wτ(n)+1.

3. Main results

Let H1 and H2 be two real Hilbert spaces. Let A : H1 → H2 be a bounded
linear operator with its adjoint A∗. Let f : H1 → H1 be a ρ-contraction. Let
B : H1 → H1 be a strong positive linear bounded operator with coefficient ξ > 2ρ.
Let S : H2 → H2 be a nonexpansive mapping and let T : H1 → H1 be an L-
Lipschitzian pseudocontractive mapping with L > 1.

We use Γ to denote the set of solutions of (1.5), that is,

Γ = {x∗|x∗ ∈ Fix(T ), Ax∗ ∈ Fix(S)}.

In the sequel, we assume Γ ̸= ∅.
Now, we present our algorithm for finding x∗ ∈ Γ.

Algorithm 3.1. For x0 ∈ H1 arbitrarily, let {xn} be a sequence defined by:{
un = αnf(xn) + (I − αnB)(xn − δA∗(I − S)Axn),

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun), n ∈ N,
(3.1)

where {αn}n∈N, {βn}n∈N and {γn}n∈N are three real number sequences in (0, 1) and
δ is a constant in (0, 1

∥A∥2 ).

Theorem 3.2. Assume the following conditions are satisfied:
(C1) : limn→∞ αn = 0;
(C2) :

∑∞
n=1 αn = ∞;

(C3) : 0 < a < βn < c < γn < b < 1√
1+L2+1

.

Then the sequence {xn} generated by algorithm (3.1) converges strongly to x∗ =
PΓ(f + I −B)x∗.

Proof. Let x∗ = PΓ(f + I − B)x∗. Then we have x∗ ∈ Fix(T ) and Ax∗ ∈ Fix(S).
Since S is nonexpansive, we get

∥SAxn −Ax∗∥2 = ∥SAxn − SAx∗∥2

≤ ∥Axn −Ax∗∥2.
(3.2)

From (2.8), we deduce

∥T ((1− γn)un + γnTun)− x∗∥2 ≤ ∥un − x∗∥2

+ (1− γn)∥un − T ((1− γn)un + γnTun)∥2.
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and

∥xn+1 − x∗∥2 = ∥(1− βn)un + βnT ((1− γn)un + γnTun)− x∗∥2

= (1− βn)∥un − x∗∥2 + βn∥T ((1− γn)un + γnTun)− x∗∥2

− βn(1− βn)∥un − T ((1− γn)un + γnTun)∥2

≤ ∥un − x∗∥2 − βn(γn − βn)∥T ((1− γn)un + γnTun)− x∗∥2

≤ ∥un − x∗∥2.

(3.3)

Note that

∥un − x∗∥ = ∥αn(f(xn)−Bx∗) + (I − αnB)(xn − x∗ + δA∗(SAxn −Axn))∥
≤ αn∥f(xn)−Bx∗∥+ ∥I − αnB∥∥xn − x∗ + δA∗(SAxn −Axn)∥
≤ αn∥f(xn)− f(x∗)∥+ αn∥f(x∗)−Bx∗∥(3.4)

+ (1− αnξ)∥xn − x∗ + δA∗(SAxn −Axn)∥
≤ αnρ∥xn − x∗∥+ αn∥f(x∗)−Bx∗∥
+ (1− αnξ)∥xn − x∗ + δA∗(SAxn −Axn)∥.

By (2.3), we have

(3.5)
∥xn − x∗ + δA∗(SAxn −Axn)∥2 = ∥xn − x∗∥2 + δ2∥A∗(SAxn −Axn)∥2

+ 2δ⟨xn − x∗, A∗(SAxn −Axn)⟩.

Since A is a linear operator with its adjoint A∗, we have

⟨xn − x∗, A∗(SAxn −Axn)⟩
= ⟨A(xn − x∗), SAxn −Axn⟩
= ⟨Axn −Ax∗ + SAxn −Axn − (SAxn −Axn), SAxn −Axn⟩
= ⟨SAxn −Ax∗, SAxn −Axn⟩ − ∥SAxn −Axn∥2.

(3.6)

Again using (2.3), we obtain

⟨SAxn −Ax∗, SAxn −Axn⟩

=
1

2
(∥SAxn −Ax∗∥2 + ∥SAxn −Axn∥2 − ∥Axn −Ax∗∥2).

(3.7)

From (3.2), (3.6) and (3.7), we get

⟨xn − x∗, A∗(SAxn −Axn)⟩

=
1

2
(∥SAxn −Ax∗∥2 + ∥SAxn −Axn∥2 − ∥Axn −Ax∗∥2)

− ∥SAxn −Axn∥2

≤ 1

2
(∥Axn −Ax∗∥2 + ∥SAxn −Axn∥2 − ∥Axn −Ax∗∥2)

− ∥SAxn −Axn∥2

= −1

2
∥SAxn −Axn∥2.

(3.8)
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So,

∥xn − x∗ + δA∗(SAxn −Axn)∥2 ≤ ∥xn − x∗∥2 + δ2∥A∥2∥SAxn −Axn∥2

+ 2δ
(
− 1

2
∥SAxn −Axn∥2

)
= ∥xn − x∗∥2 + (δ2∥A∥2 − δ)∥SAxn −Axn∥2

≤ ∥xn − x∗∥2.

(3.9)

It follows that

∥xn − x∗ + δA∗(SAxn −Axn)∥ ≤ ∥xn − x∗∥.(3.10)

Substituting (3.10) into (3.4) to deduce

(3.11)
∥un − x∗∥ ≤ αnρ∥xn − x∗∥+ αn∥f(x∗)−Bx∗∥+ (1− αnξ)∥xn − x∗∥

= αn∥f(x∗)−Bx∗∥+ [1− (ξ − ρ)αn]∥xn − x∗∥.

From (3.3) and (3.11), we get

∥xn+1 − x∗∥ ≤ ∥un − x∗∥
≤ αn∥f(x∗)−Bx∗∥+ [1− (ξ − ρ)αn]∥xn − x∗∥

≤ max
{
∥xn − x∗∥, ∥f(x

∗)−Bx∗∥
ξ − ρ

}
.

The boundedness of the sequence {xn} yields.
Next, we consider two possible cases.
Case 1. Assume there exists some integer m > 0 such that {∥xn − x∗∥} is

decreasing for all n ≥ m. In this case, we know that limn→∞ ∥xn − x∗∥ exists.
Returning to (3.4), we have

∥xn+1 − x∗∥2 ≤ ∥un − x∗∥2

≤ [αnρ∥xn − x∗∥+ αn∥f(x∗)−Bx∗∥
+ (1− αnξ)∥xn − x∗ + δA∗(SAxn −Axn)∥]2

= α2
n(ρ∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)2

+ 2αn(1− αnξ)(ρ∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)
× ∥xn − x∗ + δA∗(SAxn −Axn)∥
+ (1− αnξ)

2∥xn − x∗ + δA∗(SAxn −Axn)∥2

≤ αn(ρ∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)(3∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)
+ (1− αnξ)∥xn − x∗ + δA∗(SAxn −Axn)∥2

≤ Mαn + (1− αnξ)∥xn − x∗∥2

+ (1− αnξ)(δ
2∥A∥2 − δ)∥SAxn −Axn∥2

≤ Mαn + ∥xn − x∗∥2,

(3.12)

where M > 0 is a constant such that

sup
n
{(ρ∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)(3∥xn − x∗∥+ ∥f(x∗)−Bx∗∥)} ≤ M.
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Hence,

(1− αnξ)(δ − δ2∥A∥2)∥SAxn −Axn∥2 ≤ (1− αnξ)∥xn − x∗∥2 − ∥xn+1 − x∗∥2

+Mαn.

Since limn→∞ ∥xn − x∗∥ exists and αn → 0, we obtain

lim
n→∞

∥SAxn −Axn∥ = 0.(3.13)

Note that

∥un − xn∥ = ∥δA∗(S − I)Axn + αn(Bxn − δBA∗(I − S)Axn − f(xn))∥
≤ δ∥A∥∥SAxn −Axn∥+ αn∥Bxn − δBA∗(I − S)Axn − f(xn)∥.

It follows from (3.13) that

lim
n→∞

∥xn − un∥ = 0.(3.14)

From (3.3) and (3.12), we deduce

∥xn+1 − x∗∥2 ≤ ∥un − x∗∥2 − βn(γn − βn)∥un − T ((1− γn)un + γnTun)∥2

≤ ∥xn − x∗∥2 + αnM − βn(γn − βn)∥un − T ((1− γn)un + γnTun)∥2.
It follows that

βn(γn − βn)∥un − T ((1− γn)un + γnTun)∥2 ≤ ∥xn − x∗∥2 − ∥xn+1 − x∗∥2 + αnM.

Therefore,

lim
n→∞

∥un − T ((1− γn)un + γnTun)∥ = 0.(3.15)

Observe that

∥un − Tun∥ ≤ ∥un − T ((1− γn)un + γnTun)∥+ ∥T ((1− γn)un + γnTun)− Tun∥
≤ ∥un − T ((1− γn)un + γnTun)∥+ Lγn∥un − Tun∥.

Thus,

∥un − Tun∥ ≤ 1

1− Lγn
∥un − T ((1− γn)un + γnTun)∥.

This together with (3.15) implies that

lim
n→∞

∥un − Tun∥ = 0.(3.16)

Now, we show that
lim sup
n→∞

⟨f(x∗)−Bx∗, un − x∗⟩ ≤ 0.

Choose a subsequence {uni} of {un} such that

lim sup
n→∞

⟨f(x∗)−Bx∗, un − x∗⟩ = lim
i→∞

⟨f(x∗)−Bx∗, uni − x∗⟩(3.17)

Since the sequence {uni} is bounded, we can choose a subsequence {unij
} of {uni}

such that unij
⇀ z. For the sake of convenience, we assume (without loss of

generality) that uni ⇀ z. Consequently, we derive from the above conclusions that

xni ⇀ z and Axni ⇀ Az.(3.18)

Applying Lemmas 2.1 and 2.4, we deduce

Az ∈ Fix(S) (by (3.13) and (3.18)) and z ∈ Fix(T ) (by (3.16) and (3.18)).
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That is to say, z ∈ Γ.
Therefore,

lim sup
n→∞

⟨f(x∗)−Bx∗, un − x∗⟩ = lim
i→∞

⟨f(x∗)−Bx∗, uni − x∗⟩

= lim
i→∞

⟨f(x∗)−Bx∗, z − x∗⟩

≤ 0.

(3.19)

Using (2.4), we have

∥un − x∗∥2 = ∥(I − αnB)(xn − δA∗(I − S)Axn − x∗) + αn(f(xn)−Bx∗)∥2

≤ (1− αnξ)∥xn − δA∗(I − S)Axn − x∗∥2

+ 2αn⟨f(xn)−Bx∗, un − x∗⟩
≤ (1− αnξ)∥xn − x∗∥2 + 2αn⟨f(xn)−Bx∗, un − x∗⟩
= (1− αnξ)∥xn − x∗∥2 + 2αn⟨f(xn)− f(x∗), un − x∗⟩
+ 2αn⟨f(x∗)−Bx∗, un − x∗⟩(3.20)

= (1− αnξ)∥xn − x∗∥2 + 2αnρ∥xn − x∗∥∥un − x∗∥
+ 2αn⟨f(x∗)−Bx∗, un − x∗⟩

≤ (1− αnξ)∥xn − x∗∥2 + αnρ∥xn − x∗∥2 + αnρ∥un − x∗∥2

+ 2αn⟨f(x∗)−Bx∗, un − x∗⟩.

Therefore,

∥xn+1 − x∗∥2 ≤ ∥un − x∗∥2

≤
[
1− (ξ − 2ρ)αn

1− αnρ

]
∥xn − x∗∥2

+
2αn

1− αnρ
⟨f(x∗)−Bx∗, un − x∗⟩.

(3.21)

Applying Lemma 2.5 and (3.19) to (3.21), we deduce xn → x∗.
Case 2. Assume there exists an integer n0 such that

∥xn0 − x∗∥ ≤ ∥xn0+1 − x∗∥.

Set ωn = {∥xn − x∗∥}. Then, we have

ωn0 ≤ ωn0+1.

Define an integer sequence {τn} for all n ≥ n0 as follows:

τ(n) = max{l ∈ N|n0 ≤ l ≤ n, ωl ≤ ωl+1}.

It is clear that τ(n) is a non-decreasing sequence satisfying

lim
n→∞

τ(n) = ∞

and

ωτ(n) ≤ ωτ(n)+1,

for all n ≥ n0.



1758 L. J. ZHU, Z. YAO, Y. C. LIOU, AND Y. YAO

By the similar argument as that of Case 1, we can obtain

lim
n→∞

∥SAxτ(n) −Axτ(n)∥ = 0,

and

lim
n→∞

∥uτ(n) − Tuτ(n)∥ = 0.

This implies that

ωw(uτ(n)) ⊂ Γ.

Thus, we obtain

lim sup
n→∞

⟨f(x∗)−Bx∗, uτ(n) − x∗⟩ ≤ 0.(3.22)

Since ωτ(n) ≤ ωτ(n)+1, we have from (3.21) that

ω2
τ(n) ≤ ω2

τ(n)+1 ≤
[
1−

(ξ − 2ρ)ατ(n)

1− ατ(n)ρ

]
ω2
τ(n)

+
2ατ(n)

1− ατ(n)ρ
⟨f(x∗)−Bx∗, uτ(n) − x∗⟩.

(3.23)

It follows that

ω2
τ(n) ≤

2

ξ − 2ρ
⟨f(x∗)−Bx∗, uτ(n) − x∗⟩.(3.24)

Combining (3.22) and (3.24), we have

lim sup
n→∞

ωτ(n) ≤ 0,

and hence

lim
n→∞

ωτ(n) = 0.(3.25)

By(3.23), we obtain

lim sup
n→∞

ω2
τ(n)+1 ≤ lim sup

n→∞
ω2
τ(n).

This together with (3.25) imply that

lim
n→∞

ωτ(n)+1 = 0.

Applying Lemma 2.6 to get

0 ≤ ωn ≤ max{ωτ(n), ωτ(n)+1}.

Therefore, ωn → 0. That is, xn → x∗. This completes the proof. □

Algorithm 3.3. For x0 ∈ H1 arbitrarily, let {xn} be a sequence defined by:{
un = αnf(xn) + (1− αn)(xn − δA∗(I − S)Axn),

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun), n ∈ N,
(3.26)

where {αn}n∈N, {βn}n∈N and {γn}n∈N are three real number sequences in (0, 1) and
δ is a constant in (0, 1

∥A∥2 ).
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Corollary 3.4. Assume the following conditions are satisfied:
(C1) : limn→∞ αn = 0;
(C2) :

∑∞
n=1 αn = ∞;

(C3) : 0 < a < βn < c < γn < b < 1√
1+L2+1

.

Then the sequence {xn} generated by algorithm (3.26) converges strongly to x∗ =
PΓf(x

∗).

Algorithm 3.5. For x0 ∈ H1 arbitrarily, let {xn} be a sequence defined by:{
un = (1− αn)(xn − δA∗(I − S)Axn),

xn+1 = (1− βn)un + βnT ((1− γn)un + γnTun), n ∈ N,
(3.27)

where {αn}n∈N, {βn}n∈N and {γn}n∈N are three real number sequences in (0, 1) and
δ is a constant in (0, 1

∥A∥2 ).

Corollary 3.6. Assume the following conditions are satisfied:
(C1) : limn→∞ αn = 0;
(C2) :

∑∞
n=1 αn = ∞;

(C3) : 0 < a < βn < c < γn < b < 1√
1+L2+1

.

Then the sequence {xn} generated by algorithm (3.27) converges strongly to x∗ =
PΓ(0) which is the minimum norm element in Γ.
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