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ABSTRACT. In this paper, using the concept of attractive points of a nonlinear
mapping, we obtain a strong convergence theorem of Halpern’s type [6] for a
wide class of nonlinear mappings which contains nonexpansive mappings, non-
spreading mappings and hybrid mappings in a Hilbert space. Using this result,
we obtain new strong convergence theorems of Halpern’s type in a Hilbert space.
In particular, we obtain an extension of Suzuki’s theorem [16] and also solve a
problem posed by Kurokawa and Takahashi [13].

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. Let N
and R be the sets of positive integers and real numbers, respectively. A mapping
T :C — H is called generalized hybrid [10] if there exist «, 3 € R such that
(1) alTe—Ty|*+ (1 - a)lla - Ty|* < BTz — y|* + (1 - B)lla -yl

for all z,y € C. We call such a mapping («, ()-generalized hybrid. The class of
generalized hybrid mappings covers many well-known mappings. For example, a (1,
0)-generalized hybrid mapping T is nonexpansive [4], i.e.,

[Tz —Ty|| < ||z —yll, Vaz,yeC.
It is nonspreading [11,12] for « = 2 and 5 =1, i.e.,
2Tz — Tyl|* < | Tz — y|* + | Ty — «|®, Va,y e C.
It is hybrid [20] for a = % and 8 = %, ie.,
3T — Ty|l* < ||z =yl + | Tz — y|* + |Ty — z|*, Va,yeC.

We know that a nonspreading mapping and a hybrid mapping are not continuous
in general. In fact, we can give the following example [8] of nonspreading mappings
in a Hilbert space. Let H be a real Hilbert space. Set E = {x € H : ||z| < 1},
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D={zxeH:|z| <2} and C ={x € H : ||z|| < 3}. Define a mapping S : C — C

as follows:
Sy — 0, reD,
Prpx, x ¢ D.

Then S is a nonspreading mapping which is not continuous. Motivated by gen-
eralized hybrid mappings, Kawasaki and Takahashi [9] defined a more broad class
of nonlinear mappings than the class of generalized hybrid mappings. A map-
ping T from C into H is said to be widely more generalized hybrid if there exist
a, B,7,90,¢,(,n € R such that

(1.2) a|Tz = Ty|* + Blla — Tyl* + Tz — y[|* + dllz — y|?
+ellz = Ta|® + Clly — Tyl +nll(z — Tz) — (y = Ty)|* < 0

for all z,y € C'. Such a mapping T is called (o, 3,7, 6, ¢, (,n)-widely more general-
ized hybrid. An («, 8,7, 0, ¢, (,n)-widely more generalized hybrid mapping is gener-
alized hybrid in the sense of Kocourek, Takahashi and Yao [10] if a4+ = —y—§ =1
and e = ( = n = 0. A generalized hybrid mapping with a fixed point is quasi-
nonexpansive. However, a widely more generalized hybrid mapping is not quasi-
nonexpansive generally even if it has a fixed point. For a mapping T : C — H, we
denote by F(T') the set of fixed points of 7. In 1992, Wittmann [24] proved the
following strong convergence theorem of Halpern’s type [6] in a Hilbert space; see
also [18] and [22].

Theorem 1.1. Let C be a nonempty, closed and convexr subset of H and let T :
C — C be a nonexpansive mapping with F(T) # (. For any x1 = x € C, define a
sequence {x,} in C by

Tnt1 = anx + (1 — )Tz, VneN,

where {oy,} C [0,1], limy o0 @y = 0, D07 @y = 00, and Y o7 |o — app1] < 00.
Then {x,} converges strongly to Pp )z, where Ppry is the metric projection of H
onto F(T).

Kurokawa and Takahashi [13] also proved the following strong convergence theo-
rem for nonspreading mappings in a Hilbert space; see also Hojo and Takahashi [7]
for generalized hybrid mappings.

Theorem 1.2. Let C be a nonempty, closed and convex subset of a Hilbert space
H. Let T be a nonspreading mapping of C' into itself. Let uw € C and define two
sequences {xp} and {z,} in C as follows: x1 =z € C and

Tnt1 = apu+ (1 — ay)zn,
1
1 n
Zn = — Z Tkxn
n
k=0

for all n € N, where {a,} C (0,1), limp o0y = 0 and Y 02 o = 00. If F(T)
is nonempty, then {x,} and {z,} converge strongly to Ppryu, where Ppr) is the
metric projection of H onto F(T).
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Recently, Takahashi and Takeuchi [21] introduced the concept of attractive points
of a mapping in a Hilbert space. Let C' be a nonempty subset of H. For a mapping
T of C into H, we denote by A(T') the set of all attractive points of T, i.e.,

AT)={z€H:||Tz— 2| < |z — 2|, Yz € C}.

They proved a mean convergence theorem of Baillon’s type [3] without convexity
for generalized hybrid mappings. Guu and Takahashi [5] proved a weak convergence
theorem of Mann’s type [15] and a strong convergence theorem of Kurokawa and
Takahashi’s type [13] for widely more generalized hybrid mappings in a Hilbert space
which generalizes Hojo and Takahashi’s result [7] for generalized hybrid mappings.
Akashi and Takahash [1] also proved a strong convergence theorem of Halpern’s
type for nonexpansive mappings on star-shaped sets in a Hilbert space. However,
they used essentially the properties of nonexpansiveness in the proof.

In this paper, motivated by [1,7,13,24], we obtain a strong convergence theorem
of Halpern’s type for finding attractive points of widely more generalized hybrid
mappings in a Hilbert space. Using this result, we obtain new strong convergence
theorems in a Hilbert space. In particular, we obtain an extension of Suzuki’s
theorem [16] and also solve a problem posed by Kurokawa and Takahashi [13].

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space. When {z,} is a sequence in H, we denote the
strong convergence of {z,} to z € H by x, — x and the weak convergence by
T, — x. We know that for z,y € H and A € R,

(2.1) lz +yl? < [l + 2(y, @ + )5

(2.2) 12+ (1= Nyl = Allz]* + (1 = NIy * = A1 = Nz = y|>.
Furthermore, we know that for all z,y, z,w € H,

(23) 2e-yz-w) =z —w|*+ly -z~ z - 27 ~ lly — wl?.

Let D be a closed and convex subset of H. For every z € H, there exists a unique
nearest point in D denoted by Ppz, that is, ||x — Ppz|| < ||z — y|| for every y € D.

This mapping Pp is called the metric projection of H onto D. It is known that Pp
is firmly nonexpansive, that is, the following hold:

0<(z~Ppz,Ppr —y) and |lz— Ppz|*+|Ppz —y|* < [lz -y
for any x € H and y € D; see [17-19]. Takahashi and Takeuchi [21] proved the

following useful lemma.

Lemma 2.1 ([21]). Let C be a nonempty subset of H and let T be a mapping from
C into H. Then, A(T) is a closed and convex subset of H.

We note that a mapping T : ¢ — H in Lemma 2.1 may be not necessarily
nonexpansive. The following theorem was proved by Guu and Takahashi [5].

Theorem 2.2 ([5]). Let H be a Hilbert space, let C' be a nonempty subset of H and
let T be an («, B,7,9d,e,(,n)-widely more generalized hybrid mapping from C' into
itself which satisfies the following conditions (1) or (2):

(1) a+8+~v+5>0,a+7v>0,e4+n>0and(+n>0;
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(2) a+B+7+6>0,a+B8>0,(+n>0ande+n>0.
Then A(T) # 0 if and only if there exists z € C such that {T"z : n € N} is bounded.

To prove our main result, we need two lemmas.

Lemma 2.3 ([14]). Let {I',} be a sequence of real numbers that does not decrease
at infinity in the sense that there exists a subsequence {I'y,} of {I',} which satisfies
Iy, <Tp,41 for alli € N. Define the sequence {T(n)}n>n, of integers as follows:

7(n) =max{k <n:Ty < Tk},
where ng € N such that {k <ng: Ty < Tri1} # 0. Then, the following hold:
(i) 7(no) < 7(no+1) <... and 7(n) — oo;
(11) FT(n) < Pr(n)—l—l and I'y, < Fr(n)—l-lv Vn > ny.

Lemma 2.4 ([2]; see also [23]). Let {s,} be a sequence of nonnegative real numbers,
let {an} be a sequence of [0,1] with > 07 an = 0o, let {Bp} be a sequence of

nonnegative real numbers with Y > | By, < oo, and let {v,} be a sequence of real

numbers with limsup,, .. 7n < 0. Suppose that

Snt1 < (1 - an)sn + apyn + ﬁn

for alln € N. Then lim,_, s, = 0.

3. STRONG CONVERGENCE THEOREM OF HALPERN’S TYPE

In this section, using the technique of [22], we prove a strong convergence theorem
of Halpern’s type [6] for finding attractive points of widely more generalized hybrid
mappings in a Hilbert space. Before proving the result, we need the following lemma
which was proved by Guu and Takahashi [5].

Lemma 3.1 ([5]). Let H be a Hilbert space and let C be a nonempty subset of H.
Let T : C — H be an («,B,7,9d,e,(,n)-widely more generalized hybrid mapping.
Suppose that it satisfies the following conditions (1) or (2):

(1) a+B8+~v+d>0,a+y>0ande+n>0;

(2) a+B+~v+d>0,a+p>0and (+n>0.
If ¢, — z and x,, — Tx,, — 0, then z € A(T).
Theorem 3.2. Let H be a Hilbert space and let C be a convex subset of H. Let T
be an (o, B,7,96,¢,(,n)-widely more generalized hybrid mapping from C into itself
with A(T) # 0 and let Pycry be the metric projection of H onto A(T). Suppose that
it satisfies the following conditions (1) or (2):

(1) a+8+~v+d>0,a+y>0ande+n>0;

(2 a+8+~v+d>0,a+8>0and+n>0.
Let {z,} be a sequence in C' such that z, — z € H and let {z,} be a sequence in C
defined by x1 € C and

Tpt1 = nzn + (1 — ap)(Brxn + (1 — Bn)Txy), Vn €N,

where {an} and {Bn} are two sequences in (0,1) such that

n—0o0

o
n=
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Then the sequence {zy} converges strongly to © € A(T), where T = Py(r)z.

Proof. We first remark from Lemma 2.1 that A(T) is closed and convex. Thus P47
is well defined. Let z; € C and u € A(T). We have that ||Tz, — u|| < ||z, — ull
from w € A(T). Define y, = Bpxn + (1 — )T'zy. Then we have from (2.2) that

Hyn_u”2 = ||Bnan + (1 — Bn)Tzn — uH2
= Bnllzn — UH2 + (L =B Tzn — uH2 = Bn(1 = Bu)llzn — Txn”Q
(3.1) < Bullzn = ull® + (1 = Ba)llzn — ull® = Ba(1 = Ba)llwn — Tzal®
= ||lzn - uH2 — Bn(1 = B)llzn — Ta:nHQ
<l — ull®.
Let K = sup{||zn, — u|| : n € N} and put M = max{||x; — u||, K}. It is obvious that
|z1 — u|| < M. Suppose that ||z — u|| < M for some k € N. Then we have from
(3.1) that
[zkt1 — ull = [lewzr + (1 — ag)yp — ull
< agllzk — ull + (1 — ar)lyk — ull
< ogllzk — ull + (1 = ag)llzx — ull
< oM+ (1—ap)M
=M.
By mathematical induction, we have that ||z, — u| < M for all n € N. Thus {z,}
is bounded. Hence {T'z,} is bounded. Take # = P4(r)z. We have from (3.1) that
1Zn41-2)* < anllzn — 2|° + (1 - o) lyn — 27
(3.2) < anllzn — jHQ + (1 = an)(lln — j”2 = Bn(1 = Bu)llzn — TanZ)
< apllzn — J_CHQ + llan — 5”2 = Bn(1 = Bp)llzn — TCCTLHQ'
We have from (3.2) that

(3.3) Brn(1 = Bn)llzn — Tan2 < aplzn — 57”2 + |zn — jH2 — [|Tn1 — jH2
We also have that
(3.4) |21 — Zull = lanzn + (1 — an) (Bazn + (1 — Bp) Tz — 24|

< apllzn — zpl| + (1 — o) (1 = Bo)llzn — Txs .

Case A: Put T, = ||z, — Z||? for all n € N. Suppose that there exists a positive
integer N such that I',11 < T, for all n > N. In this case, lim,_~ [';, exists and
then lim, oo (T'p41 — I'n) = 0. From lim, o v, = 0, liminf,, o Bp(1 — B,) > 0
and (3.3), we have that

(3.5) lim |, — Tzy| = 0.
n—oo
We have from lim, o o, = 0, (3.4) and (3.5) that

(3.6) lim @41 — zn|| = 0.
n—oo
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Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that

(3.7) limsup(z — z,z, — z) = lim (z — Z, x,, — T).
n—00 1—00

Without loss of generality, we may assume that z,,, = v. By (3.5) and Lemma 3.1,
we have that v € A(T'). We have from (3.7) that

(3.8) limsup(z — Z,z, — =) = (z — Z,v — ) < 0.
n—oo

On the other hand, since zp41 — & = an(zn, — Z) + (1 — o) (yn — ), we have from
(2.1) and (3.1) that

|Zn+1 — j”2 < (1 —an)|yn - jHQ + 205 (2n — T, Tnt1 — T)

< (1= an)|zn — Z||* + 200 (2n — &, Tpi1 — T)

(3.9) = (1 —an)||zn — Z|* + 2000 (20 — T, Tpy1 — o)
+ 20 (2 — T, 2 — T)
=(1—an)llzn — fHZ + 200 (2p — T, Tnt1 — Tn)
+ 20 (20 — 2, 2p — T) + 2000 (2 — T, 2, — T).
By Y00 an = 00, (3.6), z» — 2, (3.8), (3.9) and Lemma 2.4, we have that
Case B: Suppose that there exists a subsequence {I'y,} C {I',} such that T, <
I'y,+1 for all 7 € N. In this case, we define 7: N — N by
7(n) =max{k <n:Tk <Tgi1}.
Then it follows from Lemma 2.3 that I';(,;) < I'z(;)41- We have from (3.3) that
BT(n)(l - B’r(n))”xfr(n) - T-xT(n)H2

(310) < O‘T(n)HZT(n) - 'fz'H2 + Hm'r(n) - ‘THz - HxT(n)+1 - i"z

< O‘T(n)Hz‘r(n) - EHQ
By lim,, o0 , = 0, liminf,, o B, (1 — B,) > 0 and (3.10), we have that
(3'11) nh_)Holo ||$T(n) - Txr(n)” =0.
We have from (3.9) that

H:L'T(n)—i-l - jH2 < (1 - aT(n))||xT(n) - ‘7_;”2 + 2aT(n)<ZT(n) - j?'rT(TL)“rl - j>
From this inequality, we have that
(312 sy — 312 = lr =22 + sy — 7112
< 2aT(n) <Z’7'(7L) -, Lr(n)+1 — i‘>

From Iy < Try41, (3.12) and a(,) > 0, we have that
(

2 Zr(n) — z, Lr(n)+1 — j>

(313) = 2Zr(n) = L Tr(n)+1 — xT(n)> + 2<z‘r(n) -, Lr(n) — i’>
n) z, Lr(n)+1 — xT(n)> + 2<z‘r(n) = 2, Tr(n) T j>

+2(z — T, Tr(n) — z).
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On the other hand, by lim, . a;, = 0, (3.4) and (3.11), we have that

(3'14) lim ”w‘r(n)Jrl — m‘r(n)” =0.

n—oo

Since {z;(,)} is bounded, there exists a subsequence {x,(,,)} such that

(3.15) limsup(z — 7, 2r(p) — Z) = lim (2 — , 2.,y — 7).
n—+00 1—00

Following the same argument as the proof of Case A for {z,(,,)}, we have that

(3.16) limsup(z — T, 2-(,) — 7) < 0.

n—o0

Using (3.13), (3.14), 2,() — 2 and (3.16), we have that
(3.17) lim ||z, — | = 0.

n—oo

By (3.14) we have that
(3.18) lim [|2-()41 — Z|| = 0.

n—0o0

Using Lemma 2.3 for (3.18) again, we have that
lim ||z, — Z|| = 0.
—00

This completes the proof. O

4. APPLICATIONS

In this section, using Theorem 3.2, we establish new strong convergence theorems
of Halpern’s type in a Hilbert space. We first prove a strong convergence theorem for
finding fixed points of widely more generalized hybrid mappings which generalizes
Suzuki’s theorem [16].

Theorem 4.1. Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let T be an («, 3,7, 0,¢,(,n)-widely more generalized hybrid mapping
from C into itself with F(T) # (. Suppose that it satisfies the following conditions

(1) or (2):
1) a+p+7+6>0,a+y>0ande+n>0;
(2) a+p+v+6>0,a+8>0and (+n>0.

Let {z,} be a sequence in C such that z, — z and let {x,} be a sequence in C
defined by x1 € C' and

Tpt1 = nzn + (1 — ap)(Brxn + (1 — Bn)Txy), Vn €N,

where {an} and {Bn} are two sequences in (0,1) such that

(o)
lim a, = 0, Zlan =oco, and liminf (1~ 5,) > 0.
=

n—o0

Then the sequence {x,} converges strongly to & € F(T), where T = Pp(r)2.
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Proof. Since T is («, 8,7, 0, ¢,(,n)-widely more generalised hybrid, we have that
a| Tz — Tyl + Bllz = Ty||* + 4[| Tz — y|* + 8]l — y|I*
+elle = Txl* +¢lly = Tyll* + nll(z = Tz) = (y = Ty)|* <0
for all z,y € C. Replacing x by a fixed point u of T', we have that for any y € C,
allu=Ty|* + Bllu — Ty|> +~|u — ylI* + 8]lu — y|”
+Clly = Tyll* +nlly = Ty[|* <0
and hence
(a4 B)lu—Tyl* + (v + ) lu—yl> + (C+n)lly — Tyl* <o.
Suppose that it satisfies the following condition (2):
a+B+74+6>20, a+5>0 and (+n>0.

From ¢ +n > 0, we have that (a+3)|lu—Ty||> + (v +6)||u—y||> < 0. Furthermore,
since a + 8 +v+ 0 >0 and o+ 5 > 0, we have that for any y € C,

—(v+9)
a+f
This implies that F(T) C A(T). Since F(T) # (), we have that A(T) is nonempty.
From Theorem 3.2, it follows that {z,} converges strongly to z € A(T'). Since C' is

closed and z,, — =, we have = € C. From & € A(T) N C, we have that

[Tz —zf| < |z —z|| = 0

lu—Ty|* < lu = yl? < flu—y]*.

and hence 7 € F(T'). Furthermore, we have from Theorem 3.2 that T = Pyr)z.
Thus we have that

|z — Z|| = min{||z —u|| : v € A(T)} <min{||z —ul| :w € F(T)}

and hence T = Pp(1)2.
Similarly, we can obtain the desired result for the case of a + 5 +~v+ 9 > 0,
a+v >0 and € + 7 > 0. This completes the proof. O

As direct consequences of Theorems 3.2 and 4.1, we have the following results.

Theorem 4.2. Let H be a Hilbert space and let C be a convex subset of H. Let T
be a nonexpansive mapping from C into itself, i.e.,

[Tz =Tyl < [lz—yl, Va,yeC.

Assume A(T) # () and let Pa(py be the metric projection of H onto A(T'). Let {z,}
be a sequence in C such that z, — z and let {x,} be a sequence in C defined by
x1 € C and

Tnt1 = nzn + (1 — ap)(Bpzn + (1 — Bn)Txy), Vn €N,

where {an} and {Bn} are two sequences in (0,1) such that

lim a, = 0, Zlan =00, and hnni)ggfﬁn(l — Bn) > 0.

n—o0

Then {xn} converges strongly to & = Pyr)z. Additionally, if C is closed and conver,
then {z,} converges strongly to T = Ppr)z.
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Proof. Since a (1, 0, 0, -1, 0, 0, 0)-widely more generalized hybrid mapping T is
nonexpansive and it satisfiesa+5+v+d=1-1>0,a+v=1>0and e+n > 0,
we have the desired result from Theorems 3.2 and 4.1. d

Theorem 4.3. Let H be a Hilbert space and let C' be a convex subset of H. Let T
be a nonspreading mapping from C into itself, i.e.,
2|Tx — Ty|* < | Tz — y|* + Ty — 2|, Va,yeC.

Assume A(T) # 0 and let Pycry be the metric projection of H onto A(T). Let {2}
be a sequence in C such that z, — z and let {x,} be a sequence in C defined by
z1 € C and

Tpt1 = nzn + (1 — ap)(Bnxn + (1 — Bn)Txy), VneN,

where {ay,} and {Bn} are two sequences in (0,1) such that

n—o0

lim «p =0, Z:lan =o0, and hnnilor.}fﬁn(l — Bn) > 0.

Then {wy} converges strongly to T = Pa(ryz. Additionally, if C is closed and conver,
then {x,} converges strongly to ¥ = Pr(7)z.

Proof. Since a (2, -1, -1, 0, 0, 0, 0)-widely more generalized hybrid mapping T is
nonspreading and it satisfiesa+8+~vy+6d=2-1-1>0,a+vy=2—-1>0 and
€ +n > 0, we have the desired result from Theorems 3.2 and 4.1. g

Theorem 4.4. Let H be a Hilbert space and let C be a conver subset of H. Let T
be a hybrid mapping from C' into itself, i.e.,

3T — Tyl < ||z — yl® + 1T — y|* + | Ty — 2|*, Vz,yeC.

Assume A(T) # () and let Pacpy be the metric projection of H onto A(T'). Let {z,}
be a sequence in C such that z, — z and let {x,} be a sequence in C defined by
r1 € C and

Tnt1 = Wnzn + (1 — ap)(Bpzn + (1 — Bn)Txy), Vn €N,

where {an,} and {B,} are two sequences in (0,1) such that

[o.¢]
lim a, =0, » ap=o00, and liminfB,(1-B,) > 0.
n—o0 ne1 n—oo

Then {x,} converges strongly to & = Pyryz. Additionally, if C is closed and convex,
then {z,} converges strongly to T = Ppr)z.

Proof. Since a (%, —%, —%, —%, 0,0, 0)-widely more generalized hybrid mapping 7" is

hybrid and it satisﬁesoz+ﬁ+’y+5:%—%—%—% >0, a+’y=%—%>0and
€ +n > 0, we have the desired result from Theorems 3.2 and 4.1. O

If C is closed and convex and F(T') is nonempty in Theorem 4.2, then the result
is Suzuki’s theorem in the setting of Hilbert space. Theorem 4.3 solves a problem
posed by Kurokawa and Takahashi [13].
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