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Dedicated to Professor W. Takahashi on the occasion of his 70th birthday

ABSTRACT. In this paper, we give some new identities of Carlitz g-Bernoulli
polynomials under symmetry group S3. The derivatives of identities are based
on the g-Volkenborn integral expression of the generating function for the Carlitz
g-Bernoulli polynomials and the g-Volkenborn integral equations that can be
expressed as the exponential generating functions for the g-power sums.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will,
respectively, denote the ring of p-adic integers, the field of p-adic rational numbers
and the completion of algebraic closure of Q,. Let v, be the normalized exponential
valuation of C, with |p|, = prrP) = % and let ¢ be an indeterminate in C, with
1—4q|, < piﬁ. The g-number of z is defined as [z], = 11%‘1;. Let UD (Zy)
be the space of uniformly differentiable functions on Z,. For f € UD (Z,), the
g-Volkenborn integral on Z, is defined by Kim to be

A
00 0= [ r@ = Jin e 3@ e ),
In (1.1), we note that
(12) aly (1) =1, () = ‘o= 0+ (= 1) 1 0),
where f1 (z) = f(x +1).
In general, one derives
n—1 n—1
(13) LU L) =S O a0
1=0 1=0

where f, () = f (x +n), (n > 0), (see [15,16,27]).
It is well known that the Bernoulli numbers are given by

(1.4) By=1, (B+1)"—B,=0d1,, (see[1-27])
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with the usual convention about replacing B™ by B,,.
The Bernoulli polynomials are defined by

(1.5) B,(z)=Y_ (7) Biz", (n>0), (see [29,30]).

=0

In [4,5], L. Carlitz considered a g-analogue of Bernoulli numbers as follows :

1 ifn=1,

(16) BO,q = 17 Q(QBq + 1)n - ﬁn,q = {0 fn>1

with the usual convention about replacing Bé by Biq-
He also defined g-Bernoulli polynomials as follows :

n

(1.7) Bnq (z) = Z (7) 0“Buq [m]Zﬁl, (see [4,5]).

=0

From (1.6), Carlitz derived the following equation :

1 " /n [+1
) = 2o (1) Y

=0

and

x:;nn—llml+71 see
19 By (1_q)n§(l>< Vg e ).

Carlitz g-Bernoulli numbers and polynomials are also given by ¢-Volkenborn in-
tegrals on Z, due to T. Kim [13] :

o0 tn
(1.10) DL )
n=0 ’ P

= Y dmem (1—q—q™t),
m=0
and

oo tn .
(111) > B @) = [ et )
n=0 ’

Oop
_ Z qme[r-&-m}qt (1 —q- qx-i-mt) )
m=0

The purpose of this paper is to give some new identities of Carlitz ¢-Bernoulli
polynomials under symmetry group Ss;. The derivations of identities are based
on the ¢-Volkenborn integral expression of the generating function for the Carlitz
g-Bernoulli polynomials and the ¢-Volkenborn integrals equations that can be ex-
pressed as the exponential generating functions for the g-power sums.
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2. SOME IDENTITIES OF CARLITZ ¢-BERNOULLI POLYNOMIALS

By (1.7), we easily get

n

(21) B ot0) = 3 (7 ) ) e~

=0

_ g <7> ¢ D78, 1, () [,

On the other hand, Carlitz also introduced the expression of g-Bernoulli polyno-
mials B,(f(}k) (x) as follows :

)y — L (MY Ly g G

(22) P @) = =g 3 () e
where

(2.3) G+l =0+h,+h=1],[F+h—-k+1],
and

24)  (G+h)p=0+h0G+h=1)-(G+h—k+1), (seel[513]).
T. Kim [13] obtained the Witt-type formula for ﬁ,(fq’k) (x) as follows :

(25) B3P () = /Z o O g i () da ().
If k = 1, then BY2Y () will be simply denoted by A{") () so that

(26) B @) = [ a I ol g ().
The following simple facts will bg used over and over again :

(2.7) la + 0], = [a], +q"[0], -
By (2.7), we easily see that

(2.8) [a+b+d, = [al, +q" b, + ¢“ T [d],,

and

(29) ], = la], ]

First, we will consider the following triple integral which is obviously invariant
under any permutations of wi, wa, ws.

So the expression obtained from this after integration will also be invariant under
any permutations of wy, wo, ws. This observation is simple enough but it is the
philosophy that underlies this paper.

(2_1()) [_/ e[w2w3$1+w1w3x2+w1w2x3+w1w2w3(y1+y2+y3)]qt
Z

3
p
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X dpigwaws (1) dpgeiws (T2) dpgeiws (23) .

It is easy to show that
(2.11) [wawsz1 + wiwszs + wiwaws + wiwaws (Y1 + Y2 + y3)],

= [waws], 71 + wiy1] usws + ¢TI [wywg) [w2 + waya] oy s

+ qwzw:s(x1+w1y1)+w11U3(902+w2y2) [w1w2]q [1‘3 + w3y3}qw1w2 )

So the integrand is
(2.12) [wawsz1 +wiwsze+wiwezz+wiwaws (y1+y2+ys3)] ¢

[waws], [z1+wiy1] wgwgteq“’2w3($1+“’1y1)[wlwg}q[mz—l—wzyg]qwlwgt

X equwS(I1+w1y1)+w1w3(9~‘2+w292)[wlwz]q[$3+w3y3]qwlw2t
> n
k l m l
ZE : Z [w2w3]q [w1w3] [w1w2] qw1w2w3( +m)y1
k,l,m
n=0 k+Il4+m=n
1 k
% qwlwzwgmyzqwzws( +m)x1 [331 + wlyl]qw2w3 q
! ¢
m
X [$2 + w2y2]qw1w3 [x3 + wS?JS]quz ﬁ

wW1W3MIT2

Thus the integral in (2.10) is given by

o
(2.13) I :Z{ Z (k: 7 > [wzwg]f; [wlw:s]l [wiws]}" grezes(tmiv
n=0 Uk+ifm=n 001
X g /Z qw2w3(l+m)$1 [z1 + wlyl]gwws dpigwaws (1)

P

% / qw1w3mx2 [xg + w2y2]f]w1w3 dﬂqw1w3 (Ig)
7.

P
tn
X / [z3 + wgyg] woywy Afbguiwe (X3) —
7 mn.

P

n= k+Il+m=n
m wlwgwg(l+m)y1qw1w2w3my2

X [wlwg]
n
n!

(i 1) 1
ﬁk ;rzgjs (w1y1) Bl(z:;w)s (w2y2) Bm,gwiw2 (w3y3)} n
Thus, by (2.13), we get the following theorem.

Theorem 2.1. Let wy,ws,ws be any positive integers, n any nonnegative integer
Then the following expression is invariant under any permutation of wy, wa, w3 S0

that it gives us six symmetries :

Z < " > [w2w3]2 [w1w3]l [wlwﬂmqwlwzmwm)

k,l,m
k+l4+m=n
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(I4+m+1) (m+1)
x qu)1w2w3my26k,qw2w3 (wlyl) Bl,qwlwg (w2y2) 5777,,q“’1“’2 (w3y3)

= Z <k ln > [wl’UJB]}; [’LUng]é [wlwﬂ;’lnqw1w2w3(l+m)y1
k+l+m=n ) by MM

brmd 1 +1
X qw1w2w3my251(c,qgllw3) (UJZZJI) Bl(;r;’lUQ’LU)S (wlyg) 6m7qw1w2 (w3y3)

= Z <k: 7 > [w]_wS]’; ['lU]_wz]f] [w2w3};n qw1w2w3(l+m)y1
k+l+m=n ) by T

w1w2w3my25(l+m+1)

+1
x4 k,qw1w3 ('LUle) /Bl(’zlwlw)Q (W3y2) ﬁm7qw2w3 (w1y3)

= Z <I<: 7 > [w2w3]’; [wlwg]fl [wlwg};nqwlw2w3(l+m)y1
k+l+m=n , 0, TN

l 1 1
X qw1w2w3my251(¢,;r£$3) (wiy1) ﬁl(ﬂw)z (wsy2) B, qwiws (ways3)

= Z <k 7 ) [wl’wQ]’; [wgwg]f] [w1w3}21qw1w2w3(l+m)y1
k+l+m=n y by TN

w1W2W3Mmys2 5(l+m+1)

+1
X q k,qw1w2 (w3y1) /Bl(,zlwgw% (w1y2) /8m7qw1w3 (w2y3)

n
= Z <I{: l m) ['wl'LUQ]’qC [wlw;g]f] [w2w3}2n qw1w2w3(l+m)y1
k+l+m:n )
l 1 L
) qmwzwgmyZ)B/(c,;r“r’rlLIz) (wsy1) Bl(,?;:;w)g (way2) Brm,gw2ws (w1ys) -

We define, for nonnegative integers n, m, w, Ty, n (w|q) as

w

(2.14) T (wlg) = > " [
i=0
In particular, for w = 0, we have
1, ifm=0
2.15 T (0lg) =<
(2.15) m (0la) {0, if m > 0,

and

(2.16) Tno (wla) = {[w + 1 ifn >0,

From (1.3), we have

(2.17) (qw1w2)w3/ e[w1w2(w+w3)}qtdﬂqwlw2 ()
Z

P
- / e[wlwn}qtdﬂqwlw (x)
ZP

w3—1

=t [w1w2]q E q2w1w2ie[w1w21]qt
=0
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w3z—1
(g = Dwnwa, Y gretelld
=0
o0 tm+1
=Y Tom (w3 = 1g"""?) [wrwa]y ™ —-
m!
m=0
tm
+(@—1) Z Tim (w3 = L") [wrwa] ™ .

m=0

Thus, we have the following lemma.

Lemma 2.2. For wy,ws, w3 > 1, we have

qw1w2w3/ 6[w1w2(z+w3)]qtd'qu1w2 (:E)—/ €[w1w2x]qtdqulw2 (z)
Zp Zyp
o0
thrl

= Z T (w3 = 1]g"*"2) [wywa]g —

m=0

oo tm
+(g—-1) Z T ,m (wg — 1|g**™?) [wlwg]g"H p

wle
/ <qw1w2w5 [.CE + w3] wiwy T [J;]Z}UIWQ) dqu1w2 (':U)
Zyp

m=0

wz—1 wz—1

:t [w1w2}q Z q2w1w2ie[w1w2i]qt + (q _ 1) [wle]q Z qwlwgie[wlwgi]qt.
=0 =0

Now, we consider the following difference of triple integrals.
(2.18) I, =qW1w2ws / elw2wszitwiwszs twiwazstwiwaws (y1+y2+1)],t
7.3

X dpquaws (21) dpgeivs (x2) dpgeive (3)

_ / elw2wszitwiwszs twiwazstwiwaws (yi1+y2)],t
73

X dqu2w3 (1‘1) d/,qulws (ZEQ) d,qu1w2 (33‘3) s

which is obviously invariant under any permutations of w1, ws, ws.
We put

(2.19) a=a(r)= qw2w3(ac1+w1y1)’ b=b(x2) = qw1w3(w2+w2y2)‘

Then, by (2.18), we get

o0 k+1
t
(2.20) L = E [wgwg]]; [wlwg]é i /22 a [z + w1y1]§w2w3 [xo + w2y2]f1w1w3
k,1=0 )

y {i [wlwg]g!(abt)m

m=0
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X /Z <qw1w2w3 [z5 + w3]2}01w2 - [$3]Z’Zv1w2) dpigrorws (@3)}
P

X dquQwa (1’1) dﬂq“’lw?’ (xQ) .

From Lemma 2.2, the inner sum is

m+1 (abt)m+1

(2.21) i orwaly

m=0

- Ty (w3 — 1|g"*"?)

[wlwg]mH (abt)™ o
—i—(q—l)z qm! T1m (w3 — 1|g"+*2).

m=0

Thus, by (2.20) and (2.21), we get

oo

tk+l+m+1

_ k l m+1

(2.22) L 7k ZZ 0 [wows], [wiws], [wiws]; T
sb,Mm=

% / al+m+1 [xl + m1y1]§w2w3 dquzwg (xl)
Zp

Ty (w3 — 1]g"1*2)

X / b (20 + wgyg]f]wlw3 dpiguiws (2)
z

P
[e.e]

+(a=1) Y [waws]g [wiws]y [wrws]f Sy
k,l,m=0 o

tk—i—l-l—m

X Tm (w3 — 1|qw1w2)/ M [y 4 Wiy Fuyug dpguas (1)
z

P
X / b [w2 + wayspwyws digers (2).
ZP

Recovering a = ¢@2ws(@1+wiv1) and p = gwiws(z2tw2y2) (2 18) can be rewritten as:

(2.23) L = Z { Z <k‘ 7m) [wzws]l; [w11U3]51 [w1w2]21+1

n=0 \k+l+m=n
w wiwows (I+m+1 wiwaws(m—+1
X T2,m (w3 _ 1|qw1 2) q 1wa2w3( )qu 1waws )y2

X / gurzesrmAley g o wlyl]];wzws dpiquoaws (1)
Z

P

n!
4

“q‘”i{ = (or)

n=0 \k+l+m=n

} thrl
></ qw1w3(m+1)x2 [ZL‘Q + w2y2]qwlw3 d,qulws (1,2)
Z

x [waws]y [wiws] [wiws]y ™ T (w3 = 1]g“*2)

% qw1 wawsz (l+m)y1 , wiwawsmya

q
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/ wgws l+m xl [xl + w1y1]§w2w3 dqu2w3 (flfl)
Zp

tTL
/ WIWSMES 9 + w??/?] wiwg Alguivs ($2)} n!

Z{ > <l<: 7m)5kl}$$32 (wiy1)

k+l+m=n

w1we ) wiwaws (I+m+1)y;

X /Bl,qw1w)3 (w2y2) T2,m (wS - ]‘|q q

tn—‘rl
wiwaw3z(m—+1)ya [

xq w2w3]]; [w1w3]l [w1w2]m+1}

n!

+(@—-1) { > <l<: ?m)ﬁkl;ﬂj»sl (w1y1)
n—=0 3 by

k+l+m=n

wlwg)

1
X ﬁl(?wtu)s (w2y2) Ti,m (w3 — g
tn
n!’

wiwaws (I+m)y1 w1wzw3my2[

xq q waws]! [wyws]} [’w1w2]m+1}

Separating the term corresponding to n = 0 from the second term and after
rearranging, we get :

(2.24) I = (¢ — 1) [wiwaws], + Z { Z <k lnm>

k+l4+m=n—1

{ +2) +2
X Bl wsts) (wiyn) Bk Dy (ways) Tom (w3 — 1]g

wiwaws (I+m+1)y1

w1w2)

wiwaws(m+1)y2 [ ]m—f—l

X q w2w3]]g [wlwg]l [w1w2

RS ( " )6££I§ (wipn)

k., l,m
k+l+m=n

q

wlwg)

1
X @%jgw)a (w2y2) T, m (w3 — g

> qw1w2w3(l+m)y1 gy
k ! +i "
X [wgwg]q [wlwg] [wlwg]m } ol

As this expression is invariant under any permutations in w1, ws, ws, we get the
following theorem.

Theorem 2.3. Let wy,ws, w3 € Z with wy > 1, we > 1, wy > 1. Then, for any
positive integer n, the following expressions

n (I+m+2
Z (k,l,m) 5k: o<2>)a(3> (wa(1)y1)

k+l+m=n—1
+2
x ﬁ i g<z>wa(3> (Wo2)¥2) Toum (we(z) — g o)

wiwaws (I+m+1)y1 qwlwgwg (m+1)y2

X q
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k l m
X [wo(2) o)), [Woy o], [Womywoe])

n (I4+m—+1)
+(g—1) Z (kz l m> By qra@ e (@o(yy1)
k+l+m=n ”

+1
X By vty (Wo)92) Tiam (wo(z) — 1lg"e o)

l m+1

k
X q Wo(2)Wo(3)], [Wo)Wa(s)], [Woy o)),

wiwaws (I4+m)y1 qurwRwsmy [

are the same for any o € S3.

Remark 2.4. We can get interesting identities by letting ws = 1 or by letting
wg = w3 = 1, in view of (2.15). However, writing those down requires much space.
So we omit it.

With the same a = g@2ws(itwin) p — guiws(r2twaye) a5 in (2.18), I; can be
rewritten as
(2.25) I :/ elwzws][z1twiy]jwaws t J[wiws], [z2+w2y2]gwyws (at)
z

7
« {/ (qw1w2w3e[wlwg(:cg—i—wg)]q(abt) _ e[wlwzxg]q(abt)> dﬂq“’lw? (1;3)}
Zp

X dﬂqw2w3 (331) Cl/.qu1w3 (xg) .
From Lemma 2.2 and (2.25), we note that the inner integral is equal to
wz—1 '
(2.26) abt [wle]q Z q2w1wzze[w1wgz]qabt
i=0
wz—1
+ <q _ 1) [’11)1’(1]2]q Z qwlwgie[wlwzi}qabt'
i=0
Thus, by (2.25) and (2.26), we get
wz—1
(2.27) I =t [wywy], Z grerwe / abelw2wslglzitwiyi]wowst
=0 z

ﬂ.
» e[wle]q [r2+w2y2+w3 Z] 013 ®

t

dpguaws (1) dpiguivs (v2)
wz—1

+ (g — 1) [wiws], Z g /Z2 elwawslglzrtwiy] gogwyt

1=0 P

wy -
e[w1w3]q [:62+w2y2+ wa z] o1vs®

t
dpguaws (1) dpgervs (2)

wz—1 [e’s) k+1
. t
2 +1 k
=t [wle]q E q wi1w2e E AT qw1w2w3( + )quw1w2w3y2 [w2w3]q
i=0 kl=0

% [w1w3]f]/ qw2w3(1+1)11 [5131 + wlyl]ngws dqugwg (371)
Zp
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l
w9 .
% / qw1w3002 [1.2 + wolo + 21] dqule (332)
Z

p w3 qwivs
et e R I k
_ wiwal v wiwawsly
+ (g = 1) [wiwo], Z q a4 waws]g
i=0 k,1=0

% [w1w3]i]/ qwzwglfm [xl + 'wlyl]];wzws d/j,qwgwg (:L'l)

P

!
w2 .
X / [acg + wayo + 22] dpguiws (2)
Z

P w3 I quwiws

— Z {Z ( > I(quw];j“_s?) (wlyl) qw1w2w3("—k+l)y1

X qU1w2wsy2 [w1w2]q [W2w3]1;

wz—1

—k 9 wo . thrl
X [wlwg];‘ Z q w1w215 g (w2y2 + Z)

w n!
i—0 3

+a-1)) {Z < )5&@; (wign) grezesthm
n=0 k=0

X [wlwg]q [wgwg]’; [wlwg]:;_k

w3z—1 w m
. 9 .
X E qwleZ,ank‘,qwlw:s (w2y2 + w3Z> } —.

n!
i=0

Separating the term corresponding to n = 0 from the second sum and after
rearranging, we obtain

L=(@—-1)] wlwgwg + Z {n Z < > I(cnqw];I?ll) (wiy1) qw1w2w3(n7k)y1
n=1

w3z—1
% qw1w2w3y2 {w1w2]q [’LUQZU;;]]; [wl’wg]gilik Z q2w1w22
=0
w - k
2 2. 41 _
X B2 g gores <w2y2 " w:f) Tla-1), < )Bknqwzwg) (wyyy) g zes =R
k=0
N w3 1 n
X [wlwg]q [wgwg] [w1w3 Z qw1wml3n k,qw1ws (wgyg + 31) } n'
=0

As this expression is invariant under any permutations in wi, wsy, w3, we have
the following results.
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Theorem 2.5. Let wy,ws, w3 € Z with wy > 1, we > 1, wy > 1. Then, for any
positive integer n, the following expressions

k+1 )
nz < ) knq a(2)zua(3) (wa(1)y1) qw1w2w3(n k)1

W1 W2w3Y2 ]n—l—k

k
X q [woywor)], [Wa@)Wom)], [Waq)om)],

We(3)—

2W5 (1) We(2)0 (2) (2)
X zg g W@ g g o (1) Po( < We(2)Y2 + 0o >
K3

ta-D2 < >*Bzinq oy botey (Woyyn) g1

k=0

k n—=k
X [woyWo(2)], [Wo2)Wam) ], [Woywor)];

wa(3) -1

; We(2) .
X Z qwo(l)wa(?)zﬁn_kgwo,(l)wo_@) (wU(Q)yg + ” Z>
1=0

a(3)

are all the same for any o € Ss3.

Remark 2.6. Using (2.14) and by specializing ws = 1 or wgy = ws = 1, we can
obtain many interesting identities. However, as this requires much space, we will
omit those.

(1]

2l

(10]
(11]

[12]

(13]
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