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ABSTRACT. Let K be a non-empty closed subset of a Banach space X endowed
with a graph G and let T': K — X be a G-contraction that satisfies Rothe’s
boundary condition, i.e., 7" maps 0K (the boundary of K) into K. The main
results obtained in this paper are fixed point theorems for nonself G-contractions
on a Banach space endowed with a graph. Our new results are important exten-
sions of recent fixed point theorems for self mappings on metric spaces endowed
with a partial order and also of various fixed point theorems for nonself mappings
on Banach spaces or convex metric spaces.

1. INTRODUCTION

Let (X,d) be a metric space. Denote by Fixz (T) the set of fixed points of a
mapping T : X — X, i.e.,

Fiz(T)={z € X : Tz = z}.

The self mapping 7' : X — X is called a Picard operator (abbr., PO), see for
example [49], if

(i) T has a unique fixed point in X, say z*;

(ii) Picard iteration {T"xo} converges to z*, for all o € X.

The classical contraction mapping principle [14] essentially states that any con-
traction on a complete metric space is a PO. This fundamental theorem in the
metrical fixed point theory is one of the most useful results in nonlinear analysis,
which, together with its local variant, has many applications in solving nonlinear
functional equations, optimization problems, variational inequalities etc., by appro-
priately transforming them in equivalent fixed point problems.

However, the restrictive condition 7'(X) C X makes it not applicable to most
of the nonlinear problems where the associated operator T is actually a non-self
operator.

This is the reason why, in continuation and completion to the abundant fixed
point theory for self-mappings, produced in the last 45 years, it was also an impor-
tant and challenging research topic to obtain fixed point theorems for single valued
and multi-valued non-self mappings.
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It 1972 Assad and Kirk [12] extended Banach contraction mapping principle to
non-self multi-valued contraction mappings 7' : K — P(X) in the case (X,d) is a
convex metric space in the sense of Menger and K is a non-empty closed subset of
X such that T maps 0K into K. For other related results see [1,3,4,7-11, 15,16,
18-21,27,28,30,32,33,36,41, 46, 50].

On the other hand, recently many results appeared in literature giving sufficient
conditions for a self mapping T" to be a PO if (X, d) is a metric space endowed with
a partial ordering <. They mainly deal with a monotone (either order-preserving or
order reversing) mapping satisfying a classical contractive condition but not for all
x,y € X as in the classical Banach’s contraction principle, but only for comparable
elements with respect to the given partial order.

Those kind of results are actually hybrid fixed point theorems that combine two
types of fundamental fixed point theorems: the contraction mapping principle and
the Knaster-Tarski theorem, see [51]. The most relevant results in this direction
start practically from the following important papers [38,39,44,45] and the unifying
paper [34]. See also [22-26,29,37], for other very recent results on this topic.

Starting from these facts, the aim of the present paper is to obtain general fixed
point theorems for non-self contractions on Banach spaces endowed with a graph,
which will thus extend and unify all the previous mentioned results. In order to
do so, we first present in the next section a few preliminary notions and results
regarding fixed point theorems for mappings defined on metric spaces endowed with
a graph and next, present some basic results related to fixed point theorems for non
self contractions in Banach spaces or convex metric spaces. Our main results are
then obtained in Section 3 of the paper.

2. METRIC SPACES ENDOWED WITH A GRAPH

Let (X,d) be a metric space and let A denote the diagonal of the Cartesian
product X x X. Consider now a directed simple graph G = (V(G), E(G)) such
that the set of its vertices, V(G), coincides with X and E(G), the set of its edges,
contains all loops, i.e., A C E(G).

By G~! we denote the converse graph of G, i.e., the graph obtained by G by
reversing its edges, i.e.,

E( G ={y,z) € X x X : (z,9) € E(G)}.

If x, y are vertices in the graph G, then a path from x to y of length N is a sequence
{x;}}¥| of N + 1 vertices of G such that

xo =z, Ny =y and (z;—1,7;) € E(G),i=1,2,...,N.

A graph G is said to be connected if there is at least a path between any two vertices.
If G = (V(G), E(G)) is a graph and H C V(G), then the graph (H, E(H)) with
E(H) = E(G)N (H x H) is called the subgraph of G determined by H. Denote it
by GH

If G = (X,E(G)) is the symmetric graph obtained by putting together the ver-
tices of both G and G71, i.e.,

E(G) = B(G)UE(G™),
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then G is called weakly connected if G is connected.
A mapping T : X — X is said to be (well) defined on a metric space endowed
with a graph G if it has the property

(2.1) Ve,y € X, (z,y) € E(GQ) implies (Tz,Ty) € E(Q).

According to [34], a mapping T : X — X, which is well defined on a metric space
endowed with a graph G, is called a G-contraction if there exists a constant o € (0, 1)
such that for all z,y € X with (z,y) € E(G) we have

(2.2) d(Tz,Ty) < a-d(z,y).

In the sequel we present a fixed point theorem for contractions on metric spaces
endowed with a graph. It is actually a simplified form of a result (Theorem 3.2)
established in a more extended form in [34]. The proof presented here is also
significantly simplified, in order to meet the purposes of the present paper.

Theorem 2.1. Let (X,d,G) be a metric space endowed with a simple directed
and weakly connected graph G such that the following property (L) holds: for any
sequence {xp}22, C X with x, — = as n — oo and (Tn,Tn41) € E(G) for all
n € N, there exists a subsequence {xy, }7°, satisfying

(2.3) (zk,,x) € E(G), Vn € N.

Let T : X — X be a G-contraction. If Xp:={x € X : (x,Tz) € E(G)} # 0, then
T is a Picard operator, i.e.,

(i) T has a unique fized point in X, say x*;

(i) Picard iteration {x,, = T"xo}5>, converges to x*, for all zog € X7, and the
following estimates hold

an

11—«

(2.4) d(xy,z") < d(xg,z1), n=0,1,2,...

(2.5) d(zn, 2*) < ﬁd(mn_l,mn), n=12,...

Proof. Let 9 € Xp. This means that (xo,Tx0) € E(G) and in view of (2.1), we
have

(2.6) (T"zo, T" ' 2) € BE(G), Vn € N.

Denote x,, := T™xq, for all n € N. Then by the fact that T' is a G-contraction and
in view of (2.1), we get

(2.7) d(xn, Tpt1) < ad(zp—1,2,), Vn € N.
Using (2.7) we obtain by induction
d(Zp, Tpi1) < &"d(zo, 1), n=0,1,2,...
and then
AT, Tptp) < a"(L4+a+-+aP 1)d(zg,71) =
o

(2.8) = 1_@(1—ap)'d(a:0,x1), n,peN, p#0.
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Since 0 < a < 1, (2.8) shows that {z,} 2, is a Cauchy sequence and hence is
convergent in (X, d, G). Denote

(2.9) ¥ = lim z, .
n—oo
By the property (L) of (X,d,G), there exists a subsequence {z, }>°; satisfying

(zk,,z) € E(G), Yn € N.
and hence, by the contraction condition (2.2) and in view of (2.1),
(2.10) d(Tzg,, Tx") < ad(zg,,x").
Therefore,
d(z*, Tx*) < d(z*, zk,+1) + d(xg, +1, Tx") = d(zk, 41, 27) + d(Txy,, Tx¥) .
which, by (2.10) yields

(2.11) d(z*,Tx") < d(z*, zk,+1) + o - d(zg,,, "),
valid for all n > 1. Now, by letting n — oo in (2.11), we obtain
d(z*,Tz*) =0

i.e., x* is a fixed point of T'.
Note that the uniqueness of x* easily follows by the contraction condition (2.2).
The estimate (2.4) is obtained from (2.8) by letting p — oo.
In order to obtain (2.5), observe that by (2.7) we inductively obtain
d(.’l?n+k, xn+k+1) < 5k+1 : d(xn—la xn) ) ka ne N7

and hence, similarly to deriving (2.8), one obtains

d(1—oP
(2.12) d(zp, Tnip) < (1_5) d(zp_1,2,), n>1 peN.
Now letting p — oo in (2.12), the desired estimate (2.5) follows. O

Remark 2.2. A similar result can be obtained by replacing the property (L) of the
triple (X, d, G) in Theorem 2.1 by the orbitally G-continuity of 7.

Recall, see [34], Definition 2.4, that a mapping 7 : X — X defined on the metric
space endowed with a graph (X,d,G) is called orbitally G-continuous if for all
z,y € X and any sequence {k,}5°; of positive integers,

TFrx — y and (Thrz, TFHx) € E(G), for all n € N, imply T(T*rz) — Ty.

Theorem 2.3. Let (X,d,G) be a metric space endowed with a simple directed and
weakly connected graph G. LetT : X — X be a G-contraction.

If Xp .={z € X : (2,Tz) € E(G)} # 0 and T is a orbitally G-continuous
mapping, then T is a Picard operator and the estimates (2.4) and (2.5) hold.

Proof. The proof essentially runs as for the previous theorem. The only difference
occurs at the step where we have to prove that x* is a fixed point of T

We know that x,, = T™xy converges to * as n — oco. Since, by hypothesis, T is
orbitally G-continuous, we have that

Tn+l = T(T”xo) — Tx*.

On the other hand, x,+1 converges to z* as well. So, * = Tz*, as required. O
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We end this section by presenting some examples of graphs, mainly taken from
the paper [34], which are important in this context.

Example 2.4. If G is the complete graph on X, that is, E(Gp) = X x X, then a
Gy-contraction is a usual contraction in the sense of Banach, i.e., it satisfies

d(Tz,Ty) < a-d(z,y), for all z,y € X.

Example 2.5. Let X be a nonempty set endowed with a partial ordering <. Con-
sider the graph GG on X whose set of vertices is given by

E(G1) ={(z,y) e X x X 12 2 y}.

As shown by Jachymski [34], Example 2.3, the class of Gj-contractions corresponds
to the mappings studied by Nieto and Rogriguez-Lopez [38].

Example 2.6. Let X be a nonempty set endowed with a partial ordering <. Con-
sider the graph G on X whose set of vertices is given by

E(Gy)={(r,y) e X xX:xyVy Iz}

Then the mappings studied by Ran and Reurings [45] are Go-contractions. As shown
by Jachymski [34], Example 2.4, the class of Ga-contractions is actually larger and
coincides with the class of mappings studied by Petrusel and Rus [44] and Nieto
and Rogriguez-Lopez [39].

Note also that Jachymski [34] has showed, see Example 2.4, that there exist G-
contractions which are not usual contractions, so Theorems 2.1 and Theorem 2.3
are effective generalizations of the classical contraction mapping principle.

3. FIXED POINT THEOREMS FOR NON-SELF CONTRACTIONS IN BANACH SPACES
ENDOWED WITH A GRAPH

Let X be a Banach space, K a nonempty closed subset of X and T': K — X
a non-self mapping. If z € K is such that Tz ¢ K, then we can always choose an
y € OK (the boundary of K) such that y = (1 — \)z + ATz (0 < A < 1), which
actually expresses the fact that

(3.1) d(z,Tx) =d(x,y) + d(y, Tx), y € OK,

where we denoted d(z,y) = ||z — y||.

A related condition to that given by (3.1), called inward condition, has been
used by Caristi [28] to obtain a generalization of contraction mapping principle for
nonself mappings. The inward condition is more general since it does not require y
in (3.1) to belong to K.

Note also that, in general, the set Y of points y satisfying condition (3.1) above
may contain more than one element.

For a nonself mapping 7' : K — X we shall say that it is (well) defined on the
Banach space X endowed with the graph G if it has this property for the subgraph
of GG induced by K, that is,

(3.2) (z,y) € E(G) with Tz, Ty € K implies (Tx,Ty) € E(G) N (K x K),

for all z,y € K.
The next theorem extends Theorem 2.1 and thus establishes a fixed point theorem
for non self contractions defined on a Banach space endowed with a graph.
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Theorem 3.1. Let (X, d,G) be a Banach space endowed with a simple directed and
weakly connected graph G such that the property (L) holds, i.e., for any sequence
{zp}r2, C X with x,, - x as n — 00 and (T, Tpi1) € E(G) for all n € N, there
exists a subsequence {xy, }°° satisfying

(3.3) (zk,,x) € E(G), Vn € N.

Let K be a nonempty closed subset of X andT : K — X be a Gk -contraction, that
is, there exists a constant 6 € [0,1) such that

(3.4) d(Tz,Ty) <§-d(x,y), for all (z,y) € E(Gk),

where G is the subgraph of G determined by K.

If Kp := {x € OK : (z,Tz) € E(G)} # 0 and T satisfies Rothe’s boundary
condition
(3.5) T(OK) C K,
then

(i) Fiz (T) = {z°};

(ii) Picard iteration {x, = T"xo}2>, converges to x*, for all xo € Kr, and the
following estimates hold

577,

1—90

(3.6) d(xn,z") < d(xzo,z1), n=0,1,2,...

o
(3.7) d(zp,x*) < 13 d(xp-1,2n), n=12 ...
Proof. If T(K) C K, then T is actually a self mapping of the closed set K and the
conclusion follows by Theorem 3.2 in [34] with X = K. Therefore, we consider the
case T(K) ¢ K. Let zy € Kp. This means that (zo,Tzo) € E(G) and in view of
(2.1), we have

(3.8) (T"z0, T" ) € E(G), Vn € N.

Denote y,, := T"xq, for all n € N.

By (3.5) it also follows that Tz € K.

Denote z1 := y; = Txg. Now, if Txy € K, set x9 :=yp = Txy. If Ty ¢ K, we
can choose an element xy on the segment [x1,Tx1] which also belong to 0K, that
is,

To = (1 - )\)xl + ATz (0 <A< 1).
Continuing in this way we obtain two sequences {z,} and {y,,} whose terms satisfy
one of the following properties:

i) Ty = Yp = Tx, 1, if Twp_q1 € K;

i) zp, =1 = Nap1+ AXTap_1 €0K(0< A< 1), if Tx, 1 ¢ K.

To simplify the argumentation in the proof, let us denote

P={xpe{rn}: xp=yr =Tar_1}
and
Q =A{zr € {xn}: vp # Trp_1}.
Note that {z,} C K for all n € N and that, if x; € @, then both x;_1 and zj4;
belong to the set P. Moreover, by virtue of (3.5), we cannot have two consecutive
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terms of {x,} in the set @ (but we can have two consecutive terms of {x,} in the
set P) .

We claim that {z,} is a Cauchy sequence. To prove this, we must discuss three
different cases: Case . x,, zn+1 € P; Case Il. z, € P, zp,41 € @Q; Case III.
Tn € Q, Tpi1 € P

Case I. xp, Tpi1 € P.

In this case we have z,, = yp, = TTp—1, Tnt+1 = Yn+1 = 1Ty, hence

d(Tn+1, Tn) = d(Ynt1,Yn) = d(TYn, TYn-1).
Since, by (3.8), (Yn,yn—1) € E(G), we have by the contraction condition (3.4)
d(Tyn, Tyn—1) = d(Txp, Txp_1) < dd(zp, Tn_1),
and therefore,
(3.9) d(Tpt1,2n) < 0d(Tp, Tp-1).

Case Il. xp, € P, zn41 € Q.
In this case we have z, =y, = Txp,—1, but z,41 # yp+1 = Tz, and

d(zp, xp+1) + d(@pt1, Txy) = d(zp, Tay).
Thus d(zp+1,Tzy,) # 0 and hence
d(zp, nt1) = d(zp, Txy) — d(xpg1, Try) < d(zn, Txy) = d(Tep—1, Txy),
since x,, € P. So, by using (3.4) we get
d(xp, Tni1) < d(Txp—1,Tzn) = d(Tyn—1,TYn),

and using similar arguments to that in Case I, we obtain again inequality (3.9).
Case IIl. x,, € QQ, Tp4+1 € P. In this case we have x,+1 = Tz, p # Yp = TTn—1
and

(3.10) d(xn, Tpn—1) + d(xn, Tep_1) = d(xp_1,TTHn_1).
Hence, by triangle inequality
d(xp, xnt1) < d(zp, Trp—1)+d(TTp—1,Tn41)
= d(xn,Tep—1) +d(Txp_1,Txy)
= d(xn, Trp—1) + d(Tyn—1,Tyn).
Since, by (3.8), (Yn—1,yn) € E(G), we obtain by the contraction condition (3.4)
d(Tyn—1,Tyn) < 0d(Yn—1,Yn) = dd(Tn—1,2n),
Thus, since 0 < 0 < 1, by using (3.10), we have
d(xp, Trp—1) + 0d(xpn—1,20) < d(Xp, TTp-1) + d(Tpn—1,2n) = d(Xp—1, TTp_1).

Since, by (3.8), (zn—-2,Tn—1) = (Yn—2,Yn—1) € E(G), by the contraction condition
(3.4) we get

(3.11) d(:l?n, xn—&-l) < d(xn_l,Txn_l) = d(Txn_Q,Ta:n_l) < 5d($n—27$n—1)-

Therefore, by summarizing all three cases and using (3.9) and (3.11), it follows that
the sequence {d(z,x,—1)} satisfies the inequality

(3.12) d(xn, Tnt1) < dmax{d(zp—2, Tn_1), d(Tn_1,2n)},
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for all n > 2. Now, by induction for n > 2, from (3.12) one obtains
(2, Tng1) < 6 max{d(zo, 1), d(z1,22)},

where [n/2] denotes the greatest integer not exceeding n/2.
Further, for m >n > N,

il §IV/2]
d(zp, xm) < Z d(zi, xi—q) <2 T3 max{d(zo, z1), d(z1,22)},
i=N

which shows that {z,} is a Cauchy sequence.
Since {z,,} C K and K is closed, {z,} converges to some point z* in K, i.e.,

(3.13) ¥ = lim m,.

n—oo

By property (L), there exists a subsequence {zy, }°° ; satisfying
(xg,,2") € E(G), Vn € N.
and hence, by the contraction condition (3.4),
(3.14) d(Tzy,, Tx") < ad(zg,, ,x").
Therefore,
d(z*, Tx™) < d(z*, zk,+1) + d(xg, 41, T2") = d(zk, 41, 27) + d(Txy,, Tx¥) .
which, by (3.14) yields

(3.15) d(z*,Tz") < d(z*,x,+1) + 0 - d(zg, , z*),
for all n > 1. Letting now n — oo in (3.15), we obtain
d(z*,Tx*) =0,

which shows that z* is a fixed point of T
The uniqueness of z* immediately follows by the contraction condition (3.4).
Il

Similarly to Theorem 2.3, one obtains the following result.

Theorem 3.2. Let (X,d,G) be a Banach space endowed with a simple directed and
weakly connected graph G. Let K be a nonempty closed subset of X andT : K — X
be a G-contraction on K.

If Kp == {x € 0K : (z,Txz) € E(G)} # 0, T is orbitally G-continuous and T
satisfies Rothe’s boundary condition

T(0K) C K,
then the conclusion of Theorem 3.1 remains valid.

Theorems 3.1 and 3.2 subsume several important results in the fixed point theory
of self and nonself mappings. We illustrate them by the following example.
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Example 3.3. Let X = [0,1] U {3} be endowed with the usual norm and let
K ={0,1,3}. Consider the function T': K — X, defined by Tz = 0, for x € {0, 1}
and T3 = 0.5. Let the graph G be defined by

E(G) = {(z,2) : 2 € [0,1]} U{(0,1), (1,3), (3,3), (3,0.5)}.

It is easy to check that T is well defined on the Banach space X endowed with the
graph Gg.

Indeed, the subgraph G of G determined by K has the set of vertices E(Gg) =
{(0,0),(0,1),(1,1),(1,3),(3,3)} and it is easy to check that (3.2) holds, that is, for
all z,y € K,

(z,y) € E(G) with Tz, Ty € K implies (T'z,Ty) € E(G) N (K x K).

In view of (3.2), the edges (1, 3), (3,3) has to be removed and for the rest of edges
we have

(T0,70) = (T0,T1) =(T1,T1) = (0,0) € E(Gkg).
Moreover, G is weakly connected and 7T is a non self G-contraction on K with

contraction coefficient o = T since

()

<> .1-3l.

N |

1 1
T0 T3] =5 < ;03 and |T1 -~ T3| =

~

(for the rest of the edges of E(G k), the contraction condition (3.4) is obvious, since
the quantity in its left hand side is always zero).

Property (L) holds with the only two constant sequences {z, = 0} and {z, = 1}
satisfying the property (z,,zn+1) € E(Gg) for all n € N.

Rothe’s boundary condition is also satisfied, as 0K = {0,1} and so T(0K) =
{0} C K.

Finally, since we also have K7 = {0,1} # (), all assumptions in Theorem 3.1 are
satisfied and 0 is the unique fixed point of T

Remark 3.4. Note that we can obtain the conclusion in Example 3.3 by applying
Theorem 3.2, too, since T is in this case orbitally G-continuous. But, since T is a
non self mapping, we cannot apply neither Theorem 2.1 nor Theorem 3.2 in [34].

4. PARTICULAR CASES, CONCLUSIONS AND FURTHER STUDY

Theorems 3.1 and 3.2 established in this paper are, indeed, very general, at least
for two main reasons.

First, they extend and unify several important fixed point theorems by consider-
ing nonself mappings instead of self mappings.

Secondly, by working on Banach spaces endowed with a graph, our results are
valid not only for mappings that satisfy the contraction condition for pairs (z,y)
of the whole space X x X, but only for the vertices (z,y) of a simple directed and
weakly connected graph G = (X, E(G)), with E(G) C X x X.

Amongst the most important particular cases of Theorem 3.1 and Theorem 3.2,
we mention in the following just a few of them.

1. If G is the graph Gg in Example 2.4, then by Theorem 3.1 we obtain an
extension of the Jachymski’s theorem ( [34], Theorem 3.2), in the simplified form
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given by us in the present paper (Theorem 2.1) and restricted to Banach spaces
instead of complete metric spaces.

2. If G is the graph G in Example 2.5, then by Theorem 3.1 and Theorem 3.2 we
obtain extensions of the results established by [38] to the case of nonself contractions
(and also restricted to Banach spaces instead of complete metric spaces).

3. If G is the graph G in Example 2.5, then by Theorem 3.1 and Theorem 3.2 we
obtain extensions of the results established by Ran and Reurings [45], Petrusel and
Rus [44], Nieto and Rogriguez-Lopez [39] etc., to the case of nonself contractions.

4. If X =AUB,T(A) C B, T(B) C A and consider the graph G = (X, E(G))
with

EG) ={(z,y) e X x X :x € A, y € B},

then by Theorem 3.1 and Theorem 3.2 we obtain extensions of the results established
by Kirk, Srinivasan and Veeramani [35] to the case of nonself contractions, see
also [42], [43].

Note also that Theorem 3.1 and Theorem 3.2, stated and proven here in the
setting of a Banach space, could be extended to convex metric spaces without any
conceptual difficulty.

Our further study will focus on establishing similar results but in the case of
other important contraction conditions from the metrical fixed point theory.
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