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UNIFORMLY NONEXPANSIVE SEQUENCES

KOJI AOYAMA

ABSTRACT. The aim of this paper is to introduce a uniformly nonexpansive se-
quence and to give some properties and a characterization of the sequence.

1. INTRODUCTION

The aim of this paper is to introduce and study a notion of a sequence of non-
expansive mappings in a Banach space, which is called a uniformly nonexpansive
sequence.

This paper is organized as follows: In the third section we see that a uniformly
nonexpansive sequence is similar to a strongly nonexpansive sequence discussed
in [1,2]. Indeed, we show that the class of uniformly nonexpansive sequences is
properly contained in that of strongly nonexpansive sequences; the uniform non-
expansiveness is preserved under the composition; every sequence of firmly nonex-
pansive mappings is a uniformly nonexpansive sequence. In the forth section we
provide a characterization of a uniformly nonexpansive sequence.

2. PRELIMINARIES

Throughout this paper, E denotes a real Banach space with norm |||, C a
nonempty subset of I/, and N the set of positive integers.

A mapping T': C — F is said to be nonexpansive if | Tz — Ty| < ||z — y|| for all
z,y € C. A mapping T: C — F is said to be firmly nonexpansive [3] if

(2.1) [Tz =Tyl < |Ir(z —y) + 1 = r)(Tz = Ty)|
forall z,y € C'and r > 0. A mapping T': C' — F is said to be strongly nonexpansive
[5] if it is nonexpansive and

lim HIn — Yn — (T$n - Tyn)H =0

n—oo

whenever {x,} and {y,} are two sequences in C' such that {z,, — y,} is bounded
and ||z, — yn|| — [|T2n — Tyn|| — 0. It is clear that the identity mapping on E is
firmly nonexpansive and strongly nonexpansive; it is also clear that every firmly
nonexpansive mapping is nonexpansive. It is known that every firmly nonexpansive
mapping is strongly nonexpansive if F is uniformly convex; see [5, Proposition 2.1].
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Taking [4] into account, we provide an equivalent condition for strong nonexpan-
siveness as follows (see also Corollary 4.5):

Lemma 2.1. Let T' be a mapping of C into E. Then the following are equivalent:

(1) T is strongly nonexpansive;
(2) for each M >0 and € > 0 there exists 6 > 0 such that

(2.2) w,veC, |lu—v|| <M, ||lu—v|]—||Tu—Tv|| <6
= |lu—v—(Tu—Tv)|| <e.

Proof. We first show that (2) implies (1). Let z,y € C. If x —y = Tx — Ty,
then |7z — Ty|| < ||z — y|| holds clearly. Thus we assume that x —y # Tz — Ty
and set M = ||z —y|| and € = ||z —y — (T'x — T'y)||. Then it is obvious that M >
0 and € > 0. By assumption, there exists § > 0 such that (2.2) holds. Thus
|z —y|| = || Tz — Ty|| > 6 and hence ||[Tx — Ty|| < ||z — y||. Therefore we know that
T is nonexpansive. Let {z,} and {y,} be sequences in C such that {z, — y,} is
bounded and ||z, — yn||—||Txn — Tyn|| — 0. Set M = sup,, ||z — yn||. Without loss
of generality, we may assume that M > 0. Let ¢ > 0. Then there exists 6 > 0 such
that (2.2) holds. Since ||z, — yn|| = ||Tzn — Tyn|| — 0, there exists N € N such that
|zrn — ynl| = |Txn — Tyn|| < d foralln > N and hence ||z, — yp — (Tzp, — Tyn)|| <€
for all n > N. This means that ||z, — y, — (T'x, — T'y,)|| — 0. Consequently, we
conclude that T is strongly nonexpansive.

We next show that (1) implies (2). Suppose that T is strongly nonexpansive and
(2) does not hold. Then there exist M > 0, ¢ > 0, and sequences {z,} and {y,} in
C' such that

|2n — ynll < M, |20 — yull = [[T2n — Tynl| < 1/n,
and Hxn —Yn — (Tl‘n - Tyn)” > €.

Since T is strongly nonexpansive, it follows that ||z, — yn|| — |Txn — Tyn|| — 0 and
|lxn — yn — (Txn — Tyy)|| — 0, which is a contradiction. O

A sequence {T,,} of mappings of C into F is said to be a strongly nonexpansive
sequence [1,2] if each T;, is nonexpansive and

lim Hl‘n —Yn — (Tnxn - Tnyn)H =0
n—0o

whenever {x,} and {y,} are two sequences in C such that {z, — y,} is bounded
and [[zn = yn| — | Tnan — Taynl — 0.
We need the following lemma:

Lemma 2.2 ([2, Lemma 2.1)). Let {z,} and {y,} be two bounded sequences in
a uniformly convex Banach space E and {\,} a sequence in [0,1]. Suppose that
liminf,, ;oo A, > 0 and

An HanQ + (1= An) HynHz — [Anwn + (1 — /\n)ynHz — 0.
Then (1 — Ap) ||zn — ynl| — 0.
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The rest of this section, let H be a real Hilbert space with inner product (-, -)
and induced norm || ||, and D a nonempty subset of H. A mapping A: D — H is
said to be inverse-strongly-monotone if there exists o > 0 such that

(v —y, Az — Ay) > o || Az — Ay|®

for all z,y € D. In this case, A is called an a-inverse-strongly-monotone map-
ping. Let « be a positive real number, A: D — H an a-inverse-strongly-monotone
mapping, and I the identity mapping on H. It is known that

(23) (I =A)z — (I = AA)y|* < [|lz = y|* = A(2a = N) [|Az — Ay|?

holds for all z,y € D and A > 0; see, for example, [7]. Thus it follows from (2.3)
that I — AA is nonexpansive for \ € [0, 2a].

3. UNIFORMLY NONEXPANSIVE SEQUENCES

Throughout this section, let C' be a nonempty subset of a Banach space FE.
Inspired by [1,2,4], we introduce a uniformly nonexpansive sequence as follows:
A sequence {7} of mappings of C into F is said to be a uniformly nonerpansive
sequence if for each M > 0 and € > 0 there exists § > 0 such that

(31) neN,zyel, [z—yl| <M, |z—y| [T - Tyl <é
= |z —y— (Thr —Thy)| <e

Remark 3.1. It is clear from Lemma 2.1 that if {7}, } is a uniformly nonexpansive
sequence, then each T, is (strongly) nonexpansive.

A uniformly nonexpansive sequence is an example of a strongly nonexpansive
sequence:

Lemma 3.2. Let {T,,} be a sequence of mappings of C into E. Suppose that {T,,} is
a uniformly nonexpansive sequence. Then {T,} is a strongly nonexpansive sequence.

Proof. Let {x,} and {y,} be sequences in C' such that {x, — y,} is bounded and
(3:2) [#n = ynll = [ Than — Toynll — 0.

Set M = sup,, ||zn — ynl| + 1 and let € > 0 be given. Since {T,} is a uniformly
nonexpansive sequence, there exists > 0 such that (3.1) holds. From (3.2), we
see that there exists N € N such that ||z, — yn| — [|[Thzn — Thynl| < d for all
n > N. Thus it follows from (3.1) that ||z, — yn — (Thzn — Thyn)| < € for all
n > N, and hence ||z, — yn — (Thzn — Thyn)|| — 0. Since each T, is nonexpansive
by Remark 3.1, we conclude that {7},} is a strongly nonexpansive sequence. O

We deal with some examples of uniformly nonexpansive sequences and strongly
nonexpansive sequences.

Example 3.3. Let S: C — E be a strongly nonexpansive mapping. Set T,, = S
for n € N. Then {7,,} is a uniformly nonexpansive sequence by Lemma 2.1.

The following example shows that the converse of Lemma 3.2 is not true.
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Example 3.4. Let T: E — E be a mapping defined by Tx = —x for x € E. Set
S1 =T and S, = I for n > 2, where I is the identity mapping on E. Then it is
easy to check that {S,} is a strongly nonexpansive sequence and is not a uniformly
nonexpansive sequence.

A sequence of firmly nonexpansive mappings is a typical example of a uniformly
nonexpansive sequence.

Lemma 3.5. Let {T},} be a sequence of firmly nonexpansive mappings of C' into
a uniformly conver Banach space E. Then {T,} is a uniformly nonexpansive se-
quence.

Proof. Suppose that {7),} is not a uniformly nonexpansive sequence. Then there
exist M > 0 and € > 0 such that for each m € N there exist x,,, ¥, € C and n,, € N
such that

(3.3)  MNzm = ymll <M, |2m — Ym|l = | Tnp Tm — T Ym|| < 1/m,
and me —Ym — (Tnm$m - Tnmym)H > €.

Let r € (0,1) be fixed. Since each T,,,, is firmly nonexpansive, it follows from (2.1)
that

7|2 — ymH2 + (1 =7) T, zm — TnmymH2
—r(@m — ym) + (1 = ) (T, @ — Ty Ym)|
< v (Ilem = yll® = 1T = T i)

=r(|rm — ymll + 1 Tnm2m — T Ym ) 12 — Ymll = T T — Ty yimll)
2rM
m

‘ 2

< -0

as m — oo. Thus Lemma 2.2 implies that ||zm — ym — (Tn,,Tm — Tn,,Ym)|| — 0,
which is a contradiction. Therefore, {7}, } is a uniformly nonexpansive sequence. [J

The following is an example using a monotone mapping in a Hilbert space.

Example 3.6. Let a be a positive real number, D a nonempty subset of a real
Hilbert space H, A an a-inverse-strongly-monotone mapping of D into H, I the
identity mapping on H, and {\,} a sequence in [0, 2a) such that 0 < sup,, A, < 2a.
Set T,, = I — \yA for n € N. Then {7,} is a uniformly nonexpansive sequence.
Indeed, (2.3) and the nonexpansiveness of T;, imply that

I(I = To)z — (I = To)yl* = A2 || Az — Ay|]®
An

< 52 (e =9l = e~ Tual?)

sup,, A
<2z —yl| ——22" (lz —y|| = | Thz — T,
< 2l il g ol =yl = T = Tyl

for all x,y € D. This shows that {T},} is a uniformly nonexpansive sequence.

We know that the composition of two strongly nonexpansive sequences is a
strongly nonexpansive sequence; see [1, Theorem 3.4] and [2, Theorem 3.2]. Uni-
formly nonexpansive sequences have a similar property as follows:
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Theorem 3.7. Let C and D be two nonempty subsets of a Banach space E. Let
{Sn} be a sequence of mappings of D into E and {T,,} a sequence of mappings of C
into E. Suppose that both {S,} and {T,,} are uniformly nonexpansive sequences and
T.(C) C D for each n € N. Then {S,T,} is a uniformly nonexpansive sequence.

Proof. Let M > 0 and € > 0 be given. By assumption, there exist § > 0 such that

neN, z,yeD, |lv—yl|l <M, |z -yl —[|Shr — Sayll <6
= [l =y = (Snz — Sny)|| < ¢/2

and

neN,z,yeC, |lz—y| <M, |lz—yl|—|Tor - Tyl <9
= |z —y — (Thx — Toy)|| <e€/2.
Suppose that u,v € C, ||lu—v| < M, and ||u — v|| — [|SpThu — SpThv| < 6. Since
S, and T}, are nonexpansive, we have
lu = vl| = [[Thu — Thull <6, |Tou — Tool| < [Ju— vl < M,
and ||Thu — Too| — [|SpThu — SpThull < 6.

Therefore we have

lu—v— (SpThu — STyl
<Jlu—v— (Thu—Tyw)|| + | Thu — Thv — (SpThu — Sp,Tyv)|| < e.
This shows that {5,7),} is a uniformly nonexpansive sequence. g

Example 3.8. Let o, D, H, A, I, {\,}, and {T},} be the same as in Example 3.6.
Suppose that D is closed and convex. Set S,, = Pp for n € N, where Pp is the metric
projection of D onto H. Since Pp is firmly nonexpansive (see [6]), Pp is strongly
nonexpansive. Thus Example 3.3 shows that {S,} is a uniformly nonexpansive
sequence. Therefore Example 3.6 and Theorem 3.7 imply that {S,T,,} = {Pp( —
AnA)} is a uniformly nonexpansive sequence.

A uniformly nonexpansive sequence can be generated by a sequence of nonex-
pansive mappings as follows:

Lemma 3.9. Let {a,} be a sequence in (0,1], {S,} a sequence of nonerpansive
mappings of C into E, and I the identity mapping on E. Suppose that inf,, a, > 0
and E is uniformly convex. Set T,, = anI + (1 — a,)Sy, for n € N. Then {T,} is a
uniformly nonexpansive sequence.

Remark 3.10. Under the assumptions of Lemma 3.9, it is clear that if ay, # 1,
then the fixed-point set of .5, is equal to that of T,.

Lemma 3.9 is a direct consequence of the following theorem; see [1, Theorem 3.11]
and [2, Theorem 3.7]:

Theorem 3.11. Let {a,} be a sequence in (0,1], {S,} a sequence of nonexpansive
mappings of C into E, and {U,} a sequence of mappings of C into E. Suppose that
inf,, o, > 0, E is uniformly convex, and {U,} is a uniformly nonexpansive sequence.
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Set T, = apyUy + (1 — ay,)Sy, for n € N. Then {T,} is a uniformly nonexpansive
sequence.

Proof. Suppose that {7} is not a uniformly nonexpansive sequence. Then there
exist M > 0 and € > 0 such that for each m € N there exist x,,,y, € C and
nm € N such that (3.3) holds. Since S,, and U,, are nonexpansive, it is clear from
the definition of 7;, that

0 <o ([lz =yl = Unz = Unyll) < [l =yl = | Tnz — Toyll

for all z,y € C and n € N. Taking into account inf, o,, > 0 and (3.3), we know
that [|Zm — Yml| — [|Uny®m — Un,,, Ym|| — 0, and hence

(3.4) lzm = Ym — (Unpm@m — UnpYm)|| — 0

because {U,,} is a uniformly nonexpansive sequence. On the other hand, since Sy,
U,, and T,, are nonexpansive,

o [|Un — Un?JH2 + (1= an) [[Snx - SnyH2 = | Tne — TnyH2
< lz = yll* = 1Tz — Toy||?
<2z =yl (l = yll = [[Thz — Thyl|)
for all x,y € C and n € N. Thus, (3.3) and Lemma 2.2 imply that
(3.5) (1 —an,,) 1Un,, Tm — Un,,Ym — (Sn,,Tm — Sn,,ym)|| — O.
Using (3.4) and (3.5), we conclude that
[2m = ym = (T @m = T )|
< #m = ym — (UnpZm — Uny )|
+ 1Unmm = Unpyim = (T @m = Ty ym) |
= llzm = ym — (UnpZm — Unym) |
+ (1 —an,) 1Un,, xm — Un,, ym — (Sn,, Tm — Sn,,Ym)|| = 0

as m — oo, which contradicts (3.3). Therefore, {7},} is a uniformly nonexpansive
sequence. ]

Proof of Lemma 3.9. Set U, = I forn € N. Since [ is strongly nonexpansive, Exam-
ple 3.3 shows that {U,,} is a uniformly nonexpansive sequence. Thus Theorem 3.11
implies the conclusion. O

4. A CHARACTERIZATION FOR A UNIFORMLY NONEXPANSIVE SEQUENCE

In [5], Bruck and Reich provided an equivalent condition for strong nonexpan-
siveness; see Corollary 4.5 below. Inspired by the condition, we prove the following:

Theorem 4.1. Let C be a nonempty subset of a Banach space E and {T,} a
sequence of mappings of C into E. Then the following are equivalent:

(1) {T%} is a uniformly nonexpansive sequence;



UNIFORMLY NONEXPANSIVE SEQUENCES 185

(2) for any M > O there exists a nondecreasing function v: [0,2M] — [0, M]
such that v(t) > 0 for all t € (0,2M] and
(4.1) Yz —y = (Tox = Toy)|) < llz = yll = 1 Thz — Tayll
for alln € N and z,y € C with ||z —y|| < M.
Before proving Theorem 4.1, we show some lemmas. The rest of this section, let
C be a nonempty subset of a Banach space E and {7}, } a sequence of nonexpansive

mappings of C' into F.
The following lemma is clear from the nonexpansiveness of T;,.

Lemma 4.2. Suppose that M > 0 and set
(4.2) Ly =sup{||lz —y — (Tpz — Tpy)|| : 2,y € C, ||z —y|| < M, n € N}.
Then 0 < Lj; <2M.

Lemma 4.3. Suppose that M > 0 and Ly; = 0, where Ly is defined by (4.2). Let
v:[0,2M] — [0, M] be a function defined by v(t) =t/2 fort € [0,2M]. Then (4.1)
holds for allm € N and x,y € C with ||z —y|| < M.

Proof. Let z,y € C with ||z —y|| < M. Then ||z —y — (Thx — Thy)|| < Ly = 0.
Since T, is nonexpansive, it follows that v(||lx —y — (Thx — Toy)||) =0 < ||z — y| —
| Tz — Thyl for all n € N. O

Lemma 4.4. Suppose that M > 0, {T,,} is a uniformly nonexpansive sequence,
and Ly > 0, where Ly is defined by (4.2). Let v: [0, Lar) — [0, M] be a function
defined by

(4.3) ~(t) =inf{|ju —v| = |Thu — Tpo|| :
neN uvel, |lu—v| <M, |u—v—(Tywu—Tw)| >t}

fort €[0,Lys). Then the following hold:

(1) 0<~(t) <M for allt € [0, Lys);

(2) ~v is nondecreasing;

(3) (4.1) holds ifne N, z,y € C, |lx —y|| < M, and ||z —y — (Trhx — Thy)|| <

LM;
(4) v(0) =0 and ~v(t) > 0 if t € (0, Lps).

Proof. Let t € [0, Lps) be fixed. Then, by the definition of Ly, there exist z,y € C
and n € N such that |z — y|| < M and ||z —y — (Thx — Ty)|| > t. Thus y(t) < .
Since T,, is nonexpansive, it is clear that

0<7() < llz =yl = [[Thz — Tyl < [lz -yl < M.

Therefore, (1) holds.

(2) and (3) follow from the definition of ~.

Lastly, we show (4). It is easy to verify that 7(0) = 0. Suppose that there exists
t € (0,Ly) with v(t) = 0. By the definition of 7, for each m € N, there exist
U, Uy € C and n,, € N such that

[tum — vl < M, [[um — vm — (Toptm — Doy om) || 2> €,

and |[um — || — | T, um — Th,, vml|| < 1/m.



186 KOJI AOYAMA

Since {T,,} is a uniformly nonexpansive sequence, there exists § > 0 such that

neN, |z —yl| <M, ||z -yl - |Twr - Tyl <9
= |z —y — (Tha — Thy)| < t/2.

Choosing m € N satisfying that 1/m < §, we have ||up, — || < M, ||[um — vpl| —
| T, b, — T, 0m|| < 6, and

t <|um — vm — (Tnp um — T, vm)|| < /2,

which is a contradiction. Therefore, (4) holds. O
Using lemmas above, we can prove Theorem 4.1.

Proof of Theorem 4.1. We first show that (1) implies (2). Let M be a positive real
number and Lj; a real number defined by (4.2). Lemma 4.2 shows that 0 < Ly, <
2M. If Ly; = 0, then the assertion follows from Lemma 4.3. Suppose that Ly; > 0
and + is a function defined by (4.3) for ¢t € [0, Lys). Lemma 4.4 implies that v can
be extended to a function defined on [0,2M] as follows:

v(t) =sup{y(s) : 0 < s < Ly} for t € [Lys,2M].

Using Lemma 4.4, we know that the extended + is the desired function.

We next show that (2) implies (1). Suppose that {7} is not a uniformly non-
expansive sequence. Then there exist M > 0 and € > 0 such that for each m € N
there exist @, ym € C and n,, € N such that (3.3) holds. By (2), there exists a
nondecreasing function v: [0,2M] — [0, M] such that v(¢) > 0 for all ¢t € (0,2M]
and (4.1) holds for all n € N and z,y € C with ||z — y|| < M. Thus it follows that

0<v(e) <v(lem — Ym — (Tnp®m — Tnpym)|l)
< zm = ymll = 1Thm®m — TnpYml < 1/m — 0

as m — oo, which is a contradiction. Therefore, {7T},} is a uniformly nonexpansive
sequence. ]

Using Theorem 4.1, we obtain the following:

Corollary 4.5 ([5]). Let C be a nonempty subset of a Banach space E and T a
mapping of C into E. Then the following are equivalent:

(1) T is strongly nonexpansive;
(2) for any M > 0, there exists a nondecreasing function v: [0,2M] — [0, M]
such that ~(t) > 0 for all t € (0,2M] and

Yz —y = (Tz = Ty)l)) < |z —yll - [Tz - Ty|

for all z,y € C with ||z —y|| < M.
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