i3 Yokohama Publishers
%’726&7‘ ﬁf?(/:%j;?fdf ﬁd&&ls k"'«"") ISSN 2188-8167 Copyright 2017

Volume 3, Number 2, 2017, 297-310

ATTRACTIVE POINT AND WEAK CONVERGENCE
THEOREMS FOR NORMALLY N-GENERALIZED HYBRID
MAPPINGS IN HILBERT SPACES

ATSUMASA KONDO* AND WATARU TAKAHASHI'

ABSTRACT. In this paper, we introduce a new class of nonlinear mappings that
contains generalized hybrid mappings [5], normally generalized hybrid mappings
[17] and N-generalized hybrid mappings [9] as special cases. After proving an
attractive point theorem that guarantees the existence of attractive points, we
establish both Baillon’s type and Mann’s type weak convergence theorems of
finding attractive points which are demonstrated without assuming that the do-
main of the mapping is closed. For the Baillon’s type theorem, even convexity
is dispensable. The results in this paper simultaneously extend many existing
results in the literature.

1. INTRODUCTION

Throughout this paper, we denote a real Hilbert space by H and its inner product
and norm by (-, -) and ||-||, respectively. Let C' be a nonempty subset of H and let
T be a mapping from C to H. The set of fixed points and attractive points of T
are denoted by

F(T) = {ueC:Tu=u} and
AT) = {ueH:||Ty—ul| <|y—ul forallye C},

respectively. The concept of attractive points was introduced by Takahashi and
Takeuchi [15]. A mapping T : C' — H is called:

(i) firmly nonexpansive if | Tz — Ty||* < (x —y, Tz — Ty) for all z,y € C,

(ii) nonexpansive if ||Tz — Ty| < ||z — y|| for all z,y € C.

It is well-known that the class of firmly nonexpansive mappings plays an impor-
tant role in optimization theory in Hilbert spaces, and the class of nonexpansive
mappings contains firmly nonexpansive mappings. It is easy to verify that a fixed
point of a nonexpansive mapping is an attractive point. Baillon [3] proved the
following mean convergence theorem for nonexpansive mappings in a Hilbert space.
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Theorem 1.1. Let C be a nonempty, closed and convexr subset of H and let T :
C — C be a nonexpansive mapping with F (T) # (0. Then, for any x € C, the

sequence {S’nz = %ZZ;& Tkx} weakly converges to a fized point of T.

The following theorem of Mann’s type iteration [8] was proved by Reich [10].

Theorem 1.2. Let C' be a nonempty, closed and convex subset of H and let T :
C — C be a nonexpansive mapping with F (T) # (. Let {an} C [0,1) such that
Yoo (1 —ap) =o00. Let {zn} be a sequence in C defined by

Tyl = nZn + (L —ap) T, (n=1,2,---),
where 1 € C is given. Then, {x,} weakly converges to a fized point of T.

To extend the above theorems, various classes of nonlinear mappings have been
proposed. A mapping T : C' — C'is called

(i) nonspreading [6] if 2 || Tx — Ty||* < ||Tx — y||* + ||z — Ty||* for all 2,y € C,

(iv) hybrid [14] if 3Tz — Tyl|> < |lz —ylI* + [Tz — y||* + ||z — Ty|* for all
x,y € C,

(v) generalized hybrid [5] if there exist a, € R such that

o |[Te = Ty|P+(1 = a) [« = Ty|]* < BTz — y|P+(1 = B) | — ylI* for all .y € C.

The classes of nonexpansive, nonspreading and hybrid mappings are all generaliza-
tions of firmly nonexpansive mappings. The class of generalized hybrid mappings
contains all mappings (i)—(iv). For mappings (ii)—(v), fixed and attractive point
approximation methods have been extensively studied. Takahashi and Yao [19]
studied nonexpansive, nonspreading and hybrid mappings. They proved fixed point
theorems and demonstrated Baillon’s type weak convergence theorems. Hojo and
Takahashi [4] proved weak and strong convergence theorems of finding a fixed point
for a generalized hybrid mapping in a Hilbert space. Takahashi and Yao [18] stud-
ied generalized hybrid mappings in a Banach space and proved a Mann’s type weak
convergence theorem.

Takahashi, Wong and Yao [17] and Maruyama, Takahashi and Yao [9] introduced
new types of nonlinear mappings, which are more general than mappings (i)—(v). A
mapping T : C' — C is called

(vi) normally generalized hybrid [17] if there exist a, (3,7,0 € R such that

(a) a+B+v+62>0,
(b) a+ 8 >0, 0ra+’y>0
(c) al|Te = Ty|*+ B o = Tyl* + 7Tz — y|* +6 ||z — y|*> < 0 for all 2,y € C,

(vii) N-generalized hybrid [9] if there exist (an,ﬂn)gzo e R2V+1 guch that

( ) Zn 0%n = anoﬁn =1,
(b) SN g an [T — Ty|* < SN Bu | T2 — y||? for all 2,y € C.

The classes of normally generalized hybrid mappings and N-generalized hybrid
mappings contain generalized hybrid mappings. For methods of fixed/attractive
point approximation, see [20], [1] and [2], in addition to [17] and [9].

In this paper, we propose a new class of nonlinear mappings that contains all the
mappings (i)—(vii) as special cases and establish three types of results. First, an
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attractive point theorem is proved (Theorem 3.3 in Section 3). Second, a weak con-
vergence theorem of Baillon’s type is established: an averaged sequence converges
weakly to an attractive point (Theorem 4.2 in Section 4). Finally, we consider a
Mann’s type weak convergence theorem of finding an attractive point (Theorem 5.2
in Section 5) that shows how to approximate attractive points. While the Mann’s
type weak convergence theorem is proved without assuming that the domain of a
mapping is closed, the Baillon’s type theorem does not require even convexity. The
same types of results regarding fixed points are also established as Theorems 3.5,
4.3 and 5.3.

2. PRELIMINARIES AND LEMMAS

In this section, we briefly present background information and results. For more
details, see Takahashi [12], [13] and earlier studies. We know that

(2.1) lz +ylI* = llll* +2 (2, y) + lylI”

for all z,y € H. Let C be a nonempty subset of H. For T': C' — H and u € H, it
is easy to verify that u € A (7)) if and only if

(2.2) ITy = yl* +2(Ty -y, y—u) <0
for all y € C. Indeed, for u € H,

ue A(T)

= | Ty —ul* < |ly —ul* forall y € C

Ty —yl* +2(Ty -y, y—uw) + ly—ull” < |y —u|® forall y e C

= | Ty—yl|*+2(Ty—y, y—u) <0 foralyeC.

A mapping T : C — H with F (T') # 0 is called quasi-nonezpansive if
[Tz —ull < ||z =,

for all z € C and u € F(T). It is well-known that all types of mappings (i)—(vii)
with F (T') # ) are quasi-nonexpansive. Furthermore, we know that the set of fixed
points F' (T) of a quasi-nonexpansive mapping is closed and convex (see [5]), which
plays important roles in the existing literature.

Strong and weak convergence of a sequence {z,} in H to a point x € H are
denoted by x, — x and z, — x, respectively, where weak convergence x, —
x means that (z,, y) — (x, y) for all y € H. It is well-known that a weakly
convergent sequence in a Hilbert space H is bounded. Furthermore, if x, — = and

Yn — Y, then (x,, yn) — (z, y). We also know that a Hilbert space satisfies Opial’s
condition, that is, if a sequence {z, } in H satisfies z,, = v and v # u, then

lim inf ||z, —u| <lim inf ||z, — .

We denote the set of natural numbers and real numbers by N and R, respectively.
Let [*° be the Banach space of bounded real sequences, that is,

[° = {{azn} cxn € R (Vn € N) and sup |z,| < oo},
neN

where the norm of [ is the supremum norm. Let (I°°)* be the dual space of [*°, and
p € (1°°)*. For simplicity, we often denote p ({z,,}) by pnzy, if no ambiguity arises.
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A linear continuous functional € (1°°)* is called a mean if p ({1,1,1,---}) = [|u]| =
1. When a mean additionally satisfies p, (z,) = pn (¥n41), it is called a Banach
limit on [*°. It is well-known that the Banach limit exists, which is demonstrated
using the Hahn—Banach theorem, and for {z,} € [*°,
(2.3) lim inf z, < ppz, <lim sup z,.
n—00 n—00

As a direct consequence from (2.3), if x, — a € R, then p,z, = a; see [12].

Let C be a nonempty, closed and convex subset of H. We know that for any
x € H, there exists a unique nearest point u € C, that is, |z — u|| = inf,ec ||z — 2|| .
This correspondence is called the metric projection, and is denoted by Pc, that is,
Pox = u. The metric projection is an example of firmly nonexpansive mappings,
and thus, nonexpansive mappings. We know that if Py is the metric projection of
H onto C, then

(x — Pox, Pox —2z) >0
forallz € H and z € C.

The following lemmas are used in the proofs of the main theorems of this paper.

Lemma 2.1 ([7, 11]). Let p be a mean on [*°. Then, for any bounded sequence
{zn} in H, there is a unique element u € ¢o{x,} such that

fin (Tn, v) = (U, v)
for all v € H, where co{x,} is the closure of the conver hull of {z, : n € N}.

Lemma 2.2 ([15]). Let C be a nonempty, closed and convex subset of H, let T be a
mapping from C to itself and let Po be the metric projection of H onto C'. Assume
that A(T) # 0. Then, if u € A(T), then Pou € F(T). Thus, if A(T) # 0, then
F(T) # 0.

Lemma 2.3 ([15]). Let C' be a nonempty subset of H and let T' be a mapping from
C to H. Then, A(T) is a closed and convex subset of H.

From this lemma, if A(T) # (), then the metric projection Py(ry of H onto
A(T) is well-defined.

Lemma 2.4 ([16]). Let A be a nonempty, closed and convez subset of H, let Py be
te metric projection of H onto A and let {x,} be a sequence in H. If ||zp41 — q|| <
|lzr, — ql| for all g € A and n € N, then {Pax,} is a convergent sequence in A.

Lemma 2.5 ([15]). Let C' be a nonempty subset of H and let T' be a mapping from
C toH. Then, A(T)NnC C F(T).

Proof. Let u € A(T) N C. We will prove that u = Tu. Since u € A(T), it holds
that

(2.4) 1Tz = ull < [lz -]

for all x € C. Since u € C, substituting x = u into (2.4), we obtain the desired
result. O



ATTRACTIVE POINT AND WEAK CONVERGENCE THEOREMS 301

Lemma 2.6 ([9]). Let x,y, z be elements of a Hilbert space H and let a,b, ¢ be real
numbers such that a +b+c = 1. Then,
laz + by + cz|”
= allzl* +bllyl* + cl2* — ab|a — y||* = be|ly — 2|* = calz — z|*.
Additionally, if a,b,c € [0,1], then
laz + by + cz[|* < a||z]|* + b ly|* + c||2]*.

Lemma 2.7. Let H be a Hilbert space, let {x,} be a bounded sequence in H and let
u € H. Then, x, — u is equivalent to the following condition: for any subsequence
{zn,} of {xn} such that x,, = w, it holds w = w.

3. ATTRACTIVE AND FIXED POINT THEOREMS

In this section, we introduce a broad class of nonlinear mappings that contains
all the mappings (i)—(vii) mentioned in Introduction and then prove the existence
of attractive and fixed points.

Definition 3.1. A mapping T : C' — C' is called normally N-generalized hybrid if
there exist real numbers (ay,, ﬂn)nNzo € R2N+1) such that

(a) Zgzo (an + Bn) > 0;

b _oQp > 0;

( ) Z?V_O e 9 N _— 9

(€) Xnmon Tz = Ty|” + X2 B |72 — y|I” < 0 for all 2,y € C.

We also call such a mapping (o, Bn)évzo—normally N-generalized hybrid.

The class of normally N-generalized hybrid mappings contains all the mappings
(i)—(vii) mentioned in Introduction. In fact, if ZT]:IZO an = 1 and ZTJLO Bn = —1,
it is an N-generalized hybrid mapping, and if N = 1, it is a normally generalized
hybrid mapping. The class of normally generalized hybrid mappings contains the
mappings (i)—(v). In what follows, we consider the case of N = 2 because the
generalization for the case in which 7' is a normally N-generalized hybrid mapping
is straightforward. A normally 2-generalized hybrid mapping that has a fixed point
is quasi-nonexpansive.

Proposition 3.2. Let C' be a nonempty subset of H and let T : C — C be a
(an,ﬁn)izo—normally 2-generalized hybrid mapping with F (T) # (0. Then, T is
quasi-nonexpansive.

Proof. Let y € C and u € F (T). We will prove that ||Ty — u|| < ||y — u||. Since T
is (ap, Bn)izo—normally 2-generalized hybrid,
2
@z |T%u = Ty||” + an | Tu = Ty|* + ag |lu — Ty|*
2
+ B2 ||T%u = y||* + B1ITw = yII* + fo lu — y|I* < 0.
Using u = T'u, we have

(a2 + a1+ ao) lu— Tyl + (B2 + A1 + Bo) [lu — y||* < 0.
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Since Y22, (a + By) > 0, it holds that

(a2 + a1 +ao) Ju=Tyl* < —(B2+Bi+ o) lu—yll”
< (ag+ar+ag) lu—yl®.
Since Zi:o an > 0, we obtain the desired result. 0

The following theorem asserts that a normally 2-generalized hybrid mapping has
an attractive point in H.

Theorem 3.3. Let C' be a nonempty subset of H and let T : C — C be a
(atn, Bn)izo—normally 2-generalized hybrid mapping. Assume that there exists z € C
such that {T™z} is a bounded sequence in C. Then, A(T) # 0.

Proof. Let u € (I°°)* be a Banach limit. From Lemma 2.1, for the bounded sequence
{T"z}, there is a unique element v € H such that

(3.1) pin ("2, ) = (u, v)
for all v e H. Let y € C. We will show that
1Ty = yl* +2(Ty —y, y —u) <0,
which means that v € A (T) from (2.2).
Since T is a normally 2-generalized hybrid mapping,
a9 HT"+2z — TyH2 + a; HT”Hz — TyH2 + ag | Tz — Ty|?
2 2
+ B | T2 =y ||+ B [T =y + Bo T2 — wl)” < 0.

Since {T"z} is bounded, we can apply the Banach limit x to both sides of the
inequality. Then, we obtain

(a2 + a1+ o) pn | T72 — Ty|* + (B2 + B1 + Bo) i | T2 — y|* < 0.
Thus, from (2.1),

(02 + a1+ o) o 1Tz =yl + 2(T"2 =y, y = Ty) + |y — Ty?]
+ (B2 + B+ Bo) pn [ T2 — y* < 0.
Since ag + a1 + ag + Bg + 1 + B2 > 0, the following holds
(a2 + a1+ o) pn [2(T"z =y, y = Ty) + |ly = Tyl <0.
Since a + a1 + ag > 0, we have from (3.1) that
2(u—y, y—Ty) +|ly—Ty|* <o0.

This completes the proof. O

We can easily obtain the following corollary from Theorem 3.3.

Corollary 3.4. Let C be a nonempty subset of H and let T : C'— C be a normally
2-generalized hybrid mapping. Then, the following three statements are equivalent:

(I) for any x € C, {T™z} is a bounded sequence in C,
(IT) there exists z € C' such that {T™z} is a bounded sequence in C,
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(II1) A(T) # 0.

Proof. (1) = (II) obviously holds and (II) = (III) was already established as the
previous theorem.
We will prove (III) = (I). Let x € C, u € A(T) and n € N. Then, we have

[Tzl < [[T"% —ul + [|ul
< |7 'w — | + vl
<l —uf + luf-
This shows that the sequence {T"z} is bounded. O

Adding that C' is closed and convex in Theorem 3.3, we can obtain the following
fixed point theorem:

Theorem 3.5. Let C' be a nonempty, closed and convexr subset of H and let T :
C — C be a normally 2-generalized hybrid mapping. Assume that there exists z € C
such that {T™z} is a bounded sequence in C. Then, F (T) # (.

Proof. From the previous theorem, we have A (T') # (). Then, from Lemma 2.2, we
obtain the desired result. [

The following corollary is directly derived from Corollary 3.4 and Theorem 3.5.

Corollary 3.6. Let C' be a nonempty, closed and convex subset of H and let T :
C — C be a normally 2-generalized hybrid mapping. Then, the following four
statements are equivalent:

(I) for any x € C, {T™z} is a bounded sequence in C,
I) there e:czsts z € C such that {T"z} is a bounded sequence in C,
1) A(T) #
V) F(T) #

4. WEAK CONVERGENCE THEOREM OF BAILLON’S TYPE

(I
(1
(1

In this section, we establish a mean convergence theorem of Baillon’s type with-
out relying on either the convexity or closedness of C' for normally 2-generalized
mappings in a Hilbert space. The basic technique of the proof was developed by
Takahashi [11]. We start with proving the following lemma.

Lemma 4.1. Let C' be a nonempty subset of H and let T : C — C be a (ap, Bn)izo-
normally 2-generalized hybrid mapping. Assume that there is an element z € C such
that {T™z} is a bounded sequence in C. Define Spz = %Zz;é T*z and assume
Sp;z — u, where {Sy,z} is a subsequence of {Spz}. Then u e A(T).

Proof. Let y € C. We will prove that | Ty — y||* + 2(Ty —y, y —u) < 0. Since T
is a normally 2-generalized hybrid mapping, we have

2 2 2
agHTk‘mz—TyH + o HT’C‘HZ—TyH —l—aOHTkz—TyH

2 2 2
efriste =y e mfrie =y s st o <o
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for all K € NU{0}. We have from (2.1) that

2
as [HT’“”z—yH +2<T’“+22—y, y—Ty>+ IIy—Tyllz}
2
+ o [HT’““z—yH +2<T’““z—y, y—Ty>+ IIy—TyIIZ}
k 2 k 2
+ ap HT z—yH +2<T z—, y—Ty>+Hy—TyH

2 2 2
] G ] Cit R G I

Thus, it holds that

2
(a2 + a1+ ) lly = Tyll” + (a2 + B2) || 7522 — |
k+1 2 k 2
+(a1+ﬂ1)HT z—yH +(ozo+,6’o)HT z—yH

+2 <a2Tk+2,z + a1 TP + agT*2 — (e + a1+ o)y, y— Ty> <0.

Using the condition Zizo (an + Bn) > 0, we obtain

2
(a2 + a1+ ao) [y = Tyl + (a2 + B) | T2z — o

+ (o1 + f1) HTkHZ - yH2 — [(@2 + B2) + (a1 + B1)] HTkZ - yH2

+ 2T 22 4 o T 2 + (ag + o + ap) TRz — (o + ) TF2
—(w+ar+a)y, y—Ty) <0.

Thus,

2 2
(@2 + a1+ ao) Iy = Tl + (oo + ) (|42 == 72 =)

2 2
et ) ([[rrz ol <[ -)
+ 2(an (Tk+22 - Tkz> +ay (Tkﬂz — Tkz> + (g + a1 + ag) T*2
—(aa+ o +ag)y, y—Ty) <0.
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Summing these inequalities with respect to k from 0 to n — 1, we have
(a2 + a1+ ag) nlly — Tyl
2 2 2 2
+ (az + 82) (|| = y]|* + 1772 = yI* = T2 = yl” = 1= = oI

+ (a1 + ) (17" = yl* = 12 = 1)
n—1
+2{an (T2 +T"2 =Tz — 2) + a1 (T"2 — 2) + (a2 + o1 + ap) Z Tk
k=0
—(w+a1+ao)ny, y—Ty) <0

for all n € N. Dividing by n, we have

(ag + a1 +ag) |ly — Tyl?

ag + B2
n

+

2 2 2 2
(e = y|* + 17"z = I = |72 = 91 ~ 12 - 1)
ar + 5 2 2
el (AEEI EET

+2<% (T”+1z+T”z—Tz —2)+ % (T"z — z) + (a2 + a1 + ) Sz

+

— (2t a1 +ag)y, y—Ty) <0.
Replacing n by n; and taking the limit as 7 — oo, we obtain
(ag + a1+ ao) ly = Tyl* + 2 (a2 + a1 + ap) u — (g + a1 + ag) y, y — Ty) <O0.

Since ag + a1 + ag > 0, we obtain that ||y — Ty|* + 2 (u—y, y— Ty) < 0 for all
y € C. This means u € A(T). O

Theorem 4.2. Let C be a nonempty subset of H and let T : C' — C be a normally
2-generalized hybrid mapping with A(T) # (. Let Pacry be the metric projection
from H onto A(T). Then, for any x € C, the sequence {Snx = %Zz;é Tkx}
converges weakly to u € A(T), where u = lim,,_,~ Pyr)T"z.

Proof. Note from Lemma 2.3 that the metric projection Pyt is well-defined. Let

x € C and define S,z = %Zz;é TFz € H. Since A(T) # 0, from Corollary 3.4,
{T™z} is bounded. It is obvious that

(4.1) HT"Hx—qH < || T"x — ¢

for all ¢ € A(T) and n € N. Thus, from Lemma 2.4, the sequence {PA(T)T”x} is
convergent in A (7).

Let v = limp00 Pa¢r)T"x € A(T). To prove S,z — v, we will show that if
{Sn,x} is a subsequence of {S,z} such that S,,z — u, then v = v. From Lemma
4.1, we have that u € A(T). Note that the real sequence {HT”:L‘ — PA(T)T”Q:H} is
monotone decreasing. Indeed, from Py)T"z € A(T) and (4.1),

(4.2) |77 e = PaqryT" x| < || T '@ — Py T"x||
< |[T"2 = PanT"a|
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for all n € NU{0}. Since Py(r) is the metric projection from H onto A(T') and
ue A(T),

<Tkx — PyyTFz, Py TFa — u> >0
for all kK € NU{0}. Thus,
<Tkx — PA(T)TkI‘, PA(T)Tkm —v+v— U> > 0.

Using (4.2), we have

<T% — PyryTFe, — (v— u)> < <T’%: — Py TFz, Py TFaz — v>
< HTkl' - PA(T)Tka HPA(T)Tkw - UH
< o= Papyel || Pacry e o

for all £ € NU{0}. Summing these inequalities with respect to k from 0 to n — 1,
we obtain

n—1 n—1 n—1
<Z TFz — Z PA(T)Tkx, —(v— u)> < Hx — PA(T)QZH . Z HPA(T)Tkx - UH .
k=0 k=0 k=0

Dividing by n, we have

1 n—1 1 n—1
<Sna: - ZPA(T)Tkx, —(v— u)> < o - PA(T)UUH - Z HPA(T)Tkx - ’UH .
k=0 k=0

Replacing n by n;; and taking the limit as j — oo, we obtain that
(u—wv, —(v—u))<0.
This implies that u = v. O

Adding that C is closed and convex in Theorem 4.2, we obtain a Baillon’s type
weak convergence theorem of finding a fixed point for a normally 2-generalized
hybrid mapping in Hilbert spaces.

Theorem 4.3. Let C be a nonempty, closed and convexr subset of H and let T :
C — C be a normally 2-generalized hybrid mapping with F (T) # (. Then, for any

x € C, the sequence {Snx = %Zz;é Tk:c} converges weakly to uw € F (T).

Proof. Since F (T') # (0 is assumed, from Corollary 3.6, we have A (T') # (). Further-
more, from Lemma 2.3, A (T) is a closed and convex subset of H. Thus, the metric
projection Py 7y and is well-defined. Let x € C and define S,z = % Zz;é TFz € C.
From Theorem 4.2, S,z converges weakly to u = limy, 00 Pa(ryT"z € A(T).

To complete the proof, we will show that u € F' (T). Since C is convex, {Spz}
is a sequence in C. Since C is weakly closed in H and S,z — u, we have v € C.
Since u € A(T) N C, from Lemma 2.5, we obtain u € F (T). O
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5. WEAK CONVERGENCE THEOREM OF MANN’S TYPE

In this section, we present a Mann’s type weak convergence theorem for normally
2-generalized hybrid mappings to their attractive points in Hilbert spaces. At the
outset, an additional lemma is prepared.

Lemma 5.1. Let C' be a nonempty subset of H and let T : C' — C be a (ap, Bn)i:o‘
normally 2-generalized hybrid mapping. If a sequence {x,,} in C satisfies Txp—x, —
0, Tz, — 2y, — 0 and z, — u, then u € A(T).

Proof. Let y € C. We will show that
1Ty =y +2(Ty —y, y—u) <0,
which means that u € A (7). Since T'is (an, Bn)izo—normally 2-generalized hybrid,
0z | T2, — Ty||* + a1 | Tz — Tyl* + 0o |zn — Ty
+ B2 | T = y[|* + B 1T wn =yl + o llan — yl* < 0.
Using (2.1), we have

00 (T2 — 2l + 2 (T2, — 2, 20— Ty) + 2 — Ty]
+ a1 [ Ton = 2l +2(Tn = 20, 20— Ty) + o — Tyl| +ao |1z, — Ty|?
+ B [HTQJ:H - l‘nH2 +2 <T2xn — Tp, Tp— y> + ||zn — y||2]
+ 1 (1T = @all® + 2(Tn = 2, 20— 4) + |20 = 1] + Bollen — yl* <0

Since {z,},{Tx,} and {Tan} are bounded sequences, we can apply a Banach limit
p € (I1°°)* to both sides of the inequality. From T, — 2, — 0 and T?x,, — z,, — 0,
we have ||T%x, — x,||*> — 0, || T2, — 20| — 0, (T?2y — 2p, 7 — Ty) — 0 and
(Txy — Ty, Tn —y) — 0. Then, we obtain

(2 + a1 + o) pn || Tn — Ty”2 + (B2 + B1 + Po) pin [|2n — yH2 < 0.
Since ap + a1 + ae + By + 51 + P2 > 0,

— (B2 + B1 + Bo) pin |z — y?
(a2 + a1 + ag) pn |z — ylI>.

(a2 + a1 + ap) pn, Hxn - Ty||2 <
<

It holds from ag + a1 + ag > 0 that
pn 2 = Tyl* < pan [l — yl*
We obtain
tin [0 = yI> +2 (0 =y, y = Ty) + lly = TyIP] < pon lon — I
and thus,
tin |2 {20 =y, y = Ty) + Iy = Tyl| <o0.

Since x, — u, we obtain 2 (u—1y, y—Ty) + ||y — Ty||* < 0. This completes the
proof. O



308 A. KONDO AND W. TAKAHASHI

Now, we can prove a Mann’s type weak convergence theorem for a normally
2-generalized hybrid mapping in Hilbert spaces.

Theorem 5.2. Let C be a nonempty and convex subset of H and let T : C' — C be
a normally 2-generalized hybrid mapping with A (T) # 0. Let Pyr) be the metric
projection from H onto A (T). Let {an},{bn},{cn} be real sequences in the interval
(0,1) such that ap + by + ¢ =1 and 0 < a < ap, by, < b < 1 for any n € N.
Define a sequence {z,,} in C as
Tptl = AnZpn + Ty + enT? 2,

for all n € N, where x1 € C is given. Then, the sequence {z,} converges weakly to
an element u of A(T), where u = limy 00 Pa(1)ZTn-

Proof. First, note that the real sequence {||x,, — ¢||} is monotone decreasing for all
q € A(T). Indeed, from Lemma 2.6 and Proposition 3.2,

(5.1) [Tnt1 —qll = Han (Tn —q) + by (Txy, — q) + cn (T2xn - Q) H
an |20 = gl + b0 | T2n = gl + ¢ || T2 — q||
an ||n — qll + bn |20 — qll + cn [lon — ql|

[zn — 4

for all g € A(T) and n € N. As direct consequences, the sequence {z,} is bounded,
and {||z, — q||} is convergent for all ¢ € A(T). Furthermore, from Lemma 2.4,
PA(T)a:n} is convergent in A (7).

IAIA

Next, we verify that z,, — Tz, — 0 and T?%x,, — z, — 0. We obtain from Lemma
2.6 and Proposition 3.2 that

"xn+1 - QHQ = Han (xn - Q) + by, (Twn - Q) + cn (szn - Q) H2

= anllen = gl* 4 bn |1 T2n = + e[| T2 — o[
— anby ||Tn — T:vn]|2 — bycp, HTacn — T2$nH2 — ¢cpan HTan — an2
< ||zn — qH2 — anby ||Tn — T:rnH2 —bycp, HTmn — T2$nH2
— Cpln, HTan —anZ
for all ¢ € A(T) and n € N. Thus,
(5.2) anbp ||Tn — T.an2 + bncp, HTl‘n - T2:EnH2 + cpan HT2xn — mnHz
<l —al® = lzaer —al®

for all ¢ € A(T) and n € N. Since {||z,, — ¢||} is convergent for any ¢ € A(T") and
0<a<ap,byc, <b<1, we have from (5.2) that

(5.3) 2y — Txp — 0 and T2z, — 2, — 0.

Since {x,} is bounded, there exists a subsequence {x,,} of {z,} and u € H such
that x,, — u. From Lemma 5.1 and (5.3), we have u € A(T'). We will prove that
x, — u. For that aim, we demonstrate

(5.4) [Tn, — w1 and z,, = ug] = u; = ug,
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where {z,, } and {x,,} are subsequences of {x,}. Suppose by way of contradiction
that u; # ug. From Lemma 5.1, (5.3) and the assumptions x,, — u; and x,, — ug,
we have uj,us € A(T), and thus, two real sequences {||x,, — u1||} and {||x, — ua||}
are convergent. From Opial’s condition,

lim ||z, —w| = lm |z, —u
n—00 k—o0

< lim ||z, — us|
k—oo

= lim ||lx, — ug|
n—oo

= lim @, — us|
l—00

< lm [jz,, —u1]|
l—00

lim ||z, —u1].

n—oo

This is a contradiction. Thus, u; = us. To conclude x,, — u, from Lemma 2.7, it

is sufficient to show that if z,;, — w, then w = u, where {xnj} is a subsequence

of {z,}. Assume that z,,, — w. Since x,, — u, from (5.4), we get that w = u.

Therefore, we obtain z,, — wu.

To complete the proof, we will show that v = lim, s Pyryxn. Let v =
limy, 00 Pa(r)Tn. Since u € A(T), it holds that

<CCn - PA(T)-’En; PA(T):Cn — ’LL> Z 0

for all n € N. Since z,, — u and Py )z, — v, we obtain (u — v, v —u) > 0. This
means that u = v. g

Adding that C' is closed in Theorem 5.2, we obtain a Mann’s type weak conver-
gence theorem of finding a fixed point for a normally 2-generalized hybrid mapping
in Hilbert spaces.

Theorem 5.3. Let C' be a nonempty, closed and convex subset of H and letT : C' —
C' be a normally 2-generalized hybrid mapping with F (T) # 0. Let {a,},{bn},{cn}
be real sequences in the interval (0,1) such that ap + b, + ¢, =1 and 0 < a <
Any by cn < b <1 for alln € N. Define a sequence {x,} in C as

Tpt1l = anZy + b Ty + ch2xn

for alln € N, where x1 € C is given. Then, the sequence {x,} converges weakly to
an element u of F (T) .

Proof. From Theorem 5.2, we have that the sequence {z,} in C' converges weakly
to u = limy 00 Pa(r)Zn € A (T'). Since C'is closed and convex in H and z,, — u,
we have u € C. Since u € A(T)NC, from Lemma 2.5, we obtain u € F (T). O
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