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ABSTRACT. The purpose of this paper is to propose and analyze an iterative
hybrid shrinking projection algorithm which exhibits strong convergence in the
sense of Mosco. The proposed algorithm is used to approximate a common ele-
ment in the set of solutions of a finite family of split equilibrium problems and
the set of common fixed points of a finite family of k-strict pseudo-contractions
in the setting of Hilbert spaces. Our results can be viewed as a generalization
and improvement of various existing results in the current literature.

1. INTRODUCTION

Throughout this paper, we work in the setting of a real Hilbert space H equipped
with the inner product (- ,-) and the induced norm ||-|| . Let C' be a nonempty subset
of a real Hilbert space H and let T : C — C' be a mapping. The set of fixed points
of the mapping T is defined and denoted as: F(T) = {z € C : T(x) = x}. The
self-mapping T is said to be a k-strict pseudo contraction if there exists k € R with
0 < k < 1, such that

(1.1) 1Tz = Tyl* < |z —yl* + k(I = T)e — (I = T)y|*, ¥ 2,y € C.

In 1967, Browder and Petryshyn [5] introduced the concept of a strict pseudo-
contraction in Hilbert spaces which satisfies the following Lipschitz condition:

1+k
1Tz~ Tyl < 7 e =yl

This class is prominent among various classes of nonlinear mappings and has power-
ful applications, in particular, to solve inverse problems [24]. However, the odds in
the development of iterative algorithms for strict pseudo-contractions is the second
term in its definition. Note that the class of k-strict pseudo-contractions contains
the class of:
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(i) nonexpansive mappings (i.e., |Tx — Ty|| < ||z — y||) which are 0-strict pseudo-
contraction;
(ii) firmly nonexpansive mappings

(ie., |Tz — Ty||* < ||z — y||*—||(I = T)z — (I — T)y||*) which are —1-strict pseudo-
contraction.

Moreover, the class of k-strict pseudo-contractions falls into the one between
the classes of nonexpansive mappings and pseudo-contractions (i.e., |7z — Ty||2 <
|z —y||*> + (I = T)z — (I —T)y||*). Observe that the class of strong pseudo-
contractions (i.e., if ' — 0I is a pseudo-contraction where § € (0,1)) is indepen-
dent of the class of k-strict pseudo-contractions.

We remark that the iterative construction of fixed points of various nonlinear
mappings have been extensively studied in the current literature. Some iterative
algorithms for the class of k-strict pseudo-contractions have been proposed and an-
alyzed, see, for example, [18,21,22,28] and the references cited therein. It is there-
fore, natural to employ an iterative algorithm for the construction of fixed points of
k-strict pseudo-contractions which exhibits strong convergence under mild control
conditions on the parameters. It is worth mentioning that hybrid projection algo-
rithm, introduced by Haugazeau [14], have been modified in different ways to ensure
strong convergence of the algorithm. In 2008, Takahashi et al. [26] firstly proposed
the shrinking projection method to establish strong convergence results for families
of nonexpansive mappings in Hilbert spaces. We, therefore, employ the shrink-
ing projection algorithm involving a finite family of k-strict pseudo-contractions in
Hilbert spaces.

The theory of equilibrium problems is a systematic approach to study a diverse
range of problems arising in the field of physics, optimization, variational inequali-
ties, transportation, economics, network and noncooperative games, see, for exam-
ple [1,3,12] and the references cited therein. The existence result of an equilibrium
problem can be found in the seminal work of Blum and Oettli [3]. Moreover, this
theory has a computational flavor and flourishes significantly due to an excellent
paper of Combettes and Hirstoaga [11]. The classical equilibrium problem theory
has been generalized in several interesting ways to solve real world problems. In
2012, Censor et al. [9] proposed a theory regarding split variational inequality prob-
lem (SVIP) which aims to solve a pair of variational inequality problems in such a
way that the solution of a variational inequality problem, under a given bounded
linear operator, solves another variational inequality.

Motivated by the work of Censor et al. [9], Moudafi [23] generalized the concept
of SVIP to that of split monotone variational inclusions (SMVIP) which includes, as
a special case, split variational inequality problem, split common fixed point prob-
lem, split zeroes problem, split equilibrium problem and split feasibility problem.
These problems have already been studied and successfully employed as a model
in intensity-modulated radiation therapy treatment planning, see [7,8]. This for-
malism is also at the core of modeling of many inverse problems arising for phase
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retrieval and other real-world problems; for instance, in sensor networks in comput-
erized tomography and data compression; see, for example, [6,10].

Let C' be a nonempty subset of a real Hilbert space Hi, () be a nonempty subset
of a real Hilbert space Hs and let A : Hy — H> be a bounded linear operator.
Let FF: Cx(C — Rand G: Q x @ — R be two bifunctions. Recall that a split
equilibrium problem (SEP) is to find:

(1.2) x* € C  such that F (2", 2) >0 for all x € C,
and
(1.3) y* = Az" € Q such that G (y*,y) >0 for all y € Q.

It is remarked that the inequality (1.2) represents the classical equilibrium prob-
lem and its solution set is denoted as EP(F'). Moreover, the inequalities (1.2) and
(1.3) constitute a pair of equilibrium problems which aim to find a solution x* of
an equilibrium problem (1.2) such that its image y* = Az* under a given bounded
linear operator A also solves another equilibrium problem (1.3). The set of solutions
of SEP (1.2) and (1.3) is denoted as Q = {z € EP(F) : Az € EP(G)}. Some meth-
ods have been proposed and analyzed to solve SEP together with the fixed point
problem in Hilbert spaces, see, for example, [4,13,15-17,25] and the references cited
therein.

Recently, Deepho et al. [13] studied a general iterative algorithm to solve
split variational inequality problems and fixed point problems of k- strict pseudo-
contractions in Hilbert spaces. Another motivation for the current research is the
recent result of Wang et al. [?] concerning split equilibrium problems and fixed point
problems of nonexpansive mappings in Hilbert spaces. Inspired and motivated by
the above mentioned results and the ongoing research in this direction, we aim to
employ a hybrid shrinking projection algorithm to find a common element in the
set of solutions of a finite family of split equilibrium problems and the set of com-
mon fixed points of a finite family of k-strict pseudo-contractions in Hilbert spaces.
Our results can be viewed as a generalization and improvement of various existing
results in the current literature.

2. PRELIMINARIES

Throughout this paper, we write x,, — = (resp. z, — x) to indicate strong
convergence (resp. weak convergence) of a sequence {x,}5° ;. Now, we recall some
basic notions and results required in the sequel. Let C be a nonempty closed convex
subset of a Hilbert space H;. For each x € Hy, there exists a unique nearest point
of C, denoted by Pcx, such that

|z — Pez| < ||z —yl|| forally e C.

Such a mapping Po : Hi — C is known as a metric projection or a nearest point
projection of Hy onto C. Moreover, Po satisfies nonexpansiveness in a Hilbert space
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and (r — Pox, Pcx —y) > 0 for all x,y € C. It is remarked that Pg is firmly
nonexpansive mapping from H; onto C| that is,

|Pox — P(;yH2 <(x —y,Pcx — Pcy ), forall z,y € C.

Recall that a nonlinear mapping A : C' — H; is A-inverse strongly monotone if it
satisfies
(x—y, Az — Ay) > X || Az — Ay|*.
Note that, if A:=1 — T is a A-inverse strongly monotone mapping, then:
(i) Ais (%)—Lipschitz continuous mapping;
(ii) if T is a nonexpansive mapping, then A is (%)—inverse strongly monotone
mapping;
(iii) if n € (0,2A], then I —nA is a nonexpansive mapping.
The following lemma collects some well-known equations in the context of a real
Hilbert space.

Lemma 2.1. Let H; be a real Hilbert space, then:
(1) llz - ij = Hsz —|lylI* = 2(z — y,y), for all =,y € Hy;
(i) llz +ylI” < [|=|" + 2 (y,z +y), for all x,y € Hy;
(iii) 2(z —y,u—v) = |z —vl*+ly — ull’ ||z — ul|*~[ly — v|?, for all 2, y,u,v €
Hy;
(iv) oz + (1 — a)y|* = allz|*+(1-a) [y’ —a(1-a) |z — y|* for all 2,y € H,
and o € R.

It is well-known that H; satisfies Opial’s condition, that is, for any sequence {x,, }
in H; with z,, — «x, the inequality

liminf ||z, — z| < liminf ||z, —y],
n—00 n—00

holds for all y € H; with x # y.

Recall that a mapping 7' : Hy — Hj is said to be demiclosed at origin if for any
sequence {xy} in H; with x,, — z and ||z, — Tz, || — 0, we have x = Tx.

The following results collect some of the characterizations of a k-strict pseudo-
contraction 7" and the set of fixed points F'(T") in Hilbert spaces.

Lemma 2.2 ([21, Proposition 2.1 (iii)]). Let C' be a nonempty closed convex subset
of a real Hilbert space H. If T': C — H is a k-strict pseudo-contraction, then the
xed point set ' (T') is closed and convex so that the projection Pp(7) is well de ned.

Lemma 2.3 ([21, Proposition 2.1 (ii)]). Let C' be a nonempty closed convex subset
of a real Hilbert space H and T : C — C a k-strict pseudo-contraction. Then (I—T)
is demiclosed, that is, if {x,} is a sequence in C' with z,, — z and z,, — Tx,, — 0,
then z € F(T).

We now introduce the notion of Mosco convergence.

Let {C),,} be a sequence of nonempty closed convex subsets of Hilbert space Hj.
We denote the set of all strong limit points of {C),} by s-Li,,C,,, that is, x € s-Li,Cy,
if and only if there exists {z,,} C H; such that {x,} converges strongly to x and
that x,, € C), for all n. Similarly, we define the set of all weak subsequential limit
points by w-Ls,C,, that is, y € w-Ls,C), if and only if there exist a subsequence
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{Cy,} of {C},} and a sequence {y;} C H; such that {y;} converges weakly to y and
yi € Oy, for all i. If Cy satisfies

Cy = s-Li,,C,, = w-Ls,Cy,

then we say that {C,} converges to Cj in the sense of Mosco and we write Cy =
M-lim,, C,,. By definition, it always holds that s-Li,C,, C w-Ls,C,. Therefore, to
prove Cy = M-lim,, C,, it suffices to show that w-Ls,C, C Cy C s-Li,C,. One
of the simplest examples of Mosco convergence is a decreasing sequence {C,} with
respect to inclusion. The Mosco limit of such a sequence is (),—; Cy,. For more
details, we refer to [2,19,20].

For a relation between a sequence of closed and convex sets and the corresponding
metric projections, we state the following lemma which can be deduced from the
theorem for a strictly convex reflexive Banach space satisfying Kadec-Klee property.

Lemma 2.4 ([27])). Let {C,} be a sequence of nonempty closed convex subset of
Hy. If Cy =(,_, Cy is nonempty, then { P, '} converges strongly to Pc,z for each
xeC.

In order to solve an equilibrium problem, we consider a bifunction F : C'xC — R
satisfying the following conditions(c.f. [3] and [11]):

(Al) F(xz,z) =0 for all z € C;

(A2) F is monotone, that is, F'(z,y) + F(y,x) <0 for all x,y € C,

(A3) for each y € C, the function = — F(x,y) is upper hemicontinuous, that is,
for each z,z € C,

lim F(tz + (1 — t)z,y) < F(z,y);
t—0
(A4) for each 2 € C, the function y — F(z,y) is convex and lower semi-continuous.

Lemma 2.5 ([11])). Let C be a closed convex subset of a real Hilbert space H; and
let F': C' x C — R be a bifunction satisfying conditions (Al)-(A4). For r» > 0 and
x € Hq, there exists z € C such that

F(z,y) —|—1<y—z,z—x> >0, forall y € C.
T
Moreover, de ne a mapping 7.7 : H; — C by
1
Tf(:n):{zeC’:F(z,y)+r<y—z,z—x>20, foraIIyGC},

for all x € H;. Then, the following hold:
(i) TF is single-valued;
(ii) TF* is  rmly nonexpansive, i.e., for every z,y € H,
T e = TFy||* < (TF e — Ty, 0 — y)

(iii) F(TF) = EP(F);
(iv) EP(F) is closed and convex.
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It is remarked that if G : Q x @ — R is a bifunction satisfying conditions (A1)-
(A4), then for s > 0 and w € Hs we can define a mapping;:

T (w) = {deC’:G(d,e)+1<e—d,d—w> >0, for alleeQ},
S

which is, nonempty, single-valued and firmly nonexpansive. Moreover, EP(G) is
closed and convex, and F(TY) = EP(G).

3. MAIN RESULTS

In this section, we establish results concerning shrinking projection algorithm
which exhibits strong convergence in the sense of Mosco. As a consequence, we
approximate a common element in the set of solutions of a finite family of split
equilibrium problems and the set of common fixed points of a finite family of k-
strict pseudo-contractions in the setting of Hilbert spaces.

Theorem 3.1. Let H; and H, be two real Hilbert spaces and let C C H; and
@ C H, be nonempty closed convex subsets of Hilbert spaces H; and H», respec-
tively. Let F; : CxC — Rand G; : Q@ x Q@ — R be two nite families of bi-
functions satisfying conditions (Al)-(A4) such that G; is upper hemicontinuous for
each i € {1,2,3,---,N}. Let S; : C — C be a nite family of k-strict pseudo
contractions and let A; : Hy — Hs be a nite family of bounded linear operators

for each ¢ € {1,2,3,---,N}. Suppose that F := [ﬂi]\ilF(Si)} N O # 0, where

0 = {zeC:zeﬂf\ilEP(Fi) and A;z € EP(G;) for 1 gigN}. Let {z,} be a
sequence generated by:

1 € Ch =0C,

Up = ng" (I - ’YAZ(mod N) (I - Ts(i”) Ap(mod N)) Tn;
(3.1) Yn = anlin + (1 — a@n) Sp(mod N)Un;

Chi1 = {z € Hy:|lyn — 2|2 < ||lzn — 2”2} NC,,

Tny1 = Po, 11, n>1,

where {r,},{s,} are two positive real sequences and {«,} is a sequence in (0,1).
Let v € (0,1), where L = max{Ly, Lo, -+, Ly} and L; is the spectral radius of
the operator AFA; and A} is the adjoint of A; for each i € {1,2,3,---, N}. Assume
that {«,}, {rn} and {s,} satisfy the following restrictions:

(Cly0<k<a<a,<b<1
(C2) liminfr, > 0 and liminf s, > 0;
n—oo

n—0o0

then the sequence {z,,} generated by (3.1) converges strongly to = Ppx;.

Proof. For the sake of simplicity, we define A, = A,moan) and Sn = Spmod V)
for all n > 1.We now start our proof to show that the sequence {z,} defined
in (3.1) is well-defined. For this, we first show by mathematical induction that
F C Cp41 for all n > 1. Obviously, F C C] as if p € F implies that Tflnp = p and
(I —yA;(I — TS")A,)p = p, then p € C = Cy. Now, assume that F C C; for some
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i > 1. Then, we estimate

i —plI* = T (I = 7AF (I - T5) Ai) i = T
< [lai =45 (1 = T) Aiai = ||
< lwi = pl? + 22 || A7 (I = TS Aiwa|)* + 27 (p — w3, AT (T = TS Ay .

2
p|

Thus, we have
Jui — pl* < |z — plI> + 7% (Aswi — TS Ay, A A7 (I — TC7) Ay
+ 27 (p — @, A7 (I — Tgl) Aiz;)

< |z —p|)* + L~? (Ajz; — TSG/A#II@', Az — TSiAiZE¢>
(3.2) + 2y (p — xi, Af (I — TSZ) Aizy)

= ||@; —p|* + Ly? || Aizs — TgiAimi}|2 +2v(p—w;, A7 (I — TS’) Aizi) .
On the other hand

2y (p — @i, A} (I — TGl) Aizi)

= 2’y< , Ay — TGiA‘l’i>
= 2'y< (p—x;) (A xT;— TG ‘A, a:z) (Aia;i—TgiAixi) ,Aixi—TSiAixi>
(3.3) = 27{ ip— T TAx, Ay — siiAi$i> - HAZa:Z - Tscj"AixiW}

< 2y {2 HAzl”z _ TsiAi%HQ . ”AZ% — TS%‘AiaZiHQ}

— —y||Asmi — TS A ||
Substituting (3.2) in (3.3) and simplifying, we have
(3.4) s = pII* < flas = plI* + 5 (Ly = 1) | Aiars = T A
It now follows from the definition of ~, we have
(3.5) lui = pl* < [l = p|I*.
Now, utilizing (3.1) and condition (C1), we have
lyi = pII* = lleiws + (1 — ;) Siu; — pl|?
< a; [|ui = pl* + (1= ) | Siwi = p||* = i (1 = i) [|ui — Sius|*
< 0 llui = pIP? + (1 = i) {llui = pII® + K 1w — Sy}
— i (1 — ) [lui — Syug||”
= [lui = p|* = (1 = ) (s = k) [Jui — Sjui|?
(3.6) < JJui = pl*.
As a consequence of (3.5) and (3.6), we get

2
lyi — plI* < [l — p)*
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Hence p € C;41 this implies F C C), for all n > 1.
Moreover, since

{z€ Hitllya =212 < llow— 2P} = {z € Hy:lyall2 = l2all* < 2 (g0 — 7, 2)}

it is closed and convex. Summing up these facts, we conclude that C), is nonempty,
closed and convex for all n > 1, and hence the sequence {x,} is well-defined. Note
that {C,} is a nonincreasing sequence of nonempty, closed and convex subsets of
H; with respect to inclusion, it follows that (2, Cy, is nonempty. That is,
. 0
) #F CcM- lim C, = Ch.
n—00 n=1

Let Cy = ()21 Cpn. Then by Lemma 2.4, {z,} = {Pc,z1} converges strongly to
x = Pgyx1. This implies that

(3.7 Jim [z a0 =0.

It remains to show that € F. For this, we divide the remaining part of the proof
into the following steps:
Step 1. Show that:

(1) imy oo [|Yn — Tpy1 |l = limy o0 [|Yyn — znl| =0,
(i) limp—soo ||un — znl] =0,
(iii) limp—oo [[yn — unll = 0,
(iv) im0 || Sntn, — upl|| = 0.

Since zp41 € Cpyq1 C Cp, we have ||y, — Tpi1|| < ||xn — Xny1]] - Therefore, using
(3.7), we get that

(3.8) lim ||y, — zpt1]| = 0.
n—oo
Also, from (3.7), (3.8) and the following triangular inequality:
[yn = 2all < lyn — Znsa |l + lzni — znll,
we have
(9) Jim [lgn = zall =0,
Note that, the estimates (3.4) and (3.6) imply that

2
v (1= 2L) || Anzn — TE* Apzy||” < lzn — 2l* = llyn — pII?
< (lzn = pll + llyn = pID) 20 — ynll -

Since v (1 — L) > 0, therefore letting n — oo in the above estimate and utilizing
(3.9), we have

(3.10) lim || Apz, — TS Anan|* = 0.

n—oo
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Since T is firmly nonexpansive, then
n

T (1 =7 A5 (1= T5) An) = T

lun, = pl?

< {up —p,xn — AL (I = TE") Apzy, — )
= Sl = pl + [l — A7 (7 = TE) A — ]
— [t = @n + VAL (T = TE") Ay, ||}
< 5 (o =Bl + e =PI ~ [Jun o + 745 (T~ TS) Ana|*}

1
= Sl =Pl + llew = plI” = (lun = 2all* + 72 |45 (I = TS") Aua]|”

—2~ <un — Ty, A, (I - Ts(in) An:vn>)}.

So, we obtain

IN

2 = plI? = lfun = @al® + 27 (= 20, A5 (I = TE) Anzn)

Iz — plI* = llun — 2n?
+29 ||un, — ] HA;'; (I — TSCZ") AnmnH .

lun, = pl?

IN

Utilizing the above estimate and (3.6), we have
2
lun = znll” < (lzn = pll + [lyn = pl)) |20 — ynll
+2 [|un — zp| HA;‘L (I — Ts(in) An:vnH .

Taking limsup on both sides of the above estimate, it then follows by using (3.9)
and (3.10) that

(3.11) nh_}ngO |, — zp|| = 0.

From (3.9), (3.11) and the following triangular inequality:
1Yn = unll < llyn = znll + lzn — unll,
we get

(3.12) lim ||y, — upl| = 0.
n—oo

Further ||yn, — un|| = (1 — an) || Snun — upl . It follows from (3.12) and the fact that
0<k<a<a,<b<1(byCl), we get

(3.13) lim ||Spun — uy| = 0.
n—o0

Step 2. Show that x € ﬂf\il F(S;).

We show that x € ﬂf\il F(S;), that is, z € F(S;) for 1 <i < N. Since znp+; —
x as n — oo, it follows from (3.11) that un,+; — = and consequently we have
UNn+i — x. Since Syn4; = S; for all n > 1, therefore from (3.13) and Lemma 2.3,
we have that x € F(S;) for each 1 <7 < N.
Step 3. Show that x € O, ie., z € ﬂfil EP(F;) and A;x € EP(G;) for each
1<i:<N.
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In order to show that z € ﬂivzl EP(F;), that is, x € EP(F;) for each 1 <
i < N, we define subsequence {n;} of index {n} such that n; = Nj + ¢ for all
n > 1. As a consequence, we can write Fn]. = F;, for 1 < ¢ < N. From Up,; =

Gn
TrFTfj ([ -4, (I - TSHJ_J> Anj> Tp; for all n > 1, we have

1 G,

F‘Z(un]7y)+r <y - unjyunj - $nj - IYA:LJ (I - TSan> Anj$nj> 2 0) for a’ll y € C
ngj

This implies that
1 1 ) G,

Fi(unj,y) —+ T— <y = Upy, Un; — xnj> — r <y - Unja'YAnj (I — Tsnj ) A?’ijnj> >0
nj nj

From (A2), we have
1 1 . G
Tnj <y - unj,un]. - fL'nj> - a <y - unj77Anj (I - Tsnjj) Anjwnj> Z F’L(y7 unj)a
for all y € C. Since liminf; o 7r,, > 0 (by (C2)), therefore it follows from (3.10)
and (3.11) that
Fi(y,z) <0, forallye C and for 1 <i < N.

Let yy =ty + (1 — t)x for some 0 < t < 1 and y € C. Since z € C, this implies that
y¢ € C. Using (A1) and (A4), the following estimate:

0= Fi(y,yr) <tFi(ye,y) + (1 =) Fi(ye, ©) < tE(ye,y),
implies that
Fi(yt,y) >0, for 1 <i < N.

Letting t — 0, we have F;(x,y) > 0 for all y € C. Thus, x € EP(F;) for 1 <i < N.

That is, z € ﬂf\il EP(F;). Reasoning as above, we show that A;z € EP(G;) for
each 1 <14 < N. Since z,, — 2 and A,, is a bounded linear operator, therefore
Ap,xn, — Ap,x. Hence, it follows from (3.10) that

Gn
TsnllAmxm — Ay as | — oo.
Now, from Lemma 2.5 we have

n 1 n n
G; (TgllAnlxm,z)+— <z — TscillAnﬂinsillAmxm - Anll‘n,> >0, forall z € Q.

Sny;

Since G; is upper hemicontinuous in the first argument for each 1 < ¢ < N, therefore
taking lim sup on both sides of the above estimate as [ — oo and utilizing (C2) and
(3.10), we get

Gi(Ap,x,z) >0, forall z € @ and for each 1 <1i < N.

Hence A;x € EP(G;) for each 1 < i < N. This together with the conclusion of Step
2, we have that = € F. This completes the proof. Il

In particular, if S; - - in algorithm (3.1) - - is a finite family of nonexpansive
mappings, then we have the the following useful result:
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Corollary 3.2. Let H; and H» be two real Hilbert spaces and let C C H; and
QQ C H, be nonempty closed convex subsets of Hilbert spaces H; and Hs, respec-
tively. Let F; : C xC — Rand G; : Q@ x @ — R be two nite families of bi-
functions satisfying conditions (Al)-(A4) such that G; is upper hemicontinuous for
each i € {1,2,3,--- ,N}. Let S; : C — C be a nite family of nonexpansive
mappings and let A; : Hy — Hs be a nite family of bounded linear operators

for each i € {1,2,3,--- ,N}. Suppose that F := [ﬂf\il F(SZ-)} N O # (), where

0= {z eC:zeNY,EP(F) and A;z € EP(Gy) for 1 <i < N}. Let {z,)} be a
sequence generated by:

r1 € Ch =0C,

up = T (I = YA (mod ) (I = T$") Angmod N)) Tn,
(3.14) Yn = anln + (1 — an) Sy (mod N)Uns

Cur = {= € Hy tllyn = 2| < flan — 2/} N C,

Tl = PCn+1 1, n=>1,

where {r,},{s,} are two positive real sequences and {c,,} is a sequence in (0,1).
Let v € (0,1), where L = max{Ly,Lo,---,Ly} and L; is the spectral radius of
the operator A7 A; and A} is the adjoint of A; for each i € {1,2,3,---, N}. Assume
that {«,}, {rn} and {s,} satisfy the following restrictions:
(Cl):0<k<a<a,<b<l,

(C2): hm mf rn, > 0 and hm 1nf sp > 0;
then the sequence {zn} generated by (3.14) converges strongly to = = Prx;.

In order to solve the classical equilibrium problem together with the fixed point
problem, we prove the following result:

Theorem 3.3. Let H; and H, be two real Hilbert spaces and let C C H; and
@ C H, be nonempty closed convex subsets of Hilbert spaces H; and Hs, respec-
tively. Let F; : CxC — Rand G; : Q@ x Q@ — R be two nite families of bi-
functions satisfying conditions (Al)-(A4) such that G; is upper hemicontinuous for
each i € {1,2,3,--- ,N}. Let S; : C — C be a nite family of k-strict pseudo
contractions and let A; : H; — H» be a nite family of bounded linear operators

for each i € {1,2,3,---,N}. Suppose that F := [ﬂfll F(Si)} N O # 0, where

o= {z € C:zeNY,EP(F) and Az € EP(Gy) for 1 <i < N}. Let {z,)} be a
sequence generated by:

r1€Cy=C,

up =Ty (I ~ Y4 (mod V) (I =1gr) An(modN)) Tn;
(3.15) Yn = oty + (1 — an) Spmod N)Uns

Coia = {= € Hu = 2] < lon = 41} N

Tn+1 = PCn+1 1, n=>1,

where {r,},{sn} are two positive real sequences and {«,} is a sequence in (0,1).

Let v € (0,1), where L = max{Ly, Lo, -+, Ly} and L; is the spectral radius of
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the operator AFA; and A} is the adjoint of A; for each i € {1,2,3,---, N}. Assume
that {«,}, {rn} and {s,} satisfy the following restrictions:

(Cly0<k<a<a,<b<l
(C2) liminfr, > 0 and liminfs, > 0;
n—oo n—oo

then the sequence {x,} generated by (3.15) converges strongly to = Ppx;.

Proof. Set Hy = Hy, C = @ and A = I(the identity mapping) then the desired
result then follows from Theorem 3.1 immediately. |

Remark 3.4. It is instructive to compare the results of Theorems 3.1 & 3.3 in the
current literature, in particular to those as mentioned above, that our results can
be viewed as a generalization and improvement of various existing results in the
current literature.
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