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ON YOUNG INEQUALITY UNDER EUCLIDEAN JORDAN
ALGEBRA

CHIEN-HAO HUANG, YU-HSUAN HSIAO, YU-LIN CHANG, AND JEIN-SHAN CHEN*

ABSTRACT. Recently, some inequalities and trace inequalities associated with
second-order cone are established. Most of them are very useful in optimization.
In particular, in our recent work [14], we build up some trace versions of Young
inequality in the SOC setting and indicate that the Young inequality does not
hold in general. In this paper, we pay attention to Young inequality under
Euclidean Jordan algebra. By using spectral decomposition, we extend one trace
version of Young inequality to the general setting of symmetric cone. In addition,
we provide conditions under which the Young inequality holds in the SOC setting.
Accordingly, one can construct counterexamples in general case.

1. INTRODUCTION

The Young inequality states that for any a,b > 0, and p, ¢ are positive real
numbers such that ]l) + % =1, there holds
o + o > ab,
p q
where the equality holds if and only if a? = b%. The Arithmetic-Geometric-Mean
inequality is a special case of Young inequality:

2 2
a b
a”+ 0" > ab.
2
It is very useful in real analysis, as a tool to prove the Holder’s inequality. In
addition, it can be used to estimate the norm of nonlinear terms in PDE theory.

As indicated in [7, 10], the second-order cone (SOC) is often involved in many
optimization problems, particularly in the context of applications and solutions
methods for the second-order-cone program (SOCP) and second-order-cone comple-
mentarity problem (SOCCP) [5, 6, 8, 9, 10]. For designing those solutions methods,
spectral decomposition associated with SOC is required. Recently, Chang et al.[4]
defined various means associated with Lorentz cones (also known as second-order
cones), which are new concepts and natural extensions of traditional arithmetic
mean, harmonic mean, and geometric mean, logarithmic mean. Based on these
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means defined on Lorentz cone, some inequalities and trace inequalities are estab-
lished, see [10, Chpater 4].

In our recent work [14], we build up some trace versions of Young inequality in
the SOC setting and indicate that the Young inequality does not hold in general. In
this paper, we pay attention to Young inequality under Euclidean Jordan algebra.
By using spectral decomposition, we extend one trace version of Young inequality
to the general setting of symmetric cone. In addition, we provide conditions under
which the Young inequality holds in the SOC setting. More specifically, we conclude
that the Young inequality associated with SOC holds under one of the following two
conditions holds: (i) p = ¢ = 2 or (ii) any two vectors share the same Jordan frame.
Accordingly, one can construct counterexamples in general case.

2. PRELIMINARIES

A Euclidean Jordan algebra [11] is a finite dimensional inner product space
(V,(-,-)) (V for short) over the field of real numbers R equipped with a bilinear
map (z,y) — zoy:V xV — V, which satisfies the following conditions:

(i) zoy=youx forall x,y € V;
(i) zo(z?oy) =20 (xoy) for all z,y € V;
(iii) (zoy,z) = (z,yoz) for all x,y,z € V,

where 22 := z oz, and z oy is called the Jordan product of x and y. If a Jordan

product only satisfies the conditions (i) and (ii) in the above definition, the algebra
V is said to be a Jordan algebra. Moreover, if there is an (unique) element e € V
such that x o e = « for all x € V, the element e is called the identity element
in V. Note that a Jordan algebra does not necessarily have an identity element.
Throughout this paper, we assume that V is a Euclidean Jordan algebra with an
identity element e.

In a given Euclidean Jordan algebra V, the set of squares K := {2? : z € V}
is a symmetric cone [11, Theorem III.2.1]. This means that K is a self-dual closed
convex cone and, for any two elements x,y € int(K), there exists an invertible linear
transformation I" : V. — V such that I'(z) = y and I'(K) = K. Accordingly, there
is a natural partial order in V. We write v =, yif v —y € K, and « >, y if
x —y € intk.

For any given z € V, we denote m(z) the degree of the minimal polynomial of z,
that is,
m(z) = {k: >0|{e,z,...,2"} is linearly dependent} .
Since m(z) < dim(V) where dim(V) is the dimension of V, the rank of V is well-

defined by r := max{m(z) |z € V}. In Euclidean Jordan algebra V, an element
e e V is an idempotent if (e(i))2 = @, and it is a primitive idempotent if it is



ON YOUNG INEQUALITY UNDER EUCLIDEAN JORDAN ALGEBRA 15

nonzero and cannot be written as a sum of two nonzero idempotents. The idempo-
tents e and eV are said to be orthogonal if e o) = 0. In addition, we say that
a finite set {e(l), e@ e(’")} of primitive idempotents in V is a Jordan frame if

,
eoel) =0 for i # 7, and Ze(i) =e.
i=1
Note that (e, e()) = (e() 0 ¢U) ¢) whenever i # j. There also exist the so-called
spectral decomposition for any element x in V, see below theorem.

Theorem 2.1. [11, Theorem II1.1.2] Let V be a Euclidean Jordan algebra. Then
there is a number r such that, for every x € V, there exists a Jordan frame
{eM, ... e} and real numbers M\ (z), ..., \(z) with

Here, the numbers \i(x) (i = 1,...,r) are the spectral values of x, the expression
M(@)e® + oo 4+ N (2)e) is the spectral decomposition of x. Moreover, tr z :=
iy Ai(x) is called the trace of x, and det(x) = [[i_; Ai(x) is call the determinant
of .

Given a Euclidean Jordan algebra V with dim(V) = n > 1, from Proposition
III 4.4-4.5 and Theorem V.3.7 in [11], we know that any Euclidean Jordan algebra
V and its corresponding symmetric cone K are, in a unique way, a direct sum
of simple Fuclidean Jordan algebras and the constituent symmetric cones therein,
respectively, i.e.,

V=Vix--xV, and K=K'x---x K™,

where every V; is a simple Euclidean Jordan algebra (that cannot be a direct sum
of two Euclidean Jordan algebras) with the corresponding symmetric cone K¢ for
i=1,...,m,and n = ) " n; (n; is the dimension of V;). Therefore, for any
r=(z1,...,2m)" and y = (y1,...,ym)’ €V with z;,y; € V;, we have

xoy:(wloyl,...,xmoym)TeV and (x,y) = (x1,y1) + - + (T, Ym)-

For simplicity, we focus on the single symmetric cone K because all the analysis can
be carried over to the setting of Cartesian product.

3. TRACE VERSION OF YOUNG INEQUALITY UNDER EUCLIDEAN JORDAN
ALGEBRA

In a recent work [14], we established three trace versions of Young inequality in
the setting of second-order cone; and also made a conjecture that the eigenvalue
version of Young inequality in the SOC setting holds. However, only two trace
versions of Young inequality were extended to the setting of symmetric cone (under
Euclidean Jordan algebra). In this section, we build up the third trace version of
Young inequality based on Gowda’s proof in [13]. To proceed, we first recall the
below crucial inequality which was achieved in [1, Theorem 23].
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Theorem 3.1. [1, Theorem 23| Let V be a simple Euclidean Jordan algebra with
rank r. For any x,y € K, there holds

tr(zoy) < Z Ai(z)Ai(y),
=1

where A\i(x) and \i(y) are the spectral values of x and y with decreasing order,
respectively.

Theorem 3.2. (EJA Young inequality-Type III) Let V be a simple Fuclidean
Jordan algebra with rank r. For any x,y € V, there holds

p q
tr(|zoyl) < tr <]a:\ + ‘y|>
p q

1 1
where 1 < p,q < 0o and , + i 1 and |z| = M (2)]e® + - + |\ (z)[eM).

Proof. For zoy € KU (—K), the desired result follows from [14, Theorem 3.11]. For
the remainder case, we suppose x o y is decomposed as

zoy= (Aleu) T Ake(k)) _ (Ak+1e<k+1> - Arem) ,

where \; > 0 and k is some positive integer with 1 < k < r. For convenience, we
denote

C = 6(1) + “ e + e(k)
d = 6(1) _|_ PN + e(k) — (e(k+1) + PN + e(r)> = 2C — €e.

Applying the Peirce decomposition [11], we know that
V=V(,1)®V(c1/2)®V(c0),

where V(¢,1) is a Euclidean Jordan algebra of rank k containing the subspace
spanned by {e), ... e®} and V(c,0) is a Buclidean Jordan algebra of rank r — k
containing the subspace spanned by {e(k“), .. .,e(’”)}. Moreover, we write y =
u+ v+ w, where u € V(¢,1), v € V(¢,1/2), and w € V(¢,0). We notice that
V(e,1)NV(e,0) ={0}, [roy| = (zoy)od, and y od = u — w. On the other hand,
suppose that the spectral decomposition of u,w are in the forms of

u o= )q(u)é(l) +- 1t )\1(u)é(k)

w o= A(w)e® ) 4o A (w)e),
Then, we observe that

yod=u—w=A(w)e + -4+ X\ (u)e® — X\ (w)e® ) — ... — X _p(w)e™,
It follow from the proof of Theorem 1.1 in [13] that tr(Jyod|?) < tr(Jy|?). Therefore,
we obtain
tr(jzoy|) =(lzoyle) =((zoy)od,e) = (z,yod).
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In light of Theorem 3.1, we further have

tr(lzoy)) < D Xi(@)ilyod)
i=1

¢ 3 (Dl , ntpoar)
i=1 p q
_ula) | uyod?)
p q
p q
< wzP) | trllyl)
p q
P q
p q
Hence, we conclude the desired inequality. O

Remark 3.3. In the setting of second-order cone, Huang et al. [14] obtained the
desired conclusion via establishing the following inequality

tr(lz o y[) < [Ai(@) M)+ [Aa(x)Aa(y)]

However, we do not know yet whether the similar inequality in FEuclidean Jordan
algebra hold or not. In other words, it is a future direction to prove or disprove

tr(jzoy)) <Y @)X,
i=1

for any z,y € V, where \;j(x) and \;(y) are the spectral values of z and y with
decreasing order, respectively.

4. COUNTEREXAMPLE OF YOUNG INEQUALITY

In this section, we show that the general Young inequality does not hold under
Fuclidean Jordan algebra. We will show how to construct counterexamples in the
SOC setting. According, they serve as counterexamples in the symmetric cone
setting under Euclidean Jordan algebra. From the construction procedure, we also
conclude under what conditions the Young inequality will hold in the SOC setting.

To proceed, we recall some materials regarding the SOC in R™, an important
example of symmetric cones. Officially, the SOC is defined as follows:

K" = {x = (20,7) € Rx R" | 20 > |z},

and the corresponding Jordan product of x and y in R"™ with =z = (x0,%),y =
(y0,7) € R x R*7! is given by
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We note that e = (1,0) € R x R*™! acts as the Jordan identity. Later, we need
to verify Young inequality in the SOC setting as two vectors belong to K™ with
different Jordan frame. To do this, we use vector decomposition and then compare
it to the condition with same Jordan frame.

For each x € R", it follows from [10, 11, 12] that the spectral decomposition
associated with K™ is of the form
(4.1) x = A (x)ul) + Ao (z)ul?.

where \;(z) and u;(z) are called the spectral values and the spectral vectors of z,
respectively, which defined by

(4.2) Xi(z) = x1 4+ (1),

(4.3) ul?) =

xT

3(L (=171 22 i @ £ 0,

(1L, (=) w) if @ =0,
for i = 1,2 with w being any vector in R"~! satisfying ||w|| = 1. When x5 # 0, the
spectral factorization is unique.

Let m be any real number and x € K™. Then the m** power of z is defined by
(4.4) 2™ = (M(2)) " ulM + (Ao () "ul?.

With this definition, we are interested in the properties of Young inequality in the
SOC setting. For x =,, 0,y =, 0, and p,q are positive real numbers such that
% + % =1, it is clear that the Young inequality holds for p = ¢ = 2 since

332+y2

5 —xnxoy <= z2 4yt xn2zo0y

<~ x2—2xoy+y2§,@0
— (z—y)%=xn 0.
Now, we first consider x,y € K™ such that  and y shart the same Jordan frame.

Theorem 4.1. Suppose x >=xn 0,y >=xn 0, and p, q are positive real numbers such
that % + % = 1. Let x, y share the same Jordan frame, that is, x,y have spectral
decomposition

Tr = )\1U1 + )\QUQ, Yy = )\3U3 + )\4U4

q
zp_|_% Sn 0 Y.

with w1 = ug, Uy = ug O U1 = Ug, Uz = uz. Then, we have o

Moreover, the equality holds if and only if 2P = y1.

Proof. Without loss of generality, we assume that u; = us, us = uy4, and the proof
can be carried over to the similar case when uy = ug, us = us. First, we observe
that

Pyl 1 1

—+ = = —(Nup + Mug) + ~(Muy + Mus)

P q p 1 2 g3 4
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AN b )\q
(4.5) = <1+3> up + <2+ >u2,
p q p q
and
zoy = (Arur + Aaug) o (A3u1 + Aqua)
= /\1)\32@ + A1 Aquq 0 ug + AgA3zug o ug + >\2)\4u%
(4.6) = AMAgui + Ao dqus.
Subtracting (4.5) from (4.6), we see that
P q AP b\
wf-l-yf—xoy = [<1+3> U1+<2+4> U2:| —()\1)\3U1+)\2)\4u2)
p q p q p q
)\P )\CI )\p )\q
(4.7) = (1 + - )\1)\3) U + (2 + - )\2)\4> U9
p q p q

Since z =n 0,y =xn 0, we know that z1 > |22, y1 > ||y2]|, and hence X\; > 0 for
all = 1,2,3,4. Thus, by the traditional Young inequality for numbers, we have

)\p )\q DYDY/
—|—;—)\1)\3>0 and ?24—;4—)\2)\42 0.

This means Z- + y —xzoy e Km, %p + y—qq =xn T oy. Moreover, since uy, us are
linearly 1ndependent From (4. 7) we have
p q q
£+y7:xoy <— ——i—y——xoy—O
p q p q
A AL\
< ( +—)\1/\3>U1+<2+4—)\2)\4>U2:0
p q p q
DYDY AL
= 71+73_>\1)\3:72+74_/\2)\4:0
p q p q
AP AL
— L33 =) and 2+ =)\
p q p q
< M= and N =\]
— 2P = Nuy + Mug = Muz + Nug = o7,

where the fifth equivalence holds by Young inequality for real number. In other
words, the equality holds if and only if 2P = y9. O

Up to now, we show that the Young inequality holds in the SOC setting under
the condition that x,y share the same Jordan frame. However, it is much harder
to verify two vectors belong to K™ with different Jordan frame. For notations
simplicity, we denote

P q
i—i-y——xoy:: (o, B) € R x R 1.
p q
Then, it is clear that %p + % = zoy holds if and only if a? — || 3|2 > 0. In addition,

the equality holds if and only if o? — ||3]|> = 0. In order to develop some tools for
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the case when two vectors belong to K™ with different Jordan frame. As below, we
start with calculating o — || 3|2

Theorem 4.2. Suppose © =xn 0,y =xn 0, and p, q are positive real numbers such
that %—I—% = 1. Suppose that x = (x1,22) € Rx R y = (y1,142) € RxR" !, and

zTy2 :
g — ) arccos (m) if |z ||yl # O,
0 otherwise.

that is, 0 is the angle between two vectors x2, Y2, the spectral decompositions of x, y
associated with K™ are

T = Aui + Aug,
= A3us + Aquy.

Then, there holds

o —|1B]> = fi + (1 — cos0) [y — (1 + cos 0)d]

(4.8)
= fo — (1 + cos)[y+ (1 — cos0)d],
where
NE XIS
i = % + —— 7 +)\1>\2)\3)\4—|— ()\p)\?l+)\p)\q)
A Y )\q

_ Aoy + AN
[(p q) (p q)13]
APAD Aqu

fa = o + + A A2 A3\ + (/\pAg + A0AY)
PLEDY! AP Aq
— (3 + N3+ (22 + )],
p q p q
1 MAz e _
7 = e A=A - RO =8 0s = )
s _
Sy T AT ),
(A1 = A2)* (A3 — A\g)?

0 =

16

Proof. According to the spectral decomposition associated with K", we have
T = Auy + Aoug, and y = Agusz + A\guy,

where

1 =z 1 —=x
MZwHWMWMZerMMUP=<,2>,w:< 2)

27 2| 27 2|z

(o)
2" 2y

Ty
A3 =y + ||v2ll, A = y1 — [y, us = <7> , Uy =
27 2|yl
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Then, we write out

xP A o < 1 T2
— = Zut Zup = -(A+ N N =28
p p p op M T R) g ( )lezH
y! A3 Al < q q q Y2
— = —us+ —u4= )\—i-)\ A\ = ,
q q q 5g\ s+ A q( 3 A
zoy = (z1y1 + 23y, 2192 + Y122).
Since we have denoted %p + %q —z oy by (a, ), we have
1 1
a = %(Alf +A5) + qu()\g +AD) — (z1y1 + 75 2),
1 T2 1
B = —\ =X\ + —(\ = )] T1Y2 + Y172).
o8+ g8 = My = )
Thus, we see that
1 2 2 I 2
o? :aﬁuf+ghﬂwgmq?uf+Mhagﬁ)

1
+@@%H£@F+%ww%ﬁ+%#££+ﬁﬁ+££+£ﬁ)

1
—]*)()\]199012/1 + )\11)37592 + XNy + )\ga:ng)

1
(4.9) —g()\gxlyl + Madyo + Ny + Ml ),
and
1 1
18I = O+ A" = 22000) + 75 (5" + A4 — 2X0))

1
(@ lly2ll® + vt llwall® + 2z1y123 y2) + E(”f)\g — AMTAL — A9 + A0ND)

1 zd y2 zd Y2
_];()‘? H2 H 1y1Hw2|| )‘]27931 H2 H )\gy1|!952||)
1 T Ty2

Subtracting (4.10) from (4.9) ylelds

o —|1BII°
AXE XIS
= Tt [+ @) - atlel® - vl ]

e L IOPAT 4 AAD) (1 — T2 (g g anagy 1+ P28y
2pg 1 TR 22 [yl e 2 [yl

1 L yo L yo
+— [N (T2 — 1) + Az | (1 — 72500
p H$2|| |2l

1 Z/2 z3yo
—2;[)\723901( 2 y1) + Apllzal| (1 + H2 ”)]
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1

Yy
+= My (ly2ll — 1) + Mg ya (= — 1)]
q y2l
1 'l
—= a1yl + y1) + Mg ya (= + 1)]
q vzl
MNP AI)\
= 71322 + 324 + [27yf + |22l Pyl cos® 0 — a3 ||y2||? — yilla2|?]
1 1
+—(APAL L APADY (1 — cosB) + — (NPA? + NPADY (1 + cos b
2pq( 173 2 4)( ) 2pq( 174 2 3)( )
1
+ [(Xz1(|ly2l| cos & — y1) + Afllz2]|(y1 — [ly2l| cos 8)]
1
> (N1 ([ly2]l cos @ + y1) + N llza | (w1 + [ly2l| cos 6)]
1

+; Mgz1(llall = v1) + Agllaz]l cos O(y1 — [ly2l])]

1
~y (N1 (ly2ll + y1) + Afllwzll cos 6(yr + [ly2)]

ANy | A
2

T2 + + [23wF = ly2l”) = lz2l*(yF — lly2]? cos® 6)]
1
+% (TS + XoAT) (1 — cosB) + (AT + MoAD) (1 + cos 6)]

/\p )\p
—?1)\2(3/1 — [ly2l[ cos 0) — ;2)‘1(?/1 + lly2|l cos 0)

A\ A\
(4.11) —;3/\4(171 — ||z2|| cos €) — ;4)\3(@'1 + ||z2] cos 0).

It is difficult to estimate that the value is positive or negative as the equality contains
the term cos @ since —1 < cosf < 1. For the case that two vectors have the same
Jordan frame, we can replace the term cosf by 1 or —1 since two vectors have the
same Jordan frame if and only if |cosf| = 1. To proceed, we need to discuss two
subcases.

Case 1. Change cosf to 1, by applying (4.11), we have

o — |1
XEXD - \IXY
= % + 224 + [21 (7 = [ly201?) = 22l (47 = lly2]*(1 + cos® 6 — 1))]
1
—1—2—()\]1))\% + AN (1 — 14 (1 —cosh))
Pq
1
+%()\€)\Z + M1+ 1+ (cosb — 1))
M Xy
=721 = llgef[ (14 (cos 6 = 1))) = =2 (g1 + [lya | (1 + (cos 6 — 1))
A

. Az — ||z2]| (1 4 (cosf — 1)) — )(\]4)\3(:101 + ||z2][(1 + (cos — 1)))
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)\P)\P )\Q)\q
= {2+ 2 [~ el — a0 — 2l
1
o [0S+ AD(1 = 1)+ (9A] + ABA0)(1+ 1)

N Ay
—[?)\2(.@1 = [ly=l) + ;/\1(?41 + [ly2ll)

¥ oy
+ 20w =l + “Exsen + el |

{2l ly22(cos? 6 - 1)

1
+ 3 (DN XA (1 = c0s6) + (VAT + NAG)(cos ) — 1)]
p
72

)\P
-[- ;1)\2||y2||(0059 — 1) + —=A1lly2]|(cos 0 — 1)

¥ A\
_?3)\4Ha:2||(cose —-1)+ i)\{;”(l)QH(COS@ - 1)]}

PP )\q)\q
= { 11)22 +

AP b b A
44MM+JM&+iMM+A&Mﬁ
b b q q

+M&&M+ (VV + A5A9)

+(1 = cos 0){ = Ilazlly2|*(1 + cos6)

1
4 [ORAS+ XBAD) = AL+ 20

-l

)\p P 2\ By
Lallyall = A llll + 22 Al — Z2As]|a2 ] }
p p q q

After direct calculation, we further have

o — |6
AL NN
= 11)22 2 2+ A2z + (Ap/\q + AHA9)
AP A XD /\q
— AA+—£ “HAA
(= » q) ( q) 1]

1
(1 = cos6){ — faal 2l (1 + cos6) + 5 M — ) + (3 X))

PP AMAD PYD A3\
A ] + (B - o)

-
AL NI

= ?2 + =5 7 L4+ Moz + ()\p/\q + XOAD)

)\p M N

—[(Z MA+4ﬁ

)\q
+ “H)A1s]
p q q

23
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1
1= cos6) { ezl (1 + cos6) + 5 - [ = XD + M - M)

A Ashd o _
- lpw P Dl + 2T = AT 2]}
AAVZ a\q
- M AN Fhdadadi+ (APA‘! ALY
p q
AP Aq A Aq
_ Aods + A
[( p q ) (P q ) ! 3]
Al —A2.9, A3 — Ay 1
+(1 = cosO){ — (—5 ) (5 )2(1+cos0)+%()\f—Ag)()\g—)\Z)
A2, po1 A3 — A AsAa, g1 S AL — A2
—p(A’f—A’z’)z—q(A%—AZ)Q}
APAD AN
_ ;72+ 5 +)\1)\2>\3>\4+ (APAq + ABAY)
PNV A Aq
— Aodg + A
[(p q) (p q) 123]

A
1; A = XH (A — M)

(A1 = A2)* (A3 — A\g)? )
16

+(1 — cos 0){ [Q;q()\zf —A)(A§ = AY) —

A=A = A2)] — (1 + cosb)

= fi+ (1 —cosb)[y— (14 cosh)s],

where the third equality holds since ||z2|| = )‘4

Case 2. Change cosf to —1, by applying the same argument in Case 1, we have

o — |8
_ {M{Ag Xuq

p? N
)\4 bV Ag
— oAz + (22 4+ Z3)00
[(p q) 3 (p q)14]}

+ A A2 A3y —|— ()\p>\q + )\pAq)

)\p q p

A
1p2 W = XH (A — M)

—(1+cos){ [2;61(/\;1) — A=A —

~A3A A1 — A2) (A3 — A
SN ATH (- )\2)]+(1—c089)( 1= A" = A)® }
2q 16
= fo— (14 cosf)[y+ (1 —cosh)s].
Then, the desired result follows.. O

Notice that f; and f2 equal to a2 — ||8]|? while x, y have the same Jordan Frame.
In fact, o — ||B||? = f1 as cosf = 1 and a? — ||B||* = fo as cosf = —1. We shall
establish some properties of them in following lemma.
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Lemma 4.3. For any x =, 0,y =, 0, suppose the spectral decompositions of x,y
are

r = /\1U1 + )\Q’u,z,
Yy = Agus+ Aqua,
and p,q are positive real numbers such that % + é = 1. Then the following hold:

(a): fi > 0. Moreover, fi =0 if and only if X| = N, and \§ = \].
(b): fo > 0. Moreover, fo =0 if and only if \; =0 fori=1,2,3,4.

Proof. For part(a), we let kK = (K1, k2) = (%, %é) ERxR" 1 w=(w,ws) =
(Rafe AsMg) € R x R where € = (1,0,...,0) € R"1, then & =, 0,w =, 0.
Note that k; = 21522 ||ky|| = 21522, By the spectral decomposition (4.1)-(4.3), we
have

=M (R)ud + Ao (k) u® = Mul®) + Au?.

where
AL+ A A1 — A
M(k) = 122+122:)\17
A+ A A1 — A
oK) = 122_122:/\27

A1+A
NN s w A N !
K - 2 ) )\13)\2 - 2
(2) . 1 1 7)\1—5>\26 . 1 e
Uy - 5 s )\1_5)\2 - 57_5 .

Similarly, the spectral decomposition of w is

w = A (w)ul) + Aa(w)ul? = AgulM + \u@.

where
A3+ A A3 — A
Mw) = ST TS =
Az + A A3 — A
No(w) = 32 4 32 4:)\47

A3+
ORI (1 > 6) _ (1 €> e
w 2 ) )\3_5)\4 279 Kk

Az+Ag
W@ = Loz e) (L) e
2 % 27 2 K

Since x,k have the same spectral values A1, Ao and y,w have the same spectral
values Az, A4, we get via (4.8) that (a? — ||B||2)W = f1. Moreover K, w share the

same Jordan frame u,({l),u,g). By Theorem 4.1, it yields

kP Wi
7+7E]Cn K O W
p
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and hence f; = (a? — ||ﬁ||2)m > 0. Moreover,

kP wi
fi=(@=8%),,=0 <= —+—=row

p q
WP —
O = ADulD + (4 — M@ =0
MN=M=X-X=0
)\p )\q and )\p )\q

(4.12)

HIIM

where the equivalence (4.12) holds since u( ) u,(f) are linearly independent.

For part(b), we let ( = ((1,(2) = (’\1+)‘2 A ’\26) ERXR" 5= (n,m) =
(%, —%e) € R x R*" ! where e = (1,0,...,0) € R* ! then ¢ =xn 0,7 =xn
0. Similarly,

¢ = MQuf” + X(Qu = aul! + Agul?.
(
n

n = M(nu 1)+)\2(77)u$72)—)\3u()+)\4u()
where
A1+ A Al — A
A(Q) = 1; 2+ 12 2=\,
M+ A=)
M) = FFE ST =0
LA
u(l) _ 1(1 %e):(l E)
C 2 bl Al;)\2 272 b
1 /\1+)\2 1
U(2) = *(17_ 2 6):(7a_5)7
¢ 92 >\1-5/\2 2 2
A3+ A Az — A
M) = ST =
A3+ Mg A3 — A4
() = 55T =M
A3+
S804 (— 1
u) = 1(1,&) = (-9 =P,
2 % 2’ 9 ¢
A3+da
u® = 1(1,_&):(179):1}1).
2 % 279 ¢

Since x, ¢ have the same A1, Ao and y, n have the same A3, A4, we get via (4.8) that

() ()

(o —18]1%) o= = f2. Since ¢, 7 share the same Jordan frame u; By Theorem

4.1, it yields
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which implies fo = (a? — ||ﬁ||2)<77 > 0. Moreover,

S
f2=(a2*||5||2)<,720 ;WL;:COU
P =g

W = Al + (X = 2Dul =0
AP X =28 — AL =0

A= A7 >\ = A

A= N = 2f = A =0.

where last equivalence follows by A > A{. O

[ A A

Theorem 4.4. Suppose © =xn 0,y >=xn 0, and p, q are positive real numbers such
that%%—% =1. Ify—(1+cosf)d >0 ory+ (1 —cosh)d <0 for all 0 <0 < 2,

then%—l—% ZKn T OY.
Proof. By Lemma 4.3, we know that f; > 0 and f2 > 0 because 1+ cosf, 1 — cosf
are nonnegative.
(i) If vy — (1 + cosB)d > 0, then (4.8) yields
o — 181> = fi + (1 — cos @) [y — (1 + cos 0)5] > 0.
Therefore, we have % + % >Kn TOY.
(ii) If v + (1 — cos 0)d < 0, then (4.8) yields
o — B> = fo — (1 + cos ) [y + (1 — cos 0)5] > 0.

Therefore, we have % + % =Kn L OY. O
Theorem 4.4 provides a way to verify o — ||8]|>. Unfortunately, the condition
in Theorem 4.4 does not always hold. Consequently, %p + % =xn x oy might fail.

To see this, taking p = %, q=3and v = (61,36,48) € K3, y = (6,4,3) € K3, we
obtain - = (444,266, 103), L= = (222, 382 133), and o y = (654,460,471). Thus,
Pyl 2 2 3
— 4+ = — =1{12,—-16-,16- K°.

p g Y ( b 3>¢
In fact, for p # g and z,y have different Jordan frame, there always exist a coun-

terexample for % + % >=xn x oy. To prove this, we need a technical lemma.
Lemma 4.5. For any x >=xn 0, y >=xn 0, suppose the spectral decompositions of x,
y are below:

T = Auy+ Aouo,

Yy = Aszuz+ Aug,
and p, q are positive real numbers such that %—l—% =1. Ifcosf = ;Ty then there exists

a positive real number £ > 1 such that % > &, which implies v — (1 + cos#)d < 0.
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Proof. First, we observe that

—+-=1 < ptg=pg<=p=qp—1)<—=p—-1=

1 1 D
P oq q’

4

— q=plg—1)<=q-1=

and

P _ \q % p—1 % q—1

AM=A3 &= M=A =X "= A=\ =)3 ,

r q

M= = M=M=Xe=n=2=2"L
Then, we have

— (14 cos)d

= L0 A = A — (1 4 cosp) QLA O = M)

2pq 16
S A _ A3\ _
Sy T =280 = Aa) = SR 087 = AT D= he)
A — \ )2()\10—1 _ )\p—l)2
_ p "2 _ (1 (M1 2 1 2
2pq()\ —A5)“ — (1 +cosb) 16

1
A AT T2 L T (AP (A — Ag)?
21012(1 5 ) 2q(12) (A1 —A2)

1 pq(1 4+ cos ) _ _
= o |- - Py gt - g2
_ _ 1 _
(4.13) — [szIAQ(Af T2 4 2—q(A1A2)p T — )\2)2] :

Consider the homogeneous part with degree 2p in (4.13):
pq(1 + cos )

(AT = 25)? R CVRP YR C P
= [y -1 - PO Aty
= )\gp'g(t)¢

where t = :\\—; >1and g(t) = (t? —1)>— M(t— 1)2(t?=1 —1)2. Since %—1—% =1
with p # ¢ and p, g are positive, it yields by Arithmetic-Geometric-Mean inequality
that

T+

| 4
1—-_- — 4<pg = 0< — <1
q 2 2 Pq

Thus, we may take cosf = piq, and hence

pq(1+cosf)  pal+,0)  pg+4 _d+a

8 - 8 -8 g ~ L
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In other words, g(t) has negative leading coefficient. Due to the degree of g(t) is
2p > 1, there exists a positive real number & > 1 such that i—; =t > &, which
implies

g(t) <0= AP . g(t) < 0=~ — (1 +cosh)s < 0.
Here the last implications holds by (4.13), which is negative. Then, the proof is
complete. O

Theorem 4.6. Suppose x =xn 0,y =xn 0, and p, q are positive real numbers such
that % + % =1. If p# q and n > 3, then there always exists a counterexample for

P oyl
» + 7 >Kn T Ooy.
Proof. Suppose x =xn 0, y =xn 0 with the spectral decomposition as below:

x )\1U1 + )\QUQ,
Y = Aszuz+ Aquy,

Since p # ¢, it implies 0 < ;—q < 1. Then, we take cosf = i. Consider those
= (z1,72), ¥y = (y1,y2) € R x R"! belong to K™ with A} = M \) = A\l By
Lemma 4.5, there exists £ > 1 such that /A\—; > &, which implies 7 — (1 4 cos0)d < 0.
We choose two vectors z, y satisfying % > & N =2 A5 =)\, and cosf = L.
Such kinds of x,y exist because n > 3, so there exists z,y with different Jordan
frame, and the angle 6 between x5 and ys satisfies —1 < cosf < 1. Because \] = Ai,
Ab = A1, by applying Lemma 4.3(a) we have f; = 0. Note that :\\—; > ¢, which implies
v — (14 cosf)d < 0. Thus, it yields that

o —||B> =0+ (1 —cos8) [y — (1 +cosb)s] <0.

In summary, the Young inequality does not hold. O

Example 4.7. For p = %, q = 3, n = 3, and taking z = (281,96, —128) € K3,
y = (16,4,3) € K3, we have A\; = 441, Ay = 121, Ag = 21, Ay = 11, and 3% = 3.6446,
cos® ~ —0.96. Since % = (35302, —1586, —21142), % = (17653, 1057%,793) and
xoy = (3728, —412,—1205), we obtain

P q 2 2
Tl poy=(1568—1162,-116= | € k3.
P q 3 3

In other words, %p + % »xs oy Although N} = A3, A\§ = A implies f; = 0,

and % = 0.0225 < 1, which says that g(t) has positive leading coefficient.
Hence, we cannot apply Lemma 4.5 to derive v — (1 + cos #)d < 0. Nonetheless, in
this example, there still holds %p + %q =K3 TOoY.
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Example 4.8. For p = 3, ¢ = 3, n = 3, and taking 2 = (281,96,128) € K?,
y = (16,4,3) € K%, we have A = 441, dg = 121, Ay = 21, Ay = 11, and ) ~
3.6446, cosf ~ 0.96. It is easy to compute that %p = (3530%, 1586,2114%), % =
(1765%,1057%,793), and x o y = (5264, 2660, 2891). Therefore, we have

p q 2 9

Y poy=(32,-162,16- ) € k2.

p q 3 3
In other words, ‘%p + y—qq i3 x oy. Although \) = X1, X\J = A] implies f; = 0, and
% = 1.1025 > 1 says that g(¢) has negative leading coefficient, :\\—; ~ 3.6446,
which is not large enough to make g(t) < 0. This is why £ + % =x3 TOY.

P
Example 4.9. For p = %, g = 3, n = 3, and taking x = (61,36,48) € K3,
y=(6,4,3) € K3, wehave \; = 121, Ao =1, A3 = 11, Ay = 1, and % =121, cosf ~
0.96. Since %” = (444,266, 1984), % = (222, 232 133) and z oy = (654,460,471), we
see that

P 3
In this example, ¥ = A2, A5 = A{ implies f; = 0, and U207 — 19025 > 1
says that g(¢) has negative leading coefficient. Because % = 121 is large enough to

enable g(t) < 0, we conclude that %p + % Fis xoy.

P q 2 2
T4 Y _poy= <12,—16,163> ¢ I,
q

As a consequence of all the above results and discussions, we have the following
corollary which describes under what conditions the Young inequality holds.

Corollary 4.10. Suppose © =yxn 0,y =xn 0, and p, q are positive real numbers
such that % + é = 1. Then, the Young inequality holds either when p = q or when
n=2.

Proof. By Theorem 4.1 and Theorem 4.6, the conclusion is drawn. U
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